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Abstract 

We consider systems satisfying a matching condition 
which are functionally known up to a L2 measure of 
uncertainty. A modified L2 performance measure is 
given, and the performance of a class of model based 
adaptive controllers is studied. An upper perfor­
mance bound is derived in terms of the uncertainty 
measure and measures of the approximation error of 
the model. Asymptotic analyses of the bounds under 
increasing model size are undertaken, and sufficient 
conditions are given on the model that ensure the 
performance bounds are bounded independent of the 
model size. 

1 Introduction 

Despite the simplicity of the systems under consider­
ation in neuro-control, little attention has been paid 
to performance and uncertainty aspects of the var­
ious i'olutions - ego for which functional uncertain­
ties arE; the designs stable; can transient performance 
be estimated a-priori? In this paper we consider a 
limited class of systems (feedback linearisable and 
satisfying a matching condition). We provide up­
per bounds on L2 performance measures of both the 
state vector and the control. L2 measures of uncer­
tainty are considered: these allow us to completely 
specify the uncertainty under consideration indepen­
dantly of the model chosen for the adaptive design, 
and these measures will be shown to be natural for 
obtaining conditions on the uncertainty for conver­
gence of the state vector to residual sets; stability 
in the large; and also for bounding the state vector 
part of performance measures. Loo measures will be 
used to bound the control effort terms in the perfor­
mance measures. The first major result shows that 
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if sufficiently high adaption gains are utilised then a 
sufficiently large model sufffices for semi-global sta­
bilisation. This design requires knowledge of the L2 
uncertainty level; conditions for stability can be ob­
tained and the state performance measure can be 
explicitly bounded. With LOO information, the con­
trol effort performance measure can also be bounded. 
However if the uncertainty level is unknown the state 
vector transient cannot be bounded a-priori, and 
we must consider global models and corresponding 
global uncertainty measures incoporating the uncer­
tainty growth. An example is constructed that shows 
that if the uncertainty growth is not known then sta­
bility cannot be guaranteed. The second major re­
sult shows that if the uncertainty growth is known, 
then a class of physically realisable, but non-finite 
dimensional (structurally adaptive) models suffices. 
This is proved using weighted L2 descriptions of 
the uncertainty, and the state performance measures 
are bounded; under further (weighted) Loo assump­
tions on the uncertainty, the control effort can also 
be bounded. Finally we investigate the asymptotic 
properties of the performance bounds, and the de­
pendency of the performance on the model resolu­
tion structure. 
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Notation W, X denote the weight space, and state 
space respectively, both are taken to be Euclidean 
spaces. U(f!) denotes the standard Lebesgue space 
over f!; lP the standard sequence space. C(D) is the 
normed space of continuous functions on D, with the 
uniform norm. General inner product spaces are de­
noted by 1-l, and the inner product is denoted by 

(., .hi. The weighted inner product space L2(D; w) 
has the inner product: (f,g) = 10 f(x)g(x)w(x) dx. 
The unit matrix will be denoted by I. If the eigen­
values of a matrix R are AI, ... ,An, then X(R), �(R) 
are defined to be maxl<i<n IAil, minl<i<n IAil re­
spectively. The weighted £00 space L'JO(D; w) has 
norm IlfIIL""(o,w) = Ilf(·)w(II·lIp)IIL""(o); note that 
the weight w is (non-standardly) defined as a func­
tion w: JR -7 JR. Norms for various spaces F will 
be denoted as I I · IIF, for convenience 11·11 will mean 

II . 112 over the appropriate .space, and if R is a pos­
itive definite matrix, IlxliR will denote the weighted 
norm JlxT Rxl of vector x. aD denotes the topolog-



ical boundary of n C X, men) denotes the Lebesgue 
measure of n. For any real-valued function h defined - � over n let her) = sUP1J�l1xllp�r IIxlip . 

2 System Uncertainty, Performance 
Measures and Adaptive Control 

We consider systems in the normal form: 

I(x) + U (1) 

where the state vector x = (Xl,X2,'" ,Xn)T E X = 

R n is available for measurement and the task is to 
let x -� O. Such a system is denoted � /. We assume 
the function I is known only to within some uncer­
tainty set A. Such an uncertain system is denoted 
�tl. Thus the assumption that the state vector of 
the normal form is available for measurement is par­
ticularly strong for uncertain systems; in particular 
it is much stronger than the knowledge that an affine 
system has relative degree n and the original state 
vector is available for measurement. Note that the 
results in this paper which apply to the normal form 
1, and the majority of existing neuro-control results 
should not properly be considered as the control of 
affine systems; rather they are the control of systems 
of a specialised structure (satisfying a matching con­
dition) with respect to a measurable state vector. 
Our basic measure of uncertainty of I will be with 
the L2 norm, but I will be constrained a-priori to lie 
within a fixed smoothness classes K.1 The general 
uncertainty set we consider is: 

A = A(Y, 8) = {J E K 1 11/11;:- ::; 8} (2) 

where :F will typically taken to be an inner prod­
uct fULdion space H (L2(n), L2(X), L2(X; w) etc.). 
In order to bound control effort terms in our perfor­
mance measure we will need additional LDO uncer­
tainty information, we will thus also be interested in 
the uncertainty set A (L 00 (X; w) , 800), These mea­
sures of uncertainty are the most natural for our 
problem. 
Typically adaptive neuro-control schemes achieve a 
convergence to some residual set noo containing the 
origin; asymptotic convergence is prevented by the 
'disturbance' term which arises from the 'inherent 
approximation' error. Natural performance mea­
sures such as weighted L2 norms of the state vector 

IThe reason for a smoothness requirement is so that stan­
dard approximation theory can be used to estimate suitable 
sizes of the model from particular smoothness classes. 

will therefore not be defined. The performance mea­
sure we consider in this paper is therefore modified 
to compensate: 

P(Q, k, no) = sup Pf = sup ( xJ(t)QXf(t)+ku}(t) dt, fEf1 /Ef1 iT! 
(3) 

where Q is a positive definite matrix; xf(t) is a solu­
tion of the (well posed) 2 system (�j, 3), (3 denotes 
the controller); uf(t) is the control implememted by 
the controller 3 for system I; Tl is defined: 

(4) 

where noo c no. We call no the error set - it is 
taken to be a neighbourhood of the origin. A good 
interpretable choice for no would be the set {x E 
X I xTQx ::; 1J2} for some choice of 1J (typically 1J 
would be small). 
We now describe the adaptive control methodology. 
The idea in model-based adaptive neuro-control is 
to replace the functional uncertainty (f E A) with a 
parametric uncertainty (f � OT ¢, 0 E A'), and then 
use parametric adaptive control ideas to estimate the 
parameters 0 E W and implement the control. Thus 
we first rewrite the system � f in the form: 

where 

Xi = Xi+! 1::; i ::; n - 1 
Xn = OJ ¢(x) + U + dj(x) (5) 

df(X) = I(x) - OJ ¢(x), (6) 
where Xi E R, x E X = Rn and Of E W = Rm 
is fixed given f. If f is fixed then, for convenience, 
we will write d instead of d f. The Gram matrix 
(¢i' ¢jhi(O\Oo) of ¢ : X -+ Rm will be denoted by 
R. Throughout we assume that the model OJ ¢(x) 
is accurate enough that various measures of the ap­
proximation error are small. The size of the distur­
bance affects the performance of the system in two 
manners. Firstly it determines the stability and the 
size of noo (g below); secondly it affects the rate of 
convergence to no, thus affecting the performance 
measure P (q,s below). The measures of the magni­
tude of the disturbance are given by: 

g(n, no) = sup sup 
fEtl(H,o) xEO\Oo 

IXT bdf(x)1 
IIxI12 (7) 

q(n, no) = sup IIdf 111£(0\00) (8) 
jEtl(ll,ii) 

2To ensure well-posedness of the interconnection (I:�,::::) 
we assume that f is locally Lipschitz, a similar requirement is 
placed on :::: a.e. 
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and 

where the approximation region 0 C X is not nec­
cessarily a compact set, and b is a weighting vector. 
If 0 is compact then a finite dimensional model (ie. 
dim(W) < (0) suffices, however, if 0 is not com­
pact, then generally an infinite model must be con­
sidered (however, as we shall see, some such models 
do lead to physically realisable controllers). Stan­
dard approximation theory provides uniform and L2 

bounds for d for different approximants, and different 
smoothness classes K. These uniform bounds can in 
turn be used to estimate the 'size' of approximant 
required to achieve the specified disturbance bounds 
as above. 
The control is taken to be: 

u(x) = -(F ¢(x) - n(s)xl' (10) 

where n(s) = sn + an_lSn-l + . . .  + al is a Hurwitz 
polynomial. The dynamics of the estimate {j of B f is 
then gi ven by an adaptive law of the form: 

(j = a xT b D(Oo, x) G¢(x), (j(0) = 0 (11) 

where G is an invertible, positive definite, adaptive 
structure matrix, b is the weighting vector, a is a 
scalar (the adapt ion gain) and D is the dead-zone 
function, defined to be the characteristic function 
of X \ 00. We further assume that ¢i E 1-l, and 
to ensure well posedness, we assume that the model 
BT ¢ is defined and locally Lipschitz continuous in 
x VB E W. Equations 10,11 define the controller 
3(1-l, G, a, ¢, 0, 00, A, b). The closed loop intercon­
nection (:E f' 3) can now be written as follows: 

;i; = Ax + ((8f - {j)T ¢(x) + d(x) )en (12) 
(j = a xTbD(Oo,x) G¢(x),  (13) 

where en = (0, ... , 0, I)T and 

0 1 0 0 
0 0 1 0 

A= (14) 
0 O· 0 1 

-al -a2 -a3 -1 

We assume throught that P is the solution of the 
Lyapunov equation AT P + PA = -Q, b = (pT + 
P)en, and 'T/ is a constant s.t. {x E X I xT Px � 
'T/2} cOo. 
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3 Performance Bound 

One further structural parameter is introduced, 
11(¢) , which is defined: 11(¢) = SUPXEfl\flo 11¢(x) ll, 
(this is required to bound the control effort terms). 
We need one definition before we can give the main 
results. 

Definition 3.1 An approximation region 0 for the 
model ¢ is said to be (Q, b, 00) admissable if: i) 00 C 
0, ii) g(O,Oo) < �(Q), iii) q(O, 00), s(O, 00) are 
finite. 

Theorem 3.1 Let 0 c X be a closed set. Con­
sider the system:E� with functional uncertainty � c 
�(1-l(0), 8) and initial condition Xo E 0°. Consider 
the performance measure P = P(Q,k,Oo) . Imple­
ment the controller 3(1-l, G, a, ¢, 0, 00, A, b) where ¢ 
is a finite dimensional model. Suppose 0 is (Q, b, 00) 
admissable, and 

_ 

{T 2 1 (8 + q(0,00) )2 
WQ - max xo Pxo, 'T/ } + 2a �(G)�(R) ,(15) 

where R = (¢i, ¢j hi(O\Oo) is the Gram matrix of the 
model ¢. 
Then for all adaption gains a such that {x E 
X I xTpx � W",} c 0, x(t) -+ 00, and x(t) E 0 
for all t 2: o. If k = 0 the performance measure is 
bounded by: 

�(Q) 2 P(Q, 0, 00) � �(Q) _ g 
(W", - 'T/ ) (16) 

If k > 0, and 6. c 6.(LOO(O;woo), (00) then 

where 

Proof: (Sketch). Consider the Lyapunov function 
V(x, (j) = xT Px + 2� (Bf - (j)G-l(Bf - (j). Invariance 
of 0 wrt. x, and the V(xo, 0) level set of V follow 
from the estimate V � -(,1(Q) - g)llxl12 for x(t) E 
0\00 and V (xo, 0) � W",. Convergence to 00 follows 
from a uniform continuity argument. State perfor­
mance is estimated by ITl = ITl -v + xTbd(x) � 



V(xo,O) _1]2 + xM ITl xTQx. Control performance 

is more delicate, ITl u2 is bounded by an approxima­
tion and transformation procedure which allows us 
to change th integral from one over T1 to one over 
[1]2, WoJ A full proof can be found in [3]. • 

Remark. Theorem 3.1 is given weight by the fact 
that finite dimensional admissable models always ex­
ist for compact n, and since Xo E n°, it follows that 
for all sufficiently large adapt ion gains a, the con­
dition ?? holds. Also note that whilst the control 
effort part of the performance bound has been given 
in terms of an integral, this integral can be computed 
a-priori from the uncertainty set assumptions. 
If the system is of the form I: f+c, where 

c E C = {c: n -r 1R I xTbc(x) :::; 0 \Ix En}, (18) 
then the above proof remains valid. Similarly, the 
uncertainty need only be measured on the "unstable" 
part of f, likewise the disturbance, ego 

df(x) = dist{Of ¢(x),C}, (19) 
� = U - c E K I IIf - cll1i :::; 8, c E C}. (20) 

Example. (Legendre polynomials). Consider the 
system ::i; = f(x) + u, where x, u E 1R and Xo = 
1/2. Let n = [-1,1], K = LiPll and suppose 
we have the uncertainty � = �(L2(n), 1). We 
measn .... e the performance with P(Q = 1,0, no = 
[-0.1,0.1]). 0 < a, M). Take the control gain to be 
A = -1. Solving the Lyapunov equation we obtain 
P = 1/2 and so b = 1. Take ¢ as the union of two 
polynomial approximants of degree n with ranges 
[-1, -0.1]' [0.1, 1] respectively. Jackson's theorem [?] 
implies s :::; 6(0.9)2/n from which we can estimate 
also that q :::; 9)2s/1O, 9 :::; 243/5n. For stability 
we require that 9 < 1, but for a reasonable perfor­
mance we enforce 9 :::; 1/2, so we take. n � 98. In 
this case s :::; 1/20 , so Wo = 1/8 + (1 + .../2/20)2 /2a; 
for stability we also require Wo :::; 1, so we choose 
a � 184 (1 + )2/20)2 Take the polynomial model to 
be the Legendre basis, so R = I, �(R) = 1. Applying 
theorem 3.1 the performance P = P(I, 0, [-0.1, 0.1]) 
is bounded by: 

P < 
99n > 98 - lOOn - 243 n - . (21) 

As a -r 00 we can also show that the upper bound 
converges to 23/200. 
If a modification of the control law is required, ego 
if 9 :f. 1, so we implement the control u(x) = 

gf;y( _IjT ¢(x) - n(s)x1)' or we know a nominal sys­

tem fo so we want to implement the control u(x) = 
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AT -0 ¢(x) -n(s)xl - fo(x), then the entire control ef-
fort term would have to be estimated by the integral 

X(P) fW'" -2 
1]2(�(Q) _ g) }TJ2 U (..jV)vdv 

where (j(r) = sup � U(x,O) TJ'SV V(x,IJ)'Sr y'V(x,O) . 
3.1 Global Stabilization 

(22) 

To apply theorem 3.1 for stabilisation on compacta, 
we need to know the uncertainty level in order to 
design the controller (so that we can ensure that the 
transient state vector lies within the model's range). 
This is an atypical requirement in parametric adap­
tive control, we would like to have controllers which 
are universal to the uncertainty level. According to 
theorem 3.1 for this we need n to become global. 
This calls for infinite dimensional models since we 
cannot hope that finite models will suffice for global 
approximation. But then one must be careful in 
choosing G since in general (for good approximation) 

we will have that OJi) -r 00, lil-r 00 and so V(x(O), 0) 
may become infinite. The following example shows 
an unstable case when G is defined inappropriately: 
Example. Consider the system I: : ::i; = f(x) + u, 
where f(x) = 2::-00 0i¢i(X) and the uncertainty 
is in the paramaters (}i. Suppose further that PI) 
o :::; ¢i(X) :::; 1, where P2) supp ¢i = [i/2, i/2 + 1] and 
P3) ¢i(X) + ¢i-l (x) � 1/2 (note that here ()* de­
notes the exact parameter vector). 3 Now consider 
the following adaptive controller: 

00 
u - L Oi¢i(X) - x 

i=-oo 

with a > 0 and the initial condition Bi(O) = O. 

(23) 

(24) 

Take (}i = 2 + (i + l)n(i), where n(i) is an arbitrary 
increasing function with n(i) -r 00 as i -r 00. We 
show in [3] that for any a > 0 there exist a number 
M = M(a) such that if x(O) � M then x(t) -r 00, 
i.e., the system cannot be stabilized on 1R by uni­
formly increasing the adapt ion rate. 
By considering only a finite sum of (compactly sup­
ported) basis functions in the model, we can inter­
pret the above example as: no finite model of this 
type suffices for stabilisation. Note that by a similar 
construction, it is possible to construct an unstable 
system for any choice of the controller paramaters: 
a,G, A etc. 
Note that for the function f of the above example 

31st order B-splines satisfy P1-P3 



II fl12 = 00 SO � \t: L2(0), ie., the set �(L2(X), 5) is 
clearly too restrictive. Since it is natural to remain 
in an L2 setting we suugest the consideration of un­
certainty sets of form �(L2(X; w), 8). The weighting 
function wallows us capture the growth of the sys­
tem uncertainty, whilst maintaining a bounded un­
certainty in an appropriate space for analysis. For 
example, if f(x) = O(xn) then w: X -7 JR can be 
taken to be w(x) = Ilxll-n-1. The key to dealing 
with global uncertainties is to increase the rate of 
adaption appropriately since Theorem 3.1 requires 
that (Of - 8)TG-1(Of - 8) is defined and thus by 
choosing G (the adaption gain matrix) appropriately 
we should be able to deal with a wide class of uncer­
taintieF:. This then gives us a systematic method for 
choosing the adapt ion gain, structure a,  G for stabil­
ity and performance. 
Note that the model in example 3.1 is semiglobally 
finite dimensional (SFD), ie., for all compact sets 
o eX, the cardinality of {i E IN 1 supp <Pi n 0 f:. 0} 
is finite. Provided tha the system is stable such mod­
els are physically realizable. 
A construction of a suitable G* for the SFD model 
cP = (<PI, <P2 , • . .  , <Pi, ... ) is as given in [2]: Parti-
tion cP by [cpll cp21 cp31 . . .  ], and partition 0 equivalently: 
o = WI 021 031 . . . ], where for each i Oi is a finite­
dimensional vector. Let Ri be the global w weighted 
Gram matrix for the model cpi, and define: 

ai 
Gi = 

}(Ri) 
Idim(£Ji)xdim(lJi), (25) 

where {ai} is any positive sequence for which 

L:l l/ai = 1. Let G* be the diagonal matrix: 

G* = diag(G1,G2, 00 .). (26) 

Theorem 3.2 Consider the system �6. with func­
tional -.tncertainty � C � (L2 (X; w)) and initial con­
dition Xo E X. Consider the performance measure 
P(Q, k,Oo). Suppose cp is globally (Q,b, Oo) admiss­
able. Let G* be given by 26 and implement the con­
troller2(L2(X;w), G*, a, cp, X, 00, A, b) where a> ° 
and cp is an SFD model. Then x(t) -7 00 as t -7 00. 
If � c �(L2(X;w), 5), then define 0 = {x E 
X 1 xTpx ::; Wa} where Wa = max{xifPxO, 1]2} + 
(8 + q)2/(2a). Then x(t) E n for all t ? 0 and only 
a finite number of paramaters are adapted, and 

}(Q) 2 P(Q, 0, 00) ::; }(Q) _ g (Wa -1] ). (27) 

If k > 0, and � c�(Loo(O; woo), 5(0) then 

where 

Proof: The proof is similar to that of theorem 3.1, 
with a more localised estimate of Wa. • 

The key point about of theorem 3.2 is that in con­
trast to 3.1 we do not need to know a-priori the un­
certainty level (8), or the initial condition (xo), to 
design a stable controller, ie. the control design is 
universal to both, just the uncertainty growth char­
acterised by w. (Of course the performance bounds 
are still given in terms of the (unknown) uncertainty 
levels.) This contrasts to robust control schemes, 
where the uncertainty level is needed to design a sta­
ble controllers. The following example exploits this 
fact to give a performance bound for non-a-priori 
known bounded uncertainty: one which has an un­
certainty level defined by a distribution. There is no 
possible robust controller for such an uncertain sys­
tem. 
Example. (Spline basis). Consider the system x = 

f(x) + u, where x, u E JR and Xo :::: 2, and suppose 
we have the L2 uncertainty J�oo P(x):b- dx < 52 , 
where the smoothness class is given by K = Lipl1 
and 52 is given by an exponential distribution with 
parameter A. Let 00 = [1, 1]' and Q = I. Let 
the model cp be given by first order B-splines, de­
fined on a uniform lattice of width 1/2, and take 
G = diag(I/2, I/S, I/S, 1/16, 1/16, . . . ), where the 
basis functions are ordered: 

cp = [CPO, CP-l, CPl, CP-2 , CP2 , 00.] (29) 

where supp CPi = [(i-l)/2, (i+l)/2]. Take the control 
gain to be A = -1. Solving the Lyapunov equation 
we have P = 1/2, so b = 1. It is easily shown from 
the smoothness class K = Lipl 1 that s(JR,Oo) ::; 
1/2, and so q(JR, 00)::; 1, g(JR, 00) ::; 1/2. Then we 
have 

[ 1 (1 2 1 
(8 + q)2 ) ] 

E[P(Q, O, Oo)] < E 
1-1/2 "2xo - + 2a 

X5 -1/2 + .!. E[(5 + q)2] a 

X5 -1/2 + � (� + q2 + q/f) .(30) 
}(Q) 2 }(P) 

P(Q, k, no) ::; }(Q) _ 9 (Wa-1] )+k 1]2 (}(Q) _ g) Fa It is of interest to investigate the asymptotics of 
the performance as we increase the size/resolution (2S) 
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of the model. Typically, as the resolution of the 
approximant increases, q, g, s -+ 0. However with­
out additional assumptions, it may be the case that 
�(R) -+ 0, which will mean the asymptotic bound is 
useless. 

Definition 3.2 A linear model resolution schema is 
a set of the form: 

where {im} m is a strictly increasing sequence in IN 
and where 

sup Il f - OJ ¢m IIco(o) -+ ° (32) 
fEC(O) 

as m -+ 00. The size of a model is the dimension 
of the weight space, dim(Wm) = im. A linear model 
resolution control schema is a set of controllers 3m 
s.t. 3m = (1i,Gm,am,¢m,no,A,b). 

A linear model resolution control schema is said 
to be pr..jormance P(Q, k, no) resolution structurally 
scaleable (prss) if for fixed initial conditions Xo, and 
fixed uncertainty �(1i(n),8), there exists a uniform 
performance bound Poo = Poo(Q, k, no) < 00 s.t. 

liminfPm(Q,k,no)::; Poo(Q,k,no), (33) m-too 

where Pm(Q, k, no) is the performance of (I:A, 3m). 

Corollary 3.1 
Consider the system E with functional uncertainty 
�(L2(n), 8) and initial condition Xo. Implement the 
controller 3(1i,I, am, ¢m, no, A, b). Sufficient con­
ditions for a linear model resolution control schema 
to be performance P(Q, 0, no) resolution structurally 
scaleable are 

{x E X I xTpx::; max{x5PxO,1]2} + 82 f)..} c n 
(34) 

and lim inf m--+oo�(Rm)am = ).. > 0, where Rm is 
the matrix of the model ¢m and am is the adaption 
gain. A uniform P(Q, 0, no) performance bound is 
then :liven by: 

where a lim infm-too am. If additionally 
1. 

lim SUPm-too ainJt( ¢m) ::; Jt < 00 then this ensures 
P(Q, k, no) resolution scaleability for k > O. 

Proof: This follows from definition 3.2 and theo­
rem 3.1. • 
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Example. Let '¢m be an orthonormal model resolu­
tion schema. Then consider 

3(H,I,am = Jt('¢m)2,¢m = 
Jt(�m) '¢m,no,A,b). 

(36) 
Then �(Rm(¢m))am = 1, a;,(2Jt(¢m) = 1 and the 
sufficient conditions are met for small enough uncer­
tainty levels 8 given an approximation region n. 
Example. Is is shown in [3] that the Gaussian net­
works of [4] do not generally satisfy the above suffi­
cient condition and indeed are not prss (stability is 
ensured with a sliding mode) when G = I and a is 
constant. 

4 Further Research 

Further work will extend the examples 3.1,3.1 into a 
general instability result and a general lower bound. 
This hopefully will lead to necessary and sufficient 
conditions for prss for example. It is straightfor­
ward to generalise these results to more general mul­
tiple input / output systems with matched uncer­
tainties. Importantly, these results can be extended 
to the non-matched case via the backstepping pro­
cedure. This is possible due to the fact the back­
stepping designs also construct quadratic Lyapunov 
functions. However there are extra difficulties in ex­
tending these results in this way due to the coor­
dinate transform; which mean that these extensions 
are not straightforward. Further details can be found 
in the forthcoming paper [2]. Further applications of 
this line of research can be found in the thesis [1]. 
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