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Sample-based Planning and Learning with

Function Approximation

Tor Lattimore and Csaba Szepesvari

Abstract. We give a short tutorial on sample-based planning and learning with
function approximation for reinforcement learning. The focus is on explain-
ing the standard setups and algorithm design principles. The core algorithmic
ideas explained are approximate backwards induction, the (Bellman) eluder

dimension and the optimism principle.
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1. INTRODUCTION

Reinforcement learning (RL) focuses on learning op-
timal actions in unfamiliar environments. This paper in-
vestigates learning and planning using samples from an
unknown stochastic environment. Notably, we consider
scenarios where these samples are collected by the learn-
er/agent interacting with the environment, in contrast to
offline RL where data is provided beforehand. The litera-
ture on reinforcement learning (RL) has expanded signif-
icantly in recent decades, , necessitating a narrower scope
even when focusing on sample-based planning and learn-
ing. While we aim to acknowledge relevant literature, this
is not a comprehensive survey. Our objective is to elu-
cidate fundamental RL paradigms and algorithm design
principles, capturing what we believe are the most valu-
able ideas in RL through a theoretical lens. Primarily, we
concentrate on the theory of planning and learning, aim-
ing to capture the most valuable ideas in RL through a
theoretical lens. While this focus unfortunately necessi-
tates omitting the vast literature on algorithms that aim
at practical performance improvements but lack a strong
theoretical foundation, we hope this approach will best
serve our goal of enhancing the reader’s understanding.
We aim to explain high-level themes in modern RL the-
ory and provide intuitive understanding of similarities and
differences between various settings, reflecting our per-
sonal preferences and expertise. Additionally, we offer
detailed explanations of specific algorithms and analyses
to facilitate deeper comprehension.

The fundamental objective of reinforcement learning
is to learn a near-optimal policy while interacting with
an environment. Here, by a policy we mean a function
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that determines how the agent chooses actions (poten-
tially stochastically, and also history dependent). There
are, however, many ways to model environments and to
formalise the learning problem. For example, one might
care about finding a near-optimal policy for a given state
only or for all states. There are even many ways to define
what is meant by near-optimality. Generally speaking a
policy 7 is near-optimal in state s if its value v" (s) is
close to the optimal value v*(s), where in this work sub-
optimality is measured by their difference, v*(s) — v" ()
(we will give definitions in the next section). There are
multiple ways to define value functions, including using
discounting, average reward or cumulative reward. The
latter two definitions need restrictions on the environ-
ments for even to be well-defined.

There are also differences in how the learner is able to
interact with the environment. The most archetypical in-
teraction protocol is the online interaction protocol where
the learner starts in some state, takes actions and transi-
tions to next states and so-on, while observing data along
the trajectory that is obtained. This is the situation we find
ourselves in as agents interacting with the world. Another
common interaction protocol occurs when the learner has
access to a generative model. In this situation the learner
can query the model in any state (this also means that the
agent knows what the possible states are) and obtains a
sampled next state and reward. The interaction protocol
plays an influential role in the hardness of the problem and
the complexity of algorithm design. Exploring the options
and trade-offs is one of the goals of this article.

Lastly, while early theoretical studies in reinforcement
learning focused on unstructured problems, attention has
now shifted towards understanding function approxima-
tion, where the learner has some structured information
about the behaviour of the environment. For example, the
optimal value function might be linearly representable
in terms of some given state/action features. The reason
for introducing structure is simple: The vast majority of
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practically interesting RL problems have enormous state
spaces and lower bounds for unstructured problems of
this kind show that learning in such setups takes time
that scales linearly or worse with the number of states,
and as such is hopeless in the worst case. By introduc-
ing structure, learning sometimes becomes possible. The
challenge then shifts to understanding what kinds of struc-
ture is (a) reasonable and (b) leads to practical and effi-
cient algorithms with guarantees.

1.1 What is covered and prerequisites

We start with the formal details of Markov decision pro-
cesses, which define the reinforcement learning environ-
ment. In Section 3 we introduce the interaction protocols
that determine how the learner interacts with the environ-
ment. Because RL is about learning an unknown environ-
ment, a single MDP does not define an RL problem. In-
stead, an RL problem is defined by a class of such MDPs.
As we explain in Section 4, the desire to introduce struc-
ture through the use of function approximation naturally
leads to different interesting classes, or, more generally,
measures that quantify the suitability of an MDP to algo-
rithms that are to be designed to use function approxima-
tion in a certain way. Next we explain standard principles
for algorithm design, focusing on generalisation to unseen
states and the optimism in the face of uncertainty princi-
ple (Section 5). The remaining sections give examples of
algorithms for three different settings. We introduce these
at the end of Section 5 where we have more context.

In terms of prerequisites, the manuscript is reasonably
self contained. We make use of standard results from
the theory of concentration of measure [11], but nothing
much more sophisticated than Bernstein’s and Azuma’s
inequalities. Some familiarity with MDPs and reinforce-
ment learning notation and theory will no doubt be useful.
Yet we do not need any sophisticated machinery. For ex-
ample, we will not need any of the more complicated the-
ory involving infinite-horizon average cost/reward MPDs,
nor will we need any serious measure theory. All results
are stated for finite/countable spaces, with the understand-
ing that this could be generalised without much difficulty
should the need arise. Some standard books on reinforce-
ment learning are [44, 46], but the most relevant text for
our paper is the recent manuscript by Agarwal et al. [6].

2. NOTATION
We use || - || for the standard euclidean norm and (-, -)
for the corresponding inner product. || - ||; and || - ||, are

the 1-norm and oo-norm, respectively. Functions with a fi-
nite domain are often identified with vectors. When f, h :
X — R are real-valued functions on a finite space X we
let (f,9) = Ypex f(@)g(@) and [l = e |f(@)
and || f|loo = sup,ex |f(z)| where the latter definition
is valid even if X is infinite. The indicator function is

1. The closed euclidean ball of radius r is B, = {z €
R?: |z|| < r}. For X a set with a suitable measurabil-
ity structure, we let A x be the space of probability mea-
sures over X. When X is finite or countable, we identify
A with the probability mass functions over X. When
X is the set of reals R, this is the standard set of proba-
bility measures over R when R is equipped with the o-
algebra induced by the open subsets of R. More gener-
ally, Ay is the set of probability measures on the Borel
o-algebra of topological space X . Below we use this with
X =R x S with S finite. In this case, the topology is the
product topology on X derived from the usual topology
on R and the discrete topology on S. Readers not famil-
iar with measure theory may think of R being replaced
with a large discrete set, in which case, the probability
distributions over X are identifiable with the all familiar
probability mass functions. All in all, nothing unusual is
happening here. Given a set of real-valued functions .,
let sym(F)={f—g: f,g €.Z} be the symmetrisation
of Z#.

2.1 Markov decision problems

A finite Markov decision problem (MDP) is given by
a tuple (S, A, T) where S and A are finite sets of states
and actions, respectively, T : S x A — Agg is the tran-
sition kernel. An MDP induces a discrete time decision
process that describes the interaction of an agent and an
environment: If in step ¢ of the process, the environment
state is s; € S and the agent takes action a; € A then this
action causes the next state of the environment to move
to 5,1 € S, while a reward of 7,1 € R is emitted, where
(rei1,80401) ~ T(sy,ay) given the past. In words: the dis-
tribution of (7,,1,5,,1) given the past is T(s;,a;). The
agent generally observes the states and the associated re-
wards as they are generated and the agent’s goal is to take
actions so as to maximise the sum of rewards over long
horizons. The assumption that states are observable may
look strong. While this may be true, the much bigger con-
cern is that the state space itself will generally be huge, so
if anything, it does not help that the observations include
the states. In particular, one main goal in RL is to develop
algorithms whose reliability and cost does not depend on
the number of states. With this goal in mind, the fact that
states are observed will be less concerning.

We extract the reward kernel R : S x A — Ay and the
state transition kernel P: S x A — Ag from T: R(:|s,a) =
T(- x S|s,a) and P(-|s,a) = T(R x -|s,a) for all (s,a)
pairs, so that, in particular r;; ~ R(s;,a;) and s;,1 ~
T(s;,a;). We will assume for the entire manuscript that
the reward distribution is supported on [0, 1]:

ASSUMPTION 2.1.
all s,a € § x A.

R(:|s,a) is supported on [0, 1] for
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This assumption is quite normal in the RL literature,
though a number of authors study the more subtle as-
sumption that cumulative rewards are bounded during any
episode [31, 32,49, 57, 60]. One can replace boundedness
with an assumption that the reward distributions are sub-
gaussian with a common global parameter and nothing
much would change in the story that follows. In principle,
one could also study more sophisticated assumptions on
the reward distribution, but this is generally not thought to
be the main source of difficulty. In fact, many authors as-
sume the mean reward is known and focus only on learn-
ing the state transition dynamics.

Belatedly, we restrict our attention to finite state and ac-
tion spaces because this is sufficient to develop intuition
without devoting space to the technical complexities in-
troduced by infinite spaces and the reader is advised to
think of problems where the state-space (and sometimes
also the action-space) is enormous. Technically, all the
main results will continue to hold for infinite state spaces
under suitable mild assumptions.

Also for the sake of simplicity and to enhance clarity,
in this paper we focus on finite horizon MDPs where the
horizon is given by a positive integer H. In this case, the
performance of an agent is measured by the cumulative
reward they collect while interacting with the environ-
ment for exactly H steps. Given a policy 7 and state s € S,
the value v (s) is defined as the expected cumulative re-
ward collected when the policy is started from that state
and interacts with the MDP for H steps. Given an MDP
(with our constraints), there is always at least one opfi-
mal policy that achieves the best possible (optimal) value,
v*(s), from any initial state s € S. Of special interest will
be policies that choose actions based only on the identity
of most recent state visited and in a deterministic fashion.
Policies of this kind are called memoryless and determin-
istic and they are identified with a map 7 : S — A. Fol-
lowing 7 then means taking action 7(s) when in state s.
The space of all memoryless deterministic policies is de-
noted by II. Memoryless stochastic policies map states to
distributions over actions.

We chose to present results for the finite horizon case
because this setting is in some ways simpler, which brings
much needed clarity. At the same time, the principles and
results derived in the finite horizon setting tend to gener-
alise to other settings, though not without hard work and
occasionally some nuance. Although it buys much sim-
plicity, there is also one complexity arising from the fixed
horizon setting. The problem is that when the horizon is
finite, value functions as defined above are not that useful
on their own. The reason for this is that in this case the
value that will be incurred in some step ¢ of the H step
process will depend on the value of ¢ (equivalently, on the
number of outstanding steps, H — t). This would call for
introducing h step value functions with 0 < A < H, which

complicates notation. To avoid this, we make the assump-
tion that the state space has a layered structure: The layers
S, with h =0, ..., H form a chain such that, except for
the last layer, taking a step in layer S;, always results in
a state that belongs to the next layer, S, ;. This way, we
save ourselves from the need to introduce a dependence
on the time elapsed, or time remaining out of the total H
steps that a policy is executed for. Starting in a later layer
simply means that the effective number of time steps re-
maining till the end is reduced. Every H step problem can
be turned into an H step (or even infinite step) problem
with a layered structure by just creating identical copies
of the state space, as we explain later.

ASSUMPTION 2.2.
S= UfZOS 1, such that:

The state space is a disjoint union

(i) P(:|s,a) is supported on Sj, | whenever h < H and
S Sh’

(ii)) Sg = {L} and the state | is absorbing and un-
rewarding: P(L|L,a) =1 and r(L,a) =0 for all
a €A

2.2 Value functions

We are now in a position to define the value and ¢-value
functions associated with a policy. Given a memoryless
deterministic policy 7, the value function of 7 satisfies
the Bellman equations: ¢" (L,a) = 0 and for all (s,a) €
S x A,

qﬂ(sa a) = T(Sv a’) + Z P(Sl|sv a)qﬂ(sl’ﬂ-(sl)) )

s'es
0" (s) =q"(s,7(s)).

Here, ¢" (s, a) gives the expected total reward when start-
ing at s, first taking action a and then following 7. We call
q"(s,a) the action-value of 7 at (s,a). Analogously to
v*, one can also define the optimal action-value function
q" S x A — R such that ¢*(s,a) gives the best possible
action-value when any policy 7 is allowed. Both v* and
q" are well defined because H and A are finite and the
mean rewards are assumed to be in [0, 1]. Thanks to the
layered structure and because A is finite, a memoryless
deterministic optimal policy will always exists. (Without
the layered structure, the optimal policy would also de-
pend on the number of steps that was elapsed, or remains
up to the end. The layered structure allows us to overcome
this because it does not matter anymore whether a policy
is run for H, or H + t steps with ¢ > 0. Technically, the
reason memoryless policies suffice is because in our lay-
ered structure MDPs, the finite horizon criteria matches
the infinite horizon total expected (undiscounted) reward
criterion.) It follows that for any (s,a) € S x A,

* s * e
= d = .
v'(s) =maxv’(s) and ¢'(s,a) =maxq"(s,a)
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The Bellman optimality equation states that v™ and ¢ sat-
isfy v*(L) =0 and

¢ (s,a) =r(s,a) + Z P(s'|s,a)v"(s)
(1) s'es
v*(s) = maxq*(s,a)
acA

for all (s,a) €S x A, simultaneously. Introduce A*(s) =
{a€ A :q"(s,a) =max, ¢ (s,a’)}. Then, any mem-
oryless policy 7 : S — A, such that 7 chooses actions
from A*(s) at each state s € S is optimal: v" = v*. Ac-
cordingly, actions in A*(s) are called optimal at state s
and the set itself is called the set of optimal actions.

As promised, let us explain how an MDP where the
layered structure is not present can be turned into one
where it is present. For this, just replace the state-space S
with S x {0,...,H — 1} U{L}, letting S}, =S x {k} for
k=0,...,H — 1 and then adapt the transition kernel in
the obvious way. This transformation loses the informa-
tion that the transition kernel is the “same” between each
layers: if we want to retain this information, we may con-
sider just those layered structure MDPs where this regu-
larity assumption is satisfied. This is known as the time-
homogeneous setting.

The assumption that the MDP is layered comes with
a non-trivial side-effect: In such an MDP, after H steps,
the state becomes equal to L. Hence, if we want to study
algorithms that discover a good policy without knowing
the MDP, but by collecting data from interacting with the
MDP, we need to allow the learner to restart the interac-
tion after H steps. The ability to restart, or reset (perhaps
randomly) the state, is nontrivial. For the planning prob-
lems we consider, this is less of an issue, but in online
learning when the agent interacts with a physical system,
restarting the system is often not an option.

So what criterion to consider when there is no obvious
end to the interactions? Such infinite horizon settings in-
troduce several complications. Most notably, defining the
value function as the expected cumulative reward over an
infinite horizon may be undefined, or could result in infi-
nite values. There are three standard choices:

(i) Restrict the class of MDPs such that this does not
happen, such as our layered class, or some general-
isation of it;

(ii) Define the value of a policy to be its average reward
over an infinite time horizon; or
(iii) geometrically discount the rewards.

All these choices have their pros and cons. Generally
speaking the average reward model requires a greater
level of mathematical sophistication and assumptions,
while discounting is spiritually more closely related to the
finite horizon model that we focus on. As hinted upon ear-
lier, there is a cottage industry of work showing that re-
sults established for one type of value function also hold
for others.

2.3 Occupancy measures and trajectories

Given a policy 7 let P™ be the probability measure on
(S x A x R)" induced by the interaction between 7 and
the MDP over a single episode. We also let Pga(s,a) =
P™ (Ui 1(s, = s,a;, = a)), which is called the oc-
cupancy measure. Following our convention of treating
functions as vectors, given a function f:S x A — R,
(PSa, f) = EW[ZhH:_Ol f(sp,ap)] where E . is the expec-
tation with respect to P".

3. INTERACTION PROTOCOLS

The interaction protocol defines the rules governing
the interaction between the learner and the environment
(MDP). The right interaction protocol depends on the ap-
plication and the information available. Roughly speak-
ing, there are four typical scenarios:

* Online interface: The most fundamental setup is the
fully online RL where the learner starts from some ini-
tial state in the MDP, plays actions until the final layer
is reached and then resets to another initial state for an-
other episode.

* Global simulator interface: Sometimes, one has access
to a simulator that given any state/action pair s,a re-
turns a reward/state pair 7, s’ sampled from transition
kernel. In the global simulator access model the learner
can query the reward and next-state transition kernels
for any state/action pair, which implicitly assumes that
S and A are known in advance.

* Local simulator interface: In this model the learner

maintains a set of observed states that contains only

the initial state when the interaction starts. Then, in any
round the learner can query the reward and next-state

transition kernels for any action @ € A and any state s

in the set of states observed so far. The observed next-

state is added to the set of visited states. Local simu-
lator access is less restrictive than online RL because

the learner can query the same state/action pair (s, a)

multiple times without having to navigate to s, but is

more restrictive than global simulator access because
the learner is only allowed to query state/action pairs at
states it has already visited.

Offline RL: In offline RL the learner plays a passive role.

All the data has already been collected by some other

policy and the learner’s role is to compute some quan-

tity, such as the optimal policy or the value of some
predetermined policy. Offline RL is not the topic of this
article and is not discussed further.

Each of these protocols have genuine applications. Online
RL needs little explanation. A learner interacting with the
real world has no choice but to use this interface. Some-
times online RL is deemed risky and the user of RL algo-
rithms opts to either collecting data from the environment
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(leading to offline RL), or to building a simulator that is
then used to get a good policy. Simulator access of both
kinds also arises naturally in many problems. For exam-
ple, consider the problem of learning to drive a fast lap in
aracing simulator. In principle it might be possible to ini-
tialise the simulator in any state, but in practice even iden-
tifying the set of feasible states is effectively intractable.
What is straightforward, however, is restarting the game
at any previously observed state. This corresponds to the
local simulator access interface above. On the other hand,
in simple single-player games the learner may well have
a representation for all the states and be able to query the
simulator (which coincides with the environment in this
case) at any state/action pair. Of course, one can freely
mix and match all these setups. In this paper when con-
sidering simulator access we only consider the problem
of getting a good policy for the simulator as the environ-
ment. That is, we will not consider the effect of the mis-
match between a simulator and the environment, but just
note here that, as expected, the performance loss due to
this mismatch can be controlled by making the simula-
tor more realistic. A less obvious but common practice is
to make the simulation richer, more demanding (e.g., by
randomising certain aspect of the simulation), so that the
policies learned become more broadly applicable, which,
ideally, translates to better performance at deployment. In
the remainder of this section we expand on the individ-
ual interaction protocols and the associated natural per-
formance metrics.

3.1 Online RL interaction protocol

In the finite-horizon MDP setting the learner interacts
with an MDP for 7" episodes of length H. Without the loss
of generality, at the start of episode ¢ the learner chooses
a policy m, € II, which is used to generate a trajectory
50,00, T15S1501s "+ sTH,SH, Gy Where 36 = 5, 1s a dis-
tinguished initial state and a}, = 7,(s}) and (r}, 11 SZH)
is sampled from T(:|s},,a},). The most common perfor-
mance metric is the regret, which is the shortfall in ex-
pected cumulative reward collected by the learner due to
not playing the optimal policy:

T

Regr = Z [U*(Sinil) - /Uﬂ-t(sinil)] .

t=1
Regret is preferred to total value collected because, as op-
posed to total value collected, worst-case regret over a
class of environments remains a meaningful metric even
if there is a trivial environment in the class where all ac-
tions give zero (or near zero) reward in all states. As op-
posed to total value, regret measures skill (lack of skill to
be precise).

The regret is random because the policy 7; depends on
the data collected in episodes 1 to ¢ — 1. A typical theo-
rem shows that for some algorithm Reg; is bounded by

such and such with high probability, though bounds in ex-
pectation are also fairly common. Here, the focus is often
how fast the regret grows as a function of 7': A linear
growth shows that the learner is ineffective, while sublin-
ear growth shows that the learner is improving (learns)
over time. Generally speaking, when the rewards/transi-
tions are stochastic one should expect the regret to be
at least Q(v/T). In many classical settings this is also
the upper bound, though in non-parametric settings one
should normally expect the regret to be larger. Another
standard metric is the number of e-suboptimal episodes.
Given £ > 0, let N, = > "2 1(v™(s,,) — 0" (81) = €).
A bound on N, is sometimes called a mistake bound,
or, sample complexity (the word complexity is used sim-
ilarly to how we talk about time-complexity of algo-
rithms). Of course N, is generally a random variable
that must be bounded with certain probabilistic quanti-
fiers. An algorithm that depends on parameters ¢ > 0
and ¢ € (0,1) is probably approximately correct (PAC)
if P(N, > B(1/¢,1/9)) < ¢ for all MDPs in some class
of interest and B is polynomial in its arguments. An al-
gorithm only depending on ¢ € (0, 1) is called uniformly
PACif P(N, > B(1/e,1/6)) < 4 holds forall £ > 0. Gen-
erally speaking B only depends on log(1/9). These def-
initions differ slightly from the PAC learning concept in
statistical learning theory where the algorithm depends on
neither € nor §. Yet another possibility is to use the sim-
ple regret, defined in the next section. Sometimes, sample
complexity is defined in connection to simple regret as the
number of interactions until the simple regret (with high
probability) is pushed below a limit. We outline relations
between these concepts at the end of this section.

ap

" | ENVIRONMENT

LEARNER

Tha1sSh41 ~ T(lsy, ap)
Fi1G 1: Data flow in online RL.

3.2 Local or global planning

The algorithms that interact with a simulator are called
planners: They plan either an action, or a way of acting
(policy). In the former case, the planner is called when-
ever a new state is encountered (local planning), while
in the latter case, the planner is used in a one-shot man-
ner (global planning). That is, in the latter case the plan-
ner first interacts with the simulator for a finite num-
ber of steps, after which it computes some internal data
structure, such as the components of a parameter vector,
which is then what is used to come up with actions in
response to states encountered, but with no further inter-
actions with the simulator. We call this global planning,
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because the parameter vector computed must contain in-
formation about how to behave at any state, globally. In
the local planning setting it is natural for the planners to
keep information between their calls. While this gener-
ally improves performance, the benefit of doing so may
be marginal in that it usually does not change whether a
problem can be solved efficiently (with polynomial num-
ber of interactions per call in the relevant quantities). Ob-
viously, global planning is more demanding than local
planning and sometimes global planning is significantly
harder than local planning. In what follows, we will re-
vert to using the word learner even when the environment
is replaced with a simulator. We do this because a dis-
tinction between the two does not appear to be useful. In
particular, even a planner is learning about the simulator
(or environment) as it interacts with it.

3.3 Global access interface

In the global access interaction protocol the learner
knows the state and action spaces S and A, but not the
transition kernel. Like in the online model the learner in-
teracts sequentially with the environment. What changes
is that now the learner can query the environment at any
state/action pair and receives a sample from the corre-
sponding transition kernel. Formally, the learner and en-
vironment interact over ¢ = 1 to 7" rounds. In round ¢
the learner chooses a state/action pair (s;,a;) € S x A
and receives a reward/next-state pair r,, s; sampled from
T(:|s;, a;). By the end of the interaction the learner either
outputs an action @ (local planning) or policy 7 (global
planning). The cumulative regret no longer makes sense
and is usually replaced by some form of instantaneous re-
gret (also called simple regret), which is defined in one of
the following ways:

spReg(s) = v*(s) — v%(s) spReg” = max spReg(s)

saReg(s) =v"(s) — ¢*(s,a) saReg" = max saReg(s) .
se

The motivation to introduce the first two quantities should
be clear. If a local planner controls saReg(s) for any state
s it encounters, it is not hard to see that it can be used to
generate trajectories of a near-optimal policy. Generally
speaking a learner will be called sound if the constraints
on its output are satisfied with probability at least 1 — é.
Sometimes the number of queries that the learner issues is
also randomised and then the usual objective is to either
guarantee that the number of queries to the simulator is
small with high probability, or that the expected number
of queries is small, while also demanding that the learner
is sound. We will see an example of a learner interact-
ing with an MDP via the global access model and global
planning setting in Section 6.

3.4 Local access interface

In many cases the learner does not even know the state
space but only knows the initial state and has access to
a simulator that accepts a known state and any action,
and returns a sample from the reward/next-state kernels.
A learner with a simulator of this kind can slowly develop
a tree from the initial state. The local access interface pro-
vides the learner with less flexibility than the global ac-
cess model and some objectives that are achievable with
the latter may not be possible with the former. For ex-
ample, if there exist states that cannot be reached from
the initial state, then in general the local access interface
does not provide enough information for the learner to
find a globally optimal policy. We restrict our attention to
the problem of using as few queries as possible to find
a near-optimal policy for the initial state. Formally, the
learner is initialised with a set V; = {s,, } and interacts
with the environment over rounds ¢t = 1,...,7 where T’
is possibly random. In round ¢ the learner selects a state
s; € V; and an action a; € A. The learner then receives
74,5y ~ T(:|s;, a,) and the set of visited states is updated
to V1 =V, U {s}}. Once the interaction has ended, the
learner/planner outputs an action @ € A (local planning)
or policy 7 (global planning). The performance metric is
the same as in the global access interface except that now
it would be unusual to bound saReg” or spReg” due to the
problem of reachability with the local access interface. In
Section 9 we give an example algorithm that uses the local
access interface in a local planning setting.

LEARNER ENVIRONMENT

Sp,ap 18, €V,

\

/
Vig1 < ViU {sy}

t—t+1 <

/
Tty St NT(-\st,at)

FIG 2: The local access model. The learner is initialised
with s; = s, € S and visited states V = {s,,.}. In the
finite horizon setting, in step ¢ the learning must choose a
state from V; \ Sy.

init

3.5 Remarks and references

* A high probability bound on the regret does not imply
a bound on the mistake count [V, because low regret is
achievable by a learner that makes poor decisions in-
finitely often. Concretely, if v* (s, ) —v"*(8,,) = 1(t €
{1,2,4,9,16,---}), then the regret is ©(/T) but, N, =
oo for any € < 1.

* Bounds on the mistake counts do imply bounds on the
regret. In particular, uniform-PAC algorithms (which,
notably, can not take € as an input), enjoy this property.
In some cases, the regret obtained can be nearly opti-
mal [16]. Corollary 7.1 gives the general recipe of how
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to convert these uniform-in-¢ error bounds into regret
bounds. To explore the relationships between variations
of the definitions given here, see [16], which also gives
a historical overview of the definitions.

* In the online setting still, a bound on the regret implies a
bound on the simple regret for the “mixture policy” that
is obtained by choosing uniformly at random an index
in [T] ={1,...,t} and then following 7, until the end
of the episode.

* The sample complexity of a learner in the global/local
access models is the number of queries made to the
model, which in some cases is random.

* An interesting case that shows the big gap between lo-
cal and global planning is to contrast the results of two
papers, one of which considers local planning, the other
global planning. Both are concerned with planning for
MDPs where the state space is the d-dimensional hy-
percube, the transitions and rewards are smooth in an
appropriate sense. On the one hand, Chow and Tsit-
siklis [15] show that any global planner needs to use
Q((1/ E)d) samples to find a uniform e-approximation
to the value function, while Rust [40] and a follow-up
by one of the authors of this paper [45] show that for
the same class of MPDs, O(poly(1/e,d)) samples are
sufficient if one is interested in getting an e-good es-
timate of the value at some arbitrarily fixed state. In-
triguingly, that the exponential speedup comes from the
distinction between local and global planning was only
noticed much later.

4. FUNCTION APPROXIMATION

Many early works on theoretical RL treated S and A
as unstructured sets. Knowledge of the reward/next-state
distributions in a given state provide no information about
those in another state. While this enormously simplifies
analysis and can provide basic insights into the issues
that arise when designing algorithms, it is not compati-
ble with practical applications where the state spaces are
enormous, but both states and actions are highly struc-
tured and an effective learner must generalise across the
state/action spaces. The most general way to allow the
learner to generalise is to introduce a restricted set of
MDPs .# and assume the true MDP lies in .#. Let us
give some examples:

(i) Unstructured MDPs: .# is the set of all MDPs on
with state-space S and action space A.

(ii) Linear MDPs: Given a feature map ¢ : S x A — ]Rd,
let .# be the set of all MDPs such that there exists
WS — R? and 6 € R” such that

r(s,a) = <¢(5aa)39> P('|57a) = <¢(S’a)uu(')> :

(iii) Linear value functions: Given a feature map ¢ :
S — R?, let . be the set of all MDPs such that for
all 7 € I there exists a 0 € R? such that v™ (s) =
(0,6(s)) forall s €S.

(iv) Linear action-value functions: Given a feature map
¢:SxA— Rd, let ./ be the set of all MDPs such
that for all 7 € II there exists a § € R? such that
q" (s,a) = (p(s,a),0) forall (s,a) € S x A.

(v) Linear optimal value function: Given a feature map
¢:S — R?, let . be the set of MDPs such that
there exists a 6 € R? such that v*(s) = (¢(s), ) for
all s € S.

(vi) Linear optimal action-value function: Given a fea-
ture map ¢ : S x A — R% let .# be the set of
MDPs such that there exists a § € R? such that
¢ (s) = {¢(s,a),0) forall (s,a) €S x A.

There are some obvious relations between the classes.
For example, linear MDPs have linear action-value func-
tions and unstructured MDPs can be represented as lin-
ear MDPs by introducing |S x A|-dimensional features.
Moreover (ii) C (iv) C (vi) and (iii) C (v). Interestingly
the class of environments with linear action-value func-
tions is ‘nearly’ the same as the class of linear MDPs, as
explained by [51]. One can imagine many other variations
on the classes listed above. There is interest in considering
nonlinear (or general) function approximation. For exam-
ple, the nonlinear version of the linear MDP class can be
formulated as follows: Let .# be a set of functions from
S x A to the reals. Let .# be the set of MDPs such that
r€.7 and for any s’ € S, P(s'|-) € .Z. Another general
change is to introduce unrealisability (in statistics, mis-
specification). For the linear value function setting, the
definition would then be as follows. Fix ¢ : S — R? and
€ > 0. Then, .# is the set of MDPs such that for all = € I1
there exists a § € R? such that |(6, ¢(s)) — v" (s)| < & for
allse S.

There are two standard theoretical questions associated
with function approximation.

(i) Given a class .#, what can be said about the re-
gret or sample complexity for a given interaction
model and can the optimal values of these be (ap-
proximately) achieved in a computationally effi-
cient manner?

(ii) Is there a complexity measure C'(.#') such that the
regret or sample complexity can be expressed in
terms of C'(.#')? Of course one should hope for up-
per and lower bounds, and for algorithms that can
be implemented efficiently given suitable oracle ac-
cess to operations on .Z . For linear value function
approximation with feature maps taking values in
Rd, the candidate complexity measures are polyno-
mial in d, H, possibly |A|, but independent of |S|.



5. ALGORITHMIC PRINCIPLES

All algorithms for reinforcement learning need to col-
lect information about the environment. The basic chal-
lenge is where to look for information that will “make a
difference” given what is already known. While, say, in
a linear value function approximation setting, there are
only d parameters to learn, there are many states (and
potentially many actions) and it is a priori unclear at
which states to collect information about the MDP. Care
is needed so that information is available that allows to
keep errors under control even at states that are never ex-
plored. Sometimes, this is referred to as the distribution
shift problem: When a learnt policy is deployed, it very
well may visit states that were never encountered before
and for it to perform well, the models that are driving the
policy need to work well. Controlling these extrapolation
errors is one of the key problems in RL.

The most successful approach to uncover states that
help the learner to keep errors under control is to use the
principle of optimism in the face of uncertainty. This prin-
ciple is often described in the context of online RL, but it
is equally useful under other performance metrics and in-
teraction models. Yet, it is easiest to describe it in the on-
line setting. Here, the idea is to maintain a confidence set
that contains all plausible models of the unknown MDP
and act according to the optimal policy associated with
the MDP for which the value function is maximised. This
method works because one of two things happens:

(i) The policy is near-optimal and the learner is happy;
or

(ii) The policy is not near-optimal, in which case the
learner will observe (in expectation) a reward that
is less than the plausibly optimal MDP promised,
which means the learner gains information.

Intuitively, with a worse policy, one should gain more
information about the MDP, but whether this leads to
an overall sample-efficient learner needs careful analysis.
Furthermore, while optimism is often useful, optimism
can in fact be suboptimal. This happens when actions that
are known (at some stage of learning) to be suboptimal
should be played to gain critical information.

As noted earlier, the optimism principle can still be use-
ful when the learner’s objective is only to find a near-
optimal policy but not to simultaneously play good ac-
tions. Generally, however, the benefits are less apparent
in these situations and a more natural heuristic is to select
actions that lead to information gain. We see an example
of this in Section 6. Lastly, there exist more sophisticated
methods that balance exploration and exploitation by ex-
plicitly comparing information gain and (expected) regret
[20, 21, 35, 36]. These methods are the most powerful,
but tend to be less well-behaved computationally or chal-
lenging to analyse.

5.1 Remarks and references

Like all significant ideas, the idea that optimism can be
used to trade off exploration and exploitation has been re-
discovered a few times. Perhaps the first account is due to
Kumar and Becker [27], who introduced “cost-biased pa-
rameter estimation” to favour those parameters that lead
to a smaller cost in control problems. A few years later,
Lai and Robbins [28] published their seminal paper which
introduced a big part of the important machinery. Their
goal was to study asymptotic optimality. Somewhat later,
in the reinforcement learning literature, Campi [14], start-
ing from the work of Kumar and Becker [27], introduces
the “bet on the best” principle, which is exactly the princi-
ple of optimism: one should always choose the controller
for the model which is still plausible given the data and
gives rise to the best values (for a more detailed account of
this principle, see [10]). Kearns and Singh [25] describe
an algorithm that uses optimism to control the number
of times large errors are encountered in online learning
in a finite discounted MDP. To make it to a full circle,
the recent methods mentioned that compare information
gain and (expected) regret can be seen as implementing
the cost-biased parameter estimation idea.

That extrapolation errors need to be under control is
most clear when in the presence of misspecification er-
rors. In this case, Du et al. [18] showed that there is no
hope in learning a good policy with polynomial sample
complexity as a function of d, the number of dimensions,
H, the planning horizon and 1/, where ¢ is the desired
accuracy. In the next section we look into this case, and
present a positive result for a relaxed (and thus more real-
istic) criterion.

Finally, we collected a number of results in Table 1.
These cover only linear function approximation, and are
meant to illustrate the type of results that can be achieved
in the various settings.

5.2 The organisation of the rest of the paper

The next section (Section 6) tells a story about how to
deal with the fact that learners need to generalise to un-
seen states in the context of linear function approxima-
tion, in particular, when all action-value functions lie in
the span of the features. As it turns, in this case there is a
way to compute a good approximation to the optimal ac-
tion value function by means of an approximate version of
backwards induction. For this to work, all we have to do
is to give the learner the ability to learn about the MDP at
a few, but well chosen states. While, for the sake of sim-
plicity, this section leaves open of just how to find such a
set of states, this question is addressed in the next sections
in different contexts.

First, we introduce these tools in Section 7 for ban-
dit problems. These are problems where there is a single
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REF SAMPLE COMPLEXITY COMPUTATION SETTING APPROXIMATION CLASS ACCESS MODEL
[29] poly(d, H, %) poly time™ discounted or finite horizon g™ approx. linear Y global

[43] poly(d, H, %) poly time™ discounted v approx. linear]L global

[58] poly(d, H, %) poly time™ finite horizon q* approx. linear]L global

[56] poly(d,|Al, H, %) poly time discounted q approx. linear V7 local

[53] poly ((dTH) | l) inefficient discounted or finite horizon ~ v* approx. linear local

[24] poly (d, H, %) poly time finite horizon linear MDP online

4] poly (d, log|A|, H, %) poly time finite horizon linear MDP online

[17]  poly (d, H, %) inefficient finite horizon linear MDP7 online

[51] poly (d, H, %) inefficient finite horizon q" linear Vrr online

* all of these methods are only polynomial time subject to the learner being given a ‘core’ set of state/action pairs from which to extrapolate. For
example, [29] needs a near-optimal design over the state-space, while the other works use related concepts.
T both of these works make strong additional assumptions on the feature vectors to achieve the given sample complexity.

TABLE 1
RL with linear function approximation. All logarithmic factors in the sample-complexity bounds are dropped.

state, but there are many actions and the job is to gener-
alise across them. As we will see, the tools developed here
will work nicely in the more complicated settings when
there are many states to generalise over. Section 8 show-
cases an approach where we consider nonlinear (to be pre-
cise, not necessarily linear) function approximation. The
specific setting is when the optimal action-value function
belong to our chosen set of functions .%. The algorithm
aims to find the optimal action-value function by solving
the Bellman optimality equation directly. This is nontriv-
ial since these are non-linear equations. The results are
derived under the assumption that .# is closed under the
application of the Bellman optimality operator. As it turns
out, when .# contains functions that are linearly com-
bining some basis functions, the closedness assumption
can be dropped, if we consider approximating the optimal
value function, rather than the optimal action-value func-
tion. This is the topic of Section 9, which is the penulti-
mate section of the article.

6. LINEAR ACTION-VALUE FUNCTIONS WITH A
GENERATIVE MODEL

The most permissive interaction protocol is when the
learner is given a simulator that implements the global
access interface, and this is where we start. To begin, we
study the setting where the action-values for every policy
are a linear function of a state/action feature vector. We
make the strong assumption that the action-value function
associated with all policies is linearly realisable using a
given feature map:

ASSUMPTION 6.1. The learner has access to a fea-
ture map ¢: S X A — R? such that:

(i) For all policies 7 € 11 there exists a 0, € R? such
that " (s,a) = (0, (s,a)) forall (s,a) € S x A.
(i) span(¢(s,a): (s,a) €S x A) =R~

The assumption on the span of the feature vectors is
for convenience only. If this does not hold, then certain
matrices will not be invertible and the analysis must be
carried out in a suitable subspace. Because we have as-
sumed simulator access, the natural objective is to design
an algorithm that finds a near-optimal policy using as few
queries to the simulator as possible. The idea is to com-
bine three key ingredients: approximate backwards induc-
tion, rollouts and linear regression.

6.1 Approximate backwards induction

Approximate backwards induction is a process for con-
structing a sequence of polices 7y, --- ,m, where 7y is
arbitrary and ;, is near-optimal for all states s € ufiksi.
Given k > 1, a policy 7, approximate backwards induc-
tion computes 7;,_; using the following two-step proce-
dure:

(i) Interact with the environment/simulator to find a
function ¢, : S X A — R that approximates the
value function ¢™*.

(ii) Let m;,_, be defined by

2)
argmax,c, qx(s,a) ifse€ S,

Tp_1(8) =
k() () otherwise .
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Note that while ¢, is defined on the whole state space,
only its behaviour on S;,_; matters. The quality of the se-
quence of policies depends on how well g;, approximates
q"™* here. For ¢ : S x A, let’s denote by ¢ S,_1 XA the re-

striction of ¢ to S;,_; X A.

THEOREM 6.2.  Suppose that 7y, ..., my are defined
by (2) with mg arbitrary. Then for all s € S,

H
v (s) Z 0" (s) =2 ey,
k=1
where for 1 <k < H, e, = ||(qx, — qﬂk)‘sk_leHOO‘

PROOF. We will prove by induction that for any 0 <
k<H,i>kandseS,,

H
3) v (s) > v (s) — 2 Z £ -
j=i+1

The base case where kK = H is satisfied trivially, since
for any policy 7, v"(s) = v*(s) for all s € Sy = {L}.
Suppose k > 1, the above display holds for 7, and let
7,1 be constructed using (2). By definition m,_; = 7,
on U, S, hence, for any state s from this set, v™ (s) =
v"*(s). Chaining this with (3) gives the result for any
7 > k. It remains to show the result for 1 = k — 1, i.e.,
that for all s € S,_4,

H

V™ (s) > v (s) — 225j .

=k

By the definition of the value function and the relation
between 7, and m;,_1,

V™ (s) = ¢ (8, 1 (5))
=q"™ (s,m-1(5))
> qi(5, T—1(8)) — €

=maxqy(s,a) — &

(7, mp—1 agreeon Sy U---USg)

(def. of m,_1)

>maxq *(s,a) — 2¢,

acA
- P(s' (s -2
max r(s,a) + Z (s'|s,a)v™(s") €k
L s €Sy
[ H
> / */ ! o )
2 max r(s,a) + Z P(s'|s,a)v™(s") 225]
L s'€s,, Jj=k
H
:’U*<S) - 225]',
=k

where in the one but last line we used (3) again. ]

6.2 Rollouts

In order to implement approximate backwards induc-
tion we need a way to estimate ¢q" for a given pol-
icy w. This seems like a daunting task because ¢" is
an entire function. Rollouts provide a way to estimate
q"(s,a) for any given state/action pair. Let (s,a) €
S x A and 7 be fixed. Given access to a global sim-
ulator, the learner can sample a trajectory starting at
state/action pair (s,a) and subsequently following pol-
icy m until the end of the episode. Formally, a roll-
out of 7 from (s,a) when s € S; is a random tra-
jectory T = (Sk7 Ak Th415 Sk4+1> k41" »SH, OH TH)
where (sy,a,) = (s,a) and a; = 7(s;) for i > k and
(rig1s8i01) ~ T([s4,a4).

Given a trajectory T' = (Sg, Qg, g1, ,7g), let R(T')
Zfik r; be the cumulative reward along the trajectory,
which is also known as the (random) return of m from
(s,a). The learner can estimate ¢" (s,a) by sampling in-
dependent trajectories 717, ...,7T,, and computing the av-
erage of the resulting returns:

Combining Assumption 2.1, which states that the rewards
are bounded in [0, 1], with Hoeffding’s inequality [11]
shows that with probability at least 1 — 9,

™ log(1/9)
@ lals.a) g (s,0)| < HY 2
Summarising, given any policy 7 and state/action (s, a)
pair, the learner can estimate ¢” (s, a) using rollouts. Note
that in the online interaction protocol the learner can only
sample trajectories from the initial state. On the other
hand, with the global simulator interface the learner can
sample a trajectory starting from any state, while with the
local simulator interface the learner can sample rollouts
from any previously visited state. For future reference,
given (s,a) € S X A and a policy 7, we let R%(-|s,a)
denote the distribution of the random return of m when
started from (s, a).

6.3 Linear extrapolation

Having noted that the learner can estimate ¢” (s,a) us-
ing rollouts, we now explore how these estimates can
be used to estimate the entire function ¢”. In principle
one could use rollouts starting at all state/action pairs,
but the sample complexity of any algorithm implement-
ing this idea will scale with the size of the state-space.
By making use of the linear structure it is possible to es-
timate ¢" on states that have never been visited by the
learner. Given a distribution p on S X A let its support be
spt(p) = {s,a : p(s,a) > 0}. Let ¢ : spt(p) — R be an



SAMPLE-BASED PLANNING AND LEARNING WITH FUNCTION APPROXIMATION 11

estimate of ¢" on spt(p) and let A > 0 be such that for all
(s,a) € spt(p),
(5) A(s,a) 2 q(s,a) — ¢ (s,a) € [-A, A].

Let 6, € R? be a vector such that ¢" (s,a) = (6., ¢(s, a)).
By assumption, such a vector exists. We estimate 6 using

© 0.=D," >

(s,a)€spt(p)

D,= Z

(s,a)€spt(p)

p(s;a)q(s,a)p(s,a),

where

p(a)d(s,a)p(s,a)

is the design matrix associated with p, which is assumed
to be nonsingular.

PROPOSITION 6.1.
ne Rd,

Using the notation above, for any

(6 — 6| < Allnll 1

PFOOF. Let n € R? be any vector. By algebra, 6. =
Dy 3 s.ayespt(p) p(s,a)q”(s,a)g{)(s,a). Using this, we
bound the error of the estimator 6, in direction 7 as fol-
lows:

<9}—9mn>’ = >

(s,a)€spt(p)

<A )

(s,a)€spt(p)

<a | >

(s,a)€spt(p)

2
= A\/ ||77||D;1 )

where in the first inequality we used the definition of A
from (5) and the second we used Cauchy-Schwarz. ]

p(s,a)A(s,a)(D, " (s, a),m)

p(s,a)[(D, (s, a),m)|

p(s,a){D, " é(s,a),n)”

Proposition 6.1 clarifies what is needed from p. By
assumption, ¢" (s,a) = (0,,¢(s,a)) for all state/action
pairs. Hence, in order to estimate ¢" (s, a) for all state/ac-
tion pairs it suffices to find a distribution p such that
|lo(s,a) ||2D71 is well-controlled for all s, a. Also note that
in order topensure that error A in (5) is small we need
to evaluate ¢" only on s,a € spt(p), which suggests we
should find a p such that | spt(p)| is small. To achieve this,
we borrow a celebrated result from the theory of experi-
mental design:

PROPOSITION 6.2 ([26,47]). Let X C RY be compact

and assume that span(X) = R%. There exists a distribu-
tion p on X such that

. . T

(i) chne%){(HxHD;l < V/2d with D,= Z plx)xx .
z€spt(p)

(ii) |spt(p)| < 4dloglog(d) + 16.

Summarising, letting X = {¢(s,a) : (s,a) € S x A},
the learner can find a distribution p satisfying both of the
above and then perform rollouts on all (s,a) € spt(p)
to construct estimators ¢(s,a) for (s,a) € spt(p). Then
the entire function ¢" can be estimated by ¢(s,a) =
(0..,4(s,a)) and the calculations above ensure that | ¢ —

q" s < AvV2d.
6.4 Approximate backwards induction

We now have the necessary tools to implement approx-
imate backwards induction with access to a global simu-
lator (Algorithm 1). The algorithm accepts as input an ar-
bitrary initial policy, a distribution p € Ag, 4 that should
ideally satisfy the conclusions of Proposition 6.2 and a
natural number m that is the number of rollouts to per-
form when estimating action-values. One may also want
to introduce a variant that “localises” p to the layers; we
omit this refinement, which, may be valuable in practice
but offers no theoretical advantage in the worst-case.

args: Ty €Il, p€Agyp, m

compute D;l =2 (s,a)espt(p) P(5:a)P(s,a)9(s, a)
for k=H to 1:

1

) T
3

4 for (s,a)€spt(p):

5

6

7

sample (R;);~; iid from Rg’“(v\s,a)
1 m
Uspt(5:0) = 221 B;
5 &
ek = Dp Zs,aEspt(p) qk,spt (57 a)¢(57 a)

arg max (¢(s,a),0,) ifseS,
8 T_q (S) _ a€A k .k 1
7y, (8) otherwise

9 return m,

ALGORITHM 1: Approximate backwards induction for
q" -linearly realisable MDPs

The following theorem bounds the sample complexity
of Algorithm 1.

THEOREM 6.3. Under Assumption 6.1, suppose that
Algorithm 1 is run with

an' | <|spt<p>H> |

£ 0

m =

Then, with probability at least 1 — 6, v"" (s) > v"(s) — ¢
for all s € S and the number of queries to the simulator is
at most

2

|spt(p)|[dH® . (|spt(p)|H
. log < 5 > .
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REMARK. When the distribution p satisfies the con-
clusions of Proposition 6.2, then | spt(p)| = O(dloglog(d))
and the sample complexity of Algorithm 1 is

*H° dH
O( ® loglog(d)log <5>> ,

which, importantly, is independent of the size of the state-
space.

PROOF OF THEOREM 6.3. To begin we control the
number of queries to the simulator. Every sample from
R{" (s,a) makes use of at most H queries to the simula-
tor. Hence, in every iteration the algorithm makes at most
| spt(p)|mH queries to the simulator and since there are
H iterations the number of queries to the simulator during
the entire interaction is at most

6
|spt(p)[mH? = O ('Spt(pg'dH log (;)) .

3

Next we prove that v™ " is near-optimal. Let B = |spt(p)|H,

which is the number of state/action pairs for which Al-
gorithm 1 uses rollouts to estimate action-values. By (4)
and a union bound, with probability at least 1 — ¢, for all
1<k<H,

log(B/9) A A

maxp) ’quSpt(& a) — q (s, a)‘ <H 2m

s,a€spt(
Assume for the remainder that this event holds. By Propo-
sition 6.1, with g (s,a) = (0, (s, a)),

— g™k <
g, s — (sl <4

||¢(s,a)||%p—1
< AV2d.

Finally, by Theorem 6.2, for any s € S
V™ (s) > v (s) — AHV2d=¢,

where we used the definitions of A and the number of
rollouts m. O

6.5 Misspecified linear model

Theorem 6.3 provides a sample complexity bound for
approximate backwards induction when all ¢” is linearly
realisable for all policies 7. One might wonder what hap-
pens if the action-value functions are only nearly linearly
realisable.

ASSUMPTION 6.4. There exists an €, > 0 such

that for all policies w € 11 there exists a 0, € R? such
that

u — <
Jmax |q7(s,a) — (#(s,a),00)] <€

approx *

Furthermore, span(p(s,a):s,a €S x A) = R

As before, the span assumption is only for convenience.
Algorithm 1 still yields a sample-complexity bound with-
out modification but the bound and analysis need to be
modified slightly.

THEOREM 6.5. Suppose that Algorithm 1 is run
with distribution p satisfying the conclusions of Propo-
sition 6.2 and for € > 0,

_ dH? log(H|spt(p)|/9)
m = 2 .
9

Then, with probability at least 1 — 9,
v (s) >0 (s) —2H (awpm(l +vad) + 5) .

Furthermore, the number of queries to the simulator is at
most

d| spt(p)| H " log(| spt(p)| H/5)
5 :
9

Comparing Theorem 6.5 to Theorem 6.3, notice that
the latter theorem shows that with high probability the
learned policy is e-optimal, while with misspecification
the error depends on the horizon, the dimension and the
approximation error. The contribution of the approxima-
tion errors does not vanish with more rollouts, which
means there is no reason to choose ¢ < Eappm\/g’ since
this only increases the number of queries but only im-
proves the policy by a constant factor even as m — oo.
With ¢ =&, V/d, Algorithm 1 uses

approx

o (dH4 log log(d) log(1 /5))

2
S

approx

queries to the generative model and with high probability
returns a policy 7y such that

Uﬂ-H (S) 2 /U*(S) - 8Hsapprox\/3'

PROOF SKETCH OF THEOREM 6.5. The only differ-
ence relative to Theorem 6.3 is that the linear extrapo-
lation works differently. As in Theorem 6.3 the number
of queries to the simulator is at most m|spt(p)|H. Also
following the proof of Theorem 6.3, with probability at
least 1 — ¢ foralll1 <k < H,

10g(B/(5) NN

2m ’

max }qk,spt(sa a) - qﬂ-k (57 a)‘ <H

Svaespt(p)

where B = H|spt(p)|. For the remainder assume this

event occurs. The main difference is that Proposition 6.1

needs modification. In particular, we now have for all
d

nelk

‘<9k - 97Tk777>} S (A +5appmx) ”T]”D;l .
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Hence, since p was chosen to satisfy the conclusions of
Proposition 6.2, for any state/action pair s, a,

|Qk(sva) - qﬂk (Sv CL)| = |<9k7¢(57a)> - qﬂ-}C (Sa CL)|
S ‘ <0k - Hﬂk ) ¢(57 CL)> ’ + 8approx
<AV2d 40 (1 + \/ﬁ)

=€+ Epprn (1 + v 2d) .
Now, Theorem 6.2 yields the claim. O

Theorem 6.5 shows that learning is possible with mis-
specified linear models. But there is an unpleasant aspect
to the result because the even by sending m — oo the
learner does not identify an optimal policy. Since S and
A are finite the learner can obviously query the genera-
tive model at all state/action pairs many times and iden-
tify a near-optimal policy to any accuracy, but the number
of queries required to do this will be poly(S, A), which
is usually unacceptable. What one might hope for is that
with poly(d, H,1/e,,,.) queries it might be possible to
find a policy with error O(e,,., ) since this is the misspec-
ification level. But the bound in Theorem 6.5 suggests the
limit of Algorithm 1 is O(e,,.. V/d). Interestingly, one
can show that removing the v/d is essentially not possi-
ble without using exponentially many queries (in the di-
mension), which is a beautiful application of the Johnson-
Lindenstrauss lemma [18].

6.6 Remarks and references

* Except for minor differences, approximate backwards
induction was proposed and analysed in the offline set-
ting by Bagnell et al. [8] under the name “policy search
by dynamic programming” (dynamic programming is
often used synonymously to backwards induction).

* All the fundamental ideas in this section generalise to
the discounted setting, in most cases with a more-or-
less identical argument and where H is replaced by the
effective horizon, which is the number of interactions
before the all future rewards a discounted to a negli-
gible amount and is 1/(1 — v)log(1/¢e). The reader is
recommended to check out the work of Scherrer [41]
on this topic.

* Rather than approximate backwards induction, it is
tempting to use an approximate form of policy itera-
tion. This corresponds to eliminating the second case
in (2) by setting 7;,_1(s) = argmax,c g (s, a) for all
s € S, including states in S;, U Sg. It is not hard to see
that in this case Theorem 6.2 still holds but with a worse
error bound. The difference is easiest to explain when
€ =€y =---=¢€g. In this case, for approximate back-
wards induction the error becomes O(He), while for
approximate policy iteration it is O(H %¢). The reason

for the worse, quadratic horizon dependence is as fol-
lows: While for approximate backward induction, for
any s € S, U--- U Sg, setting a = m,_1(s) we have
q"*(s,a) = q"*(s,a), this property only holds up to
an additive error in the case of approximate policy iter-
ation. As it turns out, the quadratic dependence on the
horizon here cannot be improved.
In the discounted setting, a similar issue arises. In
this case, it has been shown that the extra H factor
that shows up in the error accumulation cannot be re-
moved. Approximate backwards induction is not the
only method that incurs a linear-in-the-horizon error
bound.
Other ways of removing the extra H factor are perform-
ing “soft” policy updates, which however means that
more iterations may be needed [3, 5]. A simpler, more
direct alternative is “confident approximate policy iter-
ation”, where the policy is not updated unless the action
value for the new policy is plausible larger than that of
the previous policy [54].

* The best known lower bound in the realisable setting
of this section is that the sample complexity to find an
e-optimal policy is at least

PH
€

This lower bound is shown for the narrower class of
linear MDPs [54, Theorem H.3]. Most likely the lower
bound is tight and the upper bound can be improved by
using a more careful concentration analysis.

* The implementation of approximate backwards induc-
tion relied on a global simulator. Polynomial sample
complexity is possible even in the online RL model us-
ing a more sophisticated procedure [51]. It is unknown
whether or not this is possible with a polynomial time
algorithm. Simpler, and efficient methods work when a
local access simulator interface is available [54, 56].

7. ELUDER DIMENSION

The eluder dimension is a complexity measure of a real-
valued function class that was proposed by Russo and Van
Roy [39] for the analysis of optimistic algorithms with
function approximation, usually in the online interaction
protocol. Optimistic algorithms start with a set of possi-
ble models of the environment, gradually shrinking this
set based on the information collected. In each step they
choose the model from the remaining set that is the most
rewarding and plays the policy that is optimal for this op-
timistic model.

7.1 Bandit environments

To keep things simple we consider bandit problems,
which are essentially MDPs with a single state. In the
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online interface the learner selects actions ay,...,ar in
an action set A and observes rewards rq,...,r where
r; ~ R(-|a;) with R a probability kernel from the action
set A to [0,1]. The mean reward of action a is f*(a) =
fol R(dz|a). The learner’s objective is to select actions
with the highest immediate reward.

REMARK. Bandit problems look much simpler than
RL. There is no state and the reward of an action is im-
mediately observed. And yet, almost all of the techniques
used to study bandit problems have been generalised to
RL. This is not so surprising. An RL problem can be
cast as a bandit by viewing policies as actions. In RL the
learner also observes the sequence of states at the end of
the episode. This information should be used to update
statistical evidence but otherwise bandits and (episodic)
RL are almost equivalent.

In the classical literature on finite-armed bandits the
learner has no information about the unknown mean re-
ward function r and the action set is not large. For our
purposes, however, we are interested in the case where A
is potentially enormous but the learner has prior informa-
tion about the space of possible mean reward functions.
To model this, let .# be the set of possible mean reward
functions, which are functions from A to [0, 1]. This is the
class of models we start with. The learner knows .# and
the goal is to design an algorithm whose regret is small
whenever the true (but initially unknown) mean reward
function belongs to .%. Our standing assumption for the
rest of the section is as follows:

ASSUMPTION 7.1.  The following hold:

(i) Realisability: f* € F.
(ii) Finiteness: F and A are both finite.

The finiteness assumption is for convenience only, to
ensure the existence of certain maximisations and to per-
mit us to take union bounds over .% rather than relying
on covering arguments. For C C .#, we will find it useful
to introduce #; = sym(C) = {f — g : 9,9 € C}. For rea-
sons that will become clear soon, one should think of %,
as the set of possible regret functions.

7.2 Optimism and motivation for eluder dimension

After interacting with the bandit environment for some
time, the learner somehow constructs a confidence set of
plausible reward functions C C .%. More on this later, but
ideally C should be as small as possible (in some sense)
and contain the true reward function: f* € C. The opti-
mistic algorithm plays the action associated with the most
rewarding function in C, which is

ac = argmaxmax f(a),
acA  f€C

which we assume exists. The following elementary propo-
sition bounds the regret of the optimistic action:

PROPOSITION 7.1. Take any C C .F with f* € C and
assume that (fe,ac) = argmax, q)cexa M(a) is well-
defined. Then

sup f*(a) — f*(ac) < sup w(ac) = |lacly, -
acA weW

REMARK. The notation ||al|y = sup,cy w(a) is a
little questionable. The set A may not even be a vector
space. At least when # = sym(C) with non-empty C,
then || - ||, is non-negative.

In words, given a subset C of all possible models, the
regret of the optimistic choice against any model that is
in C can be upper bounded by the value that some regret
function takes when evaluated at the optimistic choice.

PROOF. Thanks to sup,ca f(a) < fe(ae), which fol-
lows from the definitions, the desired inequality holds
with w = fo — f* € sym(C) = #,. O

To motivate the definition of the eluder dimension we
start by considering deterministic bandit environments
where 7, = f*(a) for some f* € .%. To keep things sim-
ple we assume that A and .% are finite. Since A is finite,
the learner can play every action in A once and subse-
quently play the action leading to the maximum reward.
Clearly this leads to at most |A| — 1 suboptimal actions,
which may be reasonable for small action sets. When A is
large, and .7 is restricted, one can exploit the prior knowl-
edge f* belongs to .Z to do significantly better. The ban-
dit algorithm that is based on optimism is as follows:

1 for t=1 to oo:

2 let C;={f€ZF:f(ay) =r,foralls<t}
3 let ft:argmaxfect max, 4 f(a)

4 play a;=argmax,c 4 fi(a)

5 observe 7, = f*(at)

ALGORITHM 2: Optimistic algorithm for structured de-
terministic bandits

Let us think about how many times Algorithm 2 can
make a mistake. Let #; = sym(C;). By Proposition 7.1,

rggg{f*(a) — [ (ar) < llally, ,

Since 7, = f*(a,), by definition of C,

t—1
W C {f—g:f,gef,Z(f(as) —g(a,))* SO}

s=1

t—1
@) :{wGW:Zw(aS)2§O}é%,
s=1
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where # = sym(.%# ). Hence, Algorithm 2 can only make
a mistake in round ¢ if

lagll,, >0

The eluder dimension (for deterministic problems) is de-
fined exactly as the maximum number of times this can
happen.

REMARK. Finiteness of A and .# were only assumed
to ensure the existence of the maximisers f; and a;. One
can easily adapt the arguments above to arbitrary ac-
tion and function classes by allowing an arbitrarily small
amount of error (even an optimal action may not exist in
this case).

7.3 Eluder dimension

Because the eluder dimension is not always applied to
bandit problems, we now make the notation more ab-
stract. Let % be a set of real-valued functions with do-
main X.

DEFINITION 7.2. A sequence xi,...,z; in X is
called an eluder sequence for # at level (g,[) € Ri if
forall t <k,

t—1
sup {w(xt) : Zw(zs)z < 52} >e€.

weW —1

We say that x4, ...,z is an eluder sequence at level € if
it is an eluder sequence at level (g, ¢).

DEFINITION 7.3. Given € > 0, the exact eluder di-
mension Edim_(# ,e,3) of class # at level (g,f)
is the length of the longest eluder sequence at level
(e,8). We abbreviate Edim_(%#,¢) = Edim_(#/,¢,¢),
which is usually called the exact eluder dimension at
level . Finally, the eluder dimension at level 5 > 0 is
Edim(%,gy) = sup.>., Edim_(#,¢).

REMARK. By construction, ¢5 — Edim (% ,¢q) is
non-increasing, which may not be true of the exact eluder
dimension.

The definition of the exact eluder dimension almost im-
mediately yields a bound on the number of mistakes made

by Algorithm 2:

PROPOSITION 7.2.  Let (a; )i be the sequence of ac-
tions generated by Algorithm 2. Then

> Uf(a) # fH(a,) < Edim_(sym(%),0).
t=1

PROOF. Let T be the set of rounds where max, ¢ f*(a)—
f*(a;) > 0. By the definition of C, it holds that f* €
C, for all rounds t. Hence, Proposition 7.1 gives that
max,er (@) — (@) < [laully;. where ¥, = ¢, By
Equation (7), #; C W, ={w e ¥ : 22;11 w(ag)® = 0}.
Hence, the sequence (a;);c7 is an Eluder sequence for
W =sym(F) at level € =0 (for t € T, the witness is
fi — f* € #: Indeed for s < t, f,(a,) = f*(ay), while
fi(ay) > f*(a,)) and therefore |T| < Edim_(.%#,0). O

EXAMPLE (Linear bandits). Let X C B; C R? and
r>0and %, ={z+— (z,0) :x € X,0 €B,}. Then,

Edim_(sym(.%,),0) <d

(in fact, equality holds). Hence, the number of mistakes
made by Algorithm 2 is at most d, independently of the
size of the action set.

When there is noise, the confidence set used by Algo-
rithm 2 is no longer reasonable. The quantity 3 in the
eluder dimension above is introduced to accommodate the
presence of noise, while € now appears because in general
it is no longer reasonable to expect any algorithm to play
suboptimally only finitely often. Rather, one should hope
that “the number of large errors”, Edim (%, ¢, 3), is not
too big. As it turns out, to guarantee this, it suffices to
guarantee that Edim (%, ¢) is under control:

PROPOSITION 7.3.  The following holds:

2

Edim(# ,e,5) < (62 + 1) Edim(¥ ,¢).

€

By this proposition, Edim (%, ¢, 3) is redundant; while

the literature does not define this quantity, we define it be-

cause we think it helps to understand the intuition under-
lying the eluder dimension.

PROOF. Let Tise o> Tk be2an eluder sequence at level
(,8) and [Jw] = S, w(z,) and #; = {w e ¥ ;
w|?; < 62}. By definition there exists a w, € #; such
that w, (z;) > e. Starting at ¢t = 1 we will iteratively assign

the time indices {1,2,...,n} to one of
g 8

m= {2 =5+l
5 €

buckets. The buckets are initially empty and time index ¢
is added to a bucket B for which

> wi(x) <<’

seB
Such a bucket exists because there are at most m buckets
and [|w; Hf,l < /3% by assumption and the buckets contain
indices only up to t — 1. Now, note that for any bucket B,
the sequence (z;);cp is an eluder sequence at level (e, ¢).
Therefore k is at most m Edim(.%, ¢). O
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Before continuing with the propositions justifying the
choices in the definition of eluder sequences, let us bound
the eluder dimension for linear function classes.

PROPOSITION 7.4 ([39]). Let .%,, X be as in Exam-
ple 7.3 and let W, = sym(.%,.). Then, for any £, > 0,

Edim(#;,e9) = O <dlog <1 + ;)) .
0

PROOF. By definition, any eluder sequence z1, ...,y
at level € = 0 must be pairwise orthogonal and non-
zero. Hence Edim_(%#,,0) = d with the lower bound
witnessed by the standard basis vectors. Moving to the
second part. By definition, #, = sym(.%,) = %,,. Let
g0 >0andfor§ € R and z € X, let wy(z) = (z, 6). Sup-
pose that zy,...,2; € X is an eluder sequence at level
e>ep.For1<i<kletG, =" which is cho-
sen so that

T
]1]]’

2
= ol -

i—1

2
Zwe(%)
j=1

Using that x4, ...,
7 < k, we have

x}, is an eluder sequence, for any 1 <

i—1
e < sup  w(z;): w(xj)2 <&
wEW,. =1
2 2
= max{wp(z;) : 0 € By, 0ll, , <7}
< max{(z;,0) : 0 R 02, ,oar <&+ 477}

= 2€HxiH(Gi71+)\1)*1 )
where in the final equality we analytically solved the

quadratic program and chose \ = 2% to get a simple ex-
pression. Therefore, by the elhptlcal potentlal lemma [30,
Lemma 19.4] or [1, Lemma 11],

k
k . 2
1 < me <1, ||$iH(Gi,1+/\I)_1>
i=1
Ak Akr?
Tz <2dlog |1+ T2 :
3de 3d€0

Finally, the proposition that justify the choices in the
definition of eluder sequences is as follows:

< 2dlog (1 +

O]

PROPOSITION 7.5. Fixn>1,3>0,x,...,2,€ X
and Wy,...., W, C 7/ Assume that for any 1 < t <n,
we W, ZS 11w( s)? < B2 Then, for any e > 0,

n 2
® S 1wy, > ) < (5 n

t=1

1) Edim (% ,¢).

You should think of %, as the symmetrisation of
some confidence set. Since all functions in a confidence
set should approximately agree on the data (z,)'Z],
functions in %, should nearly vanish (cumulatively) on
(z,)'Z], which is the condition in Proposition 7.5. The
proposition shows that as long as this is the case, then
the total number of times functions in the confidence set

disagree is controlled in terms of the eluder dimension.

PROOF. Let T'= {1 <t <n:|[a]|y, >} and apply
Proposition 7.3 to the sequence (z;);c7- O

COROLLARY 7.1. Assume the conditions in Proposi-
tion 7.5 hold. Let d = Edim(#, 1), B = sup,ex ||z -
Then,

©) > i, =0 (Bd + ndﬁ’?).
t=1

The significance of this result is that it allows the con-
trol of regret for any case when the eluder dimension of
the set # is finite. Note that the argument in this corollary
is completely general and in fact shows how the uniform
PAC-style error bound (Equation 8) gives rise to a regret
bound that scales with O(y/n).

PROOF. Let

Kmin = HOgQ(l/TLﬂ and Koy = UogZ(B>J )
and ¢; = ||z;|,y,. Then, by Proposition 7.5,

th Z Z Ct [2 2k+1 Ct)

t=1 k=—oc0

Emax 4 52
2

k=Fpin
=0 (Bd+ d62n> ,

where the first equality is immediate. The inequality fol-
lows from Proposition 7.5, the definitions of B and k.
and that ¢ — Edim(%,¢) is non-increasing. The Big-O
equality follows from the definitions of k;, and k..
and by evaluating the geometric sum. U

7.4 Stochastic setting

When the reward is noisy, the eluder dimension with a
positive level is needed as in this case, to prevent elim-
inating the true reward function from the confidence set
C; we need to allow functions that disagree with the ob-
served (noisy) rewards. Algorithm 3 shows the necessary
adjustment to the previous algorithm.

In line 2 the algorithm computes the best reward model
given the data so far. The confidence set will then contain
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1 args: % and constants (8,);—;
2 for t=1 to oo:
i . t—1
3 let ft:argmmf6925:1(f(as)_Ts
t—1,2 2 2
let Ci={fe7: ) =1(filas) — flag))” <Bi}
let f; =argmaxce max,e g f(a)

play a, =argmax,c 4 f;(a)
observe 7, ~R(:|a;)

)2

~N o Lk~

ALGORITHM 3: Optimistic algorithm for structured
stochastic bandits

all other functions from .% that are “within noise level”
relative to what values this function returns at the actions
for which the algorithm has data. We now show the fol-
lowing result, which, for simplicity, is stated for the case
when .7 is finite. We give a hint on how to extend the
result to the general case later.

THEOREM 7.4. Suppose that § € (0,1) and set

Bf = 8log <t(t+;)|ﬂ|> .

Then, with probability at least 1 — 6, for any € > 0 and
anyn > 1,

Z 1(f*(ay) — f*(a,) >¢) < (6" + 1) Edim(%,¢).

=1 €

PROOF. Suppose for a moment that f* € C, for all ¢ <
n. Let #, = sym(C,). By Proposition 7.1, it suffices to
bound

n
Zl llas|ly, > )
t=1

Our goal now is to show that Proposition 7.5 can be ap-
plied with X = A, # = sym(%), 3° = 452. Indeed, if
this true then

Zl (laslly, > ) (5”

Fix 1 <t < mn, since #; C # trivially follows from
C, C .7, it remalns to verify that for any w € W,
S llw (ag) < B%. To see that this holds pick w € W,

so that w = f — g, f,g € C;. Then, Zs<tw2(as) =
Seci(f(as) = fula) = (glag) = fula,))* <25, (F —
% (ag) + 25,449 = f)*(a,) < 487 < 45, = 5%,
where we used that (3, is increasing. All that remains
is to prove that f* € N;<,<,C; with probability at least
1 — 6. This follows from standard concentration of mea-

sure arguments, which you can find in the original paper
[39]. O]

1) Edim(#,¢).

7.5 Remarks and references

* The eluder dimension was introduced by Russo and Van
Roy [39]. Its relation to other complexity measures is a
subject of current research [13, 20, 33].

* In the applications above we applied the eluder dimen-
sion to what would be the class of action-value func-
tions in the RL setting (these are A — R mappings in
the bandit setting). Later we see more subtle applica-
tions with different choices of function classes.

* Theorem 7.4 is vacuous when .# is infinite. To get
a result for this case, one can replace |.#| with a
suitable covering number of .%, while also replacing
Edim(.#,¢) with Edim(.%, 5).

* The name ‘dimension’ suggests we might have lower
bounds in terms of the eluder dimension, as we do for
(say) the Vapnik-Chervonenkis dimension [42, Theo-
rem 6.7]. But this does not work out because the eluder
dimension captures only how optimistic algorithms be-
have and in some structured bandit examples, optimistic
algorithms are highly suboptimal. As an example, con-
sider the deterministic case when A C [0, 1], A is finite
and 0 € A. Define

7 - {f: [l < 1 and £(0) —argmaxf<a>} .
acA

The set .% is chosen so that for any f € %, the value
of f(0) gives away the identity of the optimal action.
Since there is no other structure, for any f* €%, an
optimistic algorithm will exhaustively try all the actions
even though playing first a; = 0 and subsequently play-
ing a; = ry gives the optimal reward for all rounds ex-
cept for the first one. Moreover, any enumeration of the
elements of A that ends with zero is an eluder sequence,
hence Edim(.#,0) = |A]|.

8. GOLF AND THE BELLMAN ELUDER DIMENSION

We now explain an application of the eluder dimen-
sion to reinforcement learning. At the same time we give
an example of learning in the online interaction proto-
col using a (potentially) non-linear function approxima-
tion class. The algorithm is based on the optimism prin-
ciple and is conceptually very simple. As we discussed
already, at least information-theoretically, the only inge-
nuity in designing an optimistic algorithm is the construc-
tion of the confidence set. Of course, the analysis is also
important and for this the fundamental challenge is show-
ing that suboptimality is only possible when the algorithm
is gaining information.

8.1 Modelling assumptions

We start by explaining the modelling assumptions. De-
fine the map (operator) 7 whose domain and range are
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real-valued function over S x A, and which, given a func-
tion f: S x A — R, returns a function f' = 7 f such that

f'(s,a) =r(s,a)+ ZP(s/|s,a) max f(s',a’).
] a'eA
s €S
By giving the application of an operator higher priority
than to function evaluation, the left-hand side will also be
written in the more compact form 7 f(s,a). We call T the
Bellman optimality operator. Let % be a set of functions
from S x A to R. We make the following assumption.

ASSUMPTION 8.1. The following hold:

(a) Vanish on horizon: f(L,a) =0 forall a € A.

(b) Realisability: ¢* € F.

(c) Closure: T fe.% forall fe 7.

(d) Finiteness: .7 is finite.

(e) Boundedness: Ifneajozc | fllse < B with B > 1 known.

The GOLF algorithm of [23] is designed to have small
regret when .% and the MDP are in harmony in the sense
that they satisfy Assumption 8.1. The closure assumption
is quite restrictive when .# is finite. But the restriction
to finite .# is for convenience only. The analysis holds
for infinite .# with |.7| replaced by a suitable covering
number and some extra steps. GOLF is a straightforward
implementation of the optimism principle.

8.2 Confidence set construction

Remember that the optimal action-value function ¢*

satisfies the Bellman optimality equation:
Tq* — q* .

The confidence set is designed to rule out value functions
f that do not approximately satisfy the Bellman optimal-
ity equation. In the online interaction protocol the algo-
rithm interacts with the environment and observes data

t ottt t t t t . .
(S0, @0, T0s Sy -+ s SH-1,OH—1-TH—1,SH )¢~ This notation
is not the most convenient for our purposes. Let us intro-
duce a reindexing of the data used by the algorithm. By
the end of episode ¢ the learner has taken m(t) = tH ac-
tions. We let

1 \m(t
Dt = (Sk7 Qs Tk Sk);nz(l)

be the sequence of state/action/reward/next-state tuples
observed by the algorithm. Let

Ekfl['] :E['|81,a1,7“1,511, cee 77‘k7178;€71a5k7ak] )

which is the expectation operator conditioned on the
first £k — 1 observed transitions. Given f,g € %, ab-
breviate f, = f(sg,a;) and g = g(sp,a;) and f; =
maXgea f(S;WQ) and Tfk - Tf(skv ak) and

Aplg, [)=re+ i — k-

The confidence set for episode ¢ is
(10) Ct:{feg:ma;(Dt—l(gmf)SBZ}a
geEF

where 3 ?isa parameter to be tuned later and

m(t)

Li(g,f)= Z A(g, f)* and
k=1

Dt(g7f):Lt(f7f)_Lt(g?f)'

We now explain the idea underlying the construction of
C;. Remember, we need .% to contain g-value functions
that satisfy the Bellman optimality equation. Let ¢,(f) =
Tk + f];r — Tfk: and

m(t)

N9, ) =2 er(f) (g — 1) and
k=1

m(t)
Vilg, /)= (gr— fr)*
k=1

Note that E;,_;[e,(f)] = 0 for any f € .Z, so Ny(g, f)
is a martingale. The following lemma provides the Doob

decomposition of the process D;(g, f) when g and f are
fixed.

LEMMA 8.2. Forany f,g € .7,

m(t)
Di(g,f) =Ny(g, f) + D (fx — 9) (fx + 95 — 2Tf3) .
k=1
PROOF. Substitute the definitions and simplify. O

Lemma 8.2 starts to reveal what is happening. Suppose
that f satisfies the Bellman optimality equation: 7 f = f.
Then by Lemma 8.2,

(11) Dt—l(gvf):Nt—l(gvf)_V;f—l(gaf>a

which means the process D,(g, f) has negative drift.
Moreover, the predictable variation of the noise can be
bounded in terms of the drift to show that when f sat-
isfies the Bellman optimality equation, then D,_; grows
slowly with high probability as we show in the proof of
Theorem 8.3 below. The second observation that arises
from Lemma 8.2 is that if g =7 f and f € C,, then

B2 >Dy (TFf)=N_(Tf )+ Vi (T ),

which means that the confidence set C; contains those
functions f that approximately satisfy the Bellman equa-
tion on the observed sequence of state/action pairs.

THEOREM 8.3. Suppose that f € F and f =T f. Let
3% = CB*log(2T B|.#|/8) with C a suitably large uni-
versal constant. Then P(f € ﬁlect) >1-4.
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Note that this result holds regardless of how the actions
are chosen.

PROOF SKETCH. Since f satisfies the Bellman opti-
mality equation, by Lemma 8.2,

thl(gvf) :Ntfl(gaf) - thl(g,ff

As discussed, Ei_;[ex(f)(9x — ax)] = 0. By Assump-
tions 2.1 and 8.1, |e,(f)| <1+ B < 2B and therefore

m(t) m(t—1)
> B [@en(£)gx — ai)’] <16B* > (g — @r)°
k=1 k=1

=168V, 1(g, ),
Hence, an application of a Freedman-like concentration
inequality [62, Theorem 9] and a union bound over all

g € .F shows that with probability at least 1 — § for all
1<t<Tandge %,

Dy (g9, f) < —Vilg. ) + B\/CVi(g, f)L + CBL,

where C' > 0 is a universal constant and L = log(2|.# |T' B/?)

is logarithmic factor. Hence, since max,~q(a\/v —v) =
a’ /4 for any a > 0 it follows that

LB?
max max D; (g, f) < o 257,

geF 1<t<T 4

And on this event f € ﬂthlct by definition. O

The next theorem is proven in a similar fashion. For
any function w : S X A — R and occupancy measure v let
w(v) = (v, w).

THEOREM 8.4. With probability at least 1 — 0,

t—1

<]P)57 (Tf - f)2> = 0(182) )

max max
1<t<T feC, 1
s=

where P, = Pg; is the occupancy measure of the policy
74 used by GOLF in the sth episode.

PROOF SKETCH. We start by arguing that with high
probability

m(t—1)

(TF-Pi=0(%.
=1

(12) max max
1<¢<T feC,

By definition, for f € C,,
B> Dy ((TH) =N (TF ) +Via(TE ).

Repeating the concentration analysis in the proof of The-
orem 8.3 shows that with probability at least 1 — 4, for all

fez,
B>V (TFF)+ N (TFf)

>V, ((Tf, f) = B\/CV,_1(f, Tf)L - CB’L

V(T 3B°L

> 5 5
where C' > 0 is a universal constant. Moving now to
the main claim, let 7, be the set of k& such that the tu-
ple (s, ay, 7, s,) was collected in episode s. Let X, =

Zker (Tf—-f )i. By definition,

<P57(Tf_f>2>:Es—1 Z(Tf_f)z :Es—l[XS}'

keT;

Hence (X,) is a sequence of non-negative random vari-
ables and by (12), 22:1 X, = O(,Bz) with high probabil-
ity. For such sequences it also holds that 22:1 E, ,[X,]=
O(ﬁ2) with high probability, which follows by carefully
applying [30, Exercise 5.19]. O

8.3 Algorithm

The greedy policy with respect to an action-value func-
tion f:S x A — Ris 7y defined by

m¢(s) = argmax f(s,a).
acA
The GOLF algorithm implements the optimism in the face
of uncertainty principle with the confidence set defined
in Equation 10. At the beginning of the ¢th episode the
algorithm computes
fy = argmaxmax f(s{,a).
fec, acA

The algorithm then plays the greedy policy with respect
to f, for an entire episode, which is the policy 7, = 7y, .
The trajectory is stored and used to compute the new con-
fidence set C; 4.

1 for t=1 to T:
. 2

2 Ct:{fEf:Ltq(f,f)Sgﬂél;ﬁtq(y,f)%-ﬁ }
3 find candidate ft:argmaxfectmaxaeAf(smh,a)
4 for h=0 to H—1:

& 1
5 play aj =argmax,c4 fi(sp,a)
6 observe and store 7‘;14’1 and S}thq

ALGORITHM 4: GOLF
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8.4 Bellman eluder dimension

The Bellman-eluder dimension (BEdim) is a com-
plexity measure designed for classes of MDPs based on
action-value functions as used by GOLF. In Section 7 we
explained that the Eluder dimension is not always applied
to value functions, an example of which we see here. Let
G ={Pgk: f€.F} and let ¥, be the set of all Dirac
measures on S x A. For f € .% define wy: S x A — R by

(13) wp=f—TFf.

By slightly abusing notation, we also view any function
w : S X A — R as a function mapping the distributions on
trajectories of length H to R. In particular, for v such a
distribution, we let

(14) w(v)=E,

H—1
Z w(shaah)] :
h=0

The Bellman-Eluder dimension of .% in MDP M at level
€ > 0 is defined by

BEdim(.7, M, )
— min (Edim(%ﬂ(%), e), HEdim(¥ (%), 5))
where #(9) ={(w;: 9 - R): f€ F}.

REMARK. The Bellman-eluder dimension depends
on the tolerance level ¢, the function class .# and also
the unknown MDP, which together with .# defines the
classes of measures ¢, and ¥,.

There are two main ideas behind this definition that are
worth describing as they show a pattern. First, just like in
the bandit case, the arguments of the functions in our class
W represent possible choices. Since we are in an MDP,
the choices are policies. However, we only consider poli-
cies that are greedy with respect to some function f € %
because we know that ¢* € .% and a greedy policy with
respect to ¢~ is optimal. Also, for mathematical conve-
nience, policies are identified with the distribution that
they induce when interacting with the MDP. Next, given
a choice (policy, or its underlying distribution), the func-
tions in our class # give feedback about the chance that
f = ¢" holds. Furthermore, when w ¢ =0 then 7y is op-
timal, which follows from the fact that for such polices
q"" = f and the performance difference identity (Propo-
sition 8.2) with 7 = 7,. On the other hand, if w; # 0,
then 7, is not optimal at some state. Finally, for v € ¢
and f € .7, the value of wy(v) can be estimated by in-
teracting with the MDP using the policy corresponding to
v.

In the next subsection we prove a regret bound for Al-
gorithm 4 in terms of the Bellman eluder dimension. Be-
fore that, one may ask how the Bellman eluder dimension

low Bellman rank | low Bellman eluder dimension

[reactive PSRs]| [kernel reactive POMDPs ]

reactive POMDPs low eluder dimension
linear MDPs l generalised linear MDPs ‘
tabular MDPs kernel MDPs

FIG 3: The Bellman eluder dimension captures a wide
range of linear and non-linear function approximation
classes. The figure is reproduced from [23]. Note that
the bilinear dimension introduced by Du et al. [19] is not
comparable to the Bellman eluder dimension.

behaves for various subclasses of MDPs. A summary of
what is known about this is shown on Figure 3. The in-
terpretation of the figure is that for a subclass of MDPs
which are characterized by some complexity parameter,
the Bellman eluder dimension is polynomial in the as-
sociated complexity parameter. For example, for tabular
MDPs (MDPs with no structure at all, but which are fi-
nite), the complexity parameter is the number of state-
action pairs. As another example consider linear quadratic
regulators (LQRs). These are models with S = R? and
A =R"™ for some d,m > 0 integers where the dynamics
are linear and the reward is quadratic. Here, the complex-
ity parameters are d and m.

REMARK. The state and action spaces for LQRs are
not finite, but these conditions only exist in our analysis
to avoid the need for measure theory and the fact that op-
timal policies may need to be replaced with near-optimal
policies.

Since low Bellman rank itself encompasses a large class
of models and is thus of independent interest, we give the
definition and the result connecting the Bellman eluder
dimension to the Bellman rank.

DEFINITION 8.5. The Bellman rank Brank(.%, M, r)
of % in MDP M and with normalisation r > 0 is the
smallest integer d such that there exist maps ¢ : ¢, — IB%il
and 9 : .% — IB%f such that forall f € .# andv €9,

H

S =T h (s m] — (6(v).6(f)).

h=1

E,

PROPOSITION 8.1. Let M be a finite MDP and ¥ be
a class of functions f : S x A = R. Then, for all € > 0,

BEdim (%, M,e) = O <Brank(9,M, r) (1 n g)) .
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PROOF. Let vq,...,1, be an eluder sequence at level
e. Then there exists a sequence fy,. .., f; such that for all
t <k, (i) wy, () >e. (i) X _wy (v,)” <e. By the
definition of the Bellman rank, for v € 4,

wy(v) =(¢¥),0(f))

Let ¢, = ¢(v;) and 6, = 6( f;). Then by (i) and (ii), for all
t<k,

t—1
<¢t79t> >e and Z<¢s79t>2 S 52 .

s=1

The result follows from Proposition 7.4. O

8.5 Regret analysis

THEOREM 8.6. Let M be a finite MDP with state-
action space S x A such that Assumption 8.1 holds. With
probability at least 1 — 6 the regret of GOLF is bounded
by

Regp =0 <\/ TH BEdim(.Z, M,1 /T),82> :

PROOF SKETCH. By Theorem 8.3, with high probabil-
ity ¢* C C, for all episodes ¢. We assume for the remain-
der that this high probability event occurs. Then, by opti-
mism, v*(sg) — v™ (s0) < 1 (s0) — v (s0) and

T
(15) Regr <) (f¢(s) —v™ (s0)) -
t=1

We now make use of the performance difference lemma,
which decomposes the value difference on the right-hand
side above in terms of the Bellman operator:

PROPOSITION 8.2 (Lemma 1,22). Let f:SxA—R

such that f(1,-) =0 and © = 7y be the greedy policy.
Then,

" -F
ngj{f(soﬂ) v (30) s

H-1
> (s _Tf)(shvah)]

h=0

:wf(]P’gA)‘

We give the proof of Proposition 8.2 at the end of the
subsection. Combining Equation (15) with the result of
Proposition 8.2, we get

T T
(16)  Regr <) w;,(B) < |Pillw, .
t=1 t=1
where we defined P, = Pg3 and W, = {w; : f € C;}. The
next step is to bound the above using the definition of the
Bellman eluder dimension. We will use Corollary 7.1 for
this. To apply Corollary 7.1, we need to show that the

condition from Proposition 7.5 holds. That is, for any 1 <
t S T, w e Wt’

(17) > (w(P,))?<cC

s=1
for some C' > 0. Fix 1 <t < T and w € W,. By the defi-
nition of Wy, w = wy for some f € C,. Therefore,

t—1 t—1 t—1
Z(M(Ps))Q = Z(wf(]P)s))Q = Z<]P)svwf>2
s=1 s=1 s=1
t—1
(18) <HY (P,uw}),
s=1
where in the final inequality we used Jensen’s inequal-
ity along with the fact that P, is an occupancy mea-
sure so that [|Ps||; = H. Recalling that w; = f — T f,
from Theorem 8.4 we get that Equation (17) holds with
C=0(H ﬁQ). Then, from Corollary 7.1, combined with
Equation (16) we conclude that

Reg; = O <\/THﬁ2 Edim (7/ ;)) .

We also need to show that

Reg; = O <\/THﬁ2 Edim (7/ 1{)) .

We omit the details, which can be found in the original
article [23]. The main idea is to show that the state/occu-
pancy measures that appear in (16) can be replaced by the
empirical (Dirac) measures concentrating on the state/ac-
tion pairs actually visited by the algorithm. This is done
by a concentration of measure argument. The second step
is to show an equivalent of (18), which actually follows
almost immediately from (12). ]

PROOF OF PROPOSITION 8.2. Clearly, the result holds
if we can show that forany 0 < h < H — 1,

Iéléﬁ{f(sh’ a) —v™ (sp) =B [(f = T f) (s, an)|sh]

Sh:| )

because f(L,a)=0=v"" (L) foralla € A. Fix 0 < h <
H — 1. Since the value function of 7, satisfies the Bell-
man equation, v’ (s;,) = Er_[r(sp, an) + 0™ (sp41) s3]
Plugging this in, using also that max,ca f(sp,a) =
Er, [f(sh,an)lsy], adding and subtracting max,e f(Sp11,0)
and reordering gives

+ Eﬂf maXf(Sthl’ CL) — v (Sthl)
a€A

max f(sy,a) — 0™ (sn)
=E., [f(sh,an) — (r(sp,an) + max f(shy1:a))]s4]

+ Eqr, [max f(spq1,0) — 0™ (sp41)[85] -
acA
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Now, notice from the definition of 7 that E., [r(sp,an)+

maxgen f(Sp11,0)[sp] = B [Tf(sh,an)lsp]. Plugging
this in gives the desired result. O

8.6 Remarks and references

* Using argminymax,c # Dy(g, f) to find an approx-
imation to ¢* is similar to the approach of Antos,
Szepesvari and Munos [7] who used a similar minimax
approach for policy evaluation in the context of batch
RL. The closure assumption, in a “relaxed form” so that
misspecification is allowed, was introduced by Munos
and Szepesvéri [37] who studied a version of approxi-
mate value iteration, also known as “fitted ()-iteration”.
This early paper did not use optimism, or any other
form of deliberate strategy to discover critical informa-
tion about the MDP to allow for the eftective control of
extrapolation errors.

* The first work to use optimism together with approx-
imate value iteration is due to Wen and Van Roy [55]
who used it in the context of MDPs with determinis-
tic transitions and rewards, linear function approxima-
tion under the assumption that ¢* lies in the span of the
basis functions, in the online access model. When the
system is stochastic, the assumption that the MDP is
linear (see Section 4) implies that any function from the
state-action space will be mapped to .# by the Bellman-
optimality operator. Thus, one can add a bonus term to
the value functions obtained in approximate value iter-
ation, keeping all the errors under control [24].

* The GOLF algorithm was introduced by Jin, Liu and
Miryoosefi [23]. There are some minor differences
between our presentation and theirs. Most notably,
they assume layer-wise function approximation classes
(Z)iL, so that whenever s € Sy, and a € A, ¢*(s,a) =
f(s,a) for some f € .%),. The other key difference is
a slightly different definition of the Bellman Eluder di-
mension. Our definition is that the Bellman eluder di-
mension is the eluder dimension of a carefully chosen
function class, while they modify the definition in a mi-
nor way, effectively pushing the inequality in (18) into
the definition. Our definition is never larger than the
original and probably never much smaller either. Spe-
cialising GOLF to the case when .# is a set of linear
functions we arrive at ELEANOR due to Zanette et al.
[59].

* We mentioned other applications of the eluder dimen-
sion to reinforcement learning. This can be done in
several ways. For example, Osband and Van Roy [38]
bound the Bayesian regret of a posterior sampling al-
gorithm in terms of the eluder dimension of a class
of reward functions and transition kernels, which is a
complexity of a class of models. Alternatively, Wang,
Salakhutdinov and Yang [48] bound the regret of an
algorithm in terms of the eluder dimension of a class

of action-value functions using an optimistic algorithm.
The Bellman eluder dimension explained above is a
strict improvement on this [23].

* Theorem 8.6 bounds the regret of GOLF in terms of the
number episodes, the horizon and the Bellman eluder
dimension, but to achieve this we also needed to as-
sume completeness. That is, that 7 f € .# for all f €
#. This assumption can be avoided if one is satis-
fied with a guarantee on the sample complexity instead.
Jin, Liu and Miryoosefi [23] prove that OLIVE can find
an e-optimal policy in poly(BEdim(.#, M, ¢), H,1/¢)
while only assuming that ¢* € .%. Note that unlike the
eluder dimension, BEdim(.%#, M, ¢) may be exponen-
tially large in d even when .% is the set of functions that
are obtained as a linear combination of d basis func-
tions. Even assuming that ¢* € .Z is insufficient in this
case, as follows from a result of Weisz, Amortila and
Szepesvari [50]. Yet, if completenes§ also holds, the
Bellman eluder dimension is at most O(d) [23].

* The definition of the Bellman eluder dimension as a
minimum of two eluder dimensions looks a bit mys-
terious. Interestingly, it is not true that one of the terms
in the minimum always dominates the other [23].

9. TENSORPLAN

In Section 6 we analysed approximate policy iteration
under the assumption that the action-values for all poli-
cies are (approximately) linear in the given features and
where the learner has access to a generative model. The
assumption that the action-values of all policies can be
represented linearly using the features is very strong. As
also noted earlier, assuming only that ¢* lies in the span of
the features, all planning algorithms that can return O(1)-
optimal policies, in some MDPs, need to query exponen-
tially many times the underlying MDP [50, 52]. Remark-
ably, this ceases to be the case if the features depend only
on the state and v* is (nearly) linearly realisable. Our goal
in this section is to explain why this is the case. The main
assumption that we will work is as follows:

ASSUMPTION 9.1. The learner has access to a state-
based feature map ¢ : S — R? and there exists a 0, € R?
such that:

(i) Bounded features: ||¢(s)|| < B forall s € S.
(ii) Realisability: v*(s) = (0,,¢(s)) forall s €.
(iii) Bounded parameters: (0, ), =1 and ||0,] < 2.

The assumption that (6, ), = 1 is for convenience only
and can be enforced by introducing an extra feature di-
mension with ¢4,1(s) = 0. Thus, the modest price to
guarantee that this assumption holds is the increase of the
dimension by one. Like GOLF, TENSORPLAN is an opti-
mistic algorithm, but operates in the local access interface
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rather than the online setting. The aim is to find a near-
optimal policy for the initial state with as few queries to
the simulator as possible. The remainder of this section is
devoted to proving the following theorem:

THEOREM 9.2. Under Assumptions 9.1, there exists a
learner using the local access interface that makes

oo ()]

queries to the model and with probability at least 1 — ¢
outputs an action a of a stochastic policy 7 evaluated at
S, such that

init
Z ﬁ(a‘s) saReg(Sim't? a) S €.
acA

While the scaling with the number of actions is con-
cerning, when there are only a few actions, the result
promises that a clever learner exist that will relatively
quickly discover a good policy.

9.1 High-level idea

Given 6 € R? let vy(s) = (4(s),6) and define the Bell-
man residual associated with 6 for state/action pair s,a
by

Dg(s,a) =r(s,a) + Y P(s'|s,a)vy(s") — vg(s).
s'es
Clearly, the Bellman residual with the optimal parameter
0™ satisfies that

(19) min [Ag+(s,a)| =0, forallseS.
acA
Indeed, for state a, choosing any optimal action a € A*(s)
at the state will be so that Ay (s,a) =0.
The Bellman residual also satisfies the following de-
composition comparing vy to v":

PROPOSITION 9.1.  For all s € S and policies

UW(Smn) - UG(smn) = (quTA: A0> )

where Pg, is the state/action occupancy measure (Subsec-
tion 2.3).

The proof is based on a telescoping argument and is
deferred until the end of Subsection 9.3. Note that A4 de-
pends on the unknown reward and dynamics of the MDP,
but can be estimated using the local access model for
states s that have been visited.

TENSORPLAN operates in iterations k = 1,2, ..., k.«
and maintains confidence sets Cy,...,C, ~ C By such
that with high probability 0, € C;, for all k. At the start

of each iteration the learner finds an optimistic parameter
in the confidence set, which is
0), = argmax vy (s, ,

0€C,
Once the optimistic parameter has been found the algo-
rithm uses the local access model to sample many rollouts
from a policy m;, for which

74(s) = argmin| &y, (s,a)

a€A
where ﬁgk (s,a) is an estimate of Ay (s,a), which can be
obtained using the local access model for any visited state
s and any action a. You should think of 7, as the policy
that plays the action that (approximately) minimises the
Bellman residual. That is, it is (approximately) the most
consistent policy. The next step is to argue that either 7y, is
near optimal or the learner gains information. By Propo-
sition 9.1 and some calculation,

o™ (Si) = Vg, (Si) + <]P)7sr,1&7 A9k>
(20) > 0" () + (PSK, Do)
where the inequality follows when 6, € C;, because

Vg, (Si) = Ienax<¢(5init)a Or) > (D(8), 0) = U*(Smn) .
eCy,

When [(Pgi, Ay, )| < e, Equation (20) implies that 7, is
e-optimal. On the other hand, if [(Pgk, Ay )| > ¢, then
with reasonable probability, in the rollouts that it was do-
ing, the algorithm will encounter a state s such that

1) min| Ay, (s,a)| > e/H,

for if for s;, € Sy, Maxg<p<py_q Mingep ‘Agk(sh,a)‘ <
e/H then

H-1 H-1
D Ag (snami(s,)) < D 1A, (snmx(50))]
h—=0 h—0
H-1 R
~ \Aek(shaﬂk(shm
h—0
H-1
< 1Ay, (s, (3))]
h—=0
H-1

1Ag, (51,75 (s1))]

2
]

T

EiE‘AHk(Sh’a)’ <e.

I

i

o
28

where we set 7y,(s) = argming, g, }Agk(sh,a)‘. For the
actual argument, one needs to replace £/H with smaller
quantity to make room for the errors induced by using the
approximations A(sy,, a) to the Bellman errors.
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Now, when (21) holds, the algorithm will conclude that
its policy is not near-optimal and refine its confidence in-
terval using the collected data. The main question is how
to update the confidence set and prove that the number of
iterations is well-controlled.

9.2 Learning

To get to the heart of the matter, we conduct a thought
experiment by analysing a ‘cheating’ version of TENSOR-
PLAN that can exactly compute quantities that later need
to be estimated. The difference to what was described
above is that now we take 7, = .. That is,

m(5) = argmin| Ay, (s,a)
acA

with ties broken arbitrarily. Iteration k£ ends once the
learner encounters a state s;, such that min, e 4 [Ag (55, a)]
is non-zero, or when a certain number of rollouts have
been generated, whichever happens earlier. If the itera-
tion ends not because of a timeout, the confidence set is
refined as follows:

Cry1=1{60€Cy: mi£1|A9(si,a)| =0forall1 <i<k},
ac

where Cy = {0 € B, : ; = 1}. Thanks to Assump-
tion 9.1, 0, € Cy. Notice that

(21716111|A9(sa\—0 (HAgsa )

acA

The idea is to linearise 6 — [, 4 Ag(s,a). By definition,

acA

Ng(s,a) =r(s,a) + Y P(s|s.a){(s).0) — (#(5).6) ,
s'es

which we will now make linear in § by introducing an

appropriate feature map over the state-action space. Con-

cretely, for all s € S and a € A and 6 € R? such that
0 € Cy,

A@(S, a) - <¢(Sv a)70> )
where,
$(s,a) =7(s,a)eq+ »_P(s'|s,a)p(s) — d(s).
s'es

The function § — [], .. Ag(s,a) is still not linear, but
can be linearised by letting 6° = ®,c0 be the |Al-times
tensor product of # with itself and ¢”(s) = ®,ca(s,a)

and noting that
[T 20(s,0) = (¢°
acA

(8),67),

where the inner product between tensors is defined
coordinate-wise so that tensors ¢ (s) and 6° are iden-
tified with vectors of dimension m = d. The point is
that the function R™ 3 £ — (¢ (s), ) is linear. At last we

are making some progress. Let 0, = ®,ca0),. Iteration k
ends when the learner finds the state s; such that with
o= 0" (s), (D1, 05) # 0. Furthermore, by the definition
of ), and the confidence set C;, for all i < k,

(¢:,0k) =0.

From this, one can conclude that ¢, is linearly indepen-
dent of ¢7,...,¢_1. Since ¢, € R™ this can happen at
most m times and hence the number of iterations is at
most m = d“ll. The analysis of TENSORPLAN follows
this basic argument, but we need to make several modifi-
cations:

* The function Ay (s,a) is not directly observed and
must be estimated using the local access model.

* The state/action feature ¢(s, a) is also not observed but
can also be estimated for visited states using the local
access model.

* We need to quantify more precisely the fact that if
g, (Su) — V" (8,,) is large, then the learner will likely
encounter sates s such that |A, (s,a)| is large for all
a € A.

* The linear independence argument above relied heav-
ily on the definition of the confidence set. In the real
algorithm, however, the confidence set needs to be de-
fined with a degree of slack |Ay(s,a)| <e, withe, # 0,
which arises from the fact that the left-hand side can
only be estimated. This means we need a new argument
to bound the number of iterations. Here, the eluder di-
mension will come in handy again.

9.3 TensorPlan

We are now in a position to give the gory details of
TENSORPLAN algorithm and its analysis. The algorithm
is divided into two parts (Algorithm 5 and Algorithm 6),
with the former computing the policy to be implemented
by the learner and the latter driving the learning process.
The algorithm uses parameters €, defined in (24) as well

as
BH
(%)
B*H?
()
~ |A|2d|A|+1Bz\A\+2
o ().

where ¢, is defined in (24). The quantity n, is the number
of rollouts used in each iteration to detect inconsistencies
while n, and n, are the number of samples used to esti-
mate the Bellman residuals and features, respectively.

/_;
Il
@

S
Il
(o}

(22)

@
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1 def rollout(0)

2 s=spy

3 for h=1 to H:

4 a = policy (s, 0)

5 play action a and observe next—state s
6 s=s

7 def policy(s, 0)

8 for a in A:

9 ﬁg(s,a) = estimate(s, a, 0)

10 if rréiﬁ|£9(s,a)|§5E: return argmin|£9(s,a)|

a€A
11 else: throw ValidityFailure (s)
12 def estimate(s, a, 0):
13 query model n, times at s,a
14 observe rewards Tse T,

15 observe next states 815005 8p,

16 return n% Z?il (7"1- + (p(s;),0) — <¢(5)79>>

ALGORITHM 5: TENSORPLAN POLICY

1 args: ¢, 6€(0,1)
2 set ng,n,n, using (22) and €,,¢.,5, using (24)
3 for k=1 to k..
4 let Ckz{GGBlzmax\($§79®>|§sF}
i<k
5 let 0 =argmaxgec, Vg (Sinie)
6 try:
7 for n=1 to n,:
8 rollout (6;)
9 return @ = policy (s, , 0;)
10 catch ValidityFailure (s):
11 qASIQ = estimateFeature (s)
12
13 def estimateFeature(s):
14 for acA:
15 query model n, times with s,a
16 observe rewards Tqseon Ty,
17 observe next—states 515005 5p,
18 compute ¢>(s,a):n%[ ?;1Ti6d+¢(3i)*¢(s)]
19 return ®a€A$(s,a)

ALGORITHM 6: TENSORPLAN

PROOF SKETCH OF THEOREM 9.2. We start with a
little notation and setup. Recall that m = dl s the di-
mension of the tensorised features. Let .Z be the linear
class in R™ defined by

23)  F={f:f(x)=0,z),0eR™, 9] <2%}.

The tuning parameters are chosen to satisfy the following
constraints:

E, = =

E 8D €E €F - I
8H 2 V1+Edm(Z,e,)

where Edim is the eluder dimension from Section 7.

Step 1: Setup Let ), be the optimistic parameter se-
lected at the start of episode k and 7, be the correspond-
ing policy. We start with two lemmas, which we prove at
the end of the section.

LEMMA 9.3. Suppose that

25) (B3, A 2 e

With high probability at the end of the iteration the algo-
rithm will have returned a state s such that

(26) min [Ag (s,a)] >¢€,.
acA k
LEMMA 9.4. With high probability the algorithm re-

turns a tensorised feature estimate ¢y, € R"" such that
‘<¢I><O: - ¢z702>| S €k and |<¢z - ¢Za0:>‘ S €

Recall that 0, = ®,c 40;,. Combining (26) with the
above shows that

QD B 00| = (S5, 00)| — e, > el — e, > e, .

By the assumption that v™ is linearly realisable, for any
s€ s,

(¢°(5),05) = [ [ {6(s.0),0,) =0,
acA

which means that
[(B1r 0] < (D1 — B3s 00| + | {01 05)]
= [(r — b5, 05)]|

<eg.

Therefore 6, € C,, for all iterations k.

Step 2: Correctness Suppose now that the algorithm re-
turns action a in iteration k£, which means no exception
was thrown. Recall that 7, is the (stochastic) policy un-
derlying parameter 6,.. Since an exception is thrown with
high probability when (25) holds, this means that with
high probability

28) (P4, Ag, ) <

Let us introduce the notation that if ¢ : S x A - R
and 7 is a stochastic memoryless policy, then ¢(s,7) =
Y aca T(als)q(s,a). With this, we have

- q*(sinim ﬂ-k)

< v*(sinil) - qﬂ—k (Siniu Wk)

= U*(S' 't) - (Sinit)

ini

SaReg(Smm 7Tk) =v" (Sinit)

where (a) follows from (20) and (b) from (28).
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Step 3: Eluder dimension argument In the previous step
we argued that if the algorithm returns an action in the first
k.« iterations, then that action is near-optimal. We now
prove by contradiction that the algorithm does return an
action within the first k,,, iterations. Suppose the algo-
rithm has not returned an action in any of the %, itera-
tions. By the arguments in step 1 and the definition of Cy,
with high probability the following hold simultaneously
forall £ < kpax:

(l) 9*/\6 Ck
(i) 1(5,60] > e,
(iii) |(¢p;,05)| <e, forall i < k.

We proceed by contradiction. By definition
kpax = 1+ Edim(Z,¢,),

where recall that .7 is the set of linear functions over R™
defined by Equation (23). We will now show that ( qﬁi)zj‘f
is an eluder sequence at level ¢, for .#, which is a contra-
diction. To see why, let k < k... Then,

k—1
> (65,00 < (k—1)el <Edim(Z ¢,)e’ <e,.
i=1
On the other hand, (3}, 6;) > ¢,. Therefore
Edim(.7,¢,) > kpax = Edim(.%,¢,) + 1,

which is a contradiction.

Step 4: Bounding the sample complexity In every itera-
tion the number of rollouts is n, and during each rollout
the learner visits H states and uses n,|A| queries to the
model to estimate the consistency. Hence the number of
queries made by calls to rollout is

km&XanEH|A| °

The expensive part is the estimation of the tensorised fea-
tures, which potentially happens at the end of every it-
eration and results in k., n, queries to the local access
model. Hence, the total number of queries to the local ac-
cess model is

Kmax (n + 10 H|A]) -

The result follows by substituting the definitions. 0

PROOF OF PROPOSITION 9.1. Lets € Sand T(s'|s, ) =

S uea T(s'|s,a)m(als) where 7(als) is the probability
that policy 7 assigns to action a in state s. By the Bellman
equation for v",

0 (s) = vg(s) = ra(s) + (T(-|s,7),07) = vy(s)
— Ay(s,(s)) + (T(|s,m),0" — ).

Therefore v™ — vy satisfies the Bellman equation with sur-
rogate reward s — Ay (s, m(s)) and claim follows. O

PROOF OF LEMMA 9.3. We need to show three things
hold with high probability:

(i) With high probability the algorithm encounters are
state/action pair such that |Ag (s, a)] is large.

(ii) Whenever this occurs, the algorithm throws an ex-
ception.

(iii) Whenever the algorithm throws an exception, |Ag (s, a)|

is large.

We show (i) in the first step below and (ii), (iii) in the next
step.

Step 1: High probability of encountering inconsis-
tency Let 6 € Cy and 7 be a stochastic policy such that
|(P5a, Ag)| > &. By Assumption 9.1(iii) and the global
assumption that the rewards are bounded in [0, 1], it fol-
lows that |Ay(s,a)| < 4B + 1. We claim that there exists
0 < h < H — 1 such that

g 19
P <|A9(Shvah)| > ﬁ) >

A
- _Ap
(AB+1)H

where the random variables are (sg,aq,...,Sg_1,a5_1)
and have law P™. Indeed, this holds because our condition
implies that forsome 0 <h < H — 1, E_[|Ag(sp,ap)|] >
e/H. Then, the desired inequality follows from let-
ting p =P, (|Ag(sp,an)| > ¢/(2H)) and then using that
&/ H < E,[|Dg(syay)l] < (4B+1)p-+(1—p)e/(2H) <
(4B + 1)p+ ¢/(2H) and solving for p. By this, if (25)
holds, we get that with n, rollouts, the probability of en-
countering a pair (s,a) € S x A with Ay (s,a) >¢/(2H)
is at least

1-(1-P)™ =1-0(5),

where we used the definition of n, = ©(¢/H (B +1)).

Step 2: High probability of detecting inconsistency We
need to show that if the encounters a state/action pair
(s,a) € S x A with Ay (s,a) > ¢/(2H), the algorithm
will detect it. And that it does not spuriously return an in-
consistency where there is none. For this, we show that
the learner’s estimates of Ay (s,a) are accurate for all
s,a pairs encountered with high probability, which cor-
responds to showing that the estimate function returns
an accurate estimate with high probability. Let s, a be an
arbitrary state/action pair and let (sq,71),..., (s, ;) be
a sequence of states-reward pairs sampled independently
from T(s,a). Let

Ro(s,0) = — 3 (s + {6/ (5),0) — (6(5),6)) -

By definition,
E[r; +(6(s:),0) = (¢(s),0)] = Dg(s,a).
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Under Assumption 9.1, |{&(s;),0)| < ||o(s;)|[1|0] < 2B
and |r;| < 1. It follows from Hoeffding’s bound [11] that
with probability at least 1 — §

~ ~-( B

Balove) = n(s.0) =0 (=) < 57
where we used the definition of n_ in Line 22 of Algo-
rithm 5. From this we learn two things. First, whenever
the learner encounters a state s with Ay (s,a) > 55, then

€ e
SH = 8H €es
which means the algorithm throws an exception. Further-
more, if the algorithm throws an exception, then

3e R .
g = & SminAg, (s,0) <mindg (s,a) +

hence, min,cp Ay, (s,a) >

zek (Sa CL) > Aak (S,CL) -

£
4H’
g O

PROOF OF LEMMA 9.4. Our goal now is to show that
estimate of ¢, is accurate. For each action a € A let

(11,81)5 -, (T, Sy, ) beinii.d. sample from T(s, a) and
~ 1 &
¢(s,a) = o > [8(s) —rieq — d(s;)] -
Fli=1

By assumption ||¢(s)||so < [[#(s)]|l2 < B and hence by
Hoeffding’s bound

16(s,a) — 6(s,0) ]l oo = O (B j) |

F

Next, let g/b\’ = ®QGA$(S, a) and remember that ¢” (s, a) =
®qca®(s,a). Then, by Lemma 9.5, for any 0 € B,

(0 (5,0) = 6" (5,0),0)| <116 (5,0) = &"(s,0) |10]
A+

=0 [ B 5

F

IA
™

L}

O]

LEMMA 9.5. Suppose that u, i : A — R% and ||u(a)| <
B forall a € A and A = max,¢, ||u(a) — (a)||s-

|| ®a€A U((Z) — ®a€Aa(a)” < A|A‘d‘A|/2(B + A)|A|fl .
PROOF. Apply Lemma 9.6 below. n

LEMMA 9.6. Letx,y € R Then

|A| |A|

Al—1
[Tz — T]@a+5a)| < 1AlIYlloo lloo + o]
a=1

a=1

9.4 Remarks and references

* Theorem 9.2 was proven under Assumption 9.1 that v*
is linearly realisable. Suppose instead we assume there

t
exists a7 and 6 € C such that v™ (s) = (¢(s), 8). Then
the same analysis shows that TENSORPLAN finds a pol-

icy 7 such that v™ (s;) > o™ (s1) —e. That is, TENSOR-
PLAN finds a policy that is nearly as good as the best
policy for which the value function is linearly realis-
able.

* TENSORPLAN has been generalised to the discounted
setting [50].

* The exponential dependence on |A| seems like an un-
fortunate consequence of the linearisation argument.
The reader should wonder whether or not this essen-
tial. After all, we did not have to do this linearisation
and intuitively it may feel quite wasteful.

10. SUMMARY AND OUTLOOK

This tutorial has covered only a miniscule fraction of
the literature. We have focussed entirely on our primary
expertise, which is the theory of sample-based planning
and learning. Most research on this topic is about discov-
ering the minimum set of conditions under which sam-
ple and/or computationally efficient planning/learning is
possible. Unsurprisingly there are tradeoffs between the
desiderata. Weaker assumptions on the class of possible
MDPs makes learning more challenging. The environ-
ment class is not the only factor. The interaction protocol
also plays an essential role. And to a lesser extent, so too
does the performance metric.

A large part of the literature that we have not touched
on is the study of special environment classes such as
factored MDPs [12], block MDPs [61], linear quadratic
regulators [2], queueing systems [34] and many more.
Some of these can be addressed (at least theoretically)
by the general results described above. And indeed, they
serve as good benchmarks for complexity measures like
the Bellman eluder dimension. On the other hand, spe-
cific environment classes often have structure that can be
exploited for computational or statistical gains relative to
the generic algorithms.

There are still a huge number of open theoretical ques-
tions. The minimax regret or PAC bound is only known
with any degree of precision for a few simple classes (tab-
ular and linear MDPs, for example). The relationship be-
tween the many complexity measures is still murky and
we do not quite have the analogue of VC dimension for
RL. We imagine there will be considerable progress in
this direction in the coming years.

Maybe the biggest outstanding problem is the chasm
between theory and practice. Many of the theoretically
motivated algorithms cannot be reasonably implemented
in practice. One of the obstructions is that theoretically we
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understand the need for sophisticated exploration tech-
niques that rely on high quality uncertainty quantification.
Practically speaking uncertainty quantification is gener-
ally quite challenging. Moreover, the exploration tech-
niques themselves, including optimism, introduce com-
putational issues (how to find the optimistic policy?). So
far there has been disappointingly little progress on this
issue. Maybe one way to make progress is to understand
under what circumstances sophisticated exploration is not
needed. This kind of result has been explored in contex-
tual bandits [9].
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