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Abstract. We show ihat adaptive real time dynamic programming ex-
tended with the action selection strategy which chooses the best action
according Lo Lhe lalest estimale of the cost Minclion yields asy mptotically
optimal policies within finite Lime under the minimax optimality crite-
rion. l'rom this it follows that learning and exploitation do not conflict
under this special optimality criterion. We relate this result to learning
optimal strategies in repeated two-player zero-sum deterministic games.
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1 Introduction

Recinforcement learning (RL) concerns practical problems related to learning of
optimal behaviour in sequential decision tasks. The most popular theoretical
framework adopted by RL researchers is that of Markevian Decision Problems
(MDPDs). Onc of the main questions in RL is what cxtent of exploration is necded
for a learner so that the price of exploration does not become teo demanding.
Usually seme exploration (e.g. the execution ef explerative actiens that seem
sub-optimal for the lcarner) is necded etherwisce the learner may not gather seme
rclevant infermation and this may cventually prevent convergence to optimality,
i.c., the need for exploration and exploitation conflict.

In this paper we show that it is pessible to ebtain asymptetically optimal
bchavieur fer MDPs undcr the minimar discounted total cost critcrion with an
algorithm that uses an asynchronous, on-linc dynamic programming (DP)[1] it-
eralion while execuling aclions thal seem oplimal according lo the aclual slale of
the lcarncr’s knowledge. Minimax scquential decision preblems arise for example
in repeated (or dynamic) games which are of great popularity in the machine
learning cemmunity. Asynchrenous on-line DP is a variant of value iteratien
which is advantagcous when the statc and action scts arc se large that it is im-
practical to run a DP algorithm off-line, or when one is satisfied with obtaining
an asymptotically optimal behavieur en seme “relevant” part of the state space.

* This research was supporled by OTKA Granl. No. F20132. T would like Lo thank
Andras Kramli for numerous helpful discussions which helped me to clarify the pre-
sentation of this paper substantially.



The paper is erganized as follows: In Section 2 we provide the necessary
background. In Section 3 we present important preliminary results concerning
self-eptimizing policies, the convergence of real-time DP and the main theorem.
In Scctien 4 we discuss the results, and relate them te the centext of learning
to play repeated, two-player, zero-sum deterministic games. Due te space limits
we can not present the proofs. The complete proefs and also the proofs of the
unattributed statcments can be found in [11, 10].

2 Background

We use the terminology of optimal sequential decisions. A b-tuple P = (X, A, A, p,¢)
is called a finite Markovian Decisien Process (homogencous controlled Markov
chain in the control terminology) if

I. both X and A are finite scts called the stote space and the action space of
the medel, respectively

2. A maps the states into the power-sct of 4 (A : X + 24). Elements of the
sct A(x) C A arc called the addmissible actions for state & — for convenienee
we introduce the sel I/ = { (;1,'3(1'] e X x A4 | a € A(x) }

3. p: U x X —» [0,1] is the transition probability function which satisfics
Y yex Plz.ay) =1 forall (z,a) € /% and

4. ¢: U x X > IR is the immediate cost function

Al every stage ol the decision process thie decision maker observes one of the
states of X (called the state of the decision maker) and is allowed te cheose an
action from A(2), which is then applied as an input te the system. As a result, if
the state of the decision maker was z € X and action & was chosen then the next
statc of the decisien maker becomes y € X with probability p(z, , y). Further,
the application of action a in state 2 incurs an immediate cost e(z. a, y).

The behavieur ef the decision maker sheuld be nen-anticipating, i.e., it is as-
sumed that it can be described by a (deterministic) pelicy o = (0, 71, . ... 7, . - ),
where m; 1 (X x 4)f x X — A determine the action to be taken at thetth time as
a functien ef the history of the process ((xo,aq), (z1,@1),...,(z:—1,:-1)) and
the current state x,. A policy is callcd Markevian if the actiens taken by the
policy depend only on the current state. A policy is statienary if it is Markevian
and m; = mg for all 1.

Duc to the stochastic nature of the decision problem PP a policy = togcther
with a starting state 2 results in a stochastic process (Markovian, if the policy
is Markevian) of form &7 (zo) = (z;, «:). The measure generated by £ (zq) ever
the space of possible irajectories I/ is denoted by fir(20) [3]-

For any trajectory of the decision process 7= (71,72,...,7,...), 7 € U, let
Xi.o.(r) denote the states that are visited infinitely many times by the trajectory:

Xio.(r) ={z € X | 7 = (x, &) infinitely often }.

2 We indentify the set L' x X with the set { (x,e,y) € X x Ax X | (r, &) EU,y€ X }.



Similarly, fer all # € Xj, () let us define 4;.,.7 (z) C A(z) as the sct of actions
that are chosen infinitely many times during the trajectory 7:

A, (z)={a€ A | 7 = (z,,a) infinitcly often }.

The total cost incurred by the decision maker can be defined as follows: For
any trajectory © = ((zo.a0). (21,@1), ..., (¥, a), ...) of the process the imme-
dmte cosls incurred during the process dehne the stochastic variable CL(zo) =

re0 Yre(Tt, s, Tit1), where 0 < & < 1 is a fixed discount facter. CZ(zg) is
called the total disconnted cost along trajectory 7. Since the variable C'7(2¢) is
randoun it does not delermine an ordering of the policies — " decision functions” .
which map random variables te valucs must be used if one weuld like te arrive
at an ordering [4]. One possibility is to use the esssup operator when the cost
of a policy 7 fer a given starting state z¢ is determined as the werst probable
valuc of ('] (zo):

vr(zo) = sup C7(zo).
TEsupport (s, (ra))

"I'his gives rise to the minimax criterion, since the optimal cost funcion defined
by ¢p(x) = inlr vg(2) can now be wrillen as

op(x) = Inl sup CI(x).
™ resupport (i x(xe))

The optimal cost function can be shown to satisly the Bellman Optimality Equa-

tion (BOE) [4, 11]:

vp(z) = min max (clz,a.y) +7vp (V). z € X. (1)
a€A(x) (WEX.p(r,a.9)>0)
Since this critcrien docs net depend on the cxact numerical valuces of the tran-
sition probabilitics we introduce the scts

T(r,a)={y€ X | p(z,a,y) >0). (z,0) €U

and for convenience we will call the 3-tuple P = (X, 4, A,T,¢) a Markovian
Decision Precess (MDP), teo. In the following & MBP will be understood with
the minimar criterion.

Once the optimal cost function is identified, the optimal policies of the de-
cision maker are casy to determine: the possible optimal choices for state .z arce
given as the elements of the sel. A7 (2,v3), where

AP (z, ) = Argmin max (c(z,a, y) +72(y)) . v € B(X).
a€A(x) VET(x,a)

Elements of A7 (x,v) are called greedy w.r.t. v in state z.
l.et B(X') denote the set of real-valued bounded functions over the set X and
let the operator G : B(X) — B(X) be defined by

(Gf)x)= min max (c(z,a,y)+7f(y)), reX.
acA(r) yeT(r,a)



Using &, Equatien (1) takes the sherter ferm Gvp = vp, i.c., v} is the fixcd point
of (7. It is easy to prove that (7 is a contraction with index ~ w.r.t. the supremum
norm || - ||, and therefore it has enly one fixed point and the sequence v;11 =
Gy, where vg € B(X) is arbitrary, cenverges te vh. This itcratien is called
the (synchronous) dynamic programming (SDP) iteration. Tf it is important to
indicate the problem underlying the greedy operater (i (often also called the
valuc epcrator) then this will be denoted by a subscript, such as Gp. If we do
not usc the subscript, this mcans that the grecdy opcrater that corrcsponds te
P (the true model of the system under control) is considered.

In this article we censider the adaptive algerithm given in Table 1. The alge-
rithin consists ef 3 wain parls: a medel building part (Step 2), a cest-funclion
estimation part (Step 3 and 4), and the action sclection procedure (Step 5). The
algorithm always chooscs the greedy action w.r.t. the latcst cstimate of the cost
function. We will prove that despite this non-explerative cheice of actiens, the
actions generated by this algorithm become optiinal in finite thne for ahnost
all trajectories, i.e., Uhis algorithm is eventually oplimal® Tt is an open questlion
if the cxpected number of steps until eptimality, E[T], is beundcd er net. The
pointwisc contraction prepcrty ef the grecdy operator may previde a starting
point to preve the beundedness of E[T].

3 Results

The adaplive algoritlin is greally simplified ifone uses the initialization To(#, o) =
T(x,a) and co(x,a) = c(x,a), (z,a) € U in Step 0 of Algorithm 1 (which mecans

that the decision model is known to the learner). The corresponding algorithm

is called the Myopic Real-Time Dynamic Programming (MRTDP) algorithm.

Of ceursc, there is no nced for Step 2 in this case, since 7, = T and ¢, = ¢ for

each t. The proof of the convergence of the adaptive version is reduced to the

convergence of the non-adaptive version.

Theorem1 MARTDP Convergence Theorem. Lct P = (X, 4, A, T, ¢c) be
an arbitrary MDP where ¢ > 0. Let vo = 0 and assume that co < ¢ (e.9., co = 0).
Assume that {z;} C F: for allt = 1,2,3..... Then for elmost &ll trajectory 7
with starting statc xo, v, converges to vy on the sct of states visited infinitely
often by T:

i .
Up|x, = Iim w|x. (-,
PlXion sam tl X1 (7)1

Further, for these trajectorics the algorithm results in an optimal strategy in finite
lime, i.e., there exisls a (random) time T such thal ift > T then a; € A¥ (z,, vp).

The proof is carried out in several steps. First one proves the theorem in
the special case when the immediate costs are known in advance. 'I'he idea of
this prool is that for any pair (x,a) € I the set Ti(z, a) monotlonically increases
in time and since U7 is finite there coxists a time Ty such that if ¢ > Ty then

* Note that the time after which the actions generated by the algorithm are optimal
depend on the actual trajectory, i.e., it is a stopping time.



0. Let 1p(x,a) C L=z, a),co(x,a,y) < ec(x,a,y) and vo < vp,ve € B(X).
repeat forever{

L. Observe the current state z: and the reinforcement signal c:.

2. Modify the model P, = (X, 4, A, T\, e,):

Tig (e, d) = { Tilwya) Udae), il (e,a) = (e—1, de—1);
&,

o (z,a), otherwise,

comr (3,0, y) = max (e, ex (i, ayy)), 0 (2, a,y) = (@e—1, ar—1,4¢);
S el o, ), otherwisc.

3. Scleel, the set of states F, € X whosce estimated cost is Lo be relreshed.
4. Refresh ihe cost funclion estimales:

‘ L e, itwd Iy
ol [ = { (G vil(e), itz € Py

where Gp,, is the actual estimate of the greedy operator G based on Pry .
. Action selection: &; € AP+1(z, vi4q).
. Exccute the action.

=041,

D O

-1

—

Table 1. Myopic Adaplive Real-lime Dynamic Programming (MARTDP).

Tn Step 4 the update of a slate =, for which there is no non-empty T, (#,a), should be
understood as the idenlity operation.

Ti(x,a) = Tip1(2,a) = To(2,@). It is also clear that T (x,a) C T(x,a). If
t > Ty then Algorithm 1 thus acts like a myopic RTDP algorithm corresponding
to the problem P = (X, A, A, 160, ¢).

The convergence of MRTDP can be shown in the following way: For almost,
all trajecterics of the precess 7, v; can be shown te converge to semec functien
v = v, € B(X) which satisfies the BOE of P on Xi.o. = Xio.(7):

(x) = mi x (c(z,a, v z € X; 2

v(x) a?}fﬂ)yé?fﬁ,( (z,a.y) +7v(y)), @€ Xjo. (2)
andifz € Xj o (r)then A;,7 (z) C AP (x,v). Trom these it follows that 'U|)(i_n_(7-) =
vp|xi..(r) and by the following Lemma the eventual optimality ef the MRTDT
algorithm.

Lemma2. et P = (X, A, A, T,¢) be an arbitrary MDP and = a policy. Let
2y € X be fived. The following slalemenls are equivalent:

(i) = is cventually optimal, i.c., for almost &ll trajcctory T gencratcd by =
and xg there crist a time T such that if t > T then a(r,t) is optimal.

(it) For almost all trajectory T the optimal cost function of P satisfies

vh(r)=  min o omax (o(ra,0) typ), @€ Xialr) ()



If the costs arc not known in advance then we have a scquence of cost functions,
¢, which is monotonically increasing and (since they are bounded by ¢) converges
te seme function ce.. The rest of the proof follows almest the same lines as the
proef when the costs arc known in advance. The complete proof can be found in
[10].

Nete that in erder to prove the convergence of the adaptive version we had
te prove the convergence of the non-adaptive versien. We ceuld net find any
simple way to cxtend the cenvergence proof ef the RTDP thcorem by Barte
ct al. [I] or that of the LRIA* algorithm by Korf [5] to our casc. The main
differences are that Barto el al. assume that F, = {x,} in each step which
makes it possible to reduce the convergence of the RTDP algorithm to that ef
the asynchronous dynamic programming in a direct way and that Korf assumed
deterministic transitions which enables a non-prebabilistic approach simplifying
the proef greatly.

4 Consequences for repeated two-player zero-sum
deterministic games

We show that repcated two-player zere-sum deterministic games can be viewed
as minimax control problems. Tn such a game one or the other playver chooses
an action in each state with one player striving to minimize the total cest and
the ether trying to maximize it. A great dcal of RL rescarch has been directed
to solving games of this kind [13, 14, 7. 2, 12, 6]. Tt is possible to define a set of
Bellman equations for the eptimal minimax value of such a game,

V() = minge 4 (Cz,a) +4V*(t(z,a)}), if minimizer moves in z
L maxaea (Cle, o) +yV ™z, a))), if maximizer moves in x,

where C(x, @) is the cost incurred by the minimizing player (and is the reward
of the maximizing player since the game is zero sum in each step) and #(x,a) is
the next state when action a is cxecuted frem z [8]. Without loosing gencrality
one may assume Lhal the two players move one anolher in each step, i.e., the
movc ef player I is always followcd by the meve of player II, and vice versa.
\ow, it is easy to see that the restriction of V™ to those states in which the
minimizer moves satisfies the equality V*(z) = minse 4 maxyey (x,a)(¢(, a,y) +
72 V*(y)), where T(z,a) = {t(t(zx,a),b)|b € 4) and c(z,a,y) = Clz, &) +
¥ MaXny (t(r.n),0)=y C(1(%,a),b). This shows that from the point of view of the
minimizer the game is of minimax nature.

If the rules of the game are known te the minimizer, i.c., she has access te
¢ and T, then it follows from our results that her policy will become eventually
optimal if she plays accerding to the MRTDP algorithm. It is interesting te
note that il the minimizer plays with a maximizer who nses a lixed (althougl
arbitrary) policy then she can do ceven better if he uses the adaptive version ef
the MRTDP algorithm. Tf the maximizer uses an cventually sub-optimal policy
then it may happen that T, (x, @) as learned by the MARTDP algorithm will be
a proper subsct of T'(z, «). The optimal cost functien asseciatcd with the MDP



(X, A, A, T, c) may be smaller then V*, mecaning that the adaptive strategy
allows the minimizer to take advantage of the sub-optimality of the policy of
the maximizer. However, if the maximizer eventually finds the optimal ceunter-
policy then the “adaptive” minimizer may perform worse in terms of the total
regret than the non-adaptive version. If both the minimizer and the maximizer
use the MARTDP algorithm (the above preofs can be trivially extended to
maximin modecls) then both player will cventually play the optimal policies.
In other words, if an agent traincd by MARTDP plays against hersclf then
she is guaranteed to find the optimal policy eventually. We have compared the
learning curves of ARTDP algorithms with different action selection strategies
on the game ‘Tic-Tac-Tec’. The results (to be presented clsewhere) show that the
myopic strategics (i.c., the MARTDP algorithm) yvields the fastest convergence.

It is important to note that our result abont the MARI'DP algorithm does
notl exltend Le the case of stochaslic games with the expected total discounted
cost critcrien. The rcason ef this can be understood by considering the fellewing
simple case: assume that the state space has only one element and we have two
aclions, a and b. Let the cosl ef the acliens be random with [inite expected
values Q*(6) < Q*(a) (this problem can also be given in terms eof deterministic
costs and stochastic transitions over an angmented state space). The problem
is the action with the minimal cost. The MART®P precedure (with the greedy
action sclection strategy) will choesc the action with the smallest cstimated
cost, i.e., it chooses a if Q:(z) < Qu(h). TF Qq(h) > Q:(x) for all t then the
algorithm will fail to find the optimal action, b. '['his situation may happen with
positive probabilily it Qo(h) > Q*(h). One may notice thal the conditions of
Thcerem 1 eutrule this possibility. Now, if Qg < Q* fer beth « and b, then duc
to the non-zero variance of the random cost it may still happen with positive
prohability that Q:(h) > Q*(h) > Q:(a) for some £, and thus we find again that
the MARTDPD algorithm fails with positive probability. Anether problem ariscs
when just part of the state space (in fact state-action space) is visited infinitely
often. 'er expected value medels improperly estimated values of finitely visited
statcs may result in improper cstimatien of infinitly often visitcd states.

If the stochasticity in the cffect of actions is causcd by noise then the minimax
optimality criterion will tend to find overly “pessimistic” policies which may he
undesirable. One may weaken this effect by intreducing a pesitive threshold 6
and letting T'(z,a) = {y € X | P(z,a,y) > 6}. In the adaptive case this calls for
the identification of the transition probabilities. Because of the stochasticity of
the identification process the inclusions Ti(z,a) C T(z,e) need no longer holds.
This may prevent, convergence (o the oplimal policy. To overcome {his prohlem
wc proposc to introduce state, action and time dependent threshelds, 8:(z, @)
which should converges to @ from above slowly. We conjecture that by cither
nsing the law of iterated logarithm or a two-stage eslimation procedure as in [9]
asymptetic convergence to an eptimal policy can be retained.
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