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Abstract

We consider multi-criteria sequential decision
making problems where the vector-valued
cevaluations are comparced by a given. fixed
total ordering. Conditions for the optimality
of stationary policies and the Bellmman opti-
mality equation are given for a special, but
important class of problems when the cval-
uation of policics can be computed for the
criteria. independently of each other. The
analysis rcequires special carce as the topol-
ogy introduced by pointwise convergence and
the order-topology introduced by the prefer-
cuce order are in general incompatible. Re-
inforcement learning algorithms are proposed
and analyzed. Preliminary computer experi-
ments confirm the validity of the derived al-
gorithms. These type of multi-criteria prob-
lems are most useful when there are several
optimal solutions to a problem and one wants
to choose the one among these which is op-
timal according o another fixed criterion.
Possible application in robotics and repeated
games are outlined.

1 Introduction

Scalar-valued reinforcoment learning (RL) algorithns
arc capable of solving difficult multi-step decision
problems when the decision criteria can be expressed in
a recursive way as a function of the immediate scalar
sreinforcement.  However. there are some important
cases wheu there is no simple way to express the opti-
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mization criteria as a function of a single scalar rein-
forcement value. Consider, for example, the dilemma
of Leibniz’s ass. This poor animal is placed at equal
distances away from two platefuls of food. He is hun-
gry so he feels like going to onc of the plates. Howcever,
if hie goes to one plate then there is a chance that the
dish from the other one gets stolen. Since the ass is
greedy (he does not want any dish to be stolen away)
he will never move and will, eventually, dic.

In this example the ass has wwo dilferent objectives
competing with one another. The [irst one is Lo cal. so
that the ass can stay alive, the sccond one is to pre-
vent the dishes from being stolen. A reasonable com-
prowise, which could be termed the “watchimen’s com-
prowise”, is to minimize the number of dishes stolen
per unit time/such that the ass manages to stay alive:
limy o0 & Zf_(-, S, — min s.t. iy o % Y oR >
Reit-  Here S, € {0, 1} is the indicator of whether a
plate was stolen at time ¢, R, = {0, 1} is the indicator
of whether the ass was consuming at time t, and [t
is the critical aanount of food per unit time needed for
staying alive. We can use a Tauberian approximation
to the above criterion [Ross, 1970):
oc
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where 0 < v < lisavalue close to 1, I = Rerie/(1—
¥), 1.c.. the discounted total cost (reward) criterion
replaces the average cost (reward) eriterion.! If ~ is
sufficiently close to 1 then optimal solutions to the
sccond criterion will be close to optimal measured by
the [(irst criterion. Since the decision should be made
on the basis of both the amount of food caten and

Tn order to simplify the presentation we implicitly as-
sumie here that the decision process is deterministic. How-
ever, this assumption is in no way essential to the subse-
cuent developments and will be abandoned later.



the number of plates stolew, and both ef these should
be computed separately, this calls for a vector-valued
representation of reinforcement values, i.e., in the case
of Teibniz’s ass, the reinforcement, at time t will be

(®,.S)).

Another reasonable compromise is to maximize the
weighted suain of protected plates and the ameunt
cater: Do, 7w (1 — Se) + w2Ry) — max, where
wy,wo > 0. This reduces the problem to the case of
scalar-valued reinforcement. values. Here. we do not
want. Lo arguc against this or other reductions, bhut
we waunt to show that under certain conditions rein-
forcement learning algorithins can be extended to the
vector-valued case in a sensible way.

If the immediate reinforcement is vector-valued then
so will be the long-term reinforcement. and, specifi-
cally, the evaluation of policies. Then the comparison
of policies becomes problematic. The requirements are
the following: we waut to comparc any pairs of poli-
cies and, in particnlar, we waut a transitive and re-
flexive comparison operator. Several approaches will
be shown below. No matter how the policies are com-
pared the notion of an optimal policy can be defined
at this point: an optimal policy is onc which comparcs
favorably with any other policy.

The comparison mecthods arc best illustrated by the
above problem. Let v, () € R? denote the evaluation
of policy 7 in state 2 with 1.(2)T = (vr 1 (2). vr2(2)),
where v, () is the maximum of the amount of food
caten and Beyq. while v, 2 () is the munber of plates
stelcu when policy 7 is being used, beth being com-
puted when policy 7 is being used beginning from state
x. Then the criterion considered above suggests to
compare any pair of policies (7, 79) by (irst. compar-
ing the first components of their respective evaluation
functions: p is better than 7y if vey 1(x) > o, 2(x).
Since the evaluations are cut at Reqt we may expect
that vr 1 (x) and v, 2(x) will be cqual in a large num-
her of cases. Then, we compare the second compo-
nents: 71 is better than sy if vy, 2(2) < v, 2(2) (note
the reversed relational symbol). That is, among poli-
cies which let Leibniz’s ass staying alive, the ones with
a smaller number of stolen plates are preferred. In this
-asc there is an ordering among the vector-components
(the two criteria) and so this problem is one example
of ordinal multi-criteria decision problems.  Ordinal
multi-criteria decision problems which was considered
a long time ago by Mitten [1964] and Sobel [1975] in
terms of preference relations over “partial policies”.
In order the subordinate criteria to be useful at all,
the optimization problem corresponding to the main

criterion should have multiple solutiens. This can be
achieved nsing reduced reinforcement-spaces. As an
interesting example note that Asimov’s robots use such
an ordered multi-criteria decision problem representa-
tion: the “laws of robotics™ claims that robots have to
1) defend hwuman beings, i) defend themselves unless
this conflicts with rule 7); and #i4) serve hunan beings
unless this conflicts with rules i) or ii). Also this type
of criterion is related to solving MDPs in parallel, a
problem similar to that of considered by Singh and
Cohn [1997] and cmpirically in mobile robot learning,
domains by Asada et al. [1994].

Criterion (1) can also be viewed as one that defines
a discounted optimization problem subject to a dis-
countted constraint. Structural properties of such prob-
lems were studied extensively in the control and oper-
ations rescarch literature, c.g. by Frid [1972], Heyman
and Sobel [1984], Altman aud Schwartz [1991].

Another approach is to comparc any pair of policics,
(371, 772), by comparing the weighted surn of the conipo-
nents of theirs evaluation functions, e.g. wyvy, 1(x) +
warr, 2(x) and wivg, 1 (@) + wat, 2 () (wr,wy € R).
Note that this criterion, often called the weighted cri-
terion (sce Feinberg and Schwartz [1995] and the ref-
erences therein). is different from the oue obtained by
the linear combination of the immediate reinforcement
values iff the discount factors of the two components
arc different.

If there is no natural weighing of components then
onc can still use the canenical erdering over the re-
turn space. In this casc, hewcver, not all policics will
be comparable and so the notion of optimality needs
to be adjusted. The natural choice is then Pareto-
oplimality: a policy = is called Parcto-optimal in state
x if no other policy can majorize 7 at x, i.c., if there
is no policy @ s.t. v (x) > v (x). A policy is called
Pareto-optimal iff it is Pareto-optimal in each state.
It turns out. that Parcto-optimality is cequivalent to
weighted optimality with appropriately chosen weights
and if cach componcut of the cvaluation is computed
a.sthe total discounted reward for some reward func-
tion [Feinberg and Schwartz, 1995, Lemma 7.4]. In
the above example, assuming that the amount of con-
sumed food is net truncated, a Parcto-optimal pelicy
would be one for which there is no other policy that.
would allow the ass to consunie more (than the amonnt
ensured by the Pareto-optimal policy) while assuring a
smaller nummber ol stolen plates. Parcto-optimality has
been studied by many rescarchers who usually studied
conditions which cnsured the existence of optimal poli-
cies of certain forms.



Apparently the carliest result for dynamic vector-
valued models are those of Brown and Strauch [1965],
who considered abstract return spaces having a general
multiplicative lattice structure and who showed that
the “principle of eptimality” holds for finite-horizon
problems. The results were later extended to infi-
nite horizon problems in many special cases (see, e.g.
[Feinberg, 1982, Henig, 1983. Feinberg and Schwartz,
1994]).

In this article we present. a general [ramework based en
abstract dynamic programming modecls, and which is a
mixture of the above approaches [Denardo, 1967, Bert-
sekas, 1977, Littman and Szepesvari, 1996, Szepesvari,
1998]. Namely, we suggest an approach hased on the
notion of reinforcement-propagating operators, just
now these operators will work on function spaces de-
fined over general return spaces with general orderings.
In this way we can address constrained problems, lex-
icographic criteria, lattice return spaces and different.
reinforcement. propagation scenarios within the same
frammework.

The article is organized as (ollows: in Section 2 we
introduce the concepts necessary for the developent
and list some basic results concerning the Bellman-
optimality eqnation and the existence of optimal sta-
tionary policies. Reinforcement learning algorithms
are introduced in Section 3. Some cemputer experi-
ments. illustrating the theory. arc given in Section 4
and conclusions are drawn in Section 5.

2 Abstract ordinal dynamic
programming

An Abstract Dynamic Pregramming (ADP) problem
can be given as a 5-tuple (R. X. 4,.4, Q), where X is
the state-space of the decision problem, A is the set
of actions, A : X — A, A(x) are the actions feasi-
ble in state 2, R is the return space and Q : RN —
RN %4 ig the so-called reinforcement-prepagaler oper-
ator [Szepesvari. 1998]. In order to explain the mean-
ing of these components consider the problem of Leib-
niz’s ass once again. A simplified representation of
that problem could be the [ollowing : the ass’s stale
assunes three values: being in the middle, at the left
plate, er at the right plate. The plates can be full
or cmpty. Oue state ef the decision problem is com-
posed of the position of the a. ss,and the state of the
plates. So the state space (X') has 12 elements. The
actions taken by the ass can be to stay at that pe-
sition, move left, or move right. se the action space
(A) has three elements. The dynamics is given by the
following (stochastic) rules: the move actions work as

intended. If the ass cheoses to stay at a full plate then
that plate becomes empty (consuning), if the a. sstays
at an empty plate then food may appear at that plate
accerding to seme fixed stechastic rule and if the ass
stays at a plate (cither full or cmpty) then the state
of the other plate can change according to sore other
fixed (stochastic) rule. If the ass is in the middle then
none of the plates can become empty in the next step
(the ass is guarding the [eod). The dynatnics can be
summarized by a random mapping t @ X x A — X
(or, cquivalently, as a sct of transition probabilitics).
The ass is cousidered to be consuming a uuit food if
it chooses to stay at a [ull plate. If x; is the state
at time ¢ then the reinforcement streams {Ry, Sg} of
Leuation (1) can be given by Ry = 1 if in state ay
the ass is at a full plate and the chosen action, ay, is
“stay”, R, = 0. otherwise. Therefore, R, = R(x,.a;)
for some function N. Turther, S; = 1, if the food
disappears from a plate while the ass is at the other
plate, otherwise S¢ = 0. That is, S¢ = S(t. &, L4+1).
where x;,_1 = t(x,,a,). Let us define the evaluation of
a (deterministic, stationary) policy, n : X — A, by
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te (o) = luin(Rcm, E[thﬁ’t | g = ;1:]).,
3 =0

(5 Z(T) = ¥ {Z ’71'81 I‘T'U = (I‘}
t—0

where F[] is the expectation operator underlying
the decisien process.  Simce min(f8 K[§ + 7]) =
wmiu(R.E[¢] + E[n]) = wmiu(R.E[¢] + min(R. En]))
holds it R > 0 and §, 5 are nonnegative random vari-
ables, it follows that

Pralr) = min(/icm, Rz, w(x)) +
min( R, ¥ Z pla.w(2), y)i, (y)))
ye X

where @, (x) is just the expected discounted total cost
of exceuting policy # from state & and »(c. &, y) =
P(y = t(x,a)). Since &r > @y 1, it then follows that
5 1 satisfies the inequality

trale) > nlin(Rc,»iL,R(x.W(a:))+

win(Rerie, ¥ Y pla.7(x). y)on1(y)) ) :
cX

<



It then follows that if we define v, as the solution of
the fixed point equation

vrafx) = min(li’_mt,li(;lr,rr(.’z?))+ (2)

IIliIl(Rcrit; ’:” Z P(:E,‘ 7‘-(1): .L/) U, (U)) ) )
yE,\'

then v, < 7, i.e. v provides a lower bound flor 7.
It alse follows that il 7 is such that v (2) = Licrie then
also 9 () = Repie. Thus if m is such that vr () = Reric
then 7 is also a “satisfactory” solntion of the original
problem. Since in general ¢ ; cannot be obtained as
the solution of a natural fixed point equation, in what
follows we shall work with this approximation within
the realm of this example. Note that as a result of this
approximation we may loose the optimal solutions to
the original problem.

It should be clear that 91, 5 can be written recursively:

fx o) = Z plam(s), ) {9(e, (@), u) + e 2(y)} .

yEeX
(3)
New. if one defines Q by
(Q)(z.a)y = Illill(Rcrif,. R(z.a) + IIliIl(Rcrih
> p(wacuy)'c.'l(;t/))).,
yeXN
(Qv)(x.a)2 = Z ple-a,y) {S(x. a.y) + vea(y)}
yCX

and T, : R — R by (Tx0)(x) =(Q¢)(r,w(x)), =€
X, then we see that v, is just the fixed point of T.
Nete that the definition of Q is obtained from (2)
and (3) by systematically replacing n(2) by a, and vy
(1) by © everywhere in the equations. Observe that
Q provides a concise summary of both the state- and
rcinforcement-dynamics of the decision process. Note
that using © alone it is possible to define the cvalua-
tion for general classes of policics and it is possible to
show that the corresponding fixed point will still hold
true [Szepesvdri, 1998].

Policies are compared on the hasis of their evaluations.
Since now vx(z) € R = R? is vector-valued we need
a way te cempare pairs of vectors. Therefore, we will
assume that a binary relation < over R is given which
is reflexive, transitive and trichotomouns (i.c., < is an
ordering, or R = (R; <) is a lattice) 2 In onr exam-
ple we can take a “reverse-2ud” lexicographic ordering:

2 A binary relation < over R is called i) reflerive if r < r
for any r € Ry i) lransitive if .’ and »” are such that
r <7 and ' < v’ then r < 7 (r.r', 7" € R); and i)

r < if vy <) orif r1 =) then ra > ¢ (here the
components of r aud r’ were denoted by lower indices).
This finishes the construction of the ADP describing
the problem-structure of Leibniz’s ass. This “reverse-
2nd” lexicographic ordering differs from lexicographic
ordering only by the condition on the sccond compo-
nents: we wrote ro > 14 instead of ry < rh. For conve-
nience, we will continue with considering lexicographic
ordering. lLexicographic erdering (and also “reverse-
2nd” ordering) satisfics the above propertices. i.c., it is
an ordering.

Now, what arc the optimal policics in an ADP? In or-
der to facilitate the connection with RL we will define
the notion of optimal reinforcement function (instead
of relying on Pareto-optimality), but first we need to
assign a meauing te the supremum ef subsets of R:
for A C R, a = s.u.p. A is a value such that for all
¢ > A also ¢ > a (a > bis defined by § < «. and
a > Ais defined as a > @ for all @’ € A). The in-
fimum of sets is defined similarly. A lattice (R:<)
is said to be cormnplete if for all bounded subscts A,
both the infimun and the supremum of the sct exist.
Lexicographic ordering is complete: for example, the
suprennun a* of 4 C R? can be defined in a standard
way as [ollews: a] = sup{a1 : @ = (a1,02)T € A} and
a3 = inf{asy, : a4 = (aln,(tgn)l € As.t.ay, — a’f}. In
order te deal with the supremum of arbitrary subscts
of R we need to extend the return space R = R? to
R?, where R = {—2c. +oc} UR is the set of extended
reals with the natural topology. The ordering < of R
can be extended to functions with values in R in the
natural way: for v.w € RY we say that ¢ < w iff for
all y € Y, v(y) < w(y) holds. Note that < over RY is
only a partial ordering (i.e., it is not total).

Equipped with the notion of supremum we can define
the optimal rcinfercernent function:

xre X. 4)

() = sap. v (2),
= el

Here IT denotes a fixed set of policies. We will consider
the case when II equals to the set of all stationary
policies. A policy in the class TT is said to be optimal
if v = v*.

The following theorem, proven in the appendix, gives
a characterisation ef optimal deterministic statienary
policics. For further discussions rclated to various
forms of optimal policies see [Gabor et al., 1998].

trichotornous if for any pairs (r,7') € R either r < v’ or

r" < p (the ordering is lotal) and il both relations hold then
/7
r=r7'.



Theorem 2.1 Consider a finitc®
APP (R, X,4.A,Q), where (i) (Ri+.A-.|-||r) is
a Banach-space and R is equipped with (i) a com-
plete ordering < which satisfies the following countable
transitivity property: (#ii) if v, is weakly convergent*
n R, and 19 < 11 < ra < ...ty < Thpyl S

then rg < limy_osry. Further, assurme that (in)
Q : RY — RX*4 is monotone: Qv < Qu when-
ever v < w. v,w € RY, conlinuous in the lopologics
induced by pointwise convergence over RX and RX 74,
(v) and that it is a contraction w.r.t. the induced maz-

norm® || - ||leer- (vi) Assume that 1 : R — R, defined
by
(Te}x) = max.(Qu)(r, a) (5)
) ac Alx)
has a unique fized point ¢*, and liny,_ . T"v = v+

for all v € RN st ||[v]aer < oc. Let L = AX be the
space of stationary policies. Then (a) vT > v, for
all © (7 is a deterministic stationary policy) and v+ =

©*, so Tv* = v (Bellman optimality cquation): (b) if

Trv™ = Tu™, Le., if 7 is myopic w.r.t. vt then v, =
©»* (myopic policies are optimal); (¢) if Trvx > vx
then vyr > vp (Howard’s policy improvemenl rouline
is valid).

Operator 1', as defined by (5), is called the optimal
value operalor.

It is easy to check that countable transitivity holds
for sequences of R™ and the lexicographic erdering.
Nete that contraction arguments cannot be used since
there is ne norm over R™ with the lexicographic or-
dering for which the m.a.x. operator would be a non-
expansion. For a further discussion of this and addi-
tional peculiarities related te lexicographic orderings
sce [Gdbor ot al., 1998].

Netc thal if R = R™ with the lexicegraphic ordering
then the actions at which the maximwn is reached in
LEq. (5) can be computed by first computing the scts

Aipi={ae Ao aé{ffi:)(g'f)(“"‘ bl = (Qf Hx, 0l }

recursively for 4 = 0,1,2,..., n — 1 with Ay = A(x).

For convenience, we will denote the action sets as de-
fined above by 4;(Q, 1) when Qf is replaced by any

*An ADP (R, X. A, A, Q) is called finite if both X and
A are finite. The liniteness assumption in this theorem can
be relaxed by some extra work.

1A gequence 7, is said Lo be weakly convergent in R il iy
is convergent in the topology induced by the vector space
structure of R.

®The induced maximum-norm || - |le.r is defined by
1%)loe, 2 = sup,cz [v(2)]I=-

function @ € R(X x A):

A[)((Q.JJ) = A(.L)
4in(Q1) = {e€A(Qua))
max  Q(r,b); = Q(r,a); },
be A (Q.2)
where 7 = 0,1.2,....,n — 1. Then (Zv)(x)i+1 =

maX,e A, (ge.r) (QU) (€, a)it1. New weshow thal T has
a unique fixed point and T"v converges te this fixed
point fer all bounded v € RX provided that Q satisfics
the conditions of the theorem and if Q acts componen-
twise, i.e., if (Qu); = (Qw); whenever v; = w;. Fix v
and consider the first. compenent of T"v. Define T} :
RYX — RN by T f = (Tf).. where f = (f. far..., f2)
with fa,....f, being arbitrary. 77 is well defined and
is a contraction. Moreover, (T"v); = T7v1 holds for
all n € N, and therefore (1"v); converges to the
unique (ixed point of Ty. Similarly, il « and w arc
both fixed points of T then w1 = wi. Let us de-
note this common value by -(;f'. Now, cousider (T7¢)3.
Since (17 1v)y(x) = WAX, e 4, (QTne o) (Q170) (2, 0)2,
and since Q is componentwise, A;(QT" v, 1) depends
only on (T"v)y which is knewn to cenverge. There-
fore, because of the finiteness of A, for n large cneugh
A1 (QT" v, x) will stabilize at some set A7 (v, ). Now.
since the operator w(x) — MaxXge 41 (y.2) (Q0) (2, @) is
a contraction, where 4 = (v, . u,u’,...), also (T"v),
converges to some value (the operator is well defined
since @ is componentwise). Moreover, if v and w
arc both fixed peints of T then wi = wi and thus
A(Qu.x) = A(Qu,x)(= Aj(x)) for all x € X, and
s0 u» and ws arc both the fixed points of the cen-
traction z — maxge 4:(2)(Q2) (. a)2 and are therefore
equal. Continuing in this way for the higher indices we
get the preof ef the required statement. Note that this
argument shows the problem of T.eibhniz’s ass is indeed
in the realm of Theorcimn 2.1.

Theorem 2.1 is just one example of how the existence
of optimal stationary policics can be cusured in multi-
criteria problems. There are many possible extensions
of it. but these are ontside of the scope of the present
article.

3 Learning optimal policies

Since most convergence proofs for RL algorithing rely
on contraction arguments the generalization of results
like the convergence of such as the Adaptive Real-Time
Dyuamic Programming [Barto ct al., 1991], Q-learning
[Watkins, 1990], TD(A) [Sutton, 1988] are easy to
obtain for vector-valued MDPs provided that T is a



contraction. Unfortunately, this holds rarcly. Never-
theless a successive componentwise analysis, like the
one presented at the end of the previous section will
in general vield the desired convergence result.

As a particular example consider the case of Q-
learning. Let Q* = Qv™ be the optimal action-value
function. Q-learning solves the fixed point equation
Q* = 050", (SQ)(r) = ma.xpe ) Q. b)), by re-
laxation and without. ever estimating ©. In the case
of an MDP with the expected discounted total cost
Q-lcarning takes the [erm

Quei{w oy = (1 — gl a))Q (. ) +
ae(we, ae){ Be(y, ap, wep1) +
v max Q,(w41.b)},
['EA(.’I.’[)

with Q41 (2, a) = Qilir, @) for pairs (z.a) # (1, ae).
The relaxation factor (learning rate) 0 < ey (¢, ar) < 1
is gradually decreased towards zero so that the vari-
ance of the estimates are reduced and (probability one)
convergence can be achieved.

The raw generalization of Q-learning to vector-valued
Q-learning replaces the immediate-reward scalars (12)
in the above cquatien by immediate-reward vectors
and “max™ by “m.a.x.”. For simplicity, cousider a
two-dimensional return space with the lexicographic
ordering. The update equation for the first compo-
nent remains unchanged, but. the update of the second
component becones

(T — ag(re. a)Qyo(xt. ar) +
ot (irt, Q) {Rf‘z (rt, ae, xp41) +

Qu2(w41.b)}.

oo o) =

¥ max

b A (Qraiie)

The raw componentwise generalization of Q-learning

would cemploy  (crronously) A(xt) instcad of
:’11((21, Lf/'t).

The analogue of Q-learning for MDPs with the max-
imin criterion, proposed by Ileger [Ileger, 1994, 1996,
is the Q-hat algorithm defined as

Qe (e, a) = lllill{(gt(ﬂ:[,af),lit(aff.at,‘)ft+])"—

v max@Q( 1.0)}.

®In fact, since the convergence of the vast majority
of RL algorithnus follows from the gencral asynchronous
contraction-mapping theorem of [Littman and Szepesvari,
1996] (scc also [Szepesvéri and Littman, 1998]), it is suffi-
cient to reproduce the proof of that theorem. It turns out,
that the raw generalization of that proof will work without
any problems [or contractions. However. this is out ol the
scope of this article.

This algorithin will converge to the optimal Q-function
if Qp > QF (the initial estimmate is optimistic). The raw
generalization replaces “min® and “max™ with “m.i.n.”
and “m.a.x.”, respectivelv. Unfortunately, this itera-
tion may fail to converge to (2* since the cenvergence
of Q-hat cxploits (Q; > Q* (¢ > 0) aud this may fail in
this case.” In order to surmount this problem one has
to update the second and larger index components by
some nmecans other than Q-hat learning.

It is natural then to consider adaptive real-time dy-
namic pregramming algorithms. For maximin preb-
lews this algorithim builds an estimate of the transi-
tion sets I'(r.a) = {y € X|p(r,a,y) > 0} and an-
other estimate of the rewards R(x,a,y). Since there
is ne “optimistic initialization™ condition here, one
may show (using successive cempenentwise analysis)
that the composite algerithin converges to eptimal-
ity if some other conditions, basically ensnring “suffi-
cient exploration”, hold. Further discussions related to
action-selection strategies ensuring “sufficient explo-
ration” in minimax problems can be found in [Geiber
ct al., 1998,

4 Computer simulations

The purpose of the computer simulations was twofold:
to demonstrate that the theory works in practice, and
{o provide some hint en the rate ol cenvergence of
different algerithims.The ARTDP algorithin were tried
out fer tic-tac-tec with lexicegraphic ordering and the
first criterion prescribing the desire to win (or make
a draw) and the second to finish the game as soon
as pessible®. The action selection procedure was the
greedy policy in all of the cases. Scveral oppencnts
were tried whose stategy was a mixturc ef thic eptimal-
policy and a totally randomized one. The degree of

“This ¢ be shown in the following way: Con-
sider again R = R? with the lexicographic ordering,
Then Qi—1,2(x+. as) = min{Qf,g(:[:h at). Rio(2+; &t 2epy) +
v maxyc 4, Qra2(ze41,0)}, where A1 = A1(Q+r,2¢). Notice
that Qi41.2(x.a) < Qy2(x,e) for all (x,&) € U so if once
Qi2(w,a) < Q3(ix,a) then Q2(:c,a) cannol converge Lo
Q5(x,a). Here, A (Q.x) may be quite different from
A (Q*, x¢) which means that Q¢41.2(we, ar) may become
smaller than Q7 (x.,e,) even if Q;.» = Q3. depending only
on the values of @, ;.

SThe first component of the reinforcement-vector was
+1 if the learner won, 0 if the game was a draw and —1 if
he lost the game. The sccond component was unity in cach
step. We used the well knovwn minimax representation of
alternating games [sce c.g. Littman and Szepesvari, 1996].
Note that by a simple change to the lexicographic ordering
one may cousider another criterion when the learner mini-
mizes the number of steps only when starting [rom winning
states, otherwise trying to mark timec.



| [
ARTDP 0.73 | 0.74 | 0.74 | 0.76 | 0.74

0 Jo25] 05 [075] 1 |
|

355 | 42 [ 418 [ 418419 |
|

|

MC-ARTDYD || 0.85 1 0.96 1 1
3.59 | 3.28 | 3.29 | 3.28

3.28

Table 1: Results of exhaustive testing. Percent of ep-
timal meves learut, and average number of steps to
the end of the game for cases when the learner won
are shown for both learners learning with ARTDP and
MC-ARTDP. Tn the first raww the degree of randomness
of the opponents are show: a randommness of 0 means
an optimal opponeitt, while the randomness of 1 means
a perfectly random opponent. The results suggest that
since the learners do not explore, a complete optimal
policy cannot. be learned against the perfect opponent.
(just part of the game-tree is explored). The mun-
ber of steps uatil the end of the gamme are consistently
smaller for MC-ART'BP than that of for AR T'BP. Also
MC-ARTDP can win a larger percent of games.

randomness was set to 0, 0.25, 0.5, .75 and 1. so
that the first opponent, corresponding to randomness
0. is the eptimal ounc, while the last ouc is the to-
tally randomized one. For comparison both the multi-
criteria and single criterion ARDTP algorithins were
tried (called MC-ARTDP and ARTDP, respectively.)
The learner started the game in cach trial. The per-
cent of wins and draws, and the number of steps in the
cases of won or drew games are shown in Table 1. The
percents are computed by employing an exhaustive
search, i.e., we measured the percent eof those leaves
in the full reachabdle game-tree when our learner did
not. lesc the game. It is clear that MC-ART®P per-
forms better than the ARTDDI algorithm in all of the
cases, i.e., it conld explore a larger part of the game-
tree. The reason for this is that MC-ARTDP uses
morc information than ARTDP. In particular, since
the sccond components of its cvaluation function arc
initialized to zero, initially unexplored actions will look
more favourable than explored ones, meaning that de-
pendence on the sccend component will facilitate ex-
ploration. To confirm this obsecrvation we ran auother
sct. of experiments using the ARTBP algerithm and
when actions were chosen based on oue of the following
twe well-known exploration stategies: the Beltzmani-
exploration and the e-greedy strategy with decaying
cxploratien®. In this casc ARTDP yiclded compara-

“The e-greedy exploration stategy chooses the best-
looking (greedy) action with probability 1 — € and chooscs
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Fignre 1: Results of learning with the one-criterion
and multi-criteria ARTDP algerithms against oppo-
nents ef different streugths. MC-ARTDP-0.25 and
MC-ARTPP-0.75 label the curves of MC-ARTBP for
an opponent with randomness 0.25 and 0.75 | respec-
tively. correspending to the raw ARTDP algorithms.
The ligures clearly show that it is casicr te win against
weaker opporcuts

ble results to that of MC-ARTDP, thus confirming the
hypothesis.'®

Fxpleration has a price. though.  The more ox-
ploratory actions the player tries the largeris the num-
ber of games lost during the learning trials. In order to
get a more complete picture about the performances
of the two algorithms we have measured on-line (or
during-learning) performance. Results arc shown in
Figures 1. The Lh.s. subfigure shows the pereent of
plays won or drevv. The larger the convergence speed
to 1 is the smaller is the cost of exploration. The r.h.s.
subfigure depicts the number of steps until the end of
the game, fer the games when eur learner actually won.
Both figurcs shew results for the opponcuts with ran-
domumess 0.25 and 0.75 (results for the other cases can
be roughly obtained by intra- and extrapolations and

an action uniformly randomly from the rest with probabil-

iLy € [Thrun, 1992].

1n theory, as time goes to infinity hoth algorithms will
converge to optimality. So the worse than optimal results
should nol be considered as cases when the algorithms got
stuck in “local minima®.



arc not shown). Note that both the ARTB®P and MC-
ARTDP learn fa. steragainst weaker oppouents which
could be accounted for the small average depth of game
tree when playing against a weak opponent. Note that
this the learner trained against a weak oppoucnt will
probably fail to win over a strong onc, and the reverse
rmay hold, too: in order to learn the optimal mini-
max strategy the opponents should not be restricted?!?.
Also, in the casc of hoth opponents MC-ARTDP lecarns
slightly slower (in the short-term) but results in a bet-
ter policy in the medium-term. More experiments are
needed to confirm these findings.

5 Conclusions

We have considered multi-criteria decision problems
using the framework of abstract dynamic progra-
ming. The reinforcements were assumed to be vector-
valued and were compared by a given total ordering
defined over the corresponding vector space. A result,
showing the existence of optimal policies was derived
and it was shown that it applies to lexicographic order-
ing with “componcntwise reinforcenicnt propagation”.
Next, reinforecment learning algorithms were derived
and we have argued that, in the case of lexicographic
ordering, their convergence can be proven by a method
which we termed “suceessive componcutwise analysis”.
Experimental results were presented to illustrate the
working of the algorithms. In the future we plan to ex-
tend the results and run other simulations to reinforce
the utility of multi-criteria learning,.
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Appendix

Here we prove Theorem 2.1, the text of which is not
repeated here because of lack of space. Tirstly, we

""Since the opponents arc randomized (except the opti-
mal opponent) the algorithms would converge to optimal-
ity. However, the convergence rate will still depend on the
degree of randomness of the opponent. The convergence
rate will depend on how fast can the part of the game-
trec which is accessible for an optimal player be fully ex-
plored. For opponents with higher randomness deep parts
can hardly be accessed, for opponents with small random-
ness parts Lhal [ollow an initial sub-optimal choice will be
hard to explore.

shall prove that v, the unique fixed point of T, ma-
jorizes the optimal value fuuction, ¢*. Fix an arbi-
trary policy 7 and observe that T, > Tre.. Since
Trtr = Up, also Tvgy > vy Trom this, and because
of the monotouicity of T (which holds because A is
finite), we obtain T%¢, > Tuvy > vy, Itcrating this
indefinitely, we get that TP e, > Tl > .00 > o,
holds for all n € N. Thus, T"v, is monoton increasing
and thus (by the countable transitivily assurnption)
ity —oc T™0x > vr. Now, since lim, oo T 0r = ¢!,
so #! > wn Since m was arbitrary, it follows that
vt > v* by the definition of the s.aup. operator.
New. lct @ be a pelicy which is myopic war.t. vt:

Tyv~ = Tvt. Since Tot = ¢t so Tr,vt = vT . Now.
since vy is the unique fixed point of Ty (T is a cou-
traction since Q is a contraction), we get that v~ = v5.

This shows that »+ = ¢* and that 7 is optimal. In or-
der to prove the third part consider a pair of policies
(my7') st Try > vy By the first train of thoughts,
we get that T vy > v 18 a monotone incrcasing se-
aquence, so that vy = lim,_a T005 > v holds, too,
thus finishing the proof.
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