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Uncertainty and Performance of Adaptive Controllers for
Functionally Uncertain Output Feedback Systems

M. French !

Abstract

We consider nonlinear systems in an output feedback
form which are functionally known up to a L? measure
of uncertainty. The control task is to drive the output
of the system to some neighbourhood of the origin. A
modified L2 measure of transient performance (penalis-
ing both state and control effort) is given, and the per-
formance of a class of model based adaptive controllers
is studied. An upper performance bound is derived.

1 Introduction

Until recently a major defecit in adaptive control the-
ory has been the complete lack of performance analysis,
where the costs are chosen to penalise both the state or
output transient and the control effort. For Lyapunov
designs some recent results have begun to rectify this
situation. In [1] an optimal adaptive controller was
given, but the construction of this controller involves
the solution to a generally intractable HJI PDE. In
[7] an inverse optimal design was constructed. Inverse
optimal results controllers have desirable robustness
properties, but the cost functionals are not-specified
a-priori. In the thesis (3], upper bounds are given on
a-priori given cost functionals for Lyapunov based de-
signs.

The results given in this paper are in the framework of
approximate adaptive control, where the uncertainty is
assumed to be static and functional, and an approxi-
mate parametric model is utilised to give an adaptive
design. We consider output feedback models [8], [10],

[6]:

Za s 3 Tip1+ fily) 1<i<n—1
En = u+fn(y)
y = Zi. (1)
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The state vector £ = (z1,...,2,)7 € X = R" is as-
sumed to be unavailable for measurement, only the out-
put y € O = R can be measured. f denotes the uncer-
tain function f = (f1,..., fn)T,and f° = (f%,..., fO)T
represents the (known) nominal system. We assume
that f, f© € C"*3(0, X). It should also be observed
that, for simplicity, as in [10], we are considering a
slightly simpler normal form than (8], [6]. The uncer-
tainty set we consider is:

A A(L* (% w), £°,6)

{fect30,x) | f-fP ek, (2)
Ifi = FllL2(ue) <& 1<i< n}, (3)

where () C O is not necessarily compact. K denotes
an approximation theoretic smoothness class, such as
a bound in a Sobolev space or a known moduli of con-
tinuity. Knowledge of such a class K, allows us to de-
termine the required resolution of the adaptive model
using a result such as Jackson’s theorem [9].

For simplicity we consider the control task of driving y
to a small neighbourhood of 0, [—v/2n, +v/27), (ie. to
guarantee the existence of a 7 < 0o s.t. y(T) = £v/27),
whilst keeping x bounded. Using appropriate robust
modifications to the controller, these results can be ex-
tended to stabilization results [4]. Performance will be
measured as a modified LQ cost functional penalising
the output and the control:

P=P@ k) =sup [ 2(07Qe() + ku(e) b, (4)
feaJo

where z(t) is the solution of the error system to be de-
fined below; @ = diag{ei,...,cn} and is positive def-
inite, and 7 = inf{t > 0| y(¢)> = 2n*}. Noting that
the transformed state 2; will be equal to z; = y, the
performance P bounds the important cost:

-
P = sup/ cay?(t) + kul(t) dt. (5)
feaJo

We give both semi-global (for finite dimensional mod-
els) and global (for so called SFD models) results. Im-
portantly, we obtain upper bounds on the performance.
Notation. W, X, O denote the weight, state
and output spaces respectively, all are taken to
be Euclidean spaces. L, denotes the standard
Lebesgue space. If the eigenvalues of a matrix R



are Ap,...,An, then X(R),A(R) are defined to be
max; <i<n |Ai], mini<icn |A;| respectively. m(Q) de-
notes the Lebesgue measure of §2, and the weighted L2

space L?(Q;w) has the inner product (f,9) = [ fgw.

2 Adaptive Control Design

The adaptive control methodology is based on that of
(8, 6] and robust backstepping [2, 5]. First we introduce
the model ® = (¢11¢2a--'1¢n)T1 ¢i:PiX — Wi7 ¢‘i ==
(Pi1,9i2, - - Pim;)T where W; = R™ and where for
convenience we assume that ¢;; € C**3(O,R). Then
we write the system in the form:

& = s+ ) +a@) +d@)1<i<n-1
gn = u+t 1Y) +616a) +div) (6)

where df = f; — f% — 6T ¢;. Where f is clear from the
context, we often write d; for dif . d = df defines the
vector df = (df,...,d%)T.

However, to define filters for the system, it is conve-
nient to write the system in a similar form to [6]. We
reparameterize the system as follows. Let

6 = (6,,05,...,00) " =0T 16T ) ... 165)T e W=R"™,
(M

where m = Y, m; and define

# = (410]...107,

¢ = ©Ol¢|... 107,

¢n = (0] ...10]¢D)". (8)
Then define

Q‘,y = (¢,1]’¢,2]"-7¢:1])T (9)

Note that by definition, ®7: O — X only has one non-
zero entry. Then we can rewrite the system in the
alternative form:

&= Az +esu+ fOy) + 299‘1’9(11) +df(y) (10)

j=1
where A is the matrix:
010 0
001 ... 0
000 ... 1
000 ... 0

The system is then in the required form but with addi-
tional disturbance terms. We now follow the definition

of the filters for state estimation in [6]: Suppose the
gain vector ¥ = (M,...,7n)T € R" is such that

Ag= A —~eT (12)

is Hurwitz. Such a gain vector « is said to be admissi-
ble. The nominal (w), model (¢) and control (v) filters
are defined as follows:

w = Aw+yy+Oy), w(0)=0,weX(13)

§ = A +9(y), (0)=0,¢eX
1<j<m (14)

v = Aw+epu v(0)=0,veXN. (15)

For convenience ¢ denotes the vector ¢ = ((15...,¢m)T-
The state estimation error € € X is defined to be:

5:x—(w+20§§'j+u). (16)
j=1

The error system recursively defines a vector z =
(21,...2n)T € Z = R™ as follows:

2 =Y
Z; = Vi—0Qij-1 2§z§n (17)

where
ai=Qi(y,lll,...,l}i,u},c;ék,é;c15’957:) (18)

with 8 € Wi, é;c = (A'lk,...,éﬁnk)T € W denot-
ing the parameter estimates of 6, € W), and 6’ =
(61,...,0:,.)T € W at step k 1 < k < n respectively,
The functions a; 1 < i < n are defined:

Qp — 0,
@ = - Z%Cm -6 (¥) -
j=1
-fily) —azn — (nl?/3+ &%z, (19)
and for 2 <i<n,

a; =

Oa; 1

I A D G2+ va+0 1 (y) + 7 (y))
j=1

6ai_
+ 5 (Aow + 7y + 1))
Oy
+_ g (4G +25))
=1 J
i1
Oai—1 5 | O 5
B = =
2 ( a5, o, ﬂ")
i—1 Oa;i1 (Vi1 — viv1)
j=1 61/]' 2
12 i-1)”
_(n? + x2) (agg 1) 2; = ¢iz; — 21 + Yiv1(20)



where

B = auGhi(y) B e,

Br = -—az 3%’;_1 Goi(y) BeeWr 2<k<n
B = anG(Ga-  Cm2)T Bew
" Oag_q
Br = -—azg C;c LG(C2s- -y Gmi2)T
Yy
BreW, 2<k<n (21)

and where G, G are defined from adaptive structure
G= (G11---1Gn) as

G
= diag(Gi,...,Gn), (22)

where G; 1 < i < n are positive definite matrices.
a > 0 is the adaptive gain, & > 0 is the robust gain
and ! > 0 is the state estimation robust gain. Note that
by the differentiability assumptions on f9, ®, it follows
that for 1 < i < n, @; is defined and at least C!, hence
locally Lipschitz.

o G

The controller, Z = Z(G, Q, a, ®, ,1,7), (where recall
that @ = diag(ey, ..., cn)), is taken to be:

u=an(y,vw GG 1<) <n,6k,0, 1<k<n) (23)
with parameter update laws 1 <i < n:
6: = B, 6i(0)=008: e
b = By 0:0)=0,8 = ...00)" €VR0)
and filters 13, 14, 15.

It will be convenient to partition 6} € W as follows:
0 = (bri,02,...,0m:)"
= @516 0 - 160" (25)

where éki € W for 1 <i,k <n. ék,- is then the adap-
tive estimate at step k of the parameter 6;. Note that
61 plays a special role, it has two parameter estimates
constructed for it at each step k, namely 0k, 61x. The
parameter estimate vectors, ;, 0, 1 <i < n arecon-
catenated into the vectors © = (6y,...,8,)T € W},
6 =(6,...,8.)T € W™. Let T denote the map:

((y’ U2,. .. 7‘/")) Vl,W,C, ©1 (:),) = (z,ul,w, C, éy é)l)
(26)
defined by equations 17,19.

The model error constants are ¢;, 1 <i<mn, g and s
and are such that:

sup ldf llz2am) < @i
fea
sup sup [|d’” (y)Po + P W)ll2 < g
feA yeQ
sup [ldllcy < s (27)
fea

where Py is the solution to the Lyapunov equation
AgPO'FPoAQ =-1I.

3 Stability and Performance

Before we proceed to the performance bound, we first
give an elementary lemma:

Lemma 1 Consider the following system on the time
interval [0, 7], T < oco:

z=Az+d(t) z€ R" z(0)=0, (28)

where A is a Hurwitz matriz. If P is the solution to
the Lyapunov equation ATP + PA = —I, then:

=T (t)Pz(t) < 4X(P)* sup |ld(s)I*.  (29)

g€0,7]

Proof: The proof is elementary and omitted for
brevity. =

We now give the key proposition.

Proposition 2 Consider the system ¥, given be equa-
tion 1, with initial conditions zo € X and suppose fur-
ther that y2(0) > 2n%. Let Q be a positive diagonal
matriz and supposen > 0, k > 0 and consider the per-
formance Ps(Q, k,n). Let the adaption gain be a > 0
and let the control and state estimation robust gains be
& > 0, 1 > 0 respectively. Let Gi1,...,G, be positive
definite adaptive structure matrices, and let v be an
admissible filter gain vector. Define Py as the solution
to the Lyapunov equation:

AT Py + PyAy =1, (30)

where Ag is defined by equation 12. and let V be de-
fined:

A o 1 1
V(z,6,0',0) = §sz+-ﬁsTPos (31)

1 & —— -
e i=1(91 —8)7GT (61 - 6)
1 n n . _ R
tom 2 205 = ;)TG3 (6 — 650)-

i=1 j=1

Let Vo = V (2(0),(0), ©'(0), 8(0)), and suppose the ap-
prozimation region Q) is such that i) [—v/2Vo, v2W] C
Q°, and 1) p = ﬁ; + -‘{; < 22(Q)n?. Implement the
controller = 23, 24, 21 with adaptive gain a > 0 and
robustness gain k > 0. Then there exists T < 0o such
that: 1. (%,Z) is well posed on [0, 7], and all signals

4517



are uniquely defined, 2. y(1) = £v/2n, and 3.

20(Q)n*
O —p 0~

Vo
_—%(Q)i;?-p/,,z #2(v) dv (32)

where @: IR — IR is defined:

P(Q,k,n) n’) +

i) = sup{lu(,»¢w,8',6) € R|

¢ Po¢; < 4X(Po)® sup [1@5(w)ll;
y2<2Vp

Wl Pow < 4X(B)° sup Iy + £ )I;
y2<2Vo

(y,v2,...,vp) = 2;

n=y-—w - 01 —en

j=1
7 < V(z,0',0) < 1-}.
Proof: (Some details omitted). Some algebraic ma-

nipulations (which we omit) yield the system in the 2z
coordinates. Vz € Z we have:

—az + 22+ (05— 6j1)Ge

j=1

61 —81)Te1 (y) +

21

ni?
+ (d; 3

1 (y) — K'221) +(e2 — —21

)-

(33)

For 2 <i<n -1 we have:

Oa;_1

> (65— 8:)¢i —

4=1

- 21 -

(34)
Similarly for ¢ =n we have:

Oan_1

Zn

—Cn2n — Zn—1 —

S0 -

in)Gi2 =
=1

(61 = 6)"¢1(y)

aan_

(35)
The dynamics of the state estimation error € are easily

shown to be given by:

€ = Age + d(y). (36)

4518

We can now obtain the fundamental inequality. Let
L = [-2Vjp,2Vp] and Qo = [—272,27?%). By some esti-
mates which again we must omit for brevity we obtain
the following inequality Vy(t) € L \ Qo:

V < -(2AQ)n* - p).

By ii) we have V < 0 Vy(t) € L\ Qo, so since
y(0) € L and z1 = y, it follows from the definition
of V (3y2(t) < V(t)), that y(t) is bounded by L, and
the above inequality 37 holds V¢ € [0 T] where 7 is de-
fined to be the first time at which y(7) = £v/27. Since
V is decreasing on (0, 7], it also follows that z,¢,0,0
are bounded. We now show the boundedness of the
other signals (w, ¢, v and z). By the definition of the
filter 13, and Lemma 1 we have:

(37)

WwThw < 4X(BR)® s vy (2) + fO(y(E)l
< sup vy + W (38)

y2<2V,

since y2(t) € L. Similarly from the definition of the
filter 14 we have (; = Ao(; + ®/;(y), so by Lemma 1 we
have for each 1 < 7 < m:

(i PoGj < 4AX(Ro)? sup (125 @)I-
y2<2V

(39)

We now show v is bounded. Since z; = y, equation 16

implies:
)

from which the boundedness of u#; follows from
the boundedness of ¢',(;,w1,y,e1. If vy,...,v; are
bounded, then ¢; is bounded, and hence by the bound-
edness of z and equation 17 it follows that v;y; is
bounded. Hence v is bounded. Boundedness of u fol-
lows from the boundedness of a;. Boundedness of =
follows from equation 16. Well posedness now follows
from the standard existence and uniqueness results,
which also guarantees the uniqueness of z, 2z, w, v and
(. From the uniqueness of z it follows that y is uniquely
defined.

m
&1 =Y — <L|J1 +ZO;<],1 + v,

7j=1

Since V < —2A(Q)n2 +p Vt € [0, 7], we have

< SUPseo,r] V(t) = infiepo,n V(2)
infier, |V (1))

V(0) — n?
2@ -p
(41)
Now we bound the state performance. We can show
that

< 0o.

V=-2TQz+D(2) (42)
where
L 60,'_1 nl2 8a,~_1
D(t) = Zi (e — —zi——) +
z,zz2 ( Jy 3 Oy



z_aai—-l
1 ay

(~dy ~ k222250

—K°2; By

o ni?
+21(dy — k°21) + 21(e2 — T'zl) +
1
l—z(-—eTs +dT Pye + €T Pyd). (43)

It is possible to establish that ||D(-)||z~ < p. Then

T T _ T_. T
/Oz(t) Qz(t) dt—/o th+/0 D(t) dt. (44)

The first term is easily bounded:

/T Vat=V(0) V() <V(O) -n°.  (45)
0
Then a bound on [; D(t) dt is given by:
T _ p(V(0) - n*)
[ 101 &t < DO < BRI d6)

since ||D(-)||r~ < p similarly to inequality 37. This,
together with inequality 45 and equation 44 completes
the estimate of the state performance measure. The
control performance effort is bounded as follows. Con-
sider t € [0, 7] and define r = V' (2(t),e(t), ©'(t), O(t)),
then (y(¢), v(t),{(t),w(t), O (t),O(t)) lies in the set:

{0.16,0,0,0) | R < 4XR)* sup [18}(w)ll;
y2<2Vp
WTPw < AX(Po)® sup [lvy+ FPWI;
y2<2Vo

(y,v2y ..y Vp) = 23

m

/ )

v =y —w — E 05¢1 —e1;
j=1

7 < V(z,0,0,0) + llzef < 'r}. (47)
Then we have the inequality:
u2(@) <@ (V(2(0),6(),0'0),0)),  (48)
and hence by the change of variables v =
V(z(t),e(t),0'(¢), ©(t)) we have the bound:
[woa < [ @weo.eoe0.60
0 0
v(T)
= [ e
»(0) -V
! / P 20) dv,  (49)
- 2A(Q)TI2 —D Jp? '
(50)
since V < —(2A(Q)n? —p) for all ¢ € [0, 7). ™

We can now give the main theorems. Firstly we give
an admissibility definition:

4519

Definition 3 A model & = (¢1,-..,P,) is
(Q,9Q,90, &,1) admissible if: s, g, q; for 1 <i<n are

finite, and 2A(Q)n? > ﬁ; + -?:—
Then:

Theorem 4 Let Q@ C X be a fized closed set. Con-
sider the system LA given by equation 1 with func-
tional uncertainty A C A(L*(Q;w), f°,6) and initial
condition o € X, y(0)2 > 2n%. Consider the perfor-
mance measure P = P(Q, k, Qo) for positive diagonal
Q,andk >0,n > 0. Let G = (Gy,-..,G,) where
G; 1 < i < n are positive definite adaptive structure
matrices. Implement the controller Z(G,Q, a, ®, k, 1, 7)
where ® is a finite dimensional model and a > 0. Sup-
pose the filter gain <y is admissible, and & > 0, 1 > 0.
Suppose ® is (Q,Q, Qo, k, 1) admissible, and let

1 1 n (01 +aq)?
%78 —_ = T = TP o\L T el
* g 0% * 7z %0 Fo%o * a A(G1)A(R)
n . 2

20 = AMG)A(Ry)’

where R; = (¢i,$j)12(uw) 18 the Gram matriz of the
model component ¢; and Py is defined as in 2.

Then for all adaption gains a > 0 and state estimation
control gains | > 0 such that:

[-V2W,, v/2W,] C Q°

then there erists T < oo such that 1. (Xa,Z) is well
posed on [0,7], 2. y(r) = £v/2n and 3.

20(Q)n* 2
Q) —p Ve M) F

(52)

P(Q.k,m) <

1 We
+ —-——%(Q)nz_p/% #2(v) dv (53)

where i: R — IR 1is defined

ﬁ(T) = sup{]u(y7V,C1w1(:)Iaé)| € RI
¢T PoCi < 4X(Ro)® sup  [|®(y)l);
y2<2Wa
wT Pow < 4X(P0)* sup [y + @l
y2<2W,
(y1V2,~--,Un) =2z
m
vi=y-—w — Y 8¢y —er;
i=1
n? < V(z,6,0,0) < r}.
and
na? g2
= — + . 4
4k2 + 12 (54)



Proof:  (Sketch). This result follows from Proposi-
tion 2, once we have shown that Vp < W,. m

The following result applies to systems with global un-
certainties, in particular it applies to systems where the
uncertainty level (d) is unknown to the control design.
Notably we do not require knowledge of the uncertainty
level, but it is necessary to know the uncertainty growth
as specified by a L? weighted space. Because the model
is required to have a global domain, it is neccessary
to consider infinite dimensional models, but to ensure
physical realisable models we restrict ourselves to the
class of semiglobally finite dimensional (SFD) models,
namely model ¢: O — X is said to be SFD if for any
compact 2 C O only a finite number of basis functions
of ¢ have supports intersecting .

We ensure the adaptive controller adapts fast enough
by the following construction of suitable weighted
adaption structure matrices G} for the model com-
ponent ¢; within w; weighted Gram matrix R; for
1< < nis as follows. Partition ¢ by [¢} |#7|¢3] .. ],
and partition 8 equivalently: 8, = [6;|0Z]63]...), where
for each 4,b 6} is a finite-dimensional vector. Let R}
be the global L?(IR;w;) weighted Gram matrix for the
model ¢}, and define:

i_ G
T AR
where {a;} is any positive sequence for which

Yie;1l/ai = 1. Let G 1 < i < n be the block di-
agonal matrices:

H Tgicn(6) xdim(8}) (55)

G} = diag(H}, H?,.. . (56)
Theorem 5 Consider the system Xa  given
by equation 1 with functional wuncertainty

A C A(L?*(X;w), f°,8)) where is & > 0 unknown
and the state initial condition is o € X, y(0)? > 2n°.
Consider the performance measure P(Q,k,n) where
Q@ 1is a positive diagonal matriz, and k > 0, n > 0.
Suppose ® is globally (Q,Q,N0, k,l) admissible. Let
G* = (Gy1,...,G}y), be given by 56, and implement the
controller £(G*,Q,a,®,k,l,7) where « > 0, £ > 0,
1> 0, v is admissible and ® is an SFD model.

Then there exists T < oo such that 1. (£a,Z) is well
posed on [0,7], 2. y(t) = £v2n, 3. Only a finite
number of adaptive estimates and filters are non-zero.

Then define Q = [—+/2W,, /2W,] where
1 n

W, == s
¢ 2a

n
22(')r20+ xgpowo+a(51 +q1)+

1
2
where Py is as in Proposition 2. Then additionally, 4.

2
2Q gy o

S RNG)

P(Q,k,n)

4520

1 Wa
22X —p /,,2

where @: R — IR is defined as in Theorem J for the
restricted model ®|q, and

+ @2 (v) dv (58)

2 2

ns
4k2

%. (59)
Proof: (Sketch). Similarly to the previous theorem,
this result follows from Proposition 2 by showing that
Vo < W,. The fact that only a finite number of basis
parameters are adapted follows from the that that the
output is bounded, and that a parameter is adapted
only when the output lies within the support of the
corresponding basis function, the fact that the model
is SFD completes the argument. »
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