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It is rigorously shown that inversc-dynamics modcls can be uscd to stabilize plants
of any order provided that the inverse-dynamic model is used in a mixed mode
fashion, in that of a ‘Static and Dynamic’ State-feedback (SDS) mede. When the
resulting controller is used for tracking increasing the gain of the dynamic feedhack
decreases the (racking error. Yel another attractive [eature of the SDS scheme is
that the inverse-dynamics model can be tuned on-line by uny adaptation mech-
anism without cancelling stability it the conditions of the non-adaptive stability
thcorem hold at any timce instant. Computcr simulations of the control of a chaotic
bioreactor and a ‘realistic’ robotic manipulator demonstrate the rohustness of the
approach. Tt is shown that SDS control will yield zero asymptotic error when
controlling the bioreactor using an inverse-dynamics model which when nsed in a
traditional mode would yield intolerably large errors. Tn the case of the robotic
arm simulations the eflects of perturbation and sampling [requency are investi-
gatcd and the SDS contrel is comparcd with thc non-adaptive computcd torequc
method. A fully self-organizing asseciativeneuralnetwork architecture that can be
used to approximate the inverse-dynamics in the form of a Position-and-Direction-
to-Action (PDA) map is also described. Similarities between the hasal ganglia —
thalamocortical loops and the SDS scheme are discussed and il is argued that the
SDS scheme could be viewed as a model of higher order motor functions of these
areas.

1 Introduction

The issues in controlling generic non-linear plants include the design of stable
control laws bascd en a good understanding of the plant under study and its
cnvironment, optimal centrel in which a cost minimizing controller is seught
for, aleng with collision-free trajectory planning for autonomous vehicles or
robot manipulators, adaptive control for compensation of parameter uncer-



tainties, and robust control. Tn Lhis chapler we present a recently introduced
twe-stcp centrel system which makes it possible te incorporatc optimal control
and adaptive robust control in a single model’. Qur control system consists
of two parts and so it is semewhat similar te Model Predictive Control (MPC)
2. To help to motivate our departure from MPC a bricf everview ef it is first
dealt with.

In MPC (also called receding horizon control) a finite horizon optimal
control problem is solved and the resulting controller is used during a time
interval shorter than the herizon of the eptimal control preblem. The process
is then repeated indefinitely. Stability and robustness is ensured by including
artificial constraints such as conservative control and state constraints, in the
optimal control problem ®*% Adaptive model predictive control is even harder
to achieve since Lhe solution sel of the optirial centrel problemn cerrespending
to rough parameter cstimates may well be empty. This can be overcome by
introducing parameter perturbations which restore controllability but do not
increase the estimation cost 7. MPC is a natural area for the applicalien
of artificial ncural nctwerks (ANNs) which can then be used to identify and
implement a plant model.

Selutiens ef optimal control preblems with stationary plant dynamics and
cost structure can be given in terms of an optimal static state-feedback law ®.
Such a cost structure may arise in minimum energy control or in path planning
problems. If the dynamics of the plant is given by & = f(q, u), where q is the
state of the plant, u is the control and u*(e) denotes the optimal feedback law
then the cquation of metion ef the plant becomes

a=v'(a) (M)

where v*(q) = [(q,u*(q)). Equivalently, one may starl from Fq. 1 and search
for a static state-feedback law u = u™ (o) which governs the plant to track the
speed-ficld v*(q). 'This corresponds to the approach employed in the present
paper. The speed-field {o be tracked need not be the solution of an optimal
control preblem but may be designed by ether mcans, and enc can then take
into account a. variety of objectives and constraints. One such objective might
be the robustness of centrel, i.e. v* ceuld be designed in such a way that
tracking it with a beunded error (||q — v*(«)|| < ) results in a particular
desirable behaviour. Note that since in practice exact models are not available
it is only bounded tracking that can be heped fer. As another example assume
that the task is te follow a given trajectory. Then v* ceuld be designed in
such a way that the desired trajectory attracts the selutiens of Eq. 1, i.c. that
the cquilibrium solution ef Eq. 1 should be totally stable. Another important
issue is the efficiency of the speed-field planning algorithm. Just as in MPC,
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one may wani o redesign the speed field frequently so thal changes in the
cnvironment (caused, c.g. by meving ebstacles) arc always reftected in the
actual speed-field. Vet another design limitation, which is also considered by
MPC' and which probably affects v*, are censtraints on the controls.

Il is nol enly rebust control bul also adaptlive control which can be used
to decal with model uncertaintics. Currently, the topic of adaptive centrel of
non-linear plants is an area of active research. ANNs have bheen used both in
on-line as well as oll-line learning modes [or the appreximation of various plant
functions, such as the plant’s kinematics %1, the plant’s (forward) dynamics
1208 and the plant’s inverse dynamics 7:15:1% Recently interest has grown
in theoretical issues such as stability of on-line adapted ANN controllers.

Most of the rigorous stability results arc developed for feedback-lincarisable
systems where an on-line adapting inverse-dynamics model is utilised to cancel
out non-lincaritics and render the system (appreximately) lincar and control-
lable. Once achieved it is then open to traditional methods available for linear
systems, such as PD er PID controllers. An appreximate inverse-dynamics
can be feund by cstimating a forward model and then computing the inverse-
dynamics from the forward model using the methods of static feedback design
7. Another appreach is to estimate the inverse-dynamics directly 8. Tn the
latter case it is usnally assumed that the state vector of the normal form '
is available for mcasurcment — a requirement which can be hard te satisfy,
but is mct for mechanical systems such as a rigid-link robotic manipulators.
The most popular among several variants of this appreach is the so-called
computed torque method 20, where the sum of the output of a stabilizing PI)
controller and the desired acceleratien is inpulled into the inverse-dynamiics
modecl. Other variants include the feedback-crror lecarning model of Gomi and
Kawato %', where inverse-dynamics is used to cancel the non-linearities and
an external PD centreller is applied le slabilize the systerni, er the method
of Yabuta and Yamada who apply the cemputed torque methed but without
the PD controller 22, This latter approach can be dangerous, as was noted by
the authors themselves and others 23, because in certain cases the system may
become unstable.

All the adaptive centrel schemes which are knewn to be stable require
a dcterminatien ef the cxact ferm of the parameter tuning (learning) prece-
dures. Additionally, and the best of our knowledge, all the general schemes
to date that have preved te be stable presume a linear parametrization (a few
cxceptions exist but it scems that there is no general solution to this preblem
2425 Lincar systcms suffer from the “cursc ef dimensienality” which — as
it is heped by many in the ANN ficld — can be circumvented by using non-
linearly parametrized systems 26:27. Beyond robustness onr control scheme has
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the outstanding property that the approximale inverse-dynarnics can also be
adapted on-linc using any adaptation mechanisms, as long as the conditions
of the static control theorem hold uniformly. Note that the obtained stability
result is global: there is ne need to bound the initial errer estimate.

This chapter is erganized as follows. In Scction 2 we introduce two variants
of the SNS control scheme, the first variant having been designed to control
lirst order plants (i.e. plants whose relative degree is one), while the second
variant can be used to control plants of any order. An eutline of the stability
proofs of the control schemes is given, whose details will be published elsewhere
28, Then twe examples are furnished te illustrate the workings ef eur theory.
In Scction 3.1 simulations for controlling a chaotic biercactor by the first SDS
variant are presented. Tn the section following it the second scheme is used to
control a 3-jeint robotic manipulator when the physical quantities of the rebet
arm, such as the payload and friction coefficients, are imprecise. While the
cxperimental and theoretical results were found to be in goed agreement we
also felt 1t necessary to discuss some issues outside of the domain of the the-
ory, such as the effect of low sampling rates. Tn Section 4 the neural network
architccture which can implement the speed-ficld planning mechanism and ap-
proximation ol the inverse-dynamics in one ge is quickly reviewed. Alterwards
the biological relevance of the SDS scheme is discussed in Scection 5. Finally
the chapter is rounded off with a summary and further discussion.

2 Theoretical Results: Robustness and Stable On-line Adaption

Let 1) C R denote the domain of the plant’s state with the equation of motion
given by

u = A(q)q + b(q), (2)

where q is the state vecler of the plant and u € R™ is the control. T'or the
sake of notatienal simplicity the dependence of A and b on q will from now on
not be explicitly represented. Now let us assume that we have an estimate of
the true inverse-dynamuics function ®(q, q) = Aq + b, given by é(q, a). The
SDS Fcedback Centrel cquations can then be written as

u

us(q,q,v(q)) + w, (3)

w = A(®(a,v(0) - D(a.4)). (4)

where vy s the so called feedferward controller (te be specified later), A > 0
is the gain of feedback, and the desired motion is determined by a speed-field
tracking task that prescribes the speed vector q of the plant as a function of
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the state veclor:
i=viq. (5)

Speed field tracking is not typical in the control literature, but arises naturally
il we censider slalienary optinal-centrel problers such as path planning Lasks
29. Cenventienal centrel tasks, such as point-to-point control and trajectory
tracking canmot be exactly rewritten in the form of speed-field tracking and
vice versal3%. As was argued in the Intreductien the speed-field tracking task
has the advantage that the designer can incorporate scveral ebjectives into
the form of the speed-field to be tracked hence extend the model’s range of
possibilitics.

In what follows the usual definition of positivity fer ficlds of squarc matrices
will be required.
Derintrion 2.1 Let M : B — RP*?, p > (. M is said to be positive definite
uniformly over B iff for all q € B the term M(q) is positive dcfinitc and
there cxists an ¢ > 0 such that Apin(M(q)) > ¢ holds for all q € D. Uniform
ncgative definitencss can be similarly defincd.

If M is a real quadratic matrix then let M > @ denote that M is positive
definite. Similarly, if M is a matrix ficld over B, let M > 0 denote that M is
uniformly positive definite over £) .

TmorEM 2.2 Let the plant whose cquation is given by Bq. £ be govcrncd by
Lqs. 3 and J over the domain B. Let v(q) = up(q, %, v(q)) be the specd-ficld
followed by the plant which is governed by the feedforward controller alone. If

1. uy does not depend on q, that is, ug(q,q,v) = us(q,v)
2. dq,q) = Aq+b

3. ATA and ATA are uniformly positive definite over B (‘sign-properness’
assumption)

4. v(q),v(q) and A(q) arc uniformly boundcd and have uniformly bounded
derivatives w.r.t. q over D,

then for all A > 0 the error of tracking v(q), e = v(q) — &, is evenlually
uniformly boundcd and thce cventual bound b of the tracking-crror can be madc
arbitrarily small; more specifically b = O(1/A), and the eventual bound for the
lime reaching ||e|| < b is proportional lo A.

The proof is based en an extension of Liapunov's secend methed !. One
can make usc of the crrer cquation

Ae=A(v(q) —v(q)) +w (6)
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Figure 1: 'I'he general SDS scheme
The ‘Static and Dynamic' Statc-I['ccdback Centroller is composcd of two controllers. The
approximate inverse-dynamics function ®(q,q) is used to develop the compensatory signal
D(q,('l,v) which then renders the tracking error to remain bounded. The feedforward loop
driven by u = uy(q, ﬁ,v) alone should be bonunded, and should have restricted growth over
the allowed domain.

and the funclien L = %eT (AT A) e, which is then shown to be an apprepriate
semi-Liapunev functien ef the closed-loop system, thus cempleting the proof.
Note that wc do not assumc that cithcr A or A is invertiblc (net cven in
the generalized®! sense). Note too that the assumptions of this theorem follow
frem the assumptiens of the eriginal SDS stability thecorem !, which is cited
below:
THEOREM 2.3 Assume that the feedforward controller is given by the approz-
imate inverse dynamics

us(q,9,v) = ®(q.v) =Av+b (7)
and that the following assumplions hold:
1. A and A arc invertible (in the gencralized sensc)

2. A" and D = A" A arc bounded away from singularitics unifor mly over
D
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Figure 2: Deubling the role of the inverse-dynamics centroller
If the plant is a first-order type the approximate inverse-dynamics based controller can he
used as the feed[orward controller while preserving stability.

3. the symmetrized perturbation matrizr D+D7 satisfies the sign-properness
condition D + DT > (

4. A= b,v,D,b arc bounded and havc continueus, boundcd dcrivatives
1 ! b
over I

Then for all ¢ > 0 there czists a gain A and absorption time T > @ such that for
all e(0) that satisfy |le(0)]| < KA it holds that |le(t)|| < ¢, provided t > T and
the solution con be extended up to time t. Here K is a fired positive constant
and e(0) dcnotes the initial valuc of e. Further, A ~ O(l/c).

The original proel relies on the Liapunov functien candidate L = e”e.
It can readily be scen that the assumptiens of Theerem 2.2 follow frem the
assumptions used in this theorem. In particular, if A (A) is invertible over /)
then ATA > 0 (ATA > 0). Notc furthcrmore that eur new sign-preperness
assumption ATA > 0 follows from the original sign-properness assumption
D_+_DT' > 0 since D > 0 is equivalenit 1o D + D” > 0 and ATA =
(ATAYA-TA) = (ATA)D. So thc assumptions made in Theercm 2.2 arc
weaker than those in the original theorem. Yet the inferences made using The-
orem 2.2 are strenger since the beundedness of the initial errer €(0) is ne longer
required. This result shows that the closed-loop system is globally stable.

The control scheme, described by FEqs. 3,4 and specified by the assump-
tions stated in Theorem 2.2, is shewn in Ilig. 1. The particular ferm of the
feedforward controller cited in Theorem 2.3 also ecnables onc to specialize the
controller to the enc shown in Fig. 2.

As it can be seen in Fig. 2, two identical forms of the estimated inverse-
dynamics function are utilized, one in a feedforward position with its input
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Figure 3: Robust control of plants of any order
This scheme differs from the one depicted in Fig. | since now both the feedforward and the
feedback controllers are given in terms of approximate inverse-dynamics. Onr theorem also
enables one Lo adapt the inverse-dynamics on-line; the stability of the control loop will not
be affected.

frem the state vector of the plant and the ‘desired speed vecter’ v(q), while
the other is in the feedback position with its inputs from the state vector of
the plant and the measured or ‘experienced’ speed vecter, §. The difference
of the outputs of the two centrellers is cemputed (Eq. 4), amplificd and time
integrated and then added to the output of the feedforward controller (Eq. 3)
Note that the boundedness of v means that the plant is essentially stabilized
by u; i the sense that §—v(q) = v(q) —v(q) is bounded. This postulate may
be hard to mecet without the invertibility conditien on A. If A is invertible
then the order (more precisely, the relative (]cgl'co32) of the plant can be shown
to be equal Lo one.

A slight modification is needed in order to generalize the control scheme
to plants of any erder, the modilied scherie being shiown in Iig. 3. The reader
will duly note that that the only rcal difference between the Figs. 1 and 3 is
that the feedforward controller is replaced by the feedback controller. Now we

“Tt is somcwhat unfortunatc that thc spccd vecter g and thus an additional scnsory
system is needed for the control, but other methods also require this 32, Still it is feasible

that our method can be extended in a way similar to the one suggested by Hsu et al. #%,
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will give the corresponding, modilied version of Theorem 2.2.

THEOREM 2.4 Assume that the feedforward controller has the form

uy (q* ('l,V) = é(qﬁv] - é(qs q)l

(which is the samc as the input of the feedback integrator). Further, assumc
that the following hold:

1. @(q,q) = Aq+b
2. ATA, ATA and AT A are uniformly positive definite over I

3. A, v, b are bounded and have uniformly bounded derivatives w.r.t. q
over D

Then for all N > O the crror of tracking v(q), e = v(q) — «§, is cventually
uniformly dounded and, further, the cventual bound b of the tracking-crror can
be made arbitrorily small. More specifically b = O(1/A). and the eventual
bound for the time reaching ||e|| < b is proportional to A.

The prool of this theorem is just like o the lirsl one and relies on a
Liapunev-function appreach. First of all the rclation

(A+A)e=Av(q)+b—w (8)

can be empleyed te show that L = %eT {(A + A)T(A + A) e is an appropri-

atc semi-Liapunev functien. Then the proof is complecte.

The subtle point of this theorem (compared to the first one) is the require-
ment that A”A should be uniformly positive definite over ). At the same
time the condition on the stability of the feedforward part is superfluous here,
bul the other cendilions are the same as belore. The theorewu gives rise Lo a
global stability result just like that in Theorem 2.2. Netice teo that the par-
ticular form of the feedforward and feedback controllers make it unnecessary
to build an estimate ol b.

The main difference between Theercms 2.2 & 2.4 and their preofs is that
in the error equation corresponding to the first scheme (Eq. 6) the r.h.s. is
a functien of the approximated inverse-dynamics through v, whereas in the
casc of Eq. 8 there is ne such dependence. This latter fact can be cxploited
to shew that the above proof remains valid if A and b vary in time but the
conditions of the theorem remain valid at cvery instant. Thus we get the
following important, corollary:



COROLLARY 2.5 Suppose thal the condilions of Theorem 2.4 hold and also
that A = A(t) and b = b(t). Ncxct assumc that ATA(t) and AL (#)A(t) arc
uniformly positive-definitc over I and for all t > 0, and that A(i) 18 boundcd.
Then the conclusions of the above theorem still hold.

The lower bound of A is inverscly prepertional with inf o Auin(A? (q)A(q,t))
and inf g Amin(AT (8,t)A(q,t)) and proportienal to sup; g | A(q,t)]|+]|A (e, )]%
The uniform pesitive-definitencss conditions of the cerollary follow, e.g. when
A is bounded away from singularities imiformly over N: an assumption often
required in adaptive control 32. It is clear, toe that the stability result does
net depend on the specific adaptatien mechanism utilized, which is a fairly
rarc condition in adaptive centrel thcory. Howecver, onc has to provide an
additional proof to show that the conditions required for A arc obcyed.

3 Computer simulations

3.1 Control of « chaotic plant

Chemical systems can be relatively simple as they usually have only a few
variables, but still troublesome to control due to strong nonlincaritics which
are diflicult to model accurately. A prime example ol this is the bioreacter.
In its simplest form a biorcactor is simply a tank containing water and cells
(e.g. yeast or bacteria) which consume nutrients (the 7substrate”), produce
preducts (beth wanted and unwanted) and more cells. The simplest version
of the biercactor is a centinuous-flew stirred-tank rcacter in which ccll growth
depends only on the nutrient being fed into the system. The target values to
be controlled are the cell mass yield and the nutrient concentration. A basic
set, of equations for such a bioreactor is:

el

¢ = —ci(utv)+er(l —ede™

(9)
1+ 8

¢ = —co(utv)+ Svt+e(l— (rz)ec_v: m,

where ¢q and ¢; are, respectively, dimensionless mass and substrate conversions
34, The control paramecter u is the flew rate threugh the reactor, while the cen-
trol parameler v is the [lew rate used Le raise the subsirale cencentratien. The
constants 3 and ~ determinc the rate of cell growth and nutrient consumption,
while .5 defines the dimensionless form of substrate concentration.

This problem has proved challenging for conventional controllers and has
been suggested as a control benchmark problem 35, The system is difficult
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Figure 4: Behaviour of the biereactor fer different censtant flew rates
The figures shew the evelutien ef the bioreactor state variables as described Ly Eq. 9 with
(1,2) = (0.8012,0.0001) and (w,v) = (1.0652,0.0001) for the Lh.s. and r.h.s. suhfigures,
respectively. Tn hoth cases the reactor was started from a 0.0001 neighborhood of an equi-

librinm state, Tn the first case the equilibrinm state is stable, while in the second case it is
unslable and the plant’s stale approaches a lunit cycle. The vertical axis corresponds Lo the
timc variable, whilc the left and right axcs represent the ¢2 and ¢ paramcters, respectively.

to control for several reasons. Firstly, the uncontrolled equations are highly
nenlinear and exhibit limit cycles. Secondly, eptimal behaviour occurs near an
unstable rcgien. Note that for 3 = 0.02, v = 0.48 and S = | a Hepf bifurcatien
occurs at u = 0.829, » = 0.0004 as shown in Fig. 4.

Qur experiments with this plant consisted of two phases corresponding to
twosets of target values for ¢] and ¢3. Tn the first, stage the system was hrought
to a steady state at (¢}, c3) = (0.0737,0.8760) and then the target values were
changed to (¢], ¢5) = (0.1287, 0.8688), corresponding to a stable fixed point of
the reactor with flow rates (v*, v*) = (0.8012,0.00041). In the secend stage the
target ccll mass was increased again, this time to (¢],c¢3) = (0.1737,0.7978)
with equilibrium control values (u*,»*) = (1.0652, 0.0004). This change in set-
point was sufficient to shift frem a stable regime into the domain ef attraction
of a limit cycle. Even if the correct model is known, small errors in parameters
give rise to rather inaccurate centrel when a feedferward controller is used: an
crror of 2% in 4 leads to 30% crror in the target cell mass®. The control was
applied with a zero order hold of 0.5 seconds while simulating the bioreactor
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Figure 5: Errer of control in percent vs. time
The error percentage of control is denoted hy ¢; = 100(c; — ¢f)/c¥, i = 1,2, where (], c3)
is the desired sel-point of the bioreactor. Alter 30 seconds a new sel-poinl was designated
that corrcspondcd to an unstaklc cquilibrium state of the plant. When fecdback is in cffect
the error quickly reduces to zero. But without feedback the error remains high even it the

inversc-dynamics is modcratcly imprecisc. [er dctails of the experiment sce the text. (with

permission3?)

with Euler’s method and setting df = 0.01 s. Both phases lasted 50 seconds.

We tested the first order SDS Control (Eqs. 3,4 and T) using the inverse-
dynamics corresponding to Eq. 9 with 5 = 1.1v. Since the change of v results
in an additive perturbatien ef the inverse-dynamics, the SDS Control can be
applied without any restrictions and the theory predicts that SDS Control will
yvield a bounded tracking errer. The speed-field was given by ¢(c1,¢a) = Alef —
¢1,¢5 — ¢2), where A was determined such that with idcal control ¢(t*)/c(0) =
1/e for t* = 10/3 s, where e(f) is the error of either ¢; or ¢y at time £. The
errer of tracking is shown in Fig. 5.

The first of the three subfigures of Fig. 3 corresponds to the case when
the inverse dynamics model was ideal, while the secend and third subfigures
correspond to the cascs when the inverse-dynamics was imperfect, with and
without dynamic feedback respectively. Note that there is almost no differ-
ence between the first and secend subfigures, implyving that SDS Feedback
could very cfficicntly compensate for the mismatched inverse-dynamics medel.
However, when there was no feedback the error percentage of ¢; was larger
than 60%. Fig. 5 suggests that SDS Control is ablc to perfectly compensate
for the perturbation even though the perturbation is highly nonlinear. This
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also follows lrom tlie theory since it can be shown that provided the plant
rcaches a sufficiently small ncighborhoed of the designated equilibrium state
and can be linearized, then the feedback can compensate in a perfect fashion
1. Tig. 3.1 depicts the centrel variables and the ideal centrel values in the
three cascs. This figure reinforces the impression that SDS Control is efficient.
Throughout these experiments the feedback gain A was 1.
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The vector (u*,¢*) gives the idcal cquilibrium centrol, while (u.v) is the actual centrol.
After 50 secends a new set-point is designated that corresponds te an unstable equilibrium
of the plant so the ideal control values can not e assumed from the start. For details of the
experiment see the text. (with permission3?)

3.2 Controlling a second order plant

Consider the following equation describing the motion of a rigid-link robot arm
(see T'ig. 6) )
u=M(0)0+ V(0.0) — k6.

Here 6 = (61, 6,,603) is the vector of angular positions of the robot (6; is the
angular position of the rebet base axis, 0> is the angular elevatien of the upper
arm above horizental, 5 is the angular clevation ef forcarm abeve horizontal),
u = (uq,uq uz) is the torque vector of actuators (uq,uy and uz denote the
torque of the base, the upper arm and the ferearm actuators, respectively),
M(6) is the incrtia matrix, V(6,6) rcpresents the Corielis, centripetal forces
and the gravity loading, and & > 0 is the friction cocfficient. Note that this
cquation has the form of Eq. 2 with 4" = [#7, #7], A(4) = [0, M(¥)] and
b(q) = V(f),fj) — k6. Unfortunately, the additive term is not bounded if |||
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Figure 6: Tdealized 3-joint rohotic manipulator
The: dynamics of this 3-joint robotic manipulatoris highly non-linear. A Lypical perturbation
is when the manipulator grasps (or releases) an object. This can be modelled, say, by
changing the mass (A3) at the end-ellector. The compensation for such a perturbation
is difficult, especially when the mass of the ebject is large comparcd te the mass of the
manipulater.

gocs 1o infinity. This means that the SDS scheme should be applied only if
onc can cnsurc a priori that 6 remains beunded (more specifically, a bound
can he given for ) during the control. Since the plant is a mechanical system
boundedness can be achieved according to the law of energy conservation pro-
vided that the controls remain bounded, which can be achieved c.g. by some
variant of the o-modification scheme or a projection method. 'I'his condition
was not implemented in the experiments, so the results once again show the
robustness of the SDS scheme.

Assume that the task is defined in terms of a certain speed-field s(f) given
in the configuratien space, i.e., the task is te make sure

6= s(A).

We admittedly abuse the terminology here, in that we use the cxpression
“speed-field” 1o mean a vector-field hoth over the configuration- and the state-
spaces. The speed-field over the state-space needs another component beyend
the speed-field over the configuration space, the ficld of desired accelerations.
Se lct this be defined as the difference between the desired and the actual
speed:

a(f,8) =s(f) — 4

14



In terms of g the desired speed-field is given hy
vig) =0)7, a@.0)7) =507, s(0)7 - 7).

Expressed in another way, v(q)T = [v(Pq)", v(Piq)7 —(P,a)7], where P
and P; projcct their arguments to the sccend and first ceordinatces, respectively
(i.e. Prq = 6 and Prq = #). Tet ®(q,q) = A(q)q + b(q), and let the
‘feedforward’ centreller be the differencing centreller of Theorem 2.1:

us (qa q) = l.lf(o, '-a 0)
®(q,v(q)) — ®(q,«).

Additionally,

®(q.v(q)) = A(a)ls(0), a0 0)]+ V(0,0) - ko
= M(8)a(8.6) + V(6, 8) — k6.

Se if we let W (6, 6,6) = M(0)f+ V (6, 0)— k6 then ®(q,v(q)) = ¥(8, 6, a(0.6))
and ®(q, 4) = ¥(0.6,6). Netc that here the domain D is ceual te K> x R3,
where K is the unit circle. Conditions 7 and 2 of 'I'heorem 2.4 are equivalent to
the couditious that MTM > 0, MTM > 0, aud MTM > 0 all hold uniformly
over D, and that (d/dq)M and (d/deq)b arc boundcd ever D. These latter
conditions depend only on the dynamics of the robot arm and are met. The
positivity cenditions are also met, e.g. when the load changes !.

It should be mentioned that enc can usc the *simplificd inverse-dynamics’
‘il.(f),(;) = ‘il(f), O,f;) because letting A=0imnWw corresponds to an additive
perturbatien (since M does net depend on 6) and this can be compensated
[or withoul any additional requirements. The simplified inverse-dynamics is
important fer the casc of learning schemes utilizing local approximators, as it
means that only the configuration space (the 3-d space for the 3-joint robotic
arm) and not. the tangent bundle of the conliguration space (a 6-d space) need
be discretized. This is an important property of the control scheme since the
number of discretization units scales with the dimension in the exponent.

The exact ferms of M and V used in the computer experiments are taken
again frem the benchmark problem section ” of the book edited by Miller ct al.
38 the corresponding equations being detailed in the Appendix. The equations
were sampled at a rate d¢ = ().01s using Euler’s method and the control time
interval was variced. In enc set of experiments we used a high-frequency control
(dt = 0.01s), whilc in anether sct a lewcr sampling ratc was tried (dt = 0.05s).
It was cvident that the Euler method with the given sampling rate limits the
range of the control torques, since otherwise one may loose numerical stability.
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Figure 7: Centrol of a rebetic manipulater using the SDS scheme
In the upper (]nwer] row the resnlts with frequent (slow) samplings are shown, whereas in the
left (right) column results wich unperturbed (perturbed) arm are presented. The subligures
show the joint-angles as a function of time. For details of the experiment see the text.

In the trials we madc usc of the fellewing valucs: J = 0.5 kg m?, M; = 10 kg,
My =10kg, L1 = 0.6 m, L., = 0.8 m, & = 20 kg m?/s, g = 9.81 m/s? (sce
Fig. 6).

We considered peint-to-point tasks with the desired speed-ficld s(#)
Ap(Bo — 6), the acceleration field a(ﬂ,(j) =s(M) — 6, and control equations

o0, a(0, 0)) — ¥o(0,0)

v =
u = Mv+w
w = Av.

In the latter three the following sct of values were used: Ay = A = 0.3, and
A, = 8.0. Basically, A\, governs the speed of motien, and its valuc was chesen
so that the desired point can he reached withing 2-4 seconds imder normal
conditions.
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The non-adaplive computed torque method with desired trajectory @5 =

B0, 8; = 0 and 8; = 0 was tried too. The cerrcspending cquatiens which
govern the dynamics can be given by

u = AWo(0,04 + ky(6s — 0) + kp(0s — 6))
= )‘f‘i’O(Haa(H{)))

In the trials we sct &, = | and &, = A,,. In addition A\; was chosen to be
smaller than onc usced to model an underestimated inverse-dynamics.

Now typical results of cight different cxperiments arc presented. In the
trial the applied control method (STS, computed torque), the perturbation of
the plant (ne perturbation, perturbation with AM; = M, = 20 kg, J = 0.75
kgm? and & = 30 kg m?/s), and the sampling rate of control (high frequency
sampling with d¢ = 0.01 s and low frequency sampling with dt = 0.05 s)
were attempted. The start state was 6(0) = (4+0.0332, +0.0125,41.0529) with
f =6 = 0, whilc the desired end-peint was (+0.1044, +1.1156, +0.6328). Notc
that thc angle of the rebet-base axis nceded to be changed enly slightly. The
cexperiments were halted when the sum of the positional and speed errors was
sinaller than 0.05.

Fig. 7 shews thc results for the SDS scheme. It can be scen that in the
high frequency case the perturbation had almost no cffect on the working.
Tt was observed that in the initial phase it was the feedforward part which
governed the plant, while later the role of the feedback part supressed that
of the feedforward part. When sampling was slow and the perturbation was
significant (the mass of the robot was doubled) damped oscillations sometimes
arose. Increasing the gain of control was able to help this a little, but in practice
it is more expedientl to clicose lower gains Lo minimize energy consumplion.

Fig. 8 shows the analegeus results for the computed terquc scheme. The
computed torque method scemed to be more sensitive to the sampling rate:
in the low-lrequency case the controller was unable to move the robotic ma-
nipulator te the desired end-point. Even in the perfect medel and fer high
frequency sampling the final error of the computed torque method was consid-
erably larger than that for the SDS controller. (In the case of the cemputed
torque methed gy = (+0.L045, +1.1547, +0.6254), while fer the SDS cen-
troller Ogna = (+0.1044, +1.1156, 40.6828) = 0;.) Of course, in general the
dynamic part of the SDS Centreller makes the controller more precise. Be-
sides this notc that the inverse-dynamics modcl sheuld cxplicitly contain the
sampling ratc 37 higher frequency sampling cerrcspending to a strenger cen-
troller. This in turn makes the computed torque controller somewhat weak in
the case of low frequency sampling. The SDS Controller did not suffer from
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Figure 8: Contrel of a rebotic manipulator with the non-adaptive computed torque method
In the upper (]owcr) row the results with the frequent (s]nvv) sampling are shown, while in
the left (right) column the resulis with the unperturbed (perturbed) arm are presented. The
subfigures show the joint-angles as a fuimction of time. For details of the experiment see the
text.

this problem since the dynamic part could build up the appropriate control
torque.

4 An Artificial Neural Network Implementation

A neural network architecture capable of planning speed-lields and apprexi-
mating inverse-dynamics in a unificd way is shewn in Fig. 9. Here we describe
the working mechanism suited to path planning problems 2%, ‘I'his particular
architeclure was suggested earlier by the authers 340,

The layers of the architecture are called the sensory layer, the geeme-
try discretizing layer, the interncural layer, and the control layer. The layers
arc connected as follows. Spatially-tuned feedforward connections bring the
sensory information to the geometry discretizing layer. The sensory neurons
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Centrol layer

Interneuronal layer

Geometry discretising layer

Sensory layer

Tigurc 9: Architccturc of the ncural nctwork

provide the input to the network, and they may be thought of as discretizing
the state-space of the plant. The neurons of the geometry-discretizing layer
should develop a problem-dependent diserctization of the statc-space, so the
weights of these neurons may be developed in a sell-organizing process such as
the winner-takes-all mechanism #1#2. The path-planning problem is given in
terms of discretization point occupancices, the discretization points being iden-
tified willh the neurons of the geomelry discretizing layers. Any discrelization
point can be occupicd by an ebstacle, the plant, er the target. It isalso pessible
that more than one discretization point might be occupied by an object. This
results in a coarse ceded, distributed representation of the object that in turn
will result in smoether centrel signals. It is eof course assumed that sensory
inputs corresponding to start, target and obstacle entities are recognized by
some higher order system.

The geomelry-discrelizing layer has recurrent intralayer geomelrical con-
nections that connect neighbouring nedes, whesc connections can be lecarnt
in a self-organized way, too'""'2. Here the path-planning algorithm might be
implemented as follows. The laterally-oriented geometrical cennections be-
tween neighbouring discretization points allow activation to spread: when the
activity-spreading on the discretization system settles down we say that an
activity field is formed. We call this the equilibrium activity map. The plant
should movc aleng the “gradient” of this activity map which, as a vecter-ficld,
can be identified with the speed-field sought. (We censider the ncural net as
a numerical approximation of a continuous system. Tf the concepts are used
with care one can then talk about the gradient field in the discretized system,
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i.e. an approximation of the corresponding quantity in the continuons system.)
The activation spreading cquation that forms this activity map can be of the
di ffusion type 15716 when the equilibrium field only has one minimum and
one maximum. As a matter of fact, these extremes correspond to the positien
of the plant and the geal, respectively. All this is achicved by allowing a unit
inflow at the position of the plant and a unit outflow at the position of the goal.
Any obstacles may be avoided by setting up appropriate boundary conditions,
like forbidding the activity to spread along the lateral connections of the dis-
cretization points (ncurons) occupicd by ebstacles, thus approximating to the
Neumann boundary condition. Tf the gradient of the cquilibrium map is fol-
lowed it results in a path from the plant’s actual position to the goal position.
For on-line motion control the activity-map should be continuously upgraded.
This is impertant il either the obstacles or the goal is moving, er il either the
controller or scnsers arc imperfect. Fer centinuous motien the changes of the
equilibrium activity-map are differential and thus the relaxation time of the
spreading actlivalion model is a dilferential quantity. This enables [ast, on-line
path planning.

Now lel us return te Lhe steady-state dillusien [ield case. The dilTusing
activitics arc scnsed by the interncurons. The speed-ficld is represented by
interneural activities which are summed up te give the estimated control re-
sponse. The interneurons are simple linear I/O units that serve as sensors and
also as the starting peint ef associative feedforward cenncctions that point to
control neurons. The free-space learnt, control-connections allow the plant to
move along the designed speed-field, if the control connectiens belenging to
interneurons of the start-node geometry connections are controlling the mo-
tion. Obstacle avoidance without further training is rcally a natural consc-
quence of the structure. I'he network can be made fully sclf-organizing with
Hebbian-learning *'#2, {he only exceplion being the alorementioned higher-
order rccognition medule that initializes the formatien ef the stcady-statce
geometry-discretizing-layer activities. The interneunron-to-control neuron con-
nections (the control cennections) ferm the direct, asseciative identification of
the inverse-dynamics in the ferm of a *pesition-dircction to action’ (PDA) map,
its learning properties heing scrutinized elsewhere 7. Another henefit of this
architecture is that the number of control-units scales linearly with the number
of discretization units, and the discretized space is net the tangent bundle of
the configuration space, but rather the cenfiguration space itsclf. The speed-
field tracking formulation, the freedom to use a simplificd inverse-dynamics,
and the interneuron concept all contribute to an overall simplification of things.
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5 Biological relevance

The SDS scheme has been suggested as a suitable candidate for constructing
a model of higher-order motor functions of the basal ganglia — thalamecortical
loops *#, since scveral special propertics of the SDS scheme arc highlighted
when dealing with these motor areas. The case of identical [eedlorward and
fcedback centrellers makes cxtensive usc of differencing and allows one to usc
the simplified inverse-dynamics. I'he SDS medel of motor control requires
the existence of cortical neurons that cempute the desired speed vector v(e),
an estimate of the desired control vector ® (e, v), the experienced (measured)
speed veclor q, an eslimale of the “experienced control vector™ 'i’(q,i), and
thc appropriate differences.

The SDS model of basal ganglia — thalamocortical loops identifics these
differencings between desired and experienced channels with the functional
consistency feund in the basal ganglia®®. According te Alexander, the various
projection te the external and the internal scgments of the globus pallidus arc
similar in functionality, that can be seen via the activations of the medium
spiny ncurons of the putamen, the targets of cortical afferents arising from the
motor areas. An activation ol striated medimmn spiny neurons associated with
the different arms ofthe indircct pathway will tend te increasce the output ef the
basal ganglia. In contrast, an activation of medium spiny neurons associated
with the direct palthway tends to decrease the out.pu of the hasal ganglia.
The net result is that a certically-initiated activation of the dircct (indirect)
pathway will tend to enhance (suppress) reentrant thalamocortical excitation
by a decreased (increased) inhibitery outflow from the basal ganglia te the
thalamus *°.

1 is reasonable to assume thal information about the position and ahout
the cxperienced and desired directiens have been formulated somewhere, pos-
sibly outside of the basal ganglia — thalamocortical loops and that this infor-
mation forms the basis of computation in these loops. The basal ganglia then
perferms the differencing: The desired acceleration may be cxpressed as the
difference bhetween the desired direction and the experienced direction. The
feedforward centrel vector can be computed by means ef subtracting the es-
timate of the “expericnced control vecter” frem the cstimate of the desired
control vector. The feedback control vector one notes is the time-integrated
value of the feedferward control vector. Using these properties of the SDS
Feedback scheme it is possible to characterize the modcl ncurons of thesc cen-
trel arcas: modcl ncurons representing the desired acceleration will have higher
firing rates in the preparatory phase, whereas the firing rates of model neu-
rons representing experienced direction are motion related. The model neurons
21



that represent the desired direction have mixed characleristics. Motion related
model ncuronal activitics too may be divided into directienal and muscle-like
categories, the former one corresponding to the experienced direction and the
latter one expressing components of the centrel vector. The consequences on
the classification of model ncurens arc in general agreciment with the experi-
mental classification 701,

Twe other features of the SDS scheme, which must be taken into account
when considering an implementation, are: (1) The sign ef the differencing
related te the desired and experienced estimates of the true inverse-dynamics
function is subject to particular task settings (consider, say the problem of mir-
ror writing when the trajectory to be followed by the pen is watched threugh
a mirrer); (2) The feedback channel should be sign preper in all of the cem-
ponents. Both constraints involve separate feedback channels and recognition-
based channel selection for sign proper results. The finding thal the basal
ganglia — thalamocertical leops arc organized in distinct parallel pathways 32
is then suggested as the division of the “task-space™ into subsets with sign-
proper feedback channels 8. The divisien of the task-space and computation
of the acccleratien ficld requires scparate neuronal subscts that cempute task
related and limb related components for both preparatory, motion related and
mixed activities. This is yet another feature of neurens belonging to these
loops 32,

The feedback control vector should be computed by means of some in-
tegration precedure. The model predictions concerning this integration are
net restrictive. But it is rcasenable to assume that the bielegical system per-
forms some form of leaky integration. One hypothetical possibility about this
‘integration’ is that it results from a neuron subset receiving a thalamocer-
tical recurrent excitation that in Lurn integrates the control components of
the feedback channel. Anether might be that differencing and intcgration arc
interchanged and a subsct of neurons integrate before differencing. Yet an-
other possibility is suggested rom noling that the feedforward and leedback
controllers are identical, and the summatien ef the twe control vectors can be
viewed as a weighted integration (i.e. a memory function with non-exponential
time dependency) in the feedback channel. That is, the basal ganglia thalam-
ocertical loops of higher order metor functiens might be organized as feedback
loops without any feedforward channel. Tn this case neurons with different
‘integrate and fire’ time constants ceuld represent any weighted sum. Cempu-
tatiens without making usec of the feedforward channcl show minor differences
only at the start ef the motien, indicating a viability cven for the case of an
exponential memory function. Considering that integration and differencing
can be interchanged the concept of weighted memory function seems to accord
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well with the fairly recent flindings that (1) activities in the supplementary
motor arca, the moter cortex and the putamen strongly overlap, and (2) the
activities in the cortical regions precede the activity in the putamen ?021:53,
The results concerning the robustness of the SDS scheme against inaccuracies
in the differencing procedure, plausible connectiens with the major discases
of the hasal ganglia as well as elaborations on other close similarities between
the basal ganglia — thalamocortical loops and the SDS scheme can be foimd
elsewhere 4528,

6 Sumimary and further discussion

The ‘Static and Dynamic® State (SDS) feedback centrel scheme 30 of eurs was
presented. Then slight medificatiens ef the original control cquations led to
a global stability property which could be proved in a rigorous manner 25,
The main advantage of this new scheme is that within the cenfines of the
stability thcerem the paramecter adaptation scheme can be chesen arbitrar-
ily, allowing the use of non-linearly parametrized function approximators such
as neural networks. One restriction of SDS Control is that the results held
only for bounded plants, although it was shown in computer trials that the
SDS Control still sccms quite suitable fer nen-bounded plants such as rcalistic
robotic manipulators. One outstanding question is whether SIS Control can
be used to control plants with non-trivial wero-dynamics. So lar the resulls
obtained werce for only the casec when there is no zero-dynamics at all, but it
docs seem to be able to extend the theory to cover plants which are globally
minimum-phase.

Two sets of simulations were presented, that of the control of a bioreactor
and of a robotic manipulator. The experiments bore eut the predicted the-
orctical results, i.c. that the SDS Controller is capable of compensating for
large perturbations. Tt was observed too that SDS Control is sensitive to the
sampling rate of control, but it is less sensitive than the static (nen-adaptive)
compuied torque method.

It was argued that since the SDS scheme allows one to choose and modify
the [unctional form ef the speed-lield to be tracked, the estimation of the
inverse-dynamics, and the particular adaptien mechanism, one must have an
attractive option for optimization according to definite external objectives like
minimizatien ef energy ceusurnption and the mean square tracking error.

It has been argued clsewhere *® that the architecture, the workings and
the stability conditions have a let in common with basal ganglia — thalamo-
cortical loops. The higher order formulation of the SDS scheme allowed 1s to
interpret the local approximators of the scheme as the models of the neuronal
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groups ef Lthe supplementary moter area, the motor cortex, and the putamen.
The qucestien arises of what extent one can view the SDS scheme as a viable
functional model of these puzzling areas of the brain.
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Appendix

The exacl [orms of M and V used in the cemputer experiments are laken [rem
thosc of a benchmark preblem?3” and arc detailed below with conventions and
the notations closely following the cited work. (‘I'he numerical parameters are
given in Section 3.2)

Let
@ = (M4 M) T3 cos?(02) + MaLq Lz cos(Ba) cos(fs) + MaL3 cos(Bs) + J
«; = (M;+ ML}
a3 = MyL,L;sin(f: +93)
ay = Mal?
and
H = (azaq — a%).

Then

a7 . .

M(f) = 0 H{ua — ag) H(ay —a3)
0 H(ay—az)aafaz Hjas((as —az)as + 1)

Further, let

by (2(M1 + M3)L3 + M3 L1 L) sin(83) cos(hz)
by = MyLiL;cos(f;)sin(fz) + 2M 3L} sin(B3) cos(fs)

by = Mylilasin(fz — 92)
by = (1111 — A'Iz)L% Sin(ﬁg) COS(HH) + MyLq Ly Sin(g‘Z) C.S(H'?)
bs = Mayl}sin(83) cos(fa) + Mali Ly cos(a) sin(f3).
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Then

. 51916:’2 =} 529193
V(O, 0) = —530% = b40$ = (ﬂffl + f‘rfg)L] COS[_Og)g
b’;ﬁ% — bqﬂ% = :Wg J',Q COS(H:;)Q
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