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Abstract

A massively parallel neural architecture is suggested for the approximate computation of the skeleton of a planar shape. Numer
examples demonstrate the robustness of the method. The architecture is constructed from self-organizing elements that allow the extens
the concept of skeletonization to areas remote to image proces&sit@P9 Elsevier Science Ltd. All rights reserved.
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1. Introduction (and some general conditions are satisfied, see, e.g., Serra,
1988), this pattern coincides with the skeleton defined by
The idea of using theskeleton of a continuous planar means of maximal circlésSince the appearance of Blum's
shape(the loci of centres of those bitangent circles that lie paper much effort has been devoted to develop algorithms
entirely within the shape) for representation, as a kind of for the calculation of the skeleton.
primitive of the original, was first proposed by Blum (1967). Boundary based methodsse a representation of the
Blum’s argument was that the skeleton efficiently con- object’'s boundary as input and make analytical considera-
centrates the topological information of the original two- tions to obtain a representation of the skeleton. Some algo-
dimensional shape. This kind of ‘thin’ coding is particularly rithms calculate the skeleton directly, while others exploit
useful for representing amorphous, irregular shapes thatthe fact that for polygonal shapes the skeleton is a subgraph
cannot be treated by more conventional geometrical ofthe Voronoi diagram (Kirkpatrick, 1979). If the boundary
methods. The possible applications include the creation of is replaced with a point set obtained by discrete sampling,
shape primitives, curve segmentation, logging deformation then the skeleton of the shape can be approximated by cal-
history of deformable objects as well as image preproces- culating the discrete Voronoi diagram of the point set and
sing for shape recognition. extracting the skeleton from it (Schmitt, 1989; Brandt and
Blum suggested a transformation to elicit the skeleton that Algazi, 1992). Another possibility is to use a polygonal (or
has become known as the grassfire transformation. The ideapline) approximation of the boundary instead of discrete
can be sketched as follows: let us imagine that ‘a fire is litt sampling (see, e.g., Manez-Peez et al., 1987).
along the boundaries of the shape and monitor how it spreads These approaches have many advantages: the resulting
inwards. By taking the set of points where at least two fire- pattern is the Euclidean skeleton (of the approximation
fronts meet, one obtains a connected pattern, formed of line-set) and its connectivity is automatically preserved. Further-
segments and arcs. If the fire-fronts propagate isotropically more, the representation of both the boundaries and the
Voronoi diagram requires data linearly proportional to the
" Corresponding author. Tel.: +36-1-2754348; Fax: +36-1-2754349: image re_solution aqd the absence of a grid makes the use of
E-mail: lorincz@iserv.iki.kfki.hu; http:/fiserv.iki.kfki.hu/. Present address: the Euclidean metric easy. However, there are some draw-
Ettvds Lorand University, Budapest, Mieum Krt. 8, Hungary H-1068. backs as well. For example, shapes with holes are difficult to
! Note that some authors allow fire-fronts to propagate both inwards and treat this way and complex and/or noisy shapes may require
outwards and define the skeleton as the union of patterns arising in anda very fine polygonal approximation that makes results less

out of the shape, while others prefer to distinguish between endo- and
exoskeletons. accurate.
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Region based algorithmgenerally realize an image-to-
image transformation that requires data proportional to the }
square of image resolution, but are more appropriate for i
parallel implementations. The input of these algorithms is
a discretized of the skeleton. In this framework various
algorithms are used to elicit the skeleton, such as grassfire
propagation and thinning; for surveys see (Smith, 1987,
Serra, 1988).

A class of region based algorithms use a distance trans-
form (DT) of the original shape to elicit the skeleton. Ina fig. 1. Rectangles illustrating Marr's criticism. The figure illustrates a
distance transformation to each pixel of the digitized image stability problem of traditional skeletonization. Let us consider a rectangle
a number is assigned that measures the distance of thetop left) and its skeleton (bottom left). The inclusion of a wedge-shaped
boundary closest to that particular pixel. Skeletonization perturbati'on'into a side of the re'ctangle (top right) i'nduces topologigal
then can be performed as ridge following on the distance Ehanges in its skeleton (bottom rlght_) and thus |nh|b|ts_ the use of noisy

B . ] oundary data. Note that the deformation of the skeleton is sustained even if
transform surface. Different approximate transformations e gimensions of the perturbation go to zero.
can be used: the city block DT (Arcelli and di Baja, ) ) i i
1989), the chessboard DT (Arcelli and di Baja, 1985), the It will be demonstrated that the ANN architecture is pu]lt
hexagonal DT (Meyer, 1988), chamfer and quasi-Euclidean up of elements that can be formed by purely self-organizing

DTs (Montanari, 1968) and the Euclidean distance transfor- means. The construction of a skeletonization algorithm by
mation (EDT) (Ho and Dyer, 1986). The quality of the such purely self-organizing means allows to extend the use

results and the computational cost depends strongly on the®! the algorithm beyond the realm of image processing.
The grassfire transformation is often criticized for giving

choice of the DT. The city block and the chessboard DTs , ) e .
provide fast computation and skeletal pixels are guaranteedvery different results for only slightly differing shapes. This

to be connected within a fixed number of steps, however, feature can be best illustrated with an example of Marr
both DTs give a poor approximation of the EDT. Skeleto- (1982), in which the skeleton of a rectangle and the skeleton

nization based on a quasi-Euclidean or on a EDT give more of another shape—a rectangle with a small wedge included

appropriate result but the thickness and the connectivity of IN @ Side—is compared Fig. 1. Skeletonization transforms

the skeleton branches must be carefully checked (Shih andthe smallest' disturbances of the boundary intq topological
Pu, 1990). differences in the skeleton. A standard technique to treat

boundary noises is to use a variation of the multi-resolution
approach (Rosenfeld, 1984; Gauch and Pizer, 188djor
to assign aimportance measun® each skeletal point. Our

Distance transformations have been generalized to
morphological skeleton transformatiotisat are based on
the set-oriented method of mathematical morphology X X X X
(Serra, 1982), and make use of a set of symmetric or asym_algorlthm computes a dlscre.tlze'd Laplacean |mportaqce
metric structuring elements (Maragos and Schafer, 1986) tomeasure to every skeletal point in a parallel way. It il

form the skeleton on hexagonally or rectangularly sampled be argued _that there_ is also a na_tural way 1o Incorporate a
binary images. (self-organized) multi-resolution filter system.

Skeletonization by means of ridge-following on a dis- The organisation of the paper is the following. Section 2

tance transform is considered recently as an attractive typeg'ves a short description of thg algonthm. and of the archi-
of algorithm. The main reasons are the need for simple tecture of the system. In Section 3 this is followed by an

computation (mask convolutions carried out through a D
. . . . . etector Layer
fixed number of iterations, independently of the complexity ?
of the object) and the more accurate result (compared to the Detector Connections
computational costs) than that of other algorithms.
Interneurons

In this paper an artificial neural network is proposed as a
medium to perform a variation of Blum’s grassfire algo- Lateral Connections
rithm. The grassfire is modelled as a spreading process of
neural activations, in which neurons, located in a hexagonal
layer, transmit activation to their nearest neighbours. This Spatial Filter Connections
spreading process can be regarded as an erosion model |
(Serra, 1982, 1988), but also as a distance transformation,
which, however, is not performed by mask convolutions but Fig. 2. Layered ANN architecture for skeletonization. Pixels of the input
rather bymassively parallebomputation. It will be shown layer are connected to. a set of spatial filtgrs with centers arranged into a
that the spreading process is guaranteed to terminate in é1exagor_1al structurg (first layer). These fllters_ are gonnected via lateral
. . . connections. Each interneuron (second layer) is assigned to a lateral con-
fixed number of time-steps, regardless of the complexny of nection and inputs the difference of activations flowing along the connec-
shape, and, moreover, the globality of computation will be tion times a weight factor. Detector neurons (third layer) collect and
demonstrated to indua®tation invariance integrate the output of their neighbouring interneurons (see text for details).

Hexagonal Neural Grid

Orthogonal Pixel Grid
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account of the computer simulations. This is followed by the

165

the interneurons in a set of shunting equations (Grossberg,

discussions in Section 4, and conclusions are drawn in 1968):

Section 5. Finally, the paper is ending with two appendices
about the inversion properties of the discretized Laplaceans; = (1— a;)
importance measure and about the framework of creating

grassfire substances in general input spaces.

2. Algorithm and architecture

2.1. Spatial filter system

Let us imagine a three-layered neural network (see Fig. 2).

The functional organization of the layers is the following: the
first layer performs a Gaussian blur of the input intensity
distribution and, together with the lateral connections that

build up the second layer, models the spreading of the fire.

<Z V\Iik(ak—oi)—i—Kai), i=1,..n (2
(ki)
wherek > 0 is the self-excitation parameter afad stands
for the nodes that are connected to nod€he dot above
denotes differentiation with respect to time.) The terms on
the right hand side describe the spreading of the fire: the
shunting term (1—- ¢;) warrants that the amount of incan-
descent material is restricted to 1, the terms of the summa-
tion describe the amount of burning material spreading
between neighbouring nodes, while the tets is a self-
excitatory term that could result in an exponential growth
provided that the incandescent material is not bounded.
Since the neurons are arranged in the sites of a hexagonal
lattice?, theo;(t) functions can be regarded as the discretiza-

The third layer serves the detection of the spreading grassfiretjon of ao(x,t) function of space coordinates and time. Thus

The first layer consists of neurons, arranged in a planar

Eqg. (2) is the discretized version of the following partial

hexagonal structure. These neurons are connected to a pixelgiferential equation:

discretized image via their feed-forward connections that
form Gaussian filters on the input space:

ay = exp( — d7(j)/d), )
whereq; denotes the weight connecting fittle neuron to the

jth pixel, di(j) is the Euclidean distance between the centre
of the receptive field of the neurdnand the pixelj and,

finally, dy is a scale parameter. The feed-forward connec- *
tions map the pixel intensity distribution of the image onto *

the first layer. This is expressed by= Z; q;x;, wherea; is
theinput activationof theith neuron and; is the intensity of
thejth pixel. The output of the neurons in the first layer will
be calledoutput activationand will be denoted by;. The
connection betweea; ando; will be specified later.

6(%, ) = (1 - 0)(A0 + ko), ®3)

whereA denotes the 2D Laplacean. Let us suppose that the
initial conditions fore are such that(x,0) € [0,1] holds
everywhere. If this is satisfied, the form of Eq. (3) renders
the following statements to make.

a(x,t) € [0,1] for all X,
if there exist a poink’ such thais(x’,0) > 0 theno(x,t)
— 1 ast — oo for all x.

To make these points apparent let us image thaj(a,t)
function satisfies the following equation:

dD(X,t) :AUD +KO’D.

(4)

The first layer neurons are also connected with each otherAt each instant Eq. (4) is bounded below by the diffusion

via lateral connections. The strength of the lateral connec-

tions,wy, is 2/3 between nearest neighbours in the grid and
0 (no connection) between non-nearest neighbourswihe

equation (viz., when onljgp stands on the right side). The
initial conditions assure that the solution to the diffusion
equation is either zero or positive everywhere, therefore,

numbers can be considered as lateral connections, but theyhe solution to Eq. (4) is also non-negative. The shunting

can be considered alternatively as single weightstst-

term, that distinguishes Eq. (4) and Eqg. (3) does not play a

neuronghat are arranged in a second (hexagonal) layer. Therole around zero but limits the growth of the activation when

input of each interneuron is the difference of two output
activations, say, — o, and the output is the following:
wy (o — 0)). This value corresponds to the activation that
spreads along the connection labelled with the indiges
We shall use this latter terminology.

2.2. The model of the grassfire

The grassfire is modelled as the interaction of the spatial

filter neurons of the first layer and the interneurons of the

second layer. Let us consider the output activation of neuron

i, ai(t), as the amount of material burnt from the beginning
of the process up to timeat pointx;. The ‘spreading of the

it approaches 1.
Simple calculations can justify that the elementary time-
independent solution to Eq. (3) has one of the following forms:

Ostat(X) = J ay sin(kx + ¢)8(kk " — k)d’k, =0,

)

whereé(-) denotes Dirac’s delta function. Linear stability
analysis shows that the only stable time-independent solu-
tion is o= 1. (Furthermore, the periodic solution is not in
accordance with the condition thate [0,1].)

Ostat= 1,

2 Note thatphysicallythe neurons needot be arranged in a hexagonal

fire’ is described mathematica”y as the temporal Change of lattice since the neighbourhood relations are represented by the

these functions. The time-evolution ef is determined by

interneurons.
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The simulations have shown that if the initial conditions where the summation goes through the nearest sites. Appar-
are such that(0) = 0 in a half plane an@(0) = 1 in the ently, d; is zero until the first wave-front arrives when it goes
other half then after a small transient, a wave-front with a above zero, then returns to zero and optionally becomes
steady profile is propagated in a direction perpendicular to negative. Finally,d;(t) must converge to zero once again
the border of the two half planes. The speed of propagation,when ¢ saturates at 1 (see Part (c) of Fig. 4). The output
v, is the function ok. Note that replacing with ax in Eq. (3) of the detectors as a function of time is defined
corresponds to replacingwith X' = y/axandt with t’ = ot, t t
therefore, the speed of propagation should satgfy= vy/x, ) — J _ N o (N — J N
wherev, is the velocity measured when= 1. This is also 50 . Wik(ok(t) = oi(t))el Gt %
shown by the numerical simulations (see Part (a) and (b) of 0 °

Fig. 4). Together with the constant speed propagation iso- N this way detectors whose eventual outfiui(=) is above
tropy is another fundamental issue. In the discussion it will & threshold can be said to detect the skeleton (see Part (d) of

be argued that the requirement of isotropy can be satisfied™19- 4)- Clearly, if we let

on hexagonal grids in an appropriate limit. In the section .

dealing with computer simulations the attractive isotropy D; = Jdi(t’)dt’ = lim X(t), 8
properties of the hexagonal grid versus the rectangular 0 e

grid will be demonstrated. thenD; = 0 if only one wavefront passes the siteThis is

Another important feature of the wave-front propagation gpnarent if we recall that; is the approximation of the 2D
is that—as a result of the discretized approximation of the | apjacean, thus we may write

Laplacean—the convex fronts (viewed from the low activa- - w
tion region) propagate slower than their concave counter- )

parts. This effect stabilizes the linear wave-fronts and thus Pi = D) = J[Aa](xi,s)ds=d|vj [grad](x;,s)ds,  (9)
suppresses, e.g., dendritic growth. Just like in the case of 0 0
isotropy, these shape depending propagation differenceswhere we may interchange the integral and the div operator

disappear as the resolution increases. because the integrand is absolutely integrable. Since the
wavefront propagation is homogeneous in a neighbourhood
2 3. Detectors of x; (remember that we have assumed that only one wave-

front passeg;) we get that_[O [grads](x, S)dsis constantin a

The third layer of neurons is the layer of detector neurons; N€ighbourhood ok;, and thusD; is zero. On the other hand,
each neuron of the first layer has its own detector (Fig. 2). "€arby skeletal points the wavefront propagation is non-

Each detector receives the output of the six interneurons of'omogeneous and thus; > 0. As the wavefront profile

its counterpart in the first layer. Let us denotedsghe sum approaches the Heaviside—function_ the _distribution sign
of the relative output of these interneurons: (D(x)) converges to the skeleton (i.e., it becomes 1 at
skeletal points and zero everywhere else).

d = Z ) ) 6 We notice here that in any case we deal with images that
| = Wik (o — 07), (6) . .
& correspond to bounded regions in space, therefore we never
Original Picture Blurring Grassfire Propagation

Neural Grid

-
@ Skeleton Detection @

Detector Layer

Fig. 3. The skeletonization process. The figure shows the various steps of the skeletonization process. The bolt arrows show the flow of exeioutson of var
steps. First, the original picture is blurred to reduce the effect of noise and the resulting picture is fed into the neural skeletonizatiorhis@resss$ has

two subprocesses that work in parallel: the grassfire and the skeleton subprocesses: the figure shows three scenes of both processes: tliterfitial, a mid
time), and the final pictures.
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Fig. 4. Neuron activities during skeletonization. Part (a) of the figure illustrates the neural network used in this experiment. Neurons alog ls{mletiere

nis the index of the neuron, detectors are labelled similarly @y, and inputs to detectors are labelled fy.IFor easy of visualization the network’s structure

was chosen to be a rectangular grid of sizx 0. Fire propagation started from the left and right sides of the grid. The activities of the selected fire-
propagating neurons (N10-8) are shown in Part (b) as a function of time, while Parts (c) and (d) show the inputs to and outputs of the détectoEs,
respectively. Part (d) illustrates that a detector which corresponds to a point of the skeleton will develop high activities, neighbourirgyvdéteet@iop

above zero, but much smaller activities, while the rest of the neurons will develop approximately zero activities. A monotonous function afidhe dista
transform can be obtained if the time instant when the input to the detectors first reaches zero from above is identified with the distance from the ok
boundary (see Part (c)).

have to wait infinitely long until the activations saturate. There is planned the algorithm is hoped to run in real-time even for
is always a timer that fort = 7 the system can be considered very large images (Olaand Laincz, 1995).
saturatedd; = 1, ¢; = 0). In this sense the sigiX{7)) dis-
tribution is a discrete approximation of the skeleton. 2.4. Relation to distance transforms

The course of simulation is the following. First the
initial conditions are specified. The methods to be In order to have a better understanding of how the actual
employed strongly depend on the result one wishes to process works let us now briefly examine how the present
reach, e.g., whether the exo- or the endoskeleton oralgorithm is related to distance transforms. To do this let us
both are required. The actual calculations may include consider a lattice sites;, and suppose that the activation at
edge-detection, blurring and other simple or complicated x; and the nearest sites is zero. Then we may distinguish
image-processing steps. This is the point in the calcula- between two cases: there is not a second wave-front to come
tion when thea; input activations are used to calculate until the activation ak; and around it saturates or there are
the initial conditions for thes; output activations. Until subsequent wave-fronts.
t=0 the ¢, activations are clamped t®(0) and then the In the first case, when a single wave-front passes, the
system is released, activation wave-fronts start and propagaténput to the ith detector;, first starts to grow to reach its
from the boundaries in and/or outside of the shape and themaximum, then decreases, crosses zero, sinks to its mini-
detector signals are continuously calculated. An example for mum and finally—as the activations converge to 1—returns
the course of simulation can be followed on Fig. 3. The to zero. The exact time course of this process depends on the
computational complexity of the algorithm is dominated by profile of the wave-front, however, in our case this is not
the cost of the diffusion like process whose cosO®), that important (see Fig. 4 for an example). What is impor-
wheren is the length of the larger side of the picture to be tant is the time of first return od; to zero (zero-crossing),
processed. However, since an analog VLSI implementation because it can be considered as the time instant in which the
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e A dv=0.178

b v=7.66 -
e e dv=0.068

N W A L NN 0 O
T T T

[\S] W B W [o)} ~ o] O
1

i

o 1 2 3 4 5 6 7 8 9 0o 1 2 3 4 5 6 7 8 9

Fig. 5. Isotropy of the wave-front speed. When using spatial discretization the isotropy of the wave-front propagation is an important isseel dha spe
travelling plane wave-front is plotted as a function of the angle between the propagation vector and a lattice vector on a polar diagram. The left figure
corresponds to an orthogonal spatial filter arrangement and the right figure to a hexagonal one. The average value (dotted line) and the vapaedaof the s
indicated in both cases in the figure. Note that the hexagonal first layer give better results. Data points are calculated irf.steps of 1

wave-front just passes the sitg Since the propagation is of a relaxed linear wave-front as it was propagated in
isotropic and after a short transient it is at constant speed,different directions on either an orthogonal or a hexagonal
knowing the starting time of propagation, the speed of pro- lattice. The results are depicted in Fig. 5: the propagation on
pagation and the time of the zero-crossingxata trivial the orthogonal grid is faster in the direction of lattice vectors.
calculation yields the distance of the sketo the nearest  The deviation from the average is 17%. On the hexagonal grid
sitex, where the fire was ignite@((0) > 0). In other words, the result is better, the deviation from the average is 6%, which
a distance transform can be carried out by measuring theis comparable to the error of other DTs. A weak point of many
zero-crossing times at each pixel. skeletonization algorithms working with pixel discretization is
In the other case, when subsequent wave-fronts arriverotation invariance In our case rotation invariance relies on
after the first one, the zero-crossing ifmay be absent, the isotropic propagation of wave-fronts.
but we may define the ‘instant of overlap’ with the time We have argued that K; is a skeletal point thel; is
whend; finally returns to zero. Let us consider, e.g., two positive. Let us suppose thatis designated by the overlap
wave-fronts that move in opposite directions. Assume that of exactlytwo wave-fronté. During the saturation of activa-
the wave-fronts have linear profile with the same slopes of tions around site; the self-excitation {g;) competes with
opposite signs. Let us further suppose that the wave-frontsthe transferred excitationZ( wy(ox — o)) to drive g;
are launched from the same distance frgmin opposite towards 1. Since the self-excitation only depends on the
directions. In the particular case of linear wave-fronts the actual level ofo;, D; will be largest for wave-fronts advancing
d; values thus reach zero when the fronts half way meet. In in opposite directions and will monotonically decrease with the
this caseD; is no longer zero, but positive. It is so because angle included by the fronts. If the wave-front profiles are
when linear fronts overlap the section of the plane, from increasing linearly from 0 to 1 theB; goes with co$ (c/2)
which activation flows intox; is larger than the section (« is the included angle). For the more complicated fronts
into which activation may flow out fromx;. In other arising from Eq. (2), Fig. 6 shows ho®; depends orw.
words, D is positive if and only ifx; is a skeletal poirit The calculations have been carried out for 12 different angles,
starting from 0 with an increment of 1&he 13th angle, 180
was not computed). The value Bf has been measured at a

3. Computer simulations site far from the vertex of the angle formed by the two fronts.
According to our previous expectations the plot of the curve
3.1. Characteristics of grassfire propagation was found to be monotonically decreasing. For relatively small
angles & is up to 30) it is rather flat, but at approximately 30
The numerical simulations were carried out with 8464 it becomes steeper and then falls more or less steadily to zero.

pixel images. The 64dimensional input space was discretized

by 4096 neurons. Thay scale parameter in Eq. (1) was setto 3 3.2. Robustness

and thex self-excitation parameter was set to 13 (unless other-

wise stated). All skeleton figures were thresholded at zero.  Since the algorithm is intended for analogue VLSI imple-
It has already been mentioned that the isotropy of propa- mentation (Ola and Laincz, 1995), it has been examined

gation is an important feature. We have measured the speed

4Such anx; point is called an ordinary skeletal point. The set of non-
3 Provided, of course, that the fire was initialized along the boundaries. ordinary skeletal points is of zero measure.
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Fig. 6. Angular dependence of detected activation. In ordinary skeleton
points theX activation is an injective function of the angle included

between the folding wave-fronts. The figure shows the plot of this func-
tional relation in case of the particular dynamics described in Section 2.
Data were obtained by a software implementation of the ANN architecture.

0=02 a=04

how noise in the connection strengths and in the filter posi- _ _
tions affects the performance of the system. One eXpeCtSFlg' 7 Robustness of the ANN‘archlt_ecture. The robustness of the ANN
. . architecture was tested by adding noise to the value of feed-forward and
that the success of the algorithm relies on the accurate reproateral connections. The noisy lateral connections were calculated accord-
duction of the theoretical values of all parameters involved ing tow’; = w; (1 + an), wherew;, a;n are respectively a lateral con-
in the system. It turns out, however, that the by far most nection in the noiseless case, a parameter between 0 and 1, and a random
important feature is the uniformity of the lateral connec- number drawn from+1,1] with uniform distribution. The top left figure
tions. Simulations show that if one perturbs the position of shows the initial d_lstrlbutlon of activation, the successive three figures
. ) . shows the generalized skeleton for the parameter vatues0O, 0.2, 0.4.

the neurons in the first layer with a random error of 15% of The superposition of noise of a similar amplitude on thefeed-forward
the lattice constant the performance of the system is till connections had no significant effect.
unaffected. Conversely, the modification of lateral connec-
tions has a more characteristic effect. In Fig. 7 the lateral
connections were modified accordingtty, = wi (1 + ap),
where« is a parameteny;, is the undisturbed connection
andpis a random number drawn from a uniform distribution
on [—1,1]. The top left panel shows the initial output activa-
tion of the second layer. The other three panels are the
skeletonization outputs when= 0, 0.2, 0.4 successively.

Fig. 8 illustrates the performance of the algorithm wit
another type of noise: when the boundary data are noisy. h
The top left panel again shows the initial condition. The
skeleton (top right panel) contains a strong middle branch
but there are also discrete pixel with hiBhalong the con-
tour. The bottom left panel shows the distributions@®) in
case of the same input but with different (greater) scale
parameter d, = 6 in Eqg. (1)). The bottom right panel
shows the skeleton at this resolution.

implemented on a multi-layered neural network. The output
of the network allows different interpretations: we have
argued that the calculation of thtg interneural sums can
be made an analog of distance transformation. However, in
this case the distance transform is not obtained as a result of
successive convolutions but rather as the outcome of a
h global and parallel calculation of wave-propagation.
Another interpretation of the output was formulated with
e help of theD; integrals. We have seen that the final
distribution of sign D;) is closely related to the skeleton.
The pattern received after the discretized Laplacean opera-
tor weighted grassfire mechanism reflects the compromise
imposed by the finite resolution of the grid: the propagation
is not perfectly isotropic and the resulting pattern, a set of
skeleton branches, is not guaranteed to be thin. Notice that
the requirements are conflicting; the isotropy improves if the
transition zone of the fronts (where the activation is neither
4. Discussion 0 nor 1) is widened, and conversely, the skeletal lines
approach more and more the ideal one pixel width as the
We have presented the sketch of an algorithm that transition zone of the fronts shrinks. The width of the transi-
realizes an image-to-image transformation: from a pixel tion zone can be arbitrarily set by the parametdt may be
discretized shape, after a Guassian blur, an approximationworth noting that ifx is increased the width of the transition
of the shape’s skeleton is computed. The algorithm is lines shrinks as/l/E. If at the same time the pixel-size is
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Fig. 9. Generalized skeleton of the Marr rectangle. The introduction of the
Fig. 8. Skeletonization of shapes with noisy boundaries. The boundary skeleton activation function solves Marr’s problem. The top figure shows
noises are traditionally filtered by a multi-resolution filter system. The the generalized skeleton of a rectangle. The activation of the pijels(
top left panel shows the initial activation distribution arising due to a shown in greyscale. The bottom figure shows the generalized skeleton of a
noisy input. The skeleton is (top right) noisy. The bottom left panel rectangle deformed in a way seen in Fig. 1. Note that an appropriate thresh-
shows the initial activation distribution arising due to the same input but olding of the generalized skeleton may either restore the traditional skeleton
on filter system with lower resolution. Correspondingly the skeleton (bot- or minimize noise effects. Both figures have been calculated by a software
tom right) improves, the effect of boundary noises is largely reduced. The implementation of the ANN architecture.
easily tuneable filter sizes and the use of a multi-filter approach are natural

options of the suggested ANN architecture. branch fades with the distance from the vertex. In Fig. 8 we
have seen, however, that the Laplacean importance measure
decreased with, say &/then the transition zone increases is not satisfying in all cases. In these cases the initial
compared to the pixel-size (to enhance rotation invariance) blurring of the image generally helps. Note that this imple-
but it decreases compared to the size of the image (tomentation of skeletonization allows the easy readjustment
improve skeleton representation). Also, isotropy is a func- of the filter sizes as well.
tion of wavefront thickness measured in pixel units: the  Finally let us mention that most parts of this neural
broader the wavefront the more isotropic the propagation network implementation is built up of elements than can
is. Thus this continuous valued grassfire transformation be formed in a self-organized way: the discretization grid
represents a resolution based compromise or computatioras well as a multi-resolution grid system, including the inter-
power based compromise towards perfect skeletonization. discretization point nearest neighbour connections may be
At the points where two wave-fronts overl&p is found developed in a self-organisation fashion. A short explana-
to be proportional to the angle included by the fronts, i.e., tion of this possibility is given in Appendix B; here let us
the relation can be inverted: at every poitit can be rather report the motivations. Skeletonization is widely con-
determined upom;: (i) whetherx; is a skeletal point, and  sidered as an image processing method and image proces-
if so; (ii) at what angle the fire-fronts have met. This inver- sing rarely needs self-organizing methods. Let us consider,
sion only fails in non-ordinary skeletal points, which, how- however, that skeletonization is not limited to 2D image
ever, are negligible. In some cases the valuBadlong the processing and can be regarded as a general data com-
skeleton branches is enough for the reconstruction. In pressing tool, or, more importantly, just like in the case of
Appendix A we illustrate how simple skeletons can be biological shapes, skeletonization is a tool that transforms
reconstructed. slight shape differences into topological ones that may pro-
Another feature oD; is that it can be interpreted as an mote recognition or classification. The first two layers of the
importance measure. Let us recall the example of Marr for neural network may realize a representation of a many
the low noise tolerance of skeletonization. In Fig. 9 we dimensional input space. The spatial filters and the inter-
depicted the distribution oD; for the corrupted rectangle  neurons represent the neighbourhood relations of this space
of the Marr example. It is noteworthy how the redundant and if they can be formed in a self-organizing way then the
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skeletonization is possible regardless of that the input Appendix A Inversion
space in fact portrays a two-dimensional pixel image or
not. Skeletonization is a method for building a representation
As a particular example consider the problem of char- of geometrical data. A new data representation is generally
acterization of a plug flow reactor with distributed expected to comply with requirements that the original
sensory and control systems and designed to controlrepresentation could not. The value of such a method is
complex reactions (Rojmuckarin et al., 1993). The plug partly judged upon the extent these requirements are satis-
flow reactor model permits control by the chemical and fied. Another important issue is to decide what sort of infor-
heat fluxes added through the side wall of the reactor. The mation loss, if any, has occurred during the transition from
sensory systems may detect temperature, pressure, spectrane representation to another. To investigate this latter point
information and/or concentration along the reactor in a dis- the examination of reconstructability is a promising method.
tributed fashion. The geometry representation may be built  The skeleton alone is not enough for the reconstruction of
up by transients (local extended objects) as they proceedthe original shape but if each skeletal point is labelled with
along the reactor. The dimensionality of the representation the collision time of the wave-fronts that designated it, we
is not well defined: it is at least 1, since the flow is one- obtain a full representation. There are cases, however, when
dimensional. Additional dimensions may arise, however, less information is enough for the reconstruction.
from competing chemical reactions. Now, a given steady The reconstruction of simple (planar, not self-intersect-
state manifests itself through a combination of sensory ing) polygons is much simpler than that of ordinary curved
activities on the geometry representing system allowing shapes. It is known from elementary geometry that the
skeletonization and sensitive monitoring of small shifts of reconstruction is possible if the location of the vertices,
this steady state. the size of the vertical angles and the direction of the bisec-
tors are known. We shall show how the above mentioned
data can be peeled out of the output of the algorithm
5. Conclusion described in the article. There are two important steps of
this demonstration: (1) we will argue that the vertices of the
An artificial neural network architecture has been sug- polygon and the end-points of the skeleton branches are
gested to model the grassfire transformation. The networkdetermined by each other in a unique way; and (2) that
is made up of three neural layers, from which the first two the direction of the bisectors and the angles can be approxi-
are connected recurrently while the second is connected tomated from the output of our detectors in an appropriate
the third in a feed-forward fashion. The grassfire propaga- neighbourhood of the vertices.
tion is modelled through the dynamic interaction of the first ~ The skeleton is generally defined with the help of closed
two layers. We have argued that this part of the algorithm balls’ (see, e.g., Serra, 1988). In this case the vertices of the
can be considered as a fully parallel implementation of a polygon are contact points of its skeleforit should be
distance transformation. Based on this distance transformdemonstrated that there are no other contact points than
the third layer designates the skeletal points and computesthe vertices. It is known that the contact points of a given
an importance measure. setA can be obtained as the set-difference of the adherence
Computer simulations were presented to illustrate the of the setA, andA itself. Therefore, if the union of the set of
properties of the wave-front propagation, the usability of vertices and the skeleton is set-equal to the adherence of the
the output as an importance measure, the rotation invarianceskeleton then the set of vertices is demonstrated to be set-
of the skeletonization and the robustness of the architecture.equal to the set of contact points. The demonstration may go
This robustness together with the fully parallel architecture along the verification of mutual involvement.
and the exclusive use of simple operations on analog values The forward direction is simple: a vertex cannot be in the
(addition, multiplication, time integration, thresholding, skeleton since there can be no maximal ball drawn around it,
etc.) renders probable on analog VLSI implementation of on the other hand, in every suitably small neighbourhood of
the algorithm. In the appendix we shall argue that the output the vertex the points of the bisector are in the skeleton,
of the algorithm provides the basis for reconstruction of the therefore every vertex is a contact point of the skeleton.
original shape. But the points and the contact points of a set are necessarily
Finally, it has been suggested the skeletonization might in the adherence of it, i.e., the union of the skeleton and the
be used as a general data compressing tool. Since the neuralertices is a subset of the adherence of the skeleton.
network including the multi-grid structure we have usedto  The backward direction is more tedious to prove. How-
implement the grassfire transformation can be wired in a ever, it is enough to show that the union of the skeleton and
self-organizing way and is capable to represent the geome-the set of vertices is a closed set, since all closed sets that
try of an unknown input space, it is possible to extend the
concept of the skeleton into areas remote to image proces—————— . o
In this article we restrict ourselves to the skeletonization of closed sets.

sing: It was argued that this option may, eventually, lead to ¢ Recall that a poink is called a contact point of a sat if x & A but in
applications beyond image processing. each neighbourhood ofthere is a pointy’, such thax’ € A,
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contain the skeleton as a subset contain their adherence setthe dimensionality of the pattern space). The function that
as well. This can be proved by recalling that closed sets measures the error of this assignment is called a similarity
contain the limit points of convergent series of its own points. function. The similarity function is monotonically decreas-
Once the vertices of the polygon are designated by theing and larger it is, the pattern is closer to the prototype
end-points of its skeleton the direction of the bisectors can vector. The usual choices for it are the inner product or
be obtained easily. It is clear that every vertex has a neigh-the Euclidean distance of the two vectors. Each prototype
bourhood, in which there are no other points of the polygon vector can be implemented by an artificial neuron that is
than those lying on one of the two sides that originate from connected to every pixel of the pattern space via feed-
the vertex. In such a neighbourhood the skeleton is a line- forward connections. The strength of these connections
segment that lies on the bisector. Moreover, the importanceencode the components of the prototype vector.
measure along this line-segment is a one-to-one and, there- Prototype vectors, i.e., the feed-forward connections, can
fore, an invertible function of the angle included by the two be formed adaptively in a process known as learning.
sides. The grassfire and the detector system on a discretizindouring learning, patterns are presented subsequently and
system approximates that function. for each the best matching prototype vector is determined
and slightly moved in the direction of the pattern. In neural
networks terms this algorithm is called a ‘winner-takes-all’
Appendix B Self-organization (WTA) method because in each iteration only the best
matching prototype vector is modified (Grossberg, 1976,
It has been mentioned in the Discussion that most 1987).
elements of the neural implementation can be formed in a It is proved that under certain circumstances the lateral
self-organizing (SO) way. In this appendix we briefly connections (the edges of the graph) that make a correct
summarize what is meant on geometry representation andgeometry representation can be formed adaptively with
how the SO formation of neural networks is performed. This the help of the competitive Hebb rule, which for each pat-
topic is explained in detail in (Szep€svand Lérincz, tern strengthens the connection between the two neurons
1996). with highest similarity (Martinetz, 1993). Moreover, the
The problem of geometry representation is the following: formation of lateral connections and the construction of
there is an external world that we only perceive through a setthe embedding can be done simultaneously if the embedding
of transducers. Any information we obtain is transmitted by (i.e., the prototype vectors) is updated according to the
these transducers. The objects of the external world areWTA rule and the connections according to the competitive
mapped into the output spaces of the transducers. The proHebb rule. The conditions we have mentioned, together with
duct of these output spaces will be called the pattern space some technical restrictions, include the important require-
For example, let us image that a region of the 3D space isment that the similarity function preserve the overlap
monitored with two pixel camerdsThe cameras see the (Szepesid, 1993; Szepesvaet al., 1994; Szepestizand
same region from different points of view. Each pixel can Ld&rincz, 1996). Similar ideas but for feature space, not for
be regarded as a individual transducer; the pattern space isensory space, have been developed by Martinetz and
the product of the discretized intensity of the pixel. The Schulten (Martinetz, 1993; Martinetz and Schulten, 1994).
dimension of the pattern space is the number of the trans- Self-organization also allows the development of multi-
ducers; here the number of the pixels. The task of geometryresolution discretizing systems by using the same WTA
representation is two reveal the neighbourhood relations of method and competitive Hebb rule with slightly modified

the external space. updating of the feedforward connection (e.q. 4.15 of
Kohonen, 1984). Details are published elsewhere (Rozgonyi
Appendix B.1 Adaptive vector quantization et al., 1996; SzepesSsaand Laincz, 1996).

Since the dimensionality of the pattern space is typically
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