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Abstract

We show that cascading Hebbian lcarning with any other convergent
algorithm (called the forward algorithm) results in the convergence ol the
Hebbian weights to a stationary point where the Hebbian algorithm would
converge if the weights of the forward algorithm had already converged.
Further, it is shown that the convergence rate of the composite algorithm
does not deteriorate because of the cascading. This result is a conse-
quence of a more general theorem which is also stated and proved here.
the proofs being based on a global Lipschitzian assumptlion. The theory
is illustrated by a composite PCA-Hebbian architecture introdnced by

Micheals (Michaels, 1995).
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1 Introduction

Hybrid learning rules for training multi-layer neural networks have been consid-

ered by scores of researchers in the field. These include Hecht-Nielsen (Hecht-Nielsen, 1987),
Rilter el al. (Ritter et al., 1988), Moody and Darken (Moody and Darken, 1989),

Poggio and Girosi (Poggio and Girosi, 1990), Nowlan (Nowlan, 1990), Benaim

and Towasini (Benaim and Tomasini, 1991, Benaim and Tomasini, 1992), Mar-

tinelz and Schulten (Martinelz and Schulten, 1991) Tominel al. (Fornin et al., 1994),
Szepesvari et al. (Szepesvari et al., 1984), Joutsensalo et al. (Joutsensalo et al., 1993),

and Michaels (Michaels, 1995) to name but a few.

h 4
A 4

N,

I'igure 1: Single hidden layer cascaded network

The weight u of subnetwork N; is trained independently of the weight v of
subnetwork N5. We investigate in this article if the convergence of the weight
vector of Ny follows from the convergence of the weight vector of N;. We impose
conditions on the training rule of Ny when training N and Ny simultaneously,
or training Ng alter Ny has converged, which make the two modes equivalent.
Specifically, we prove that if Ny is trained by the Hebbian law then the conver-
gence speed of v is simply O(max(1/v, |ju; — u|))).

h 4

Consider, for the sake of simplicity, a single hidden-layer network (see Fig-
ure 1). Formally, the output of the network is given by y = Na(x, Ni(x,u),v).
where w = (u,v) € R™! x R™2 are the weights of the network, x € R” is the
input, y € R™ is the output, N1 : R®* x R™ — R" and N, : R* x R* x R”? —

R are the transfer functions of the hidden and the output layer, respectively.



3 Svnthesis of neural networks

The integer k is the number of hidden units. Here N} and No deseribe the
computation performed by the hidden layer necurons and output layer ncurons,
respectively.

Such a network can be viewed as the cascade of two subnetworks provided
that the weights v do not influence the training of weights u. Usually, the
weights u are trained by an unsupervised learning rule (e.g. some form of
competitive learning or a maximum likelihood algorithm) and the weights v
are lrained according to a supervised algorithm (Ilebbian learning, competi-
tive IIebbian learning, etc.). The training of weights is a special case of the
stochastic approximation (SA) procedure introduced by Robbins and Monro
(Robbins and Monro, 1951). Here we are interested in the convergence and rate
of convergence of the weights of the cascaded part. Since, by assumption, the
weights v do not influence the weights u we expect that the training of weights
u; (7 denoting the training time) is such that the weights u; converge to some
limiting value n*. After that no further assumption is put on the training of
Ni. As for the other weights, we provide sufficient conditions under which the
weights of the second layer, v, converge to the value they should converge to
when the weights u; are bounded to their limiting value u* during the training
of Na. An estimale of the convergence rale is also provided in a simple but
important case when Nj is trained by supervised Ilebbian learning,

The convergence of cascaded algorithins have been studied in some detail
by Benaim (Benaim, 1993,Benaim, 1996). First, he considered continuous-time
learning under the adiabatic assumption (i.e., that the cascaded part works
on a substantially slower time-scale). Recently, he extended his method to
discrete time SA algorithms and was able to drop the adiabatic assumption
as well (Benaim, 1996), but did not prove any convergence rates. Benaim’s
recent convergence results are, in a way, hoth more and less general than ours.
He considers hybrid algorithms with the cascaded part trained by an arbitrary

gradient rule (in this respect his result is very general), but he also presupposes
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the input layer is trained by another gradient rule which we do not require here.
Actually, he doces not prove the convergence of the cascaded weights (except for
the lincar casc claborated upon later by us), but just says that if those weights
converge they would converge to the “right” limit point. The advantage of
our approach is not only its simplicity but that it allows one to estimate the
convergence rate of the compound process directly.

The article is organized as follows: in the next section the key results are
cited and discussed. Then in Section 3 the results oblained are used to derive
the convergence and speed of convergence of a hybrid algorithin introduced in
a dillerent context by Michaels, an algorithm which is an alternalive to the
classical LMS algorithm. Finally, all the proofs needed are presented in the

Appendix section of the paper.

2 Results

The following theorem forms the basis of our results:

THEOREM 2.1 Let X and ¥V be Banach spaces, Up : X XY — X (n=10,1,2,...)
he a sequence of mappngs, let 8, € Y be an arbitrary series, let 8o € Y and
Yoo € X. Let

In41 = Un(rn:{gm)a (1)
and

yn+] = [F‘H. (yn ) 811,); (?)

with xg = yq.! Then

re) k2]
llgm — 2oull < llom — 2ol + > 118 — B llES T 15, (3)
5=0 t=s41

LThis cenditien,i.c., that ¢ = ¥ is net nccessary at all. Hewever, it is a uscful assumptien
fer simplifying the preef.
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where” L% is the uniform Lipschitz indcz of Ug(z.0) w.ri. 8 at 8, and, simi-
larly, LY is the uniform Lipschitz indcx of Uy (i, ) wort. z3
Now supposc that z, and 0, cenvcrgc to x,, and 8;nfty, respectively, in the

nerm of the appropriate spaces. If the Lipschitz constants LE and L% satisfy the

relations
LfISC(l—Li), (4)
and
II zi.=o, (5)
m=n
where n = 0,1,2,... then also liy oo ||yn — veo|| = 0.

If, LS = ¢/n for some ¢ >0, LT < 1—1/n and ||0; — 0o || = O(1/5%), where

0< o<1 then
lyn — xoe|| = O(max(1/n”,||an — xcel|))-

It is clear that the given convergence rate must be a strict one hence we cannot
expect y, converge faster than either z, or #,,.

Theorem 2.1 could have many applications. Tor example, if I7,(z,0) =
U(x,0) is a contraction with contraction index v in z (L = ) and L% < B for
somc B > 0 then the above theorem yields the result that yn+1 = Un(yn,®n)
converges to the fixed point of U(+, ). Onc simple application of this is in
rcinforcement learning, where #,, corresponds to the estimated parameters of
a Markovian decision proccss and I/, (-,#) is the optimal valuc opecrator corre-
sponding to a discounted Markovian decision problem with parameter vector 8.
This is just the synchronous version of the convergence theorem of Gullapalli
and Barto (Gullapalli and Barto, 1994).

In this article the above theorem is applied to the simplest supervised {rain-

ing algorithm, vo that of ITebbian learning (ITaykin, 19941). Thal is, we assume

2Here we admit the convention that 1_[:7: mat =1itm >n.
IThat is, fer alle € X and 8 € ¥ ||[Ux(x,8) — Uk(x,85)l] < Li”é — 0 || and fer all
2,y € X ||Ur(z, b)) — Uiy, 850) || < Ligllz — yll-
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that the output ncurons arce trained by the rule
VH_]_:(I 7m)vé+(}'gﬂ, (6)

where oy > 0, & = 0,1,2,... satisfy the usual criteria, i.e., they are square
sutnimable but nou linear sumninable and 73 € ™2 may depend on the desired
outpul value y¢, the actual weights of the hidden layer u; and input of the net

x¢, bul not depend on v;:
F = F(yt~xt!ut)-

(L'sually, the dependence of F;, on x; and u, goes through the output of the
hidden layer neurons.) Note that almost all the hybrid algorithms cited above
use Hebbian learning for the training of the “hidden layer” weights.

The [ollowing theorem is a consequence of Theorem 2.1.

THEOREM 2.2 Let || - || denote an arbitrary norm defined for randem vectors.
Assume that for any random vector v, the norm of v depends oenly on the dis-
tributien of v. Letu, be a stochastic process which converges to some vector u*
in the chosen norm: lim;_ . ||u; —u*|| = 0. Assume that (x:,y:) is a stochastic
process of identically-distributed random variables. Assumc further that for all

veetor 1 the fellowing incquality helds:
[|1F(y0,%0,1) — F(yo,x;. n")|| < K|ju—n,
where K > 0 is a fized read nwmber. Then the following lhings hold:

1. The oulpul weighls vy trained by rule (6) converge ifJ they converge when

lrained by the rule
Vipr = (L — o) Ve + ar F(ys. %5, 0"). (7)

Further. in casc of convcergcnce the {imiting valucs gencrated by the two

rules are equal.
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2. Let this limit peint be v* and assumc that &y = ¢/t, wherc ¢ > 0. Then
the convergence rate of ||[ve — v*|| is no worsc than the mazimum of the

convergence rates of vi and u;.

Note that the theorem is easily extended to the case when the condition that uy
converges to some limit point n* is relaxed to the assumption that w; converges
to one element of a set {/* containing isolated vectors.

In order to obtain a practical convergence rate let us assume that wy is

computed by some S A method and that || - ||z is the L2 norm L£[||-||?]'/2, where
L[] stands for the expectation value operator. Now under usual conditions

(Wasan, 1969, Benveniste et al., 1990)

. . ] 1
[v: — v ||2=0< r),
NG

ve=v'lls =@ (;)

It is casy to prove a thecorem similar to Theorem 2.2 but for probability-

||ut - u*H21

so by Theorem 2.2 also

onc convergencee cases and when the norm || - || is an ordinary vector norm; all
we have to do is to consider pointwise convergence over the probability space
underlying the sampling process. 'I'he precise restriction on /' is that {” should
be Lipschitzian in u, independently ofits first two variables. 'I'his normally only
holds for bounded x and y, so we must assume that x; and ¥, are bounded with
probability one (w.p.1): If it is further assumed that the process (x,,y,) consists
of independent, identically distributed (i.i.d.) random variables and &, = 1/t
then under some mild conditions on the forward algorithm the iterated logarithm
theorem of P. Major (Major, 1973) gives that

loglogt

g =l ,

: *
vi— V=0
and eventually allows one to prove that

[ve = V7] =0
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holds with probability onec.

We note that Theorem 2.1 cnables us to extend Theorem 2.2 to the case
where F' depends on v and just F should be a non-cxpansion w.r.t. v, indepen-
dently of the other parameters of F' (it is sufficient if it holds for vectors in the
tail of v;). The one-dimensional example F'(u,v) = uv? shows that if F does
not satisfy this condition then the conclusion of Theorem 2.2 no longer holds.
In this case the limit of the process v, converges to a fixed point or to infinity
depending on vq, so the initial values of the process us can determine the [inal
behaviour.

Though the prools presented below are quite simple this is not counted as a
drawback but rather as an advantage. The proofs are based on the classical ap-
proach to SA, i.e., the Robbins-Monro formalism which reduces the convergence
of SA algorithms to the convergence of difference equations. Here we prefer this
formalism to the method of ordinary differential equations (ODEs) introduced
by Ljung (Ljung, 1977) and Kushner and Clark (Kushner and Clark, 1978) be-

cause of its simplicity.

3 Application: LMS minimisation by hybrid
learning

Michaels proposed a two-layer, hybrid neural network that performs principal
coimponent analysis (i.e., decorrelation of the inputs) in its first layer and learns
correlations (i.e., performs Hebbian-learning) in its second layer (Michaels, 1995).
He has shown that this network solves the association of finite samples composed
of input-oulpul pairs with the minimum LMS error. Iere we exlend his analy-
sis Lo enfinile random samples under the assumption that the training samples
are drawn independently [rom a common probabilily distribution having a fi-
nite second moment. It is demonstrated that the proposed learning algoritlim

solves the LMS (lincar) approximation problem and also give an cstimate of its
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convergence SpCCd.

3.1 Preliminaries

Let& € R™M,t=0,1,2,... be 1.1.d. random variables with zcro mcan and finite
second moment, and let f: R™ — R’ be an arbitrary bounded function. 'TI'he
task is to find the hest linear approximation of f, that is the matrix W € R™*»
such that

\we — FE)I]

(W) = if[
2

is minimal (here and in the following & denotes a random variable with the

same distribution as £;.) The classical incremental solution to this problem is to

perform gradient-descent on the error surface E(¥W) (Widrow and Hoff, 1960).

Gradient-descent is guaranteed to converge to the optimal solution, since E(¥")

has only one minimum which satisfies the equation
W* = RpeveRe g 9

where Iyi¢) ¢ = L[f(€)€T] is the cross correlation matrix of the input and out-
put data and Itg ¢ = L[¢€T] is the autocorrelation matrix of the input data.

Therefore the Widrow-IIoff LMS algorithm

Wit = Wi + aa(f(&) — WEET

incrementally computes the product of K¢y ¢ and inverse of matrix Re¢.

3.2 LMS algorithm based on decorrelation and correlation

Assume that all the eigenvalues of Re ¢ are positive and that they are distinct
as well. Let U7 be the matrix composed of the orthonormalised eigenvectors of
Iz ¢ (What is UUT = I, where I is the unil matrix) and let A be the diagonal
maltrix whose 7th diagonal element corresponds to Lhe ith eigenvector in U7, thal
18

Re e = UAUT, (10)
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Rewriting (9) in terms of (10) yiclds
W = Rf(g)’g(UAUT)_l = Rf(f})g[-ri\_lUT,

that is, if we let
Q = Ry eUa™ (11)

then W* = QU7 Now let us introduce the variable

Then the optimal LMS approximation of [ is given by

(&) = Qu(&). (13)

Besides this @ can be written in terms of 7 since

Q = Rugel/A™" = B[f(€)¢T17A~"] =
= E[©AT0TT]) = EIHEAT )] = Retgra-ia. (14)

Equations (12) and (13) can be interpreted as the output computation per-
formed by a two-layer (linear) neural network. This idea was developed fur-
ther by Michacls (Michacls, 1993), who proposed that the learning of ( and
U should be performed by ncural algorithms (though he considered the finite
sample casc which rceuircs a different treatment). There are several learning al-
gorithms that are known to converge to /7 (see eg. (Oja and Karhunen, 1983,
Rubner and Tavan, 1989,Baldi and Hornik, 1989 ,Sanger, 1989.Xu, 1993, Xu and Yuille, 1995,
Palmieri and Zhu, 1995,Chen and Chang, 1995)) and Hebbian learning can be
used to learn the correlation matrix and the eigenvalues A. @ne possible algo-
rithm is shown in Table 1. The equation of Step 2 may be replaced by any one
of the many learning algorithms that learn the principal components of ¢ . In
Step 5 diag(4) is delined by diag(4);; = 0 if ¢ # j and diag(.4);; = «;. Thus
diag(A4)~! is easy to compute: diag(:lv)l-'jl = 0if i # j and diag(A);! = 1/ay.

It is possible to avoid the inversion of the diagonal elements of A; by learning
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Algorithm 1: LMS algorithm based on decorrelation and correlation.

repeat ferever|{
1. Generate the training data: (€, £,), where fi = f(&)-
2. Learn the principal components:
B, =BAE, B
3. Compute output of the first layer:
M = Uti—ft.
1. Lcarn the cigenvalue matrix:
: T

-AH-I = (1 e Oc't)At T+ Qefeif; .

5. Learn the cross-correlation mastrix:
Witr = (1= B)We + e frldiag[Aeya] 7 ne) T

6. t:=t+1.

——

the inverse of A directly. 'I'his can be done by replacing the learning equation

of Step 4 hy a special LLMS rule:

AL = AT+ &y (B - ATy,

3.3 Convergence properties

By Theorem 2.2 and the argument that followed it, we have that the proposed
algorithm converges in the mean-square error norm with probability one since
it uses only Hebhian learning in the cascaded part (Step 4 and 3). Assuming
the L? norm of randomn vectors, Lhe rate of convergence of the cascaded parl is
O(1/+/1). Tn general, the convergence rate of the whole algorithm will depend
on the rate of convergence of the forward algorithm. Compuler simulations
indicate thal this convergence rate is also @(1/1/0) (see e.g. the experiments of
Xu and Yuille (Xu and Yuille, 1993)), so by Theorem 2.2 the convergence rate of
the whole algorithm is O(1/+/2), which is just the same as the convergence rate

of the LMS algorithm. Note that the actual convergence rate of both algorithms
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depend on the cigenstructure of the corrclation matrix Be .

Appendix

[Mirst we prove Theorem 2.1 through a series of simple lemmas and then consider
the proof of Theorem 2.2. We start with a basic lemma concerning iterated linear

inceualitics.

LEMMA 3.1 Let {k,},{a,},{b,} be sequences of real numbers and assume that

the numbers k,, oll salisfy Lhe sarne inequalily
kn+l <apnky, +by, n=0,12 ...

Then

kn <ko [Jai+ > b [] - (15)
i=0

=0 j=i+1
Proof. By assumption ky < egko+ 8o and &, < e1k; + b;. Substituting the esti-
male of ky into the latter inequality yields ks < @yapko + @100 + b1. Continuing

in this way we get (15). m]

LEMMA 3.2 Let X and Y bc Banach spaces, Uy, : X xY — X bc a scquence of
arbitrary mappings (n=0,1,2,...), and lct 8, €Y bc a convcrgent scrics with

limit Bo (that is ||n — Beo|| converges to zevo). Further, let

L4l — Iffn(xn:gco); (16)
and let
Y41 = ['rn(_ynagﬂ); (17)
with xg = Yg. Then
I — all € 3016, — 8122 T] 24 (%)
s=( =541

where Lz is the uniferm Lipschilz indez of U (x,0) w.r.t. @ at 05 and, similarly,

L% isthe uniferm Lipschitz index of Ug(x,00) w.rd. .
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Proof. The proof is the application of Lemma 3.1 to the scquence 8, = ||zn—ynl|.

Indeced, by the triangle incquality we have that

rq‘n+l = ||Un(xn: 60\,) - Un(ynu 'qn)”
”Un(ﬁn‘ oo:) - Uu(ynvﬂm)H + ”Un(_yn’ om) - U,;(Un, on)H

LESn 4+ 121160 — B |-

IN

IN

‘Thus 6, satisfies the conditions of Lemma 3.1 with a, = LS and &, = L2](0,, —

Osall- o

Part 1 of Theorem 2.1 follows immediately from this lemma since ||y, —
oo || <t — 20|+ |17 — e ||. Now let us consider the second part.

Firstly, some extra conditions are required to make ||y, — .|| couverge Lo
gero. The rlis. of (IR) can be taken as the “triangle” trausformation of the
sequence ||0, —0.,]]. IL Ay, is a sequence of numbers, and a,,;m, 0 < m < nis a
triangular matrix then the transformed sequence

n

bp, = E a-n,mL\m

m=0

is called the triangle transform of A, with transformation sequence &, ,,. Trian-

n

sle transforms of infinite series for which ) _,

an m 18 a constant independent,
of n have been analysed in (Pdlya and Szegd, 1972). Here we consider a broader
class. A transformation scqucnce &, , is called regular if the following two con-

ditions hold:
1. limy oo @y m = 0 for all m and
2. limy oo (Z:;:O tn m) = ¢ with some ¢ > 0.

The constant ¢ is called the asymptotic value of the sequence a, . Regular
transformations actually keep the limit of the transformed sequence, as can be

shown by the following lemma:



14 Svnthesis of neural networks

LEMMA 3.3 Let € = (an,;m), €am >0 (nym € N,0 < m < n) bc an erbitrary
reqular scquence with asymptotic valuc c. Let A,, be an arbitrary convergent sc-
rics with imit A. Let by, be the “triangle transform” of Ay, with transformation

SEquUence a,, m .
n
b, = E € mAm.
=0

Then b,, converges te cA, and the following estimate holds as well:

K
|bn - (‘Al S |(nA| + QCHI( + HU Z On.m, (]())

m=0
where 8 < K < n is arbitrary (but it may depend on n), cp = ¢ — 221:0 an,m,
and

Hyg = sup |A, — Al

n2> K

Proof. In the following sequence of estimates

n n
‘bn, - CA‘ = z {EH,THA?H - [tn + Z C\"n,m)A (20)
m=0 m=0
”
S Z U'n,m‘Am - A| + |6ﬂ/—\“
=0
K n
< Z tn)m\Am — A+ ( Z a.mm) sup |A; — A+ |en A
m=0 m=K+1 12k
K
g H".] Z an,m + QCHK + ‘(VIAL

m=0
where 0 < K < n is arbitrary, we have exploited the fact that e, ,, > 0. Hence
(19) follows.

Now, let us consider the convergence of b,,. Pick an arbitrary € > 0. Then
let us choose the number K so that 2¢/lg < ¢/2, and choose N > K such (hal
lea | + 1o Zﬁ:o ¢, n < €/2 is salislied whenever n > N. Such numbers exist
because ITg and ¢, converge Lo zero and also e, ,, converges Lo zero as n Lends
to infinity for any fixed m. Then by (21) if n > N then |b, — cA| < €. Since €

was arbitrary b, converges to cA. 0O
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The incquality rclation (19) cnables us to estimate the convergence speed of
bn. However, since the above incquality holds for any regular triangle transfor-
mation the resulting cstimate will in gencral be rather erude. We note too that
inequality (19) is strict in the werst case sense. This becomes evident when
considering A,, = A = ( for all n. If the convergence of e, ,, towards zero is
independent of m we can do much better in the derivation of the convergence

speed as shown by the next lemma:

LEMMA 3.4 Assume that @, decreases uniformly in m, i.e., that there exists
a functien h(n) such that
Onom < A(n) (21

holds for all n. Let g : RY — R be ¢ menotonically decreasing, pesitive-valued

integrable function which satisfies
An < g(n). (22)
Then the lriangle lransforin of Ay, by, salisfies (he inequalily
by < h(n)G(n) + O(h(n)), (23)
where G(z) = [; ¢(s)ds.

Proof. Trom the mean-value theorem ol integrals

n—1

¢ < / g(s)ds — > a(i) < ¢(8) — g(n) < g(¥),

i=0
while from equations (21) and (22) we have that

¥

b < h(n) > e(m).

m=0

Combining the above two inceualitics yviclds the desired result. 0

Note that if G(z) converges to zero then we get the result that b, = O(h(n)),

while if G(n) does not converge to zero then b, = Q(h(n)G(n)). For example.
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if @y m = 1/(n + 1) (which corresponds to averaging) and A, < 1/(n + 1)*
with 0 < s < | then we get that b, = O(L/(n + 1)*), ic.. averaging docs not
change the speed of convergence. Note that although the primitive function of

g(z) = y/loglog z/x cannot be written in a closed form, clearly

e
/ viogloga/z dx < /T loglogT
¢

which can be casily verified by differentiation. From these follow our extension
of the itcrated logarithm theorem of P. Major to cascaded Hebbian learning.
touched upon in Section 2. In order to derive this and the convergence rate
estimate of Theorem 2.1, simply observe that if L% < ¢/(n + 1) and LZ <

1 —1/(n +1), then after some computation equation (18) will reduce to

n
44
Zn — Ypl| < —— 9. —0,]|.
o=l < 5 S 0l

The following lemma completes the proof of Theorem 2.1:

LeMMa 3.5 Let z,,, y,,,Lf?_,Lﬁ_:ﬁ,,, be the series as defined in Lemmae 3.2. As-

suwme thal there exisls a consltanl C' > 0 such thal

L8 < (L= L) (24)

T

holds* for alln > 0 and also for alt k>0

ﬁ L2 = 0. (25)
i=k

Then limn—_co ||&n — ynll = 0.

n

|and ay, » = L8, Hj:m+l L7 where we have used the

Proof. Lel Ap = ||0p — 0

convention again that an empty product (i.c., when m > n) is equal to 1. Ob-
scrve that by Lemma 3.2 ||, — yn|| can be cstimated from above by the triangle

transform of A, with cocfficients ay . Since Lfn < C(l = LE) then Uy, m <

1Nete that this cenditien requires that LZ < 1 helds fer all » since L& > 0.

L
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n s . n
br m, where by m = C(1 — Lfn)]_[j:m_'_l L%. Thercfore. since Y omen nmAp <

n
m=0

S o bn,mAn, it is sufficient to estimate the sum

—— by, m Ay from the above

to obtain an upper bound on ||z, — y,||. Now, obscrve that (by, ) satisfies the

assumptions of Lemma 3.3: b, ,,, > 0,

oce
. _ z —
i b = CL—L3) ]] 17=0
j=m+1

and

n n n
z bn,m =C ZU‘ - LZ;I) ].—I L;

m=0 m=~0 j=m+1
which is a telescopic sum that reduces to C(I—H?ZO L7 ) after expansion. There-

fore
n (9]
. _ Ty _ [
lim, Sbam=CU-J[LH=C>0
m=0 1=0
Thus Leruna 3.2 can be applied and we see that ||z, — ¢, || converges (o zero.

(]

Now let us consider a cascaded Hebbian algorithm of the form

vier = (1 — e )vy + o I (¥, Xe, 1),

where the involved quantitics satisfy the conditions of Theorem 2.2, First, ob-
scrve that this corresponds to a diagonal process y,, of form (2), with y, = v,,
6, = up,, and Uy(yn,Bn,w) = F(yn.%n,u,). (In order to make the differ-
entiation easier between the symbols of the two contexts, symbols related to
the cascaded Hebbian algorithm have a boldface typeset, while the symbols
of the Banach-space context have a normal typeset.) U, does not depend on
6, so the Lipschitz constant of {7, wr.t. 8, is zero. Therefore the possible
Lipschilz constants are LZ = | —a, and L¢ = Ka,, where K is the Lips-
chitz constant of I/ w.r.t. u delined in Theorem 2.2. Since we assumed (hal
Z?;O oz = oo the Lipschitz constants satisfy the conditions of Lemma 3.5 (in-
equality bound (24) and equation (25)) thus ||v: — u¢|| converges to zero, and

hence by Lemma 3.2 ||v: — v*|| also converges to zero (here v* denotes the limit
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[u”—u;|| = 0). The

of process Vi) = (L — &) Ve +o F(ys, x¢, u*) where lime— o

convergencce rate estimate follows from the propertics of the Lipschitz constants.
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