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Functionally Uncertain Output Feedback Systems 
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Abstract 

We consider nonlinear systems in an output feedback 
form which are functionally known up to a L2 measure 
of uncertainty. The control task is to drive the output 
of the system to some neighbourhood of the origin. A 
modified L2 measure of transient performance (penalis­
ing both state and control effort) is given, and the per­
formance of a class of model based adaptive controllers 
is studied. An upper performance bound is derived. 

1 Introduction 

Until recently a major defecit in adaptive control the­
ory has been the complete lack of performance analysis, 
where the costs are chosen to penalise both the state or 
output transient and the control effort. For Lyapunov 
designs some recent results have begun to rectify this 
situation. In [1] an optimal adaptive controller was 
given, but the construction of this controller involves 
the solution to a generally intractable HJI PDE. In 
[7] an inverse optimal design was constructed. Inverse 
optimal results controllers have desirable robustness 
properties, but the cost functionals are not-specified 
a-priori. In the thesis [3], upper bounds are given on 
a-priori given cost functionals for Lyapunov based de­
signs. 

The results given in this paper are in the framework of 
approximate adaptive control, where the uncertainty is 
assumed to be static and functional, and an approxi­
mate parametric model is utilised to give an adaptive 
design. We consider output feedback models [8], [10], 
[6]: 

Y 

Xi+l + fi(Y) 1 :S i :S n -1 
u+fn(Y) 
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The state vector x = (Xl, ... , XnV E X = IRn is as­
sumed to be unavailable for measurement, only the out­
put y E O = R can be measured. f denotes the uncer­
tain function f = (/1, ... , fn)T, and fO = (JP, .. . , f�)T 
represents the (known) nominal system. We assume 
that f, fO E Cn+3(O, X). It should also be observed 
that, for simplicity, as in [10], we are considering a 
slightly simpler normal form than [8], [6]. The uncer­
tainty set we consider is: 

A A(L2(fl;w),fO,c5) 
{f E Cn+3(O, X) If -fO E K, (2) 
llli - fPIIL2(o;w;) :S c5i 1:S i:S n}, (3) 

where fl c 0 is not necessarily compact. K denotes 
an approximation theoretic smoothness class, such as 
a bound in a Sobolev space or a known moduli of con­
tinuity. Knowledge of such a class K, allows us to de­
termine the required resolution of the adaptive model 
using a result such as Jackson's theorem [9]. 

For simplicity we consider the control task of driving y 
to a small neighbourhood of 0, [-V21}, +V21}]' (ie. to 
guarantee the existence of a T < 00 s.t. yeT) = ±V21}), 
whilst keeping X bounded. Using appropriate robust 
modifications to the controller, these results can be ex­
tended to stabilization results [4]. Performance will be 
measured as a modified LQ cost functional penalising 
the output and the control: 

P = P(Q,k,1}) = sup iT z(tVQz(t) + ku2(t) dt, (4) 
!Ef). ° 

where z(t) is the solution of the error system to be de­
fined below; Q = diag { CI, ... , cn} and is positive def­
inite, and T = inf {t � 0 I y(t)2 = 21}2}. Noting that 
the transformed state Zl will be equal to Xl = y, the 
performance P bounds the important cost: 

We give both semi-global (for finite dimensional mod­
els) and global (for so called SFD models) results. Im­
portantly, we obtain upper bounds on the performance. 
Notation. W, X, 0 denote the weight, state 
and output spaces respectively, all are taken to 
be Euclidean spaces. Lp denotes the standard 
Lebesgue space. If the eigenvalues of a matrix R 



are AI, ... , An, then X(R),�(R) are defined to be 
maxI <i<n IAil, minI<i<n IAil respectively. men) de­
notes the Lebesgue �e.'lSure of n, and the weighted L2 
space L2(n;w) has the inner product (f,g) = In Jgw. 

2 Adaptive Control Design 

The adaptive control methodology is based on that of 
[8,6] and robust backstepping [2, 5]. First we introduce 
the model <I> = (¢I,¢2"",¢n)T, ¢i: PiX � Wi, ¢i = 
(!.pil, !.pi2, ... , !.pimJ T where Wi = R m, and where for 
convenience we assume that !.pij E Cn+3(O, R). Then 
we write the system in the form: 

Xi Xi+I + J?(y) + (JT ¢I(y) + d{(y) 1 � i � n-l 
xn = u + J�(y) + (J�¢n(y) + d�(y) (6) 

where d{ = Ii - Jf - (JT ¢i' Where J is clear from the 
context, we often write di for d{. d = df defines the 
vector df = (d[, ... , d�)T. 

However, to define filters for the system, it is conve­
nient to write the system in a similar form to [6]. We 
reparameterize the system as follows. Let 

(J' = ((J�, (J�, ... , (J�)T = ((J[ I (J[ I I (J�)T E W = lRm, 
(7) 

where m = EZ:I mi and define 

Then define 

¢� = (¢[ 101 
rp; (0 I rpI I 

(8) 

(9) 

Note that by definition, <I>j: 0 � X only has one non­
zero entry. Then we can rewrite the system in the 
alternative form: 

m 
X = Ax + enu + JO(y) + L (Jj<I>j(y) + df (y) (10) 

j=l 

where A is the matrix: 

A= 

0 1 0  
0 0 1 

o 
o 

o 0 0 1 
0 0 0  0 

(11) 

The system is then in the required form but with addi­
tional disturbance terms. We now follow the definition 
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of the filters for state estimation in (6]: Suppose the 
gain vector 'Y = C'YI, ... , 'Yn)T E lRn is such that 

Ao = A - 'Yei (12) 
is Hurwitz. Such a gain vector 'Y is said to be admissi­
ble. The nominal (w), model (() and control (v) filters 
are defined as follows: 

W Aow + 'YY + JO(y), w(O) = 0, wE X (13) 

(j AO(j + <I>j(y), (j(O) = 0, (j EX 

1 � j � m (14) 
f; = AoV + enu yeO) = 0, v EX . (15) 

For convenience ( denotes the vector ( = ((1, ... , (m)T. 
The state estimation error c E X is defined to be: 

(16) 

The error system recursively defines a vector Z = 
(ZI, ... zn)T E Z = Rn as follows: 

(17) 
where 

ai=ai(y,vI, ... ,Vi,W,(;Ok,B� l � k � i) (18) 

with Ok E WI, B� = (B�k,· .. ,B�k)T E W denot­
ing the parameter estimates of (JI E WI and (J' = 
((J�, ... , (J�)T E W at step k 1 � k � n respectively, 
The functions ai 1 � i � n are defined: 

ao 0, 
m 

'"' �, -T -W2 - �(JjI(j,2 - (JI ¢I(Y)-
j=l 

-Jf(y) - CIZI -(nZ2/3 + K?)Zl, (19) 

and for 2 � i � n, 



where 

/31 = aZl G¢>l (y) /31 E WI, 

/3k = 
aak 1 - -

-aZk ay- G¢>l (y) 13k E WI 2 � k ::; n 

/31 = 

/3k 

, 
T 

' 
azlG((1,2, ... , (m,2) 131 E W 

aak-l ' T - azk -a- G((12 , ... , (m 2) 
y , , 

/3k E W, 2 ::; k ::; n (21) 

and where G, G are defined from adaptive structure 
G = (Gl, ... , Gn) as 

G 
G 

Gl 
diag(Gl, ... , Gn), (22) 

where Gi 1 ::; i ::; n are positive definite matrices. 
a > 0 is the adaptive gain, K > 0 is the robust gain 
and I > 0 is the state estimation robust gain. Note that 
by the differentiability assumptions on fO, <P, it follows 
that for 1 ::; i ::; n, ai is defined and at least Cl, hence 
locally Lipschitz. 

The controller, 2 = 2(G, Q, a, <p, K, I , ,,(), (where recall 
that Q = diag(cl, ... , cn» , is taken to be: 

. - 'I U = an(y, v, w, (j 1::; J ::; n,fh, (Jk 1::; k::; n) (23) 
with parameter update laws 1 ::; i ::; n: 

Oi /3i , Oi(O) = O, Oi E WI 

OJ = /3i, Oi(O) = 0, O� = (O�i' ... , o'mif E �4) 

and filters 13, 14, 15. 

It will be convenient to partition 0: E W as follows: 

(Oli, 02i, ... , Omi)T 
(0'[; I O'{; I; . . . 10;i)T (25) 

where Oki E Wk for 1 ::; i, k ::; n. Oki is then the adap­
tive estimate at step k of the parameter (Ji. Note that 
(Jl plays a special role, it has two parameter estimates 
constructed for it at each step k, namely Ok, Olk. The 
parameter estimate vectors, Oi , 0:, 1 ::; i ::; n are con­
catenated into the vectors 0 = (iJl, ... , On) T E WI, 
8' = (O�, . . . , O�)T E Wn. Let T denote the map: 

((y , V2, ... , vn), vl, w, (, 0, 8/) t-t (z , vl>w, (, 0, E),) 
(26) 

defined by equations 17,19. 

The model error constants are qi, 1 ::; i ::; n, 9 and s 
and are such that: 

sup Ild{ 11£2(O;w) ::; qi, 
lEt:.. 

sup sup /ldF (y)Po + Podl (Y)//2 ::; 9 
lEt:.. yEO 

sup /ld{lIc(o) ::; s, 
lEt:.. 

(27) 

where Po is the solution to the Lyapunov equation 
Air Po + PoAo = -I. 

3 Stability and Performance 

Before we proceed to the performance bound, we first 
give an elementary lemma: 

Lemma 1 Consider the following system on the time 
interval [0, r] , r < 00: 

x = Ax + dCt) x E IRn, x(O) = 0, (28) 

where A is a Hurwitz matrix. If P is the solution to 
the Lyapunov equation AT P + PA = -I, then: 

Proof: 

brevity. 

xT(t)Px(t) ::; 4X(p)3 sup IId(s) 1I2. (29) 
sE[O,Tj 

The proof is elementary and omitted for 
• 

We now give the key proposition. 

Proposition 2 Consider the system �, given be equa­
tion 1, with initial conditions Xo E X and suppose fur­
ther that y2 (0) > 2TJ2 . Let Q be a positive diagonal 
matrix and suppose TJ > 0, k > 0 and consider the per­
formance PI (Q, k, TJ). Let the adaption gain be a > 0 
and let the control and state estimation robust gains be 
K > 0, I > 0 respectively. Let Gl , ... , Gn be positive 
definite adaptive structure matrices, and let "( be an 
admissible filter gain vector. Define Po as the solution 
to the Lyapunov equation: 

Air Po + PoAo = -I, (30) 
where Ao is defined by equation 12. and let V be de­
fined: 

V(z, E, 8/, 0) 

Let Vo = V (z(O), c(O), 8'(0), 0(0», and suppose the ap­
proximation region n is such that i) [-V2V0, v'2Vol c 
no, and ii) p = � + f < 2il( Q)TJ2. Implement the 
controller 2 23, 24, 21 with adaptive gain a > 0 and 
robustness gain K > o. Then there exists r < 00 such 
that: 1. (�, 2) is well posed on [0, r] , and all signals 
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are uniquely defined, 2. yeT) = ±V21], and 3. 

P(Q,k,1]) � 

+ 

2�(Q)1]2 2 
2�(Q)1]2 _ P 

(Vo - 1] ) + 

1 (VO 
2�(Q)1]2 _ P iTJ2 '112 (V) dv 

where '11: IR -t IR is defined: 

U(r) = sup {lu(y,v,(,w,0',0)1 E IR I 

(J PO(j � 4X(PO)3 sup II<pj(y)ll; y2:S2VO 

(32) 

wT Pow � 4X(PO)3 sup II'YY + JO(y),,; y2:S2VO 
(y,v2,' .. ,vn) = Z; 

m 
V1 = Y - W1 - L OJ(j,l - C1; 

j=l 

1] � V(z,c,0 ,0) � r . 2 
�, 

- } 
Proof: (Some details omitted). Some algebraic ma­
nipulations (which we omit) yield the system in the z 
coordinates. V z E Z we have: 

m 

Zl -C1Z1 +Z2 + L(Oj - Bj1)(j,2 
j=l 

- T 2 nl2 
+ (01 - Ot} 1>1 (y) + (d1 (y) - f'i, Zl) + (c2 - TZ1). 

(33) 

For 2 � i � n - 1 we have: 

Zi = 

Similarly for i = n we have: 

The dynamics of the state estimation error £ are easily 
shown to be given by: 

E: = Aoc + dey). (36) 
4518 

We can now obtain the fundamental inequality. Let 
L = [-2Vo,2Voj and no = [_21]2,27]21. By some esti­
mates which again we must omit for brevity we obtain 
the following inequality Vy(t) E L \ no: 

(37) 

By ii) we have V < a Vy(t) E L \ no, so since 
yeO) EL and Zl = y, it follows from the definition 
of V (h2(t) � Vet»�, that yet) is bounded by L, and 
the above inequality 37 holds Vt E [0, Tj, where T is de­
fined to be the first time at which yeT) = ±,j21]. Since 
V is decreasing on [0, T j, it also follows that z, c, 0, e 
are bounded. We now show the boundedness of the 
other signals (w, (, v and x) . By the definition of the 
filter 13, and Lemma 1 we have: 

wT Pow � 4X(PO)3 sup Il'Yy(t) + JO(y(t»11 tE[O,r) 
� sup Il'Yy + JO(y)11 (38) 

y2:S2VO 

since y2(t) E L. Similarly from the definition of the 
filter 14 we have (j = AO(j + <Pj(y), so by Lemma 1 we 
have for each 1 � j � m: 

We now show v is bounded. Since Xl = y, equation 16 
implies: 

c1 = Y - (W1 + f OJ(j,l + V1) , (40) 
3=1 

from which the boundedness of lI1 follows from 
the boundedness of 0', (1, W1, y, c1' If V1,··., Vi are 
bounded, then ai is bounded, and hence by the bound­
edness of z and equation 17 it follows that Vi+1 is 
bounded. Hence v is bounded. Boundedness of u fol­
lows from the boundedness of an. Boundedness of X 
follows from equation 16. Well posedness now follows 
from the standard existence and uniqueness results, 
which also guarantees the uniqueness of x, z, w, V and 
(. From the uniqueness of X it follows that y is uniquely 
defined. 

Since V � -2�(Q)7]2 + P Vt E [0, TJ, we have 

SUPtE[O,r) Vet) - inftE[o,r) Vet) YeO) - 7]2 
T < . < ( < 00. - inftETl W(t)1 - 2� Q)1]2 - P 

(41) 
Now we bound the state performance. We can show 
that 

where 

D(t) � ( Bai-1 ( nl2 Bai-1 ) L.., Z i-- -C2 - -Zi-- + 
i=2 By 3 By 

(42) 



8ai-l ( d  2 8ai-l)) Ziay - 1 - K, Ziay 
nl2 +zl(dl - K,2Zr ) +Zl(c2 - 3Zl) + 

1 T T T p( -10 10 + d Pac + 10 Pod). (43) 

It is possible to establish that IID(')IIL<oo < p. Then 

17" z(tfQz(t) dt = 17" -v dt + 17" D(t) dt. (44) 

The first term is easily bounded: 

17" -v dt = YeO) - V(T) ::; YeO) -172• (45) 

Then a bound on J; D(t) dt is given by: 

(46) 

since IID(')IILoo < p similarly to inequality 37. This, 
together with inequality 45 and equation 44 completes 

the estimate of the state performance measure. The 

control performance effort is bounded as follows. Con­

sider t E [0, T] and define r = V(z(t), c(t), 0'(t), G(t)), 
then (y(t), vet), «t), wet), 0' (t), G(t)) lies in the set: 

{(y,v,(,w,0',G) I (JPo(j ::; 4X(PO)3 sup II�j(y)ll; 
y2S2VO 

wTpow:s; 4X(PO)3 sup lily + fO(Y)II; 
y2S2Vo 

(y,V2,""Vn)=z; 
m 

VI = Y - WI - L OJ(j,l - 101; 
j=l 

2 A - I 2 } 17 ::; V(z,0,0,0) + pCl ::; r . 

Then we have the inequality: 

(47) 

(48) 

and hence by the change of variables v = 
V(Z(t), c(t), 0'(t), G(t)) we have the bound: 

17" u2(V(z(t),c(t), 0'(t), G(tm dt, 

lV(T) 1 = u?(v)-. dv, 
v(O) -V 

1 [VO 

2�(Q)172 _ P JT}2 u2(v) dv, (49) 

(50) 

since 11 ::; -(2�(Q)1]2 - p) for all t E [0, TJ. • 

We can now give the main theorems. Firstly we give 

an admissibility definition: 

Definition 3 A model � = (¢l,"" ¢n) is 
(Q,n,no,K"l) admissible if: s, g, qi for 1::; i::; n are 
finite, and 2�( Q)172 > � + �. 

Then: 

Theorem 4 Let n c X be a fixed closed set. Con­
sider the system 1:� given by equation 1 with func­
tional uncertainty � C �(L2(n; w), f a, 8) and initial 
condition Xo EX, y(O)2 > 2172• Consider the perfor­
mance measure P = P(Q, k, no) for positive diagonal 
Q, and k > 0, 17 > 0. Let G = (Gl, . . . ,Gn) where 
Gil ::; i ::; n are positive definite adaptive structure 
matrices. Implement the controller 3( G, Q, a, �, K" I, 'Y) 
where � is a finite dimensional model and a> 0. Sup­
pose the filter gain 'Y is admissible, and K, > 0, l > 0. 
Suppose � is (Q, n, no, K" l) admissible, and let 

(51) 

where Ri = (¢i, ¢jh2(o;w) is the Gram matrix of the 
model component ¢i and Po is defined as in 2. 
Then for all adaption gains a > ° and state estimation 
control gains I > ° such that: 

(52) 

then there exists T < 00 such that 1. (1:�, 3) is well 
posed on [0, Tj, 2. yeT) = ±v'217 and 3. 

2�(Q)172 2 P(Q, k, 17) < 
2�(Q)172 _ P (We> - 17  ) + 

1 [W", 
+ 

2�(Q)172 _ P JT}2 
u2(v) dv 

where u: lR -+ lR is defined 

u(r) = sup {lu(y,v,(,w,0',G)I E lR l 

(J PO(j ::; 4X(PO)3 sup II�j(y)ll; 
y2S2W", 

(53) 

wT Pow::; 4X(PO)3 sup lily + f O(y)ll; 
y2S2Wa 

and 

(y, 112,··., lin) = Z; 
m 

VI = Y - WI - L OJ(j,l - 101; 
j=l 

17 :s; V(z,c, 0 ,0) :s; r . 2 A, - } 

(54) 
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Proof: (Sketch). This result follows from Proposi­
tion 2, once we have shown that Vo :S W". • 

The following result applies to systems with global un­
certainties, in particular it applies to systems where the 
uncertainty level (<5) is unknown to the control design. 
Notably we do not require knowledge of the uncertainty 
level, but it is necessary to know the uncertainty growth 
as specified by a £2 weighted space. Because the model 
is required to have a global domain, it is neccessary 
to consider infinite dimensional models, but to ensure 
physical realisable models we restrict ourselves to the 
class of semiglobally finite dimensional (SFD) models, 
namely model ¢: 0 -+ X is said to be SFD if for any 
compact 0 C 0 only a finite number of basis functions 
of ¢ have supports intersecting O. 

We ensure the adaptive controller adapts fast enough 
by the following construction of suitable weighted 
adaption structure matrices Gi for the model com­
ponent ¢i within Wi weighted Gram matrix Ri for 
1 :S i :S n is as follows. Partition ¢b by [¢�I¢�I¢�I·· .], 
and partition () equivalently: ()b = [8�18�19�1 .. . J, where 
for each i, b 8� is a finite-dimensional vector. Let R� 
be the global £2(R; Wb) weighted Gram matrix for the 
model ¢t, and define: 

. ai Hb = �(RD Idim(9D xdim(9�), (55) 

where {a;} is any positive sequence for which 
L:�1 l/a; = 1. Let Gi 1 :S i :S n be the block di­
agonal matrices: 

Gi = diag [Hl , H;,  ... ]. (56) 

Theorem 5 Consider the system �A given 
by equation 1 with functional uncertainty 
6. C 6.(£2 (X; w), fO, <5)) where is <5 > 0 unknown 
and the state initial condition is Xo E X, y(0)2 > 2rp. 
Consider the performance measure P (Q, k ,  'f/) where 
Q is a positive diagonal matrix, and k > 0, 'f/ > o. 
Suppose II> is globally (Q, 0,00, K, l) admissible. Let 
G* = (G;', ... , G�), be given by 56, and implement the 
controller 2(G*, Q,a,II>, K,l, ,) where a > 0, K > 0, 
I > 0, , is admissible and II> is an SFD model. 

Then there exists T < 00 such that 1. (�A,2) is well 
posed on [O,T] , 2. yeT) = ±V2'f/, 3. Only a finite 
number of adaptive estimates and filters are non-zero. 
Then define 0 = [-v'2W", v'2W"J where 

W IT I T  n 2 n � 2 " = "2zo ZO+[2Xo POXO+�(<51 + ql ) + 2a L....,,(<5i+qi) 
i=1 

(57) 
where Po is as in Proposition 2. Then additionally, 4. 
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+ 

where u: IR -+ IR is defined as in Theorem 4 for the 
restricted model 11>10, and 

(59) 

Proof: (Sketch). Similarly to the previous theorem, 
this result follows from Proposition 2 by showing that 
Vo :S W". The fact that only a finite number of basis 
parameters are adapted follows from the that that the 
output is bounded, and that a parameter is adapted 
only when the output lies within the support of the 
corresponding basis function, the fact that the model 
is SFD completes the argument. _ 
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