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Abstract 

Information from the external world goes through various transformations. The learning 
of the original neighbourhood relations of the world using only the transformed information 
is examined in detail. An approximate representation consists of a finite number of 
discretizing points and connections between neighbouring points. The goal here is to 
develop the theory of self-organizing approximate representations. Such a self-organizing 
system may be considered as a generalization of the Kohonen topographical map that we 
now equip with self-organizing neigbouring connections. For illustrative purposes an exam- 
ple is presented for sensory fusion: the geometry of the 3D world is learned using the 
outputs of two cameras. 

Keywords: Self-organizing networks; Sensory fusion; Geometry representation; Topographi- 
cal mapping; Kohonen network 

1. Introduction 

Knowledge of the geometry of the world external to a system is essential in 
cases such as navigation when for predicting the trajectories of moving objects 
[21,16,25,4,11,35]. It may also play a role in recognition tasks, particularly when the 
procedures used for image segmentation and feature extraction utilize information 
on the geometry [2,22]. A more abstract example is function approximation, where 
this information is used to create better interpolation [15,8,3]. 

This paper summarizes the recent advances in the theory of self-organizing 
development of approximate geometry representations based on the use of neural 
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networks. The first results of this field were published in [24,9,36,34]. Some 
theoretical results were developed in [23] and [32]. 

Part of this work is based on the theoretical approach of [32], which is different 
from that of 1231 and also is somewhat more general. The Martinet2 approach [23] 
treats signals provided by artificial neuron-like entities whereas the present work 
uses the entities of the external world as its starting point. The relationship 
between the present work and the Martinetz approach will be detailed. 

We approach the problem of approximate geometry representations by first 
examining the problem of sensory fusion, i.e. the problem of fusing information 
from different transductors. A straightforward solution is the simultaneous dis- 
cretization of the output of all transductors, which means the discretization of a 
space defined as the product of the individual transductor output spaces. However, 
the geometry relations are defined for the atemul world only, so it is still an open 
question how to define the metrics on the product of output spaces. It will be 
shown that simple Hebbian learning can result in the formation of a correct 
geometry representation. Some mathematical considerations will be presented to 
help us clarify the underlying concepts and assumptions. The mathematical frame- 
work gives rise to a corollary on the “topographical mappings” realized by 
Kohonen networks. In fact, the present work as well as [23] may be considered as a 
generalization of Kohonen’s topographic maps. We develop topographic maps with 
self-organizing interneural connections. The crucial point is whether the neigh- 
bouring connections, i.e. the geometry representation, is correct or not. To this end 
the initial step should be to develop the concept of correct geometry representa- 
tion. 

Extensive use will be made of the fact that a neural network may be viewed as 
finite graph. The concepts of connection based neighbourhood graph (CBN-Graph), 
the geometry induced neighbourhood graph (GIN-Graph) and the similarity based 
neighbourhood graph (SBN-Graph) will be introduced and their relationship with 
geometry representation will be studied. 

The paper is organized as follows: In Section 2 we briefly review adaptive 
pattern space disretization (Section 2.1) and the formation of local filters by 
‘winner-takes-all’ networks (Section 2.2). The issue of geometry representation of 
the external space is raised in Section 2.3. The GIN-Graph and the CBN-Graph 
are introduced in Section 3, together with the concept of correct geometry 
representation of the external space geometry. Section 3.1 considers Hebbian 
learning for the correct geometry representation of the external space. The 
representation of pattern space geometry based on the SBN-Graph and its 
relationship with Kohonen networks are discussed in Section 3.2. In Section 3.3 we 
analyse how the so-called ‘competitive’ Hebbian law is linked with the representa- 
tion of the pattern space. 

2. Discretization and neighbourhood 

Let us consider Fig. 1 in which the external space is transformed into a 
multidimensional one by a set of transductors. Transductors are tools used by 
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Fig. 1. Two cameras, i.e. two sets of transductors, monitoring the same 3D region. The objects of the 
external world are 3 dimensional. The input of the cameras corresponds to the projections of the 
objects. The bottom part of the figure shows neurons and a few feedforward connections of the first 
neuron. The pattern space that - consists of the output of cameras as a row vector - is 288 
dimensional. 

embedded systems [17] to measure various properties of their environment. A 
system only obtains information that comes through its transductors. In the 
mathematical sense a transductors is a mapping of the external world onto another 
space that we shall call the pattern space. An important question is how to explore 
geometrical relations in the external world by the information of the transductors, 
i.e., the information available in the pattern space. Henceforth we shall assume 
that the pattern space is a subset of the n-dimensional Euclidean space R”. 

Although the dimensionality of the external world is generally low, that of the 
pattern space can be tremendous. To give an example a 10 by 10 discretization of a 
2D world results in a pattern space embedded into a 100 dimensional space. A 
possible task for the first processing stage of the embedded system is to reduce 
dimensionality with the help of the correlations in the transductor signals. Vector 
quantization (or pattern space discretization) is such an example. 

2.1 Adapt&e uector quantization 

Let us first assume that we have a fixed number of fixed pattern vectors, the 
prototype uectors. Let us number these vectors from 1 to k and denote the 
individual vectors by wi, . . . , wk. Henceforth the functions whose domain is the 
pattern space and whose image space is the set W = (wl,. . . ,wk} will be called 
vector quantization functions. Usually, the number of prototype vectors is less than 
the dimensionality of the pattern space and thus the vector quantization function 
reduces the dimensionality of the data. Discrete time is assumed and let us also 
assume that the pattern signals at different time steps are independent samples of 
a common underlying probability distribution over the pattern space. This distribu- 
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tion function is denoted by F. The distortion of vector quantization, i.e., the cost of 
replacing a pattern vector x by the prototype vector wi is taken as being somehow 
defined by the function d(x, wi), where d: R” x R” + R. Function d is assumed to 
be continuous. Let G : R” --) W denote a vector quantization function. The ex- 
pected cost is then given by E[d(x, G(x)], where E[*] stands for expectation. This 
is the expected distortion introduced by the use of vector quantization G. The 
optimal vector quantization of function G * : R” --, W maps every pattern vector to 
prototype vectors so that the loss is minimal [12]: 

d(x, G*(x)) ~d(x, wJ, i= l,..., k. 

A ‘reward function’ or simihity function S(x, wi) is introduced that is a monotoni- 
cally decreasing, continuous function of the cost function. In terms of the similarity 
function, G * maps every pattern vector to the most similar prototype vector. In 
the rest of the paper we shall use the similarity function instead of the cost 
function as it fits our description better. 

A simple incremental adaptive process that determines optimally distributed 
prototype vectors is known as a variant of the k-means algorithm of statistics [20], 
or the ‘winner-takes-all’ procedure from neural networks [29,39,31,14,10]. To every 
pattern vector x the algorithm computes the best matching prototype vector (the 
winner) and moves it into the direction of the inputted pattern vector: 

Awi=aGi(wl,...,wk;x)(x-wi). (1) 

Here Gi(Wl,. . . , wk; x) = 1 only for index i for which S(x, wi) is maximal and 0 
otherwise, cx is the so called learning rate, 0 < (Y < 1. In the language of artificial 
neural networks the prototype vectors are called weight vectors and the processing 
units - the artificial neurons - are said to store these weight vectors as the 
strength of their connections to the input neurons. The signal of the input neurons 
provides the components of the inputted pattern vector. Determination of the 
winner, often called the competition, can be implemented by continuous time 
parallel processes [131. 

If the learning rate 01 decreases in time in an appropriate fashion (see e.g., [401) 
then the process is convergent and the prototype vectors wi,. . . , w, converge to 
optimal prototype vectors. On the other hand, if cx is kept to a small constant value 
then the prototype vectors become sample trajectories of a stochastic process. 
These aspects were studied by Amari [l], who showed that the expected values of 
the stochastic prototype vectors converge to the set of optimal prototype vectors, 
and the deviation of prototype vectors is proportional to 6 in the limit and the 
speed of convergence is proportional to 1 - CL 

Let Di denote the winning region of neuron i: 

Di={XEXIS(X, Wi) 2S(X, Wj), j#i) (2) 

where X denotes the support of F, the probability distribution of input patterns in 
the pattern space R”. ’ The set Q is called the masked Voronoi polyhedron by 
Martinetz [23]. At (stochastic) equilibrium the ith prototype vector is given by 

wi* = E[X I Di] ) (3) 
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the conditional expectation of pattern vectors over the winning region of the ith 
prototype vector. 

2.2 Spatial filters by competitive learning 

Let us assume that the objects of external space are mapped by an n-pixel 
camera to an n dimensional pattern space (without any reference to the proximity 
relations between the pixels). Let us also assume that the objects are presented at 
different random positions that are uniformly distributed in the external space and 
let us choose the inner product function for a similarity function. S(p, q) = 
C;zIpiqi: the more the two pattern vectors ‘overlap’, the more ‘similar’ they are. 
Let the ‘position’ of a pattern vector x on the camera be 

jt= CXiri/CXi, 

i=l i=l 

where ri is the position of the centre of the ith pixel on the 2D surface of the 
camera; the ‘size’ is given by 

u(x) = i (ri - +xi, iXi, 
i=l i=l 

which is the average radius of the patterns on the camera. A prototype vector is 
said to be local on the camera if its size is small compared to that of the camera. 
Numerical simulations with learning rule given in (1) show that the equilibrium 
prototype vectors represent localized areas on the camera (Fig. 2) provided that 
localized input vectors are presented (see e.g. [27,33]). 

Schulten et. al. have put forward a heuristic argument [30,27] to show that 
localized input vectors result in localized prototype vectors. (The learning equation 
they used is slightly different from ours in that they normalized the prototype 
vectors after each learning step.) It was argued that the size of prototype vectors 
defined on the camera corresponds to the average size of input pattern vectors. 
Numerical simulations were also presented in [26] on a Kohonen network. 

2.3 The problem of neighbourhood relations 

Since the prototype vectors are local on the camera, it might seem that one can 
define a neighbourhood relation between them in an obvious fashion: two proto- 
type vectors are considered as neighbours if they overlap on the camera. This 
definition, however, fails in more general situations. As an example let us consider 
the case of a pattern space consisting of gray-scale outputs of two cameras 
monitoring the same 3D region (see Fig. 1). The external objects are 3 dimensional 
now and the cameras only monitor projections of them. (In Fig. 1 the darker pixels 

1 
The support of F, suppU3 is defined by n W” I F(U) = 0, U E fll where UC is the complementer 

of U and n is the set of measurable sets. 
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Fig. 2. Self-organized filter formation during training that utilizes learning rule (1). The numbers 
indicate the training steps. Different localised inputs at different random positions served as training 
examples. The filters are formed during the first 5000 steps. The learning rate was kept constant. 
During later steps the configuration undergoes minor modifications in accordance with the random 
object generation, but stays stable. The figure was drawn by generating pixels randomly with probabili- 
ties that correspond to the gray scale values. 

correspond to higher outputs.) It is easy to see that two patterns corresponding to 
distant objects and each representing 3D regions may also overlap: if the surfaces 
of the two cameras are not parallel then two objects may overlap on the first 
camera while they may still be arbitrarily far from each other along the direction 
that is parallel to the surface of the second camera. The crucial point is that the 
pattern space geometry does not necessarily correspond to the external space 
geometry. 
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The general definition of the neighbourhood of pattern vectors induced by the 
external space geometry may be sketched as follows: The reverse of the pattern 
formation on the cameras renders a region of the 3D space to every pattern vector, 
viz. the region obtained by the union of objects that are mapped onto the given 
pattern vector. This region will be called the pre-image of the pattern vector (the 
exact definition will be given in the next section). Two regions of the external space 
are neighbours if there exists a local object that overlaps with both of them. Two 
pattern vectors ‘overlap’ in the pattern space only if their pre-images are neigh- 
bours in the external space. 

It is now clear that one cannot define the meaning of preservation of external 
space neighbourhood relations without considering the mapping 9 of the external 
world to the internal pattern space. 9 maps the configurations in the external 
space into the pattern space. This can be formalized by saying that 9 maps 
subsets of the external space E to the pattern space R”: 

E is taken to be a topological space. We shall proceed at this level of generality 
and no further details of the pattern formation process will be assumed. For 
sensory fusion the example of pattern formation with two cameras is chosen. 
Accordingly we define a possible mathematical interpretation of this mapping as 
follows. The external space is divided into a finite number of disjoint parts that 
correspond to the sensitivity regions of the camera pixels; E = IJ ;=‘=,I$, where 
Ei fl Ej = fl. The pattern space is the n dimensional hypercube and 9 : 2E + [0, l] 
is given by 

where 0 is a subset of E, the ith component of the pattern vector is S(Oli, and p, 
is a Bore1 measure (volume) on E 2. 

3. Geometry representation by lateral connections 

As outlined above, neighbourship of pattern vectors should be based on the 
concept of neighbourship in the external space. To this end we project the pattern 
vectors back to the external world by defining their pre-images: 

Definition 3.1. The pre-image of pattern vector x Ed b the union of all 
objects (subsets of the external space) that are mapped by 9 to x, this being the 
union of the inverse images of x: 

R(x) = u9qx). 

We postulate the assumption of local presentations that is needed to develop the 
concept of neighbourship in the pattern space: 

z 0 is assumed to be measurable by k, and &!?i) is assumed to be nonzero for all i. 
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Assumption 3.1. We assume that there is a set 0 of ‘local’ objects in the external 
world and a probability distribution on 0 and also that while learning, the objects are 
independently presented from 0 in accordance with the given probability distribution. 

For the rest of the paper we fix both 0 and the probability distribution. As a 
consequence we shall have an induced distribution in the pattern space that is 
denoted by F. The objects in 0 are assumed to be ‘local’ thus two points of the 
external space are assumed to be ‘close’ if there is an object in 0 that overlaps 
with both points. In order to measure the overlap of two sets we fix a Bore1 
measure p on the external space, E. We say that two sets overlap significantly if 
their intersection has a nonzero p-measure. Then the neighbourship in the pattern 
space may be defined in accordance with the following: 

Definition 3.2. Two vectors of the pattern space are neighbours if the probability that 
an object from 0 overlaps significantly with the pre-images of the two vectors is 
nonzero. That is, x, y E R” are neighbours if Prob({G E 0 I p.(O n Z?(x))p(O n R(y)) 
> 0)) > 0. 

In other words, the geometry of the space is assumed to be encoded into the local 
nature (smallness) of the objects that are inputted into the algorithm. An approxi- 
mate geometry representation of the geometry of the external space E is a graph 
that is embedded into the pattern space. 

Definition 3.3. Let W = (w,, . . . , wk} be a finite set of points in the pattern space. The 
geometry induced neighbourhood graph (GIN-Graph) of W is the graph that has k 
nodes: every node corresponds to one element of W and two nodes are connected if 
and only if the corresponding elements of Ware neighbours in the sense of Definition 
3.2. 

Embedding of a graph into a space is a mapping from the node set of the graph to 
the space. An embedded finite graph can be viewed as a finite set of points in the 
embedding space and the connections between these points. If two embedded 
graphs are mapped onto the same set of points then we say that they have a 
common embedding. In this case we consider them as having a common node set. 
From now on if we find that two graphs have a common embedding then we shall 
assume that they share a common node set. We say that a graph is perfectly 
matched to another graph based on their common embedding if they have a 
common embedding and the connection structure of the graphs is the same. 
Similarly, we say that a graph G, is a subgraph of another graph G, based on a 
common embedding, if they have a common embedding and the connection 
structure of G, is a subset of the connection structure of G,. In this latter case 
there may exist edges in G, that are not in G,. We can now define the meaning of 
correct geometry representation. 

Definition 3.4. Let (G, e) be an approximate geometry representation, where G is a 
finite graph and e is its embedding into the pattern space. Let W be the image of the 
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node set of G in the pattern space and let G, be the GIN-Graph induced by the set W. 
If G is perfectly matched to G, based on their common embedding W, then we say 
that graph G represents correctly the geometry of the external space. 

Since a vector quantization network defines a finite number of points in the 
pattern space, the obvious step is to extend this network by lateral connections in 
order to obtain a geometry-representing network. Let the lateral connection 
between neuron i and j be qij E [0, 11. Then every configuration of the network 
defines an approximate geometry representation, which is not necessarily a correct 
representation. Two prototype vectors, wi and wj are connected if the lateral 
connection between the corresponding neurons is nonzero. More precisely, the 
node set of the graph of the representation is given by (1,. . . , k); two nodes (i, j) 
are connected in the graph if and only if qij > 0 and the embedding of the graph is 
given by e : i H wi. 

Definition 3.5. The connection based neighbourhood graph (CBN-Graph) is the 
graph that has k nodes numbered from 1 to k and the arbitrary no&s i,j are 
connected in the graph only if the connection between the corresponding neurons is 
nonzero, i.e. if qij > 0. 

Thus we may examine whether a network equipped with lateral connections 
correctly represents the geometry of the external space or not. 

3.1 Theory of correct geometry representations 

In this section we shall examine the use of the Hebbian law in the formation of 
adaptive geometry representations. In its simplest form the Hebbian law changes 
the connection strength between neurons i and j if they are activated simultane- 
ously: 3 

Aqij= P(SiSj-qij), i +j. (4) 
Here we used the product of the input intensities of neurons to represent the 
simultaneous activation, l3 is (another) learning rate with 0 < l3 < 1. The input 
intensity of neuron k (S,) is given by the similarity of its prototype vector w, to the 
actual input vector x: S, = S(x, wk). Using this rule the lateral connections con- 
verge to the expected joint similarity of neurons in the limit (i.e., to 
E[S(x, wi*)S(x, wj*ll), provided that the weight vectors converge to the pattern 
vectors w; and l3 goes to zero in an appropriate fashion [32] 4. Thus we need not 
wait until the feedforward weights settle but rather we may use Eqs. (1) and (4) 
simultaneously. 

3 Many authors call this law the signal Hebbian law since the original does not contain a decay term. 
4 The proof, that relies on the law of large numbers, requires a further condition on S, namely its 

continuity in the second argument independently of the first argument. 
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Fig. 3. Learnt approximate geometry representations of different external space geometries. Circles 
show the ‘sizes’ of the prototype vectors. Circles are depicted at the ‘positions’ of the prototype vectors 
(see text for the explanation of ‘size’ and ‘position’). The connection thickness represents the strength 
of the topology connections qkl. In the left hand side figure the objects were presented everywhere in 
the two dimensional box. In the right hand side figure the objects were presented along three horizontal 
stripes in the two dimensional box with arbitrary ordinates. The lack of a link indicates asymptotically 
zero strength connections. 

Remember that positive lateral connections are required to represent proximity 
relations of the external space in the limit. As an example let us consider again the 
case in which the pattern space is the output of a camera that monitors a 2D world 
and the similarity function is the inner product function. It should also be 
remembered that the weight vectors tend to form ‘local filters’ on the retina. The 
strength of the lateral connection between neurons i and j then converges to a 
value proportional to the overlap of the sections of each limit filter and the 
average of its inputs patterns. In this way ‘distant’ filters will have zero connections 
whereas ‘close’ filters tend to have strong connections. 

According to Definition 3.3 two prototype vectors should be connected if and 
only if with non-zero probability there is an object in set 0 that overlaps with the 
pre-images of the prototype vectors. Fig. 3 shows two examples when the similarity 
function is the inner product function. Although this similarity function works well 
in this case it is not always suitable. Consider now the example of two cameras and 
let us suppose that the monitored region is a 3D cube and that the objects are 
shown only in a horseshoe shaped region of it. The developed connection structure 
is depicted in Fig. 4. It can be seen that nonzero connections develop between 
neurons that represent distant regions in the sense of Definition 3.2 The reason for 
the incorrect representation is that the ‘overlap’ on the union of cameras (defined 
by the inner product of patterns) can be non-zero even if the pre-images of the 
pattern vectors do not overlap. A little change in the similarity function rectifies 
the geometry representation and provides a suitable method for sensory fusion. 
The proposed neural activation function can be computed by multiplying two inner 
products, one for the first camera and one for the other. This implements a simple 
AND function: an object must overlap with the prototype vector of a neuron on 
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Fig. 4. Learnt neighbouring relations in 3 dimensions, I. Two 2-dimensional projections of randomly 
positioned 3 dimensional objects were inputted to the neural network. The objects came from a 
U-shaped 3-dimensional volume. The spheres representing neurons are given by the centre and the 
radius of their prototype vectors. The neurons that developed lateral connections are linked by lines. 
One neuron (black) with its prototype vectors projected back to the camera surfaces is shown in the 
figure. Its neighbours - those neurons developing connections to the ‘black’ neuron - are coloured 
dark gray. All other neurons are light gray. The similarity function (the inner product here) is not 
‘overlap’ preserving. A composite pattern vector is formed from the pictures of the cameras and the 
winner-takes-all paradigm is applied. Pre-images become extended at least on one of the cameras (see 
grey transductors corresponding to the input connection strengths of the black neuron) and lateral 
connections develop between neurons from distant regions. 

both of the cameras in order to excite it. The connection structure that develops 
with this similarity function is shown in Fig. 5. In this case the connection structure 
is a correct representation of the 3D connectivity of the horseshoe. 

Now the sufficient conditions that ensure correct geometry representation may 
be discussed. The central point is the overlap preserving property of the similarity 
function. 

Definition 3.6. Let the atema space E be a topological space, 9 : 2E + [O, l]” be an 
arbitrary function and Y the image of E under 9. The function S : Y 2 + [O, 11 is said 
to be overlap preserving if the following condition ho&: whenever two open sets of 
the enter& space overlap significantly the similatity of their image under 9 (the 
similarity measured by S) is greater than zero, and vice versa. (This is one form of the 
separability condition discussed in [32].) 

This means that if U, V c E are open sets and p,(U n V) > 0 holds, where l.~. is the 
fixed Bore1 measure on E, then S@(U), Y”(V)> > 0 holds, and vice versa. Hence- 
forth we shall assume that function 9 is monotonic with respect to the inclusion 
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X 

Fig. 5. Learnt neighbouring relations in 3 dimensions, II. For details of simulation and presentation see 
caption of Fig. 4. Here, the similarity function is the product of separate inner products on both 
cameras. This function is overlap preserving with respect to the transduction function. Learnt neigh- 
bouring relations are correct. 

among subsets of the external space: This means that U c V implies 9(U) I 
9(V). 5 Then the following statement holds: 

Proposition 3.1. Let us assume that S is overlap preserving and 9 is monotonic. 
Then for any pair of x and y pattern vectors p(R(x) n R(y)) = 0 implies that 
S(x, y) = 0. 

Proof. Remember that R(x) defines the pre-image of pattern vector x by UP-‘(x). 
Then from x =9(U) it follows that U c R(x). This together with the assumptions 
proves the statements. q 

Two other conditions to be satisfied are that (i) the similarity function S is 
monotonic in any of its variables provided that the other is fixed and (ii) 9 0 R 
preserves the zero components: for all pattern vectors x 2 0 there exists a constant 
c (c may depend on x) for which the inequality 9(R(x)) I cx is satisfied for all of 
the components. 6 To summarize we assume that the following assumption holds: 

5 As usual, the comparison of vectors means the comparison of their components. 
6 Another set of more general but more technical conditions was proposed in [32]. 
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Assumption 3.2. 9 and S are monotonic functions and S is overlap preserving with 
respect to 9, and 9 0 R preserves the zero components. 

The following theorem provides an efficient tool for geometry learning: 

Theorem 3.1. If Assumptions 3.1 and 3.2 hold and a competitive network is trained 
according to Equations (1) and (4) in such a way that its weights converge, then the 
GIN-Graph and CBN-Graph will be congruent in the limit. 

The theorem says that a ‘winner-takes-all’ network equipped with lateral weights 
trained with the Hebbian law (4) will settle in a configuration where the lateral 
connection structure of the network represents the geometry of the external world 
in a correct fashion provided that the similarity function, which is used by the 
neurons for competition and lateral weight learning, is overlap preserving. 

It is easy to see that in the experiments presented the critical property is the 
overlap preservation. In 2D experiments, overlap preservation holds for the inner 
product function whereas with two cameras this is no longer true. In this case for 
example, the proposed ‘product of inner products’ is overlap preserving. Thus the 
theory supports that choice. 

But how can one find an appropriate similarity function in practice? If the 
pattern space is the direct sum of separate pattern spaces with overlap preserving 
similarity functions on them, then the product of the similarity functions may be 
good: 

Proposition 3.2. Let us assume that 9, and ~9~ map objects of the same external 
space to pattern spaces X, and X,, respectively. Let us assume further that the 
similarity functions S, and S,, defined over X, XX, and X, XX,, respectively, are 
overlap preserving and monotonic functions. Then S = S,S, defined over X, 6) X, is 
also overlap preserving and monotonic. 

Note the condition that both pattern spaces are the image spaces of the same 
external space. One question that remains unanswered is how one finds suitable 
partitions of the pattern space if the partitions are not given in advance. 

The Kohonen network can be viewed as a network that has an inherited 
CBN-Graph to be used for neighbour training. The Kohonen network forms a 
‘topographic’ mapping if the CBN-Graph of the network matches the geometry of 
the pattern space. Concepts related to the approximate representation of the 
geometry of the pattern space are introduced and examined in the next two 
sections. 

3.2 ‘Topographic mapping’ and Kohonen networks 

Kohonen networks are usually defined on a two (or higher) ‘dimensional’ lattice 
of neurons. Each neuron has previously defined neighbours. This proximity is 
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further extended to ‘distances’ between arbitrary pairs of neurons. 7 Let the 
distance between neurons i and j be dij. Eq. (1) is then extended to allow 
neighbour training. Let us assume that a pattern vector x is presented to the 
network. If wi denotes the prototype vector that is the most similar to the pattern 
vector x then the prototype vectors are modified according to 

AWj=(IIK(d,j)(x-wj), 

where K is a positive, monotonically decreasing function that satisfies K(1) = 1. 
Usually K changes in time: it becomes sharper as time proceeds. Note that by 
taking qij = K(dij) the integers that represent distances between the neurons are 
transformed into lateral connections representing closeness. The fact that K 
becomes sharper as time proceeds may be expressed by saying that those neurons 
initially ‘close to each other’ become more and more ‘distant’ by time. Even though 
the convergence properties of this net have been studied by several authors 
[18,5,28,371, one important property of this network, viz. that it induces a topo- 
graphical mapping that maps the neuronal lattice into the pattern space, has not 
yet been fully explored. One reason is that the concept of correct topographical 
mapping was just intuitively defined. In some cases, however, a precise meaning is 
associated with it: for example, in one dimensional input spaces the topographical 
mapping corresponds to ordering [191. Alas, the concept of an ordering based 
topographical mapping cannot easily be extended to higher dimensional spaces [6]. 
Often the continuity is used to define intuitively the concept of it as in [l&38]. The 
domain of the considered mapping, however, consists of only a finite set of points 
(the nodes of a lattice are mapped to the pattern space by assigning the prototype 
vector of neuron i to node il. If the topology is based on a finite set then the only 
topologies available are the empty ones and the discrete ones. This is a serious 
restriction since in the case of empty topology there is no continuous mapping 
(provided that the image space has at least two points); whereas in the case of 
discrete topology every mapping LY continuous. Thus the concept of continuity of 
topographical mapping is a dead end (as long as the domain of mapping is 
assumed to be the neuronal lattice). On the other hand, the idea that neurons with 
prototype vectors close to each other in the pattern space should be close to each 
other in the lattice as well, can be formulated precisely. Let us consider the 
winning regions of the prototype vectors, i.e. the sets Di (see Eq. (2)). Two 
prototype vectors should be considered as neighbours in the pattern space if their 
winning regions share a common side. In this case the common winning region of 
the two prototype vectors is nonempty, since Di n Dj C Cij. The common winning 
region of neurons i and j is defined by 

Cij= {XEXImin(S(x, Wi), S(X,Wj))2S(X, Wk), k+i, j}. (6) 

In [23] this set is called the second order masked Voronoi polyhedron. The 

7 Note that the lattice of neurons can be considered as a finite graph. The distance of two nodes in a 

graph is the length (i.e. the number of edges) of the shortest path between the two nodes. 
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similarity based neighbourhood graph reflects the proximity of prototype vectors in 
the pattern space [321: 

Definition 3.7. The similarity based neighbourhood graph (SBN-Graph) defined 
by prototype vectors W = {wl, . . . , wk) is a graph that is embeaded into the pattern 
space onto the set Wand two nodes of the graph are connected only if their embedded 
images are neighbours in the pattern space X. ’ In other words, the vectors wi and wj 
are neighbours in the pattern space if and only if Cij # 1. 

Note that the concept of neighbourship in the pattern space relies on the set of 
prototype vectors and the similarity function. In other words, we may obtain 
different “geometries” over the same pattern space X by choosing different 
similarity functions. (An example is presented in the next section.) 

The lattice structure of the Kohonen network may be considered as a graph that 
defines which nodes are immediate neighbours in the ‘topology’ of the network. 
This will be called the inherited neighbourhood graph (IN-Graph). (In fact one 
frame of the so called Kohonen movie is the picture that depicts the embedded 
IN-Graph in the pattern space.) Now we are in the position to define a correct 
topological mapping [32]: 

Definition 3.8. The Kohonen network, with a structure defined by the IN-Graph 
G,, is said to &fine a correct topographical mapping if the IN-Graph Gt is a 
subgraph of the SBN-Graph G, where the matching of graphs is based on their 
common embedding. 

If the two graphs are exactly matched then we say that the configuration of the 
network defines a correct topographical mapping in the strong sense. This correct- 
ness in the strong sense corresponds to the ‘topology preservation’ of the work of 
[23]. Note that sometimes even the broader Definition 3.8 is too strict: there are 
mappings that one would like to consider to be correct but in the sense of 
Definition 3.8 they are not (see Fig. 6 that will be discussed later and also the 
example presented in 171). 

Correct topographical mapping in the sense of Definition 3.8 means that the 
distance of nodes measured in the IN-Graph GI is always greater than the 
distance of the same nodes measured in the SBN-Graph G,. This can be used to 
define a measure of defect of the topographic mapping: 

D=m=(d,s(i, i) -d,,(i, j)). 
iJ 

Here d,(i, j) is the distance of nodes i, j in graph G. If GI C G,, i.e. if the 
topographical mapping is correct, then dos(i, j) - d,l(i, j) is non-positive for all 
pairs of i, j and zero for all edges of the IN-Graph G,. Thus a positive difference 

8that the pattern space X is assumed to be the support of the probability distribution of 
pattern vectors and not the whole R” 
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Fig. 6. Inherited 2D lattice-like neighbourhood graph of a Kohonen network after training with pattern 
vectors from an L-shaped region. The pattern space is restricted to an L-shaped region. Circles 
represent neural nodes; a line between circles represents a neighbour relation in the inherited 
neighbourhood graph. As a result of the neighbour training, a few prototype vectors remain outside the 
pattern space. The neighbourhood graph is a conventional 2D lattice. Note that the ‘topology’ of the 
2D lattice and the pattern space are the same, but the limit configuration is usually not topology 
preserving. Thus topology preservation (or, rather, geometry preservation) is not granted for the 
Kohonen network even if the dimensionality of the pattern space and that of the neural lattice are the 
same. In other words, not topology but a more strict neighbourhood relationship is encoded into the 
inherited neighbourhood graph. 

means a defect in the mapping and the larger the value D the larger the defect. D 
measures only the extent of the topological defect rather than the number of 
defective edges. 

One cannot exploit fully the advantages of the Kohonen network unless the 
geometry of the pattern space fits the structure of the network. Thus in order to 
use the network’ effectively one must a priori know the geometry of the pattern 
space. We use the words geometry and structure instead of topology for the 
following reasons. Consider a network with a 2D lattice structure and assume that 
the inputs of the network are points of a concave, L-shaped region of the 2D space 
(see Fig. 6). Usually it is undesirable to have prototype vectors outside of the 
pattern space (see Fig. 6). In this case, however, a few prototype vectors are 
constrained out the pattern space in the limit. This means that the resulting 
mapping is not correct. 9 However, the ‘topology’ of the network (2D lattice, 

xay consider the mapping in Fig. 6 as correct. A possible solution is to restrict Definition 3.8 
to prototype vectors that are inside the pattern space. 
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connected) is the same as the topology of the pattern space. Thus the geometry 
(including metrics) rather than the topology is captured by the network. 

If the geometry of the pattern space is not known a priori then the use of 
Kohonen networks may be disadvantageous. Problems may arise even if the 
‘dimension’ of the lattice structure of the Kohonen network matches the dimen- 
sion of the pattern space. lo This may result in several prototype vectors settled 
outside the pattern space [9]. If the lattice ‘dimension’ is lower than the dimension 
of the pattern space then the network ‘folds’ itself into the pattern space. In these 
cases the topographical mapping ,is not correct in the strong sense. This type of 
defect can be measured similarly to (7). Now the question is how to figure out the 
dimension or even the geometry of the pattern space a priori. The dimension of 
the external space that is mapped by the transducers onto the pattern space may 
be a good starting point. (Note that the resolution of both the adaptive vector 
quantization and the Kohonen algorithm depend only on the number of prototype 
vectors and on the distribution of the pattern vectors. Neither of these algorithms 
can achieve a fine resolution in very high dimensional pattern spaces.) But in 
general spaces with mixed dimensional parts are also possible and for such spaces 
no appropriate single dimension can be found 1241. In such cases the development 
of adaptive lateral connections may be advantageous. 

3.3 Learning the geometry of the pattern space 

Learning the geometry of the pattern space means to adapt the lateral connec- 
tions in a way that the CBN-Graph corresponding to the settled network weights 
matches the SBN-Graph induced by the settled prototype vectors. Since the 
SBN-Graph is defined by the ‘common winning region’ of neurons this implies the 
use of the following rule: 

hqij = 
p(SiSj - qij), if x E Cij; 

0, otherwise. 
(8) 

This rule, first introduced by Martinetz, is called the ‘competitive Hebbian law’ for 
it can be interpreted as a competition between the lateral connections. The rule 
requires the determination of the best and the second best prototype vectors. The 
result is that qij converges to 

qi; =E[S(X, Wi*)S(x, wj*) lx E cij] 7 (9) 
which is the conditional expectation value of the product of similarities of the limit 
weights of neurons to the input vectors if Cij # fl and otherwise qi; = 0. The 
CBN-Graph associated with the limit configuration of the network will be the same 
as the SBN-Graph. This is a consequence of the following slightly generalized 
theorem of [23]. 

lo The dimension of the pattern space may be defined as the minimum of the dimensions of vector 
spaces that the pattern space can be embedded into by topological mapping. 
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Theorem 3.2. If S(x, wi*) > 0 for all x E U kCik then qi; > 0 is equivalent to 
Prob(x E C,,) > 0 where qif: is defined by Eq. (9). l1 

Proof. Since qi; is the conditional expectation of a non-negative variable over C,, 
Prob(x E C,,) > 0 follows from qi3 > 0. On the other hand, assume that Prob(x E 
Cij> > 0 holds. If this does, indeed, hold then $ > 0 holds too since Cij c U kCik 
and thus SiSi is a non-negative variable over Cij. 0 

Although the similarity based neighbourhood graph is an important concept, for 
a correct approximate representation of the external geometry one needs the 
matching of the GIN-Graph and the CBN-Graph. An example is presented in Fig. 
3 that helps us to discriminate between the matching of external geometry and the 
similarity based geometry representation. The figure shows the CBN-Graph of two 
networks trained on different external space geometries. The similarity function 
was the normalized inner product function. In the case of the right hand side 
figure, objects of the external space were restricted to belonging to one of three 
disjoint regions, 

Ri = {(x, y) E [0, l]‘Ii/3 <y < (i + 1)/3}, i = 0, 1, 2. 

Attention is drawn to the fact that the regions were infinitesimally near to each 
other. The transduction mapping 9 preserved the regions, i.e. if A c Ri and 
B c Rj, j # i then R(P(A)) U R(9(B)) = lb. This ensured that objects from differ- 
ent regions resulted in separable pattern vectors. If only the pattern space is 
considered and the nature of the external space is neglected then, depending on 
the similarity function and the horizontal resolution (i.e. the horizontal resolution 
of the transduction mapping and the number of neurons together), prototype 
vectors can be either ‘distant’ or ‘close’ to each other. In a correct SBN-Graph two 
prototype vectors may be connected even if there is no continuous path (still in the 
pattern space) between them. This question is further examined in [321. In our case 
the transduction mapping 9 and the similarity function S realize the connection 
between the external space and the CBN-Graph. 

4. Conclusion 

In this article we have reviewed concepts and theorems relate to the field of 
geometry representation by neural networks. The central point was the use of 
finite graphs: we have introduced various graphs embedded into the pattern space. 
The concept of a correct geometry representation was defined in terms of the 
coincidence of the edges of graphs. The main feature of our approach is that the 
considered geometry representations are based on the geometry of the external 
space instead of that of the pattern space. 

“hat since Cij c supp(F), Prob(x E Cij) = F(Cij) > 0 is equivalent to Cij + 0. 
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We have examined winner-takes-all networks equipped with lateral connections. 
The lateral connections were developed according to the Hebbian law based on 
the input intensities of neurons. The approximate geometry representations were 
associated with the configurations of the network. It was shown that appropriately 
selected neural activation functions may lead to the formation of a correct 
geometry representation. The resolution of our geometry representation does not 
depend on the number of neurons but rather on the local nature of the training 
objects. 

Geometry representation is important since (i) Kohonen-type neighbour train- 
ing may be introduced with the help of these connections [34,35], (ii) the connec- 
tion structure may be used for path planning [21,4,25,11] as well as for learning 
motion control [35], and (iii) for feature extraction that utilizes geometry informa- 
tion [2,22]. 
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