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Abstract

We consider reinforcement learning methods for the solution of complex sequential optimization
problems. In particular, the soundness of twe methods proposed for the solution of partially observ-
able problems will be shown. The first method suggests a state-estimation scheme and requires mild
a prieri knowledge, while the second method assumes that a significant amount of abstract knowl-
cdge is available about the decision problem and uscs this knowledge to sctup a macro-hicrarchy to
turn the partially observable problem into another one which can already be handled using methods
worked out for observable problems. This second method is also illustrated with some experiments
on a real-robot.

1 INTRODUCTION

Reinforcement learning (RL) concerns the problem of learning to control a process such that a long-term
performance criterion is optimized which is defined in terms of some observable, local (or immediate)
reinforcement values. Most RL algorithms assume that the optimization problem can be transformed
into a Markovian Decision Problem (MDP) and thus enjoy a firm theoretical background which can
be ascribed to the fact that Bellman’s principle of optimality holds in MDPs. In order to explain this
remarkable principle let us first define MDPs. A Markovian Decision Process is completely specified by
its state, a set of possible actions for each state, a (sometimes stochastic) dynamics which describes the
evaluation of states under the execution of actions, the immediate rewards that we encounter when a
state-transition occurs and the way immediate rewards should be glued together to yield the long-term
reward (this can be as simple as adding together the immediate rewards). In mathematical terms, an
MDP M can be represented by a tuple (X, A, A,p,r, Q), where X is the state-space (this is usually a
finite set); A is the action-space (typically another finite set); A : X — 2 (24 denotes the power set of A)
determines the set of admissible actions for each state which must be non-empty'; p: X x Ax X — [0, 1] is
a transition probability function, p(x, a,y) being the probability that the next state is y given that action
a is executed in state x; 7 : X x A =+ R is the immediate reward function and Q is a rule that prescribes
the way immediate rewards determine the long-term outcome of an action sequence.? Bellman’s principle
of optimality claims that the optimal action in a state is the one whose long-term return is maximal if
the actions from the next step are always chosen optimally. A MDP can be thought of as a framework
for optimal control: the controls are identified by the actions and the (stochastic) dynamics is described
by the transition probabilitics. When a system that can be modeled by an MDP is controlled the state
of the system can be either observable or unobservable (hidden) to the controller. In the unobservable
case the controller observes only a (typically not one-to-one) function of the state and should control the
system using this restricted information only. Most basic RL algorithms are developed for finite-size (and
even small), observable MDPs since these are mathematically very attractive.

In contrast, most real-world applications can only be represented by models in which observability
does not hold, nor is the size of the model small and sometimes the model is not even finite. The following
list shows common situations where RL has already found good applications or may found applications
in the future.

1Unlcss otherwise noted, for most of the developments in this paper we will assume that A(x) = A holds for all x in
which case A will not be mentioned explicitly.

23pecifically, @ : RX x RXXA 5 RX XA Ter example, if the rule is to take the expected value of the sum of the immediate
rewards then [Q(v,7)](x,e) = 7(z,e) + 3, c x p(x,4,y)v(y): here the value v(y) of the generic function v represents the
long-term reward when the decision process is started in y. Usually, 9 is not listed in the definition of MDPs as it might
be fixed otherwise.



Simulation setup (games, combinatorial optimization with guided local search). Here the dynamics of
the controlled process (for games, dynamics arc the rules of the game; for combinatorial optimization,
dynamics are the rules describing the possible next configurations of a given configuration) are known, the
state information is observable (for board games this is usually the state of the board, for combinatorial
optimization it is the actual configuration in the search space). For games a simple choice for the
immediate reinforcement values could be: the reinforcement is +1 when the optimizer wins, —1 when
it looses the game and zero otherwise, the long-term reward being the sum of the immediate rewards.
Learning to optimize the long-term reward means then the identification of a mapping from the states of
the game to the set of possible actions (moves) that yields a dynamical behavior which results in a win
whenever it is possible and in a losing only when there is no way to win or to make a draw. Similarly, in
the optimization setup, assuming that we seek the maximum of f, one might choose a reward equal to
f(z) when z is a configuration which is a “local maximum” of f, and 0 otherwise. The learning process
then identifies a strategy to guide the local search such that the global maximum is reached from any
given initial state. For applications of RL in games and combinatorial optimization see [17, 20, 14, 2, 1].

Applications of RL in the simulation setup are interesting since these problems are usually too big

for computing their solutions explicitly, i.c., the state or actions spaces of these problems have billions of
elements.
Autonomous robots. Imagine an indoor robot with a set of sensors that bring information to the robot
about its immediate neighborhood. Assume that the robot is assigned a specific task, e.g., hoovering the
floors. The robots state is determined by the actual configuration of the building(!) including e.g. the
intentions and “states” of people working in the building, or the position and orientation of the robot
within the building. Clearly, most of the details of such a state-description would be irrelevant from
the point of view of the task to be performed by the robot. The robots actions can be as low-level as
the application of a unit current to one of its DC-motors. The imnrmediate-reward function could be the
amount, of garbage hoovered by the robot at the actual moment in time, while the long-term reward could
be the average amount of garbage hoovered by the robot during its life-time. For applications of RL in
robot-learning domains see e.g. [6, 8, 9, 5].

Here the states are unobservable, the state-space and action-spaces are infinite, time is continuous,

the precise form of the state-dynamics and observation-dynamics (this is the way a state-sequence is
transformed to an clementary obscrvation, c.g., scnsor-value) arc unknewn.
Process optimization or optimal control (c.g. [7]). Imaginc a factory that produces goods. The
optimizer can control the production process through various means. The immediate reinforcement
value is the immediate income minus the immediate costs. The long-term value could be the expected
discounted sum of the immediate values. This would actually represent the present value of future
incomes assuming that the inflation ratio does not change over time. Another example comes from the
optimization of continuous control processes, e.g. to maximize the average yield of a bioreactor. In this
class of examples the state and action spaces are typically non-countable, states are unobservable, the
dynarnics is partially known. Time can be either discrete or continuous.

Interestingly, the nice properties of RL methods seem to transfer to these more complicated setups.
Of course, in these applications the basic methods are extended with some tools. Some of them are listed
next.

Factored representations (see e.g. [16]). @ften o priori knowledge is available about the independence
of one part of the description of the state from another part. The state of an object distant from the robot
does not (usually) change as a result of some action performed by the robot. Factored representations can
be exploited c.g. to reduce the memory-requirement of the storage of a representation of the dynamics.

Function approximators (e.g. [15, 19]). Central to RL algorithms are value-functions. A value function
is a function that renders real-numbers (values) to states. The number associated with a state represents
the long-term value of a policy or the best possible long-term value that can be achieved from the given
state. In this latter case the value-function is called the optimal value function and is denoted by v*
(v* : X = R, where X is the set of states). Most RL algorithms operate by modifying a value function to
incorporate some new information which is usually given in the form of a transition (z,,e;,y,,7;). Here
24 is the state (of the system) when action a4 is applied to the system, y; is the resulting state, and r; is
the immediate reinforcement associated with the transition (x, a;, ;). Bellman’s principle of optimality
yields that the knowledge of the optimal value function and the dynamics are sufficient to find an optimal
policy or action-sclection mechanism [4]. Unfortunately, since the state-space X is usually infinite, value
functions cannot be stored (represented) in a tabulated form — one must use function approximators.
Unfortunately, most function approximation algorithms are suited for the estimation of a fixed function.
In the case of RL, however, the values of the function to be estimated (i.e. the optimal long-term values)
arc not available for direct measurcment, but they are usually cstimated on the basis of the current



(and thus imprecise) estimate of the value-function. This brings in new complications to the estimation
procedure. As to day, lincar function approximators of the form 87 ¢(x), where ¢ : X+ R™ is a fixed
function (¢ is called the feature-function) are known to work with RL algorithms [19]. However, often,
memory-based neural networks are used in RL algorithm with pretty good success [10)].

Observers (e.g. [5]). Control theorists use filters or observers to estimate the state if it is unobservable.
These obscrvers usually require knewledge of the dynamics and exploit the vector-space propertics of the
state-space. In RL there is usually no natural vector-space representation of the state-space (although,
one could probably work with “features” or embed the state-space into a vector-space in another way).
Nevertheless, exploiting some other a priori knowledge of the task to be solved, good observers which
recover the part of the state which is important in solving the task can be designed by hand. Then RL
is used on top of the output of the observers as the output of these were the true states. This method
is routinely used in autonomous robot domains. Automatic construction of observers, hewever, is a
non-trivial open question. A specific case of this problem will be treated in Section 2.

Macros (see e.g. [18, 13, 5, 11, 3]. Macros are local-controllers (or policies) usually associated with
performing some subtask of the original task. The attribute “local” denotes that the associated controllers
arc assumed to perform well only under some restricted conditions. These conditions arc thought to be
part of the definition of macros. Macros are interesting as they can provide means to both state and time-
abstractions if macros can be launched only under specific circumstances (called the precondition of the
macro) and once they are launched they continue their working until another condition is met (this may
indicate that the subgoal associated with the macro is satisfied or that some specific emergency situation
occurred which requires the interruption of the macro or that another macro became recently available
for execution). State and time-abstractions yield a “higher-level” description of the task and thus can
promote knowledge transfer from one subtask to another. Macros have been shown to be invaluable for
speed-up planning and learning [13, 12]. Also macro-hierarchies are being built which are hoped to boost
up the learning/planning processes even more substantially. In Section 3 we show that a certain robust
design method suggested in [5] is sound.

2 THE PREDICTABILITY OF OBSERVATIONS AND THE
RECOVERY OF OPTIMAL POLICIES

The follewing folklore is widely believed armong RL people: choose a representation that makes things
predictable (in terms of the chosen representation). Then learn a model on top of the representation and
use it in your decision making strategy as if it were the true model. You will end up with a reasonable
policy.

In this section we show that this folklore is correct in a certain restricted setting.

First, we need some definitions. Remember that a POMDP is a 6-tuple, M = (X, A4,p,r,g4,Y), where
(X,4,p,r)isa MDP and g : X — Y is an observation function and Y is the observation space.’

DEFINITION 2.1 Given a POMDP M, a function x : Y x Ax ...xY — E is called a finite-memory
state-estimator.

A statc-cstimator x gives us the estimate of the current state z via hy = X(Ye, Gt—1, Yt—1, Qp—sy - - -, Yt—n)-
In terms of x we can only check if it enables to predict future “states”, based on the present state-
estimate and action:

DEFINITION 2.2 Let x be a finite-memory state-estimator. We say that x recovers the Markov-property
(or simply, x is Markov) if

Prob(x(Ye, @t—1,Ye—1. -, Yt—n) = W a1 = a,
XWe—1,00-2,Yt-2, -, Yt—n-1) = h,Hy 1) =
Prob(x (¢, @t—1,Yt—1; - - S Yt-n) = W' ai—1 = a,
X(Yt—1,Ct—2,Y¢—2, - - -, Yp—n—1) = h), (1)
and similarly for the the reward stream; for all v € R we require

Prob(r; < 7| @—1 = a, X(Yt—1,0t-2,Yt—2; - - s Yp—n—1) = B, Hy1) =
= Preb(r; <7|at—1 = a, x(Yt—1,0—2,Y1-2, - - -, Yt—n—1) = h). (2)

3More generally, g could be a stochastic mapping. l'or simplicity, however, we do not consider stochastic observations
here.



Here Hi—1 is the history-space defined by the variables yi—1,a1—2,...,ye (actually, Hi—1 should be the
g-algebra generated by the random variables Yyp—1,a1—2,...,Yo)-

That is, if x recovers the Markov-property then the next value of h; can be predicted on the basis of
its current value and the action to be executed. Armed with this definition, the original question is
reformulated in the following way: can we use hy as if it were the true state and solve for the optimal
policy provided that y is Markov? Before answering this question, hewcver, let us first consider the
problem of testing if x recovers the Narkov-property.

If we know that a finite-length memory is sufficient to predict the next state (i.e., if there exists m > 0
such that Prob(z¢|as—1,he—1,a¢—2,-.., h4—m) = Prob(z¢|as—1,H¢—1)) then (without the loss of generality
assuming n < m.) (1) is cequivalent to

Pl‘Ob(h[, = hl | ar—1 = Q, }L[,—l = h7 ap—2, h[—?) sty hl—m) = (3)
PI‘Ob(ht =Hh |at_1 =a, hi—1 = h)

since

Prob(hy = ' |ai—1 = a, hy—1, He—1)

Prob(x(yi, ai—1,Yi—1,- - > Yt—n) = W' |ar—1 = a,hy—1, Hy—1)

= Prob(x(g(at), at—1,Yt—1,- -y Yp—n) = W' [az—1 = a; hup—1, Hs—1)
Prob(x(g(@s),ae—1,Yt—15-- s Yt—n) = N |ae—1 = a,hg—1 = hyap—2,he—2, .., hy—m)
= Prob(hi = h'|as—1 = a,he—1 = hyap—a, hy—a, .o hy—).

That is, the property under consideration of x can be checked by estimating the probabilities in (3) from
the observations and using some tests (e.g. a t-test or a test based on Hoeffding’s inequality). A similar
test can be used for the rewards.

If 7, the length of the memory that suffices to predict the future is not knewn a priori then one can
test successively each n > 0. Namnely, given a positive number, rn > 0 one should check if

Prob(hy = I |as—1 = a,hu—1 = hyap—2,hy—2,. .., hy—m) =

Prob(hy = W' |az—1 = a, he—1 = h)
and

Prob(ry < r|at—1 = a,he—1 = h.az—2,hy—2,- -, hg—m) =
Proe(r, < r|a;_1 =a,hy_1 = h)

hold. If the test is passed, one increases m. One can choose the sample-sizes in the tests such that if n,
the history size is smaller than sufficient then the repeated application of the tests will fail when rn is
large enough. Then the history size (n) should be increased. In this way, the correct order of the history
size can be estimated with large probability. R

Fer deterministic problems, (3) reduces to checking if there exists some function § : X x A + X s.t.

(S-(,LL,CLL) = h[+1, or

3(%(%,%—1,%—1, ceesYton)at) = XUt 1, Gty Yty oo - aYtrin)- (4)
If the rewards are also deterministic then (2) reduces to checking if
(hg—1,ap—1) = Tt (3)

is a function.” If this function exists it will be denoted by 7.

Now, let us return to the original question. For simplicity, we will consider deterministic problems,
when the transition probability function, @ is represented by some transition function (or dynamics)
J: X xA-> XS

1@f course, this method is not very practical, but from a theoretical point of view it is still interesting. Also, the method
could be made more practical e.g. if a factored representation of the state-space is available.

Here we have cxploited the assumption that the reward associated with a transition (z,a,y) docs not depend on y.
However, this assumption could be easily removed.

8The identification of transition functions and transition probabilities soes as follows: to every d we may assign a
transition probability [unction ms such that ps(z,e,z’) = 1 il and only il §(z,a) = z'.




First, we need some technicalities. Assume (for simplicity) that the MDP is connected in the sense
that for all z € X there cxists a statc 2’ € X and an action a’ € A such that §(z',a’) = z.”
Now, let us extend the dynamics 4 to action sequences:

dzsar...an) = 6(...6(8(z,a1),a2)...,05). (6)

Then one can easily show (e.g. by induction) that for all z there exists a state £’ and an action sequence
aj,...,al, such that d(z';a} ...al) = z.
We will find it convenient to define

S(xiay...an) = (gld{zar .. an)), 00, 08210y . .an_1)), 0n_1,...,a. 9(x)) (7

to represent the observed history of the process when the action scquence ayq, . .., a, is exccuted starting
from state z.*
Now, let us define 7 : E — 2% (2% denotes the power-set of X) by

7(h) = {z € X|32',a}...al, : x(S(2';a} ...al)) = h,d(z;a] ...a,) =z}, (8)

i.e., 7(h) denotes the states of X at which the state-estimate h could have been observed.
The Markov property of x can now be expressed as follows:

1
o for all z,z', ai,...,a,, al,...,a, and a,

x(S(z;a1...a,)) = x(S(a';a] ...ay)) =
x(S(0(x5a1),a2...a,a)) = x(S((z';a)),a)...ala))

and
e for all z,2', a1,...,ay, a},...,a, and a,
x(S(z;a1...an)) = x(S(a'5a} .. .a3)) =
!

7‘((5(.’1};@1 e Oy, ,(L) = 74(6(1.’;0,’1 OC 'au)7a’)'

The maps d and # can be defined by

§(x(S(z;a1 ...an)),a) x(S(6(z;a1),az...a,a)). (9)
F(x(S(z;ar...an)),a) = r(d(z;a...a,),a). (10)

If a memory length of n is sufficient to predict the future then E =¥ x (4 x ¥)*~! with

XWesaty - Yen) = (Yt ae, -+, Ye—n)

is Markov. The proof of this is trivial and is omitted. However, this is not the only one Markov
state-estimator. Indeed, if yx is a Markov state-estimator and h, ' € E are such that for all a € 4,
5(h,a) = 6(h',a), #(h,a) = #(h',a) (i.e., if the outward connections of h and k' are identical) then h and
h' can be “drawn together” to yield a new state-estimator. This new state-estimator will be Markov, too.

DEFINITION 2.3 The states z',2" € X are called twin-states, if A(z') = A(z"), and for all a € A(z'),
r(z',a) =r(z”,a) and 6(2',a) = 6(z", a).

The following proposition shows that the unification of twin-states does not change the optimal value
function. For the sake of simplicity in the rest of the section we will restrict ourselves to the discounted
optimality criterion.

PRrROPOSITION 2.4 If x', 2" are twin states then there erists an optimal policy w* such that w*(z') =
().

"In a stochastic context the phrase corresponding to “connected” weuld be “communicating”.

8Tn order x to be tetally consistent with the underlying obscrvation strcam we must alse require that hy +— 9t be a
mapping, although this property will not be exploited through the following developments. When this mapping exists it
could be denoted by §. Also we may require x to be self-consistent. This means that when d(h;a1...an) =46(h';a} ... a},)
then also X(Séyg(h;al coeap)) = x(b"g,g(h’;a’1 ...a},)) should hold, where 59;3 is the obvious generalization of S to the

observation — state-transition mapping pair (g, 8).



Proof: Let 7 be an optimal policy. Then, by Howard’s policy improvement theorem, the greedy im-
provement of 7 (let us denote it by #*) is also optimal. Further, n*(z') = amgmaxueA(w,)(r(:z’,a) o
Yur(3(2',a))) = argmax,¢ 4, (r(2", a) +yv7(3(z”,a))) = 7*(2"), where the second equality holds since
' and 2" are twin-states. Q.E.D.

The next proposition is the main result of this section and shows the importance of the Markov
property of x.

PROPOSITION 2.5 Assume that x is Markov. Then the optimal policy with respect to M induces an
optimal policy in M.

Proof: First, we show that for cvery state z, action sequence ar,...,a, and stationary policy = of M
there exists a policy & of M such that
’Uﬂ((s(.’l:; ai-.-Qn)) = Vs (X(S(fl;ﬂH .e-0n)); (11)

where v, is the evaluation function associated with 7 in the original MDP, and v; is the evaluation
function associated with # in the MDP defined by M = (E, 4, p;, 7).

Let g = &(z3a1...an) and hy = x(S(z;a1...an)). Further, let z;41 = &(zi;7m(z;)) and by =
§(h;,m(x;)), i > 0. Tt is sufficient to prove that r(z;,w(z;)) = f(hi,w(z;)), i > 0. By the Markov
property of X h"i = X(S(.’L'j_n_l;bj_n_l H ..b,'_l)) and T = 5(.’[71‘,”,1;!)1‘,,1,1 oy -bi—1)~ Here bt repre-
sents the action at time —n > ¢ b_; = an—j41, § = 1,2,...,n and b; = 7(x;), j > 0. Similarly,
z_; = 6(z;a1...an_j+1), j = 1,2,...,n. Therefore, by the definition of # (see (10)), #(h;, ;) =
f(X(S(.’Ei,n,]_ - bi—n—l 500 bi—l)); bz) == T'((S(.’Ei,n,1 - bi—n—l 500 bi—l); bz) = T'(l‘l', bi), i 2 0.

The reverse of the above statement, i.e., that for every state z and action sequence a;,...,a,, and
every stationary policy 7 of M there exists a policy # of M such that (11) holds, can be proved in
an cntircly analogous manner (just now we should choose b; = @(h;)). Now let’s pick up an optimal
policy #* of M and some initial path (z;a;...an). Let 7 be the policy in M that satisfies (11) and let
ho = x(S(z;a1 ...as)). Then

Un ((5(.[, al ...y,
v*(d(x;ay...ay,)

vir (ho)

IN

)
)
Ore (0(z501 ... an))
= v (S(x(z; a1 ...an)))

= vz (he),

where 7* denotes an optimal policy in M and 7* is the corresponding policy in M. The above inequality
cannot be strict since this would yield that #* is sub-optimal in kg. Therefore

vr(d(zia1-..an)) =0 (0(zsa1 -. . an))

meaning that 7 is optimal in A at state d(z;a; ...an).

Since M is assumed to be connected, each state of M can be written in the form of d(x;a - ..an)
with some z and a; ... an, meaning that for any initial state yg € X if kg is consistent with gy then the
actions returned by #* will be optimal in 3. (Of course, in practice one needs to wait for n steps before
M and M become synchronized.) Q.E.D.

3 MACROS AS A ROBUST DESIGN METHOD FOR SOLV-
ING POMDPS

Consider a POMDP M = (X, A, A,p,r,9,Y), where 4 : X —» 24 determines the set of admissible actions.
The following design was suggested in [5]: Choose an observer (¢, h, T, F), ¢: TxY = F,h:TxY = F,
where the new observation f; is given by the recursive equations 61 = (6, yt), fr = h(6:,y:). Further,
choosc a sct of macros II = {(m1,D1,$1),...,(7n, Dn, sn)}, where @; : D; — A is an admissible local
policy, D; C F, and s; : F -+ {0, 1} which returns zero outside of D; (s;(f) =0 if f & D;). D; is called
the domain of policy #; and s; is a function indicating that macro n; is ready to be launched. We will
denote by d; the characteristic function of D;.

In each time-step, there is a single macro that is being executed, called the active macro. The execution
of the macro with index i means that at time step £, the action 7;(f;) is carried out. The following rule
holds for the switching of macros. The active macro cannot be replaced by another one, unless one of
the following conditions is satisfied:



1. The current macro finished its working, i.e., f; € D;. In this case those macros will be available for
exccution for which s;(f;) = 1.

2. s;(f:) = 1 for some macro, for which s;(f;—;) = 0 holds as well, i.e., a macro became available for
execution in the last step. In this case the current macro and the macros that just becarne available
will be available for execution.

Care must paid in the design process so that there always exists a macro available for execution.

Preresirion 3.1 The above restriction on the macro-selection can be represented as another POMDP
with action set II.

Proof: Consider the POMDP M = (X xT x F xn, 11,11, 5,7, §, F x F x n), where n. = {1,2, ..., n}. Let
us assign to each state (z, §', f,j) of this new POMDP the following symbols: f’ = h(4, g(z)), s; = s:(f'),
s; = s;(f) (with a slight abuse of notation) and d; = d;(f’). €' of the current state is intended to represent
the most recent value of 6 used in the observer (¢, h,T, F) and f is used to cache the previous value of
h(6,y). The set of admissible actions (macros in this case) for state {z,6’, f,j) consists of those policies
m; for which (s] = 1&s; = 0) or (d; = 1&4 = j) or (d; = 0& s; = 1). The non-zero elements of the
transition probability function p are defined as follows:

ﬁ((rv 01, fa J)a Ty <'7"Ia6'”s fla .7'>) = p(m, 7ri(h'(9,7 Q(m)))v y)a (12)
where 8" = ¢(6', g(x)), f' = h(8',g(x)) and j' = i. The observation function j is defined by g({x,8’, f,j)) =
(f, f".9). @.E.D. A semi-Markov [13] representation is also possible.

In such a representation macros can be executed for more then one time-step. Therefore they must all
provide two sets of conditions: terminating and start ones. In our case the terminating condition of a
macro could be the following: a macro with index 4 continues to work until another macro with index
4 becomes available for exccution and while it is available for exccution. The start-condition of macro
i is identical to the condition s; = 1.° This semi-Markov representation shows that “time-abstraction”
occurs here. However appealing this semi-Markov representation may be it is not really suitable for our
purposes since macros would need to monitor the start conditions of other macros which is somewhat
unnatural.

The previous proposition shows that using this method, macro hierarchies can be built up, i.e., the
POMDP M of Proposition 3.1 can be taken as a starting point for another transformation with a different
(higher level) macro set. That is, the use of macro actions can be viewed as a kind of transformation of
PONMNIDPs.

The purpose of these transformation is to arrive at a kind of “robust” POMDP for which a “tradi-
tional” RL method could work.

DEFINITION 3.2 An MDP M = (X,A,p,r) is said to be robust if the optimal solution of (X, A,p,r)
is the optimal solution of M if p and p agree on their non-zero elements: p(z,a,y) # 0 if and only if
p(x,a,y) #0. The set {(x,a,y) : p(x,a,y) # 0} is called the support of p.

Typical robust MDPs are the goal-oriented ones when the optimizer receives a non-zero terminating
reward upon reaching a set of special (goal) states. The requirement of optimality in the above defini-
tion could be relaxed to “acceptable”, enabling a larger set of robust N[DPs. Before we give the main
proposition of this section we need another definition.

DEFINITION 3.3 Let us consider a goal-oriented POMDP M = (X, A,p,r,9,Y), wherer : Y x A — {0,1}
(rewards depend only on the observations and actions) and assume that there exists a positive number
¢ such that for all (y,a,y"), either Prob(y'|a,y,h) > & holds for all t > 0 and almost all history h, or
Prob(y'| a,y, h) = 0 holds for all t > 0 and almost all history h. Assume further that the MDP (Y, A, p,r)
is robust, where p is any transition probability function which satisfies ﬁ(y, a,y’) > ¢ if Prob(y' |a,y,h) > ¢

and p(y, a,y') = 0 if Prob(y’ | a,y, h) = 0 and that the optimal solution M induces a solution of the original
POMDP. Then, M is said to be practically observable.

This definition and the next proposition reveal our wish to transfer POMDPs into a form whose obser-
vations can be treated as states without the loss of solutions.

9The condition that switching among macros is only possible when a macro which was not available in the previous step
becomes available may seem too restricting. The purpose of this is to reduce the frequency of decision-situations. This
condition could be removed without effecting any of the previous and subsequent results.
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Figure 1: Subtask decomposition example.

The main task of hitting the stick with a ball is first broken up into two subproblems: get a ball and then
hit the stick with the ball. Then these are again decomposed into smaller subtasks which can already be
accomplished by simple controllers. The bubbles show the subtask, the rectangles with rounded corners
show the conditions under which the solution of the given subtask is sensible and the shaded rectangles
shew the macro-actions. The arrows show the ideal flew of working, in practice other transitions are also
possible and do exist. Note that the “explore” macro-action is used twice in the ideal flow of working.
One particular maintenance (or rescue) subtask is not shown to preserve the clarity of the figure but this
task is very important to satisfy the rcquirement that there always exists an admissible macro.

Prervesirien 3.4 Let us consider a practically observable POMDP, M . Then, the model-based RL algo-
rithm, which “estimates” the transition probabilities D (as giwen in definition 3.8) by sample means and
computes the optimal policy for the “estimated model” converges to a policy which solves the POMDP
M, provided that every (y, a)-pair is visited infinitely often.

Proof: The proof follows from the observation that if @, = (& + ... + &)/t is the sample mean of
&,y..,6,. .., where the random variables &; € {0,1} are conditionally independent, and P; = Prob(§; =
1) then liminfy oo py > liminf; .4 Py and limsup, .. p; < limsup,_, ., P;. Thercfore, after an initial
period the support of the estimated transition probabilities will coincide with that of 5. Then, by the
robustness of M, the estimated optimal policy will be an optimal solution to M which (by assumption)
will induce a solution of the original POMDP M. Q.E.D.

The above proposition together with Proposition 3.1 provide us a route to solve POMDPs by designing
an appropriatc obscrver and a sct of macros such that Proposition 3.4 is applicable for the PONDP whosc
action set consists of the set of macros (as described in Proposition 3.1).

In [5] such a design was carried out for a mobile-robot learning task with a standard Khepera robot.
The task of the robot was to grasp a ball and hit the stick, standing in the corner of the “arena”, with
it. The problem is very difficult due to the limited sensory information available for the robot. Figure 1
shows the suggested subtask decomposition hierarchy whose basic macro-actions were implemented by
hand. Different RL learning algorithms were tried to learn the optimal “switching” among these macros.
It was found that the learnt policy could complete the task before timeout 90 % of the time, which
was comparable to the performance of a hand-crafted policy. Fer a more detailed description of these
experiments see [3].

4 CONCLUSIONS

First, some limitations of the basic RL algorithms and some methods to overcome these limitations
were reviewed. Problems related to partial observability were then considered in detail. In particular,
for certain deterministic problems, it was shown that the “prediction is sufficient for optimal behavior”
principle is valid. It would be interesting to extend these results to general stochastic problems. Next,
the soundness of a design method that transforms general POMDPs into solvable ones using a priori
knowledge, sub-task decomposition and macro-actions was shown. Although RL mcthods scem to have
reached a complexity already sufficient for many true-world applications, much work remains to be done
to solve issues related to the automatic discovery of sub-task decompositions on the basis of partial
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