Online Learning with Gaussian Payoffs and Side
Observations

Yifan Wu'! Andris Gyorgy? Csaba Szepesvari'

!Dept. of Computing Science 2Dept. of Electrical and Electronic Engineering
University of Alberta Imperial College London
{ywul2, szepesva}@Qualberta.ca a.gyorgy@imperial.ac.uk

Abstract

We consider a sequential learning problem with Gaussian payoffs and side ob-
servations: after selecting an action ¢, the learner receives information about the
payoff of every action j in the form of Gaussian observations whose mean is the
same as the mean payoff, but the variance depends on the pair (7, j) (and may be
infinite). The setup allows a more refined information transfer from one action to
another than previous partial monitoring setups, including the recently introduced
graph-structured feedback case. For the first time in the literature, we provide
non-asymptotic problem-dependent lower bounds on the regret of any algorithm,
which recover existing asymptotic problem-dependent lower bounds and finite-
time minimax lower bounds available in the literature. We also provide algorithms
that achieve the problem-dependent lower bound (up to some universal constant
factor) or the minimax lower bounds (up to logarithmic factors).

1 Introduction

Online learning in stochastic environments is a sequential decision problem where in each time step
a learner chooses an action from a given finite set, observes some random feedback and receives
a random payoff. Several feedback models have been considered in the literature: The simplest is
the full information case where the learner observes the payoff of all possible actions at the end
of every round. A popular setup is the case of bandit feedback, where the learner only observes
its own payoff and receives no information about the payoff of other actions [[1]. Recently, several
papers considered a more refined setup, called graph-structured feedback, that interpolates between
the full-information and the bandit case: here the feedback structure is described by a (possibly
directed) graph, and choosing an action reveals the payoff of all actions that are connected to the
selected one, including the chosen action itself. This problem, motivated for example by social
networks, has been studied extensively in both the adversarial [2, 3| 4} 5] and the stochastic cases
[6, [7]. However, most algorithms presented heavily depend on the self-observability assumption,
that is, that the payoff of the selected action can be observed. Removing this self-loop assumption
leads to the so-called partial monitoring case [S]]. In the absolutely general partial monitoring setup
the learner receives some general feedback that depends on its choice (and the environment), with
some arbitrary (but known) dependence [8, 9]. While the partial monitoring setup covers all other
problems, its analysis has concentrated on the finite case where both the set of actions and the set
of feedback signals are finite [8}|9], which is in contrast to the standard full information and bandit
settings where the feedback is typically assumed to be real-valued. To our knowledge there are only
a few exceptions to this case: in [5], graph-structured feedback is considered without the self-loop
assumption, while continuous action spaces are considered in [10] and [11] with special feedback
structure (linear and censored observations, resp.).

In this paper we consider a generalization of the graph-structured feedback model that can also be
viewed as a general partial monitoring model with real-valued feedback. We assume that selecting



an action ¢ the learner can observe a random variable X;; for each action j whose mean is the same
as the payoff of j, but its variance o?j depends on the pair (7, j). For simplicity, throughout the paper
we assume that all the payoffs and the X;; are Gaussian. While in the graph-structured feedback
case one either has observation on an action or not, but the observation always gives the same amount
of information, our model is more refined: Depending on the value of a?j, the information can be
of different quality. For example, if afj = 00, trying action ¢ gives no information about action j.

In general, for any afj < 00, the value of the information depends on the time horizon 7' of the
problem: when afj is large relative to 7' (and the payoff differences of the actions) essentially no

information is received, while a small variance results in useful observations.

After defining the problem formally in Section [2] we provide non-asymptotic problem-dependent
lower bounds in Section 3] which depend on the distribution of the observations through their mean
payoffs and variances. To our knowledge, these are the first such bounds presented for any stochas-
tic partial monitoring problem beyond the full-information setting: previous work either presented
asymptotic problem-dependent lower bounds (e.g., [12| [7]), or finite-time minimax bounds (e.g.,
[9,13415]). Our bounds can recover all previous bounds up to some universal constant factors not de-
pending on the problem. In Section [d] we present two algorithms with finite-time performance
guarantees for the case of graph-structured feedback without the self-observability assumption.
While due to their complicated forms it is hard to compare our finite-time upper and lower bounds,
we show that our first algorithm achieves the asymptotic problem-dependent lower bound up to
problem-independent multiplicative factors. Regarding the minimax regret, the hardness (@(Tl/ 2)

or @(TQ/ 3) regretﬂ) of partial monitoring problems is characterized by their global/local observabil-
ity property [9] or, in case of the graph-structured feedback model, by their strong/weak observabil-
ity property [5]. In the same section we present another algorithm that achieves the minimax regret
(up to logarithmic factors) under both strong and weak observability, and achieves an O(log?’/ 2 T)
problem-dependent regret. Earlier results for the stochastic graph-structured feedback problems
[6L 7] provided only asymptotic problem-dependent lower bounds and performance bounds that did
not match the asymptotic lower bounds or the minimax rate up to constant factors. A related combi-
natorial partial monitoring problem with linear feedback was considered in [10]], where the presented
algorithm was shown to satisfy both an O(7"%/3) minimax bound and a logarithmic problem depen-
dent bound. However, the dependence on the problem structure in that paper is not optimal, and, in
particular, the paper does not achieve the O(y/T) minimax bound for easy problems. Finally, we
draw conclusions and consider some interesting future directions in Section 5] Proofs can be found
in the long version of this paper [13]].

2 Problem Formulation

Formally, we consider an online learning problem with Gaussian payoffs and side observations:
Suppose a learner has to choose from K actions in every round. When choosing an action, the
learner receives a random payoff and also some side observations corresponding to other actions.
More precisely, each action ¢ € [K] = {1,..., K} is associated with some parameter 6;, and
the payoff Y;; to action ¢ in round ¢ is normally distributed random variable with mean 6; and
variance o2, while the learner observes a K -dimensional Gaussian random vector X; ; whose jth
coordinate is a normal random variable with mean ¢; and variance cri2 i (we assume 0 < 0;; < 00)
and the coordinates of X, ; are independent of each other. We assume the following: (i) the random
variables (X¢, Y;); are independent for all ¢; (ii) the parameter vector 6 is unknown to the learner but
the variance matrix ¥ = (07;); je[x] is known in advance; (iii) § € 0, D]¥ for some D > 0; (iv)
min;e g 045 < 0 < oo forall j € [K], that is, the expected payoff of each action can be observed.

The goal of the learner is to maximize its payoff or, in other words, minimize the expected regret

T
Rr=T 0; — E|Y;:;
T 112[2?] 4 ; [ t,u}

where i, is the action selected by the learner in round ¢. Note that the problem encompasses several
common feedback models considered in online learning (modulo the Gaussian assumption), and
makes it possible to examine more delicate observation structures:

'Tilde denotes order up to logarithmic factors.



Full information: 0;; = 0; < oo foralli,j € [K].
Bandit: ¢,; < coand 0;; = oo forall i # j € [K].

Partial monitoring with feedback graphs [5]: Each action i € [K] is associated with an observa-
tion set S; C [K] such that o;; = 0; < 0o if j € S, and 0;; = oo otherwise.

We will call the uniform variance version of these problems when all the finite o;; are equal to some
o > 0. Some interesting features of the problem can be seen when considering the generalized full
information case , when all entries of X are finite. In this case, the greedy algorithm, which estimates
the payoff of each action by the average of the corresponding observed samples and selects the one
with the highest average, achieves at most a constant regret for any time horizon TE] On the other
hand, the constant can be quite large: in particular, when the variance of some observations are
large relative to the gaps d; = max; f; — 0;, the situation is rather similar to a partial monitoring
setup for a smaller, finite time horizon. In this paper we are going to analyze this problem and
present algorithms and lower bounds that are able to “interpolate” between these cases and capture
the characteristics of the different regimes.

2.1 Notation

Define C} = {¢ € NX : ¢; > 0,2 ek ¢i = T} and let N(T') € CY denote the number of
plays over all actions taken by some algorithm in 7 rounds. Also let C¥ = {c € RX : ¢; >
0,> ie[k] G = T'}. We will consider environments with different expected payoff vectors § € O,
but the variance matrix Y. will be fixed. Therefore, an environment can be specified by 6; oftentimes,
we will explicitly denote the dependence of different quantities on §: The probability and expectation
functionals under environment 6 will be denoted by Pr (-;0) and E [-; 0], respectively. Furthermore,
let 7,(6) be the jth best action (ties are broken arbitrarily, i.e., §;, > 6;, > --- > 0;,) and define
di(0) = 0;,(9) — 0; for any i € [K]. Then the expected regret under environment 6 is Ry (6) =
> iex) E[Ni(T); 0] di(6). For any action i € [K], letS; = {j € [K] : 0i; < oo} denote the set of
actions whose parameter 6; is observable by choosing action . Throughout the paper, log denotes
the natural logarithm and A™ denotes the n-dimensional simplex for any positive integer n.

3 Lower Bounds

The aim of this section is to derive generic, problem-dependent lower bounds to the regret, which
are also able to provide minimax lower bounds. The hardness in deriving such bounds is that for any
fixed 6 and 3, the dumb algorithm that always selects i1 (f) achieves zero regret (obviously, the re-
gret of this algorithm is linear for any 6’ with i1(0) # i1(6")), so in general it is not possible to give a
lower bound for a single instance. When deriving asymptotic lower bounds, this is circumvented by
only considering consistent algorithms whose regret is sub-polynomial for any problem [12]]. How-
ever, this asymptotic notion of consistency is not applicable to finite-horizon problems. Therefore,
following ideas of [14], for any problem we create a family of related problems (by perturbing the
mean payoffs) such that if the regret of an algorithm is “too small” in one of the problems than it
will be “large” in another one, while it still depends on the original problem parameters (note that
deriving minimax bounds usually only involves perturbing certain special “worst-case” problems).

As a warm-up, and to show the reader what form of a lower bound can be expected, first we present
an asymptotic lower bound for the uniform-variance version of the problem of partial monitoring
with feedback graphs. The result presented below is an easy consequence of [12]], hence its proof
is omitted. An algorithm is said to be consistent if supycg Rr(8) = o(T"7) for every v > 0. Now
assume for simplicity that there is a unique optimal action in environment 0, that is, 6;, 4y > 0; for
all 4 # i1 and let

K 20 . 202
09: CE[0,00) : Z szm forallj#zl(ﬁ),uz CiZm
©:jES; J i:11(0)E€S; i2(0)

2To see this, notice that the error of identifying the optimal action decays exponentially with the number of
rounds.



Then, for any consistent algorithm and for any 6 with 6;, gy > 0;,(0),

liminfRTi(m > inf (c,d(0)) . (1)

T—oo logT — ceCy

Note that the right hand side of (I)) is O for any generalized full information problem (recall that
the expected regret is bounded by a constant for such problems), but it is a finite positive number
for other problems. Similar bounds have been provided in [6} [7] for graph-structured feedback with
self-observability (under non-Gaussian assumptions on the payoffs). In the following we derive
finite time lower bounds that are also able to replicate this result.

3.1 A General Finite Time Lower Bound

First we derive a general lower bound. For any 6,6’ € © and g € AICT| | define f(0,q,0") as

f(6,¢,0)= inf > ¢(a)(a,d(¢))

g'ealr! con

q(a)

q(a

such that Z q(a)log

acC},

where I;(0,0") is the KL-divergence between X;,;(f) and X;,(0"), given by I;(0,0') =
KL(X:(0); X1.:(0")) = Z;il(ej — 0%)%/207;. Clearly, f(6,q,6') is a lower bound on R (6')
for any algorithm for which the distribution of N(7') is ¢. The intuition behind the allowed values

of ¢’ is that we want ¢’ to be as similar to ¢ as the environments 6 and €’ look like for the algorithm
(through the feedback (X ;,):). Now define

< L0.0) > qla)as |

i€[K] acCh.

~—

g(0,c) = inf sup f(6,q,6), such that Z q(a)a = c € C}.
sen i ee 2
T
g(0, ¢) is a lower bound of the worst-case regret of any algorithm with E [N (T'); 6] = c. Finally, for
any x > 0, define
b(0,z) = igf (¢, d(8)) where Cy, = {c€ CF; g(0,¢c) < z}.
cely o

Here Cy , contains all the possible values of E [IV(T'); 6] that can be achieved by some algorithm
whose lower bound g on the worst-case regret is smaller than x. These definitions give rise to the
following theorem:

Theorem 1. Given any B > 0, for any algorithm such that supy co Rr(8') < B, we have, for any
environment § € ©, Rp(0) > b(6, B).

Remark 2. If B is picked as the minimax value of the problem given the observation structure 3,
the theorem states that for any minimax optimal algorithm the expected regret for a certain 6 is lower
bounded by b(0, B).

3.2 A Relaxed Lower Bound

Now we introduce a relaxed but more interpretable version of the finite-time lower bound of Theo-
rem|I] which can be shown to match the asymptotic lower bound (I)). The idea of deriving the lower
bound is the following: instead of ensuring that the algorithm performs well in the most adversarial
environment &', we consider a set of “bad” environments and make sure that the algorithm performs
well on them, where each “bad” environment 6’ is the most adversarial one by only perturbing one
coordinate 6; of 6.

However, in order to get meaningful finite-time lower bounds, we need to perturb 6 more carefully
than in the case of asymptotic lower bounds. The reason for this is that for any sub-optimal action
i, if 0; is very close to 6;, (), then E[N;(T'); 6] is not necessarily small for a good algorithm for
0. If it is small, one can increase 6; to obtain an environment 6’ where 7 is the best action and the
algorithm performs bad; otherwise, when E [IV;(T'); 0] is large, we need to decrease 6; to make the



algorithm perform badly in #’. Moreover, when perturbing 6; to be better than 6;, 9y, we cannot
make 6; — 0;, (9 arbitrarily small as in asymptotic lower-bound arguments, because when 6; — 6;, (5
is small, large E [NV;, (9); 0], and not necessarily large E [N;(T'); 6], may also lead to low finite-time
regret in 6’. In the following we make this argument precise to obtain an interpretable lower bound.

3.2.1 Formulation

We start with defining a subset of CX that contains the set of “reasonable” values for E [N (T); 6].
For any 6 € © and B > 0, let
LA
Cop=ceCt > 3 >m(0,B) foralli € [K]
j=1"Ji
where m;, the minimum sample size required to distinguish between 6; and its worst-case perturba-
tion, is defined as follows: For ¢ # 41, if 0;, = DE]then m;(0, B) = 0. Otherwise let
.. (0,B) = 1 g Tle=di(8))
m Hr( ) ) EE(dir(%?,%—Qi] 2 10g 3B )
. (0,B) = 1 1og Lletdi(6))
mi,—(0,B) = max o log =55,

and let ¢; 1 and ¢; _ denote the value of € achieving the maximum in m; 4 and m; _, respectively.
Then, define
. if d: > .
mi(0, B) = m?7+(9,B) Tf d;(0) > 4B/T;
min {m; 4 (6, B),m; _(6,B)} ifd;(0) <4B/T .
For i = iy, then m;, (0, B) = 0 if 0;,(9) = 0, else the definitions for i # 4, change by replacing
d;(0) with d;, () (and switching the + and — indices):

miy(9),— (0, B) = max 110 w’
1(8), ( ) c€(diy o) ()6, (0)] -2 log 2B
miy0),+(0,B) = max  Llog w

€€(0,D—0;, ()]
where €;, (¢),— and €;, (g, 1 are the maximizers for € in the above expressions. Then, define
o )ymy 9)7_(9,3) if dw(g)(ﬁ) > 4B/T;
mi. (0, B) =4 "l .
1), 5) {mm{mm(e),+(97B),mn(e),—(@,B)} if di, ) (0) < 4B/T .
Note that ¢; 4 and ¢; — can be expressed in closed form using the Lambert W : R — R function
satisfying W (z)e"'(®) = x: for any i # i1(6),

d:(0)T

w
€+ min{D@i, 8v/eBe <16\/EB)/T+d7;(0)} ,

2)

W(— dAO)T)
€i,— = min {91 s 8\/6_36 16VeB /T - dl(Q)} y

and similar results hold for ¢ = iy, as well.

Now we can give the main result of this section, a simplified version of Theorem

Corollary 3. Given B > 0, for any algorithm such that supyce Rr(A\) < B, we have, for any
environment § € ©, Rr(0) > b'(0, B) = min.cc;  (c,d(0))

Next we compare this bound to existing lower bounds.

3.2.2 Comparison to the Asymptotic Lower Bound ()

Now we will show that our finite time lower bound in Corollary [3| matches the asymptotic lower
bound in (T) up to some constants. Pick B = aT” for some a > 0 and 0 < 8 < 1. For sim-
plicity, we only consider 6 which is “away from” the boundary of © (so that the minima in (2)) are

3Recall that §; € [0, D).



achieved by the second terms) and has a unique optimal action. Then, for ¢ ;é 11(0), it is easy
to show that €; 4 = 55 (G)le(eﬁ)/ oavey T d;(#) by @) and m;(0, B) = 2+ log M

for large enough T. Then, using the fact that logx — loglogx < W(z) < logx for z > e,
it follows that limr_,o, m;(6, B)/logT = (1 — 3)/d?(6), and similarly we can show that
limy o0 M4, () (0, B)/logT = (1 — )/dl (0)(0). Thus, Cop — %C@, under the as-
sumptions of (I, as 7" — oo. This implies that Corollary [3| matches the asymptotic lower bound of
(I up to a factor of (1 — 3)/2.

3.2.3 Comparison to Minimax Bounds

Now we will show that our #-dependent finite-time lower bound reproduces the minimax regret
bounds of [2] and [5]], except for the generalized full information case.

The minimax bounds depend on the following notion of observability: An action i is strongly ob-
servable if either ¢ € S; or [K]\ {¢} C {j : i € S;}. i is weakly observable if it is not strongly
observable but there exists j such that ¢ € S; (note that we already assumed the latter condition for
all 7). Let W(X) be the set of all weakly observable actions. X is said to be strongly observable if
W(X) = 0. 3 is weakly observable if W(X) # 0.

Next we will define two key qualities introduced by [2]] and [S] that characterize the hardness of a
problem instance with feedback structure 3: A set A C [K] is called an independent set if for any
i€ A, S;NA C {i}. The independence number r(X) is defined as the cardinality of the largest
independent set. For any pair of subsets A, A’ C [K], A is said to be dominating A’ if forany j € A’
there exists ¢ € A such that j € S;. The weak domination number p(X.) is defined as the cardinality
of the smallest set that dominates W(X).

Corollary 4. Assume that 0;; = oo for some i,j € [K], that is, we are not in the generalized full
information case. Then,

(i) if ¥ is strongly observable, with B = «ao+/k(X)T for some o > 0, we have
Supgee V' (6, B) > 2N K(E)Tf rT > 64e2020?k(2)3 /D2

(ii) IS is weakly observable, with B = a(p(£)D)Y3(aT)*/3 log™%® K for some o > 0, we

SYD)YY3(0T)?/3 1 *2/3K
have supgc b'(0, B) > {LE0) 01(;0012a20g

Remark 5. In Corollary , picking o = 8—\/5 for strongly observable ¥ and o = % for weakly
observable ¥ gives formal minimax lower bounds: (i) If X is strongly observable, for any algorithm
we have supgeg Rr(6) > aiv;(E)T for T > ec?k(%)3 /D2 (ii) If © is weakly observable, for any

> (2D} (0T
7310g2/3 K

algorithm we have supycq R7(0)

4 Algorithms

In this section we present two algorithms and their finite-time analysis for the uniform variance
version of our problem (where o5 is either o or co). The upper bound for the first algorithm matches
the asymptotic lower bound in (I)) up to constants. The second algorithm achieves the minimax lower
bounds of Corollary {4 up to logarithmic factors, as well as O(log3/ 2 T') problem-dependent regret.
In the problem-dependent upper bounds of both algorithms, we assume that the optimal action is
unique, that is, d;, 4y (6) > 0.

4.1 An Asymptotically Optimal Algorithm

Let ¢(f)) = argmin.cc, (c,d(0)); note that increasing c;, (9)(f)) does not change the value of
(c,d(0)) (since d;, (9)(0) = 0), so we take the minimum value of ¢;, (5)(0) in this definition. Let
ni(t) = 22;11 1{i € S;_} be the number of observations for action i before round ¢ and 6, ; be the
empirical estimate of 6; based on the first n; () observations. Let N;(t) = Zts;ll [{is =i} be the

number of plays for action ¢ before round ¢. Note that this definition of N;(t) is different from that
in the previous sections since it excludes round ¢.



Algorithm 1 Qur first algorithm. is .presented .in Algo-
rithm The main idea, coming from
[15], is that by forcing exploration over
all actions, the solution ¢(6) of the lin-
ear program can be well approximated

1: Inputs: 3, o, : N — [0, 00).
2: Fort = 1,..., K, observe each action ¢ at least
once by playing ¢; such thatt € .5;,.

3: Set exploration count n. (K +1) = 0. while paying a constant price. This solves
4: fort 7\,{( +1LK+2,..do the main difficulty that, without getting
50 if yoa € G, then enough observations on each action, we
6: Play i, = 21(9:&)- may not have good enough estimates for
7. Set ne(t + 1) = ne(t). d(0) and ¢(0). One advantage of our algo-
8 else rithm compared to that of [15] is that we
9 if min;e (g ni(t) < B(ne(t))/K then use a nondecreasing, sublinear explpration
10: Play 4, such that argmin, ¢z :(t) € Sj,. schedule 5(n) (8 : N — [0, 00)) instead
11 else of a constant rate S(n) = fn. This re-
12: Play i; such that N; (t) < Ci(ét) dalogt. solyes the prpblem that, to achieve asymp-
13: end if totically optimal performance, some pa-
14: Set ne(t + 1) = ne(t) + 1. rameter of the algorithm needs to be cho-
15 endif sen according to din(#) as in [13]. The
16: end for expected regret of Algorithm [I] is upper

bounded as follows:
Theorem 6. Forany 6 € O, € > 0, a > 2 and any non-decreasing 3(n) that satisfies 0 < f(n) <
n/2 and B(m +n) < B(m) + B(n) form,n € N,

Rr(0) < (2K + 2 + 4K /(0 — 2)) dinae (0) + AK dia (0 Z exp ( ¢

2K02 )
+ 2dmax(9)ﬁ(4a logT Z ci(f,€) + K) +4alog T Z ci(0,€)d;(9) .
i€[K] ic[K]
where c;(0, €) = sup{c;(0') : |0; — 0;| < ¢ forall j € [K]}.

Further specifying 8(n) and using the continuity of ¢(#) around 6, it immediately follows that Al-
gorithm 1] achieves asymptotically optimal performance:

Corollary 7. Suppose the conditions of Theorem @hold. Assume, furthermore, that $(n) satisfies
2
B(n) = o(n) and 3"~ , exp (— Bls)e ) < oo for any € > 0, then for any 0 such that c(9) is unique,

2Ko?
limsup Rr(0)/logT < 4o incf (c,d(9)) .
cely

T—o0

Note that any 8(n) = an® with a € (0, 3], b € (0, 1) satisfies the requirements in Theorem@and
Corollary[7] Also note that the algorlthms presented in [6, [7] do not achieve this asymptotic bound.

4.2 A Minimax Optimal Algorithm

Next we present an algorithm achieving the minimax bounds. For any A, A’ C [K], let
c(A,A') = argmax,caja min;ear Zj:ies,- ¢; (ties are broken arbitrarily) and m(A4,A") =

minjear Y ;cq, ¢j(A, A'). Forany A C [K]and [A] > 2,1et A% = {i € A : 3j € Ajie S}
and AY = A— AS. Furthermore, let g,.;(6) = o %&"3/6) where n;(r) = >0 } is;and 6, ;
be the empirical estimate of §; based on first n;(r) observations (i.e., the average of the samples).

The algorithm is presented in Algorithm 2] It follows a successive elimination process: it explores all
possibly optimal actions (called “good actions” later) based on some confidence intervals until only
one action remains. While doing exploration, the algorithm first tries to explore the good actions
by only using good ones. However, due to weak observability, some good actions might have to be
explored by actions that have already been eliminated. To control this exploration-exploitation trade
off, we use a sublinear function «y to control the exploration of weakly observable actions.

In the following we present high-probability bounds on the performance of the algorithm, so, with a
slight abuse of notation, Ry (6) will denote the regret without expectation in the rest of this section.



Algorithm 2
1: Inputs: 3, 4.
2: Sett; =0,A4; = [K]
3: forr=1,2,...do
4 Let = minjcycp, awp m([K] ,AVY) and v(r) = (oa,t,/D)?*/3. (Define o, = 1 if
AW =(foralll <s<r.)

5. if AV #£ () and min;e 4w ni (1) < min;e o5 n;(r) and min;c 4w 1;(r) < () then
6: Set ¢, = c([K], AY).

7. else

8: Set ¢, = c(A,, AY).

9: endif

10:  Play i, = [¢, - [|cr]|o] and set ¢ 41 <t + [Jir |-

11: ArJrl < {Z S Ar : ér+1,i + ng,i(é) > max;eA, érJrl’j — gr+1,j(5)}.
12:  if |A,+1] = 1 then

13: Play the only action in the remaining rounds.
14:  end if
15: end for

Theorem 8. Forany 6 € (0,1) and any 6 € ©,

Rr(0) < (p(2)D)/3(0T)?? . 7\/610g(2KT/8) + 12502 K3 /D + 13K°D
with probability at least 1 — 0 if 3 is weakly observable, while

2KT
Rr(0) <2KD + 800\/H(E)T - 6log K log

with probability at least 1 — 6 if 3 is strongly observable.
Theorem 9 (Problem-dependent upper bound). For any § € (0,1) and any 6 € © such that the
optimal action is unique, with probability at least 1 — 6,
1603K Do?
Rr(0) < ————
T( ) N d?nln(e)
+15 (K Do?)""? (1250%/D* + 10) K2 (log(2KT/5))"/* .

(log(2KT/8))*? + 14K3D + 12502 K3 /D

Remark 10. Picking § = 1/T gives an O(log3/ 2 T') upper bound on the expected regret.

Remark 11. Note that Algortihmis similar to the UCB-LP algorithm of [[7]], which admits a bet-
ter problem-dependent upper bound (although does not achieve it with optimal problem-dependent
constants), but it does not achieve the minimax bound even under strong observability.

5 Conclusions and Open Problems

We considered a novel partial-monitoring setup with Gaussian side observations, which generalizes
the recently introduced setting of graph-structured feedback, allowing finer quantification of the
observed information from one action to another. We provided non-asymptotic problem-dependent
lower bounds that imply existing asymptotic problem-dependent and non-asymptotic minimax lower
bounds (up to some constant factors) beyond the full information case. We also provided an algo-
rithm that achieves the asymptotic problem-dependent lower bound (up to some universal constants)
and another algorithm that achieves the minimax bounds under both weak and strong observability.

However, we think this is just the beginning. For example, we currently have no algorithm that
achieves both the problem dependent and the minimax lower bounds at the same time. Also, our
upper bounds only correspond to the graph-structured feedback case. It is of great interest to go
beyond the weak/strong observability in characterizing the hardness of the problem, and provide
algorithms that can adapt to any correspondence between the mean payoffs and the variances (the
hardness is that one needs to identify suboptimal actions with good information/cost trade-off).
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A Proofs for Section

A.1 Proof of Theorem[]

Let ¢ - denote the density function of a K -dimensional Gaussian random variable with mean vector

6 and independent components wehere the variance of the ith coordinate is o2, and define Ly =

oy (Xei . . . .
N 3;1 log 75:,’ o (( Xt, f)) where i; is the choice of the algorithm in round ¢. Let ¢, ¢’ € Al7| denote
IR Lyt

the joint distribution over the number of plays for each action under environment 6 and ' € ©,
respectively, that is, ¢(a) = Pr (N(T) = a;0) and ¢'(a) = Pr (N(T) = a; ') for each a € C}.

For any a € CL, applying a standard change of measure equality (see, e.g., [16, Lemma 15]), we
obtain

¢'(a) = Pr (N(T) = a;6) = E[I{N(T) = a} exp(~Lr); ]
— E[I{N(T) = a} E [exp(~L1)|N(T) = a;0] ;]
> E[[{N(T) = a} exp (E[~Lr|N(T) = a;6]) ;6]
— Pr(N(T) = a;0) exp (E [~ Lr|N(T) = a; )
— g(a) exp (B[~ Ly |N(T) = a;]) .

Thus E [L7|N(T) = a; 6] > log ;’,((‘;)) and so

> E[N(T);0)1(0,0") = E[Lr; 0]
i€[K]

= N Pr(N(T) =a;0)E[LrIN(T) = a;6] > > qla)log q,((‘;)),

acCl a€Cy 1
where E [N;(T);0] = Eaecgi g(a)a;. Therefore, according to the definition of f(6,q,6"), we
have £(0.,0) < 3 ecx /(@) {a.d(8")) = Rr(0') for any ' € ©. Then supyce £(0,4.0') <
supy co Rr(0") < B must hold. Since E [N (T'); 6] = Zaecﬁ q(a)a we have g(0, E[N(T);0]) <

supg ce f(0,¢,0") < B. Thus E[N(T);6] € Cy p and so Rr(0) > b(0, B), which concludes the
proof of Theorem T}

A.2  Proof of Corollary[3]

We start the proof with two technical lemmas on the Lambert W function.

Lemma 12. Let a,b > 0 withab < 1 and f(z) = 3 log ((z + a)b) for x > 0. Then f(x) < f(w.)
for all x > 0 where

Ty —a.

= %em/(i 2a\/bg)

Proof of LemmalI2)

=3
fz) =~ o (@~ 2@ t+a)log((@ +a)h)) .

Let g(y) = y — a — 2y log by defined on y > a.
g'(y) = —2logyb— 1.

1 . . . 1 . 1
If ab < 7 then g(y) is increasing when a < y < v and decreasing when y > - NGE If
ﬁ < ab < 1 then g(y) is decreasing on y > a.
Since lim,_,, g(y) = —2alogab > 0 and lim,_,,~ ¢g(y) = —oo we know that there exists a

unique y. > a such that g(y.) = 0, g(y) > Ofora < y < y. and g(y) < 0 fory > y,. It can
__ab
be verified that y, = =, +a = %ew 2ve) gatisfies g(y.) = 0 and y, > a (which comes from

10



W(— f) >W(— f) = —1 and thus y, > } > a). Therefore f'(z) > 0 when 0 < z < x, and

f'(x) < 0 when x > x,. Since f(z) is continuous when = > 0 we have proved that f(z) < f(x.)
forallz > 0.

O

Lemma 13. Let a,b > 0 and f(z) = 2 log((x — a)b) for x > a. Then f(z) < f(x.) for all
x > a where

Ty %ew<2u\/b€) +a
Proof of LemmalI3]
-3
f(@) = =— (&= 2(¢ — a) log (¢ ~ a)b)) .

Let g(y) = y + a — 2y log by defined on y > 0.
g'(y) = —2logyb— 1.

So g(y) is increasing when 0 < y < f and decreasing when y > f

Since limy,_,0 g(y) = @ > 0 and lim,_,, -, g(y) = —oo we know that there exists a unique y, > 0

such that g(y.) = 0, g(y) > 0for 0 < y < y. and g(y) < O for y > y.. It can be verified that
ab

Yo = Tp —a = = Ve W (Wg satisfies g(y«) = 0. Therefore f'(x) > 0 when a < x < z, and

f(x) <0 when x > x,. Since f(x) is continuous when z > a we have proved that f(z) < f(z.)
forall z > a.

O

Proof of Corollary[3] To prove the corollary, it suffices to show (6, B) < b(6, B).

Define Cy p = {c e C% : ZJK 1 5= > m;(0, B) forallie [K]} We will prove Cg.p C Cy

by showing that if ¢ € CF satisfies g(9 c) < Bthence Cy p.

For c € C, if g(0,c) < B, then there exists ¢ € AT such that supgco f(0,¢,0") < B and
Zaecsl q(a)a = c. We will next derive K constraints on c to show that ¢ € Cy p by picking

different ¢’s. Before proceeding with the proof, we introduce the following technical lemma:

Lemma 14. Forany A C CF and q,q' € AlCT], if q(A) > 1/2 then

q(a) _ 1 1
a)lo > 1o ,
2 alelos o) = 5 8 G

where ¢'(A) = c 4 d (a).

Proof. Let A° = C} — A. By the log-sum inequality we have

S gla)log LY > KL(g(A),¢/(A)), 3

aeCl /( )

where for x,y € [0,1], KL(z,y) = mlog(x/y) (1 —2)log((1 —x)/(1 — y)) denotes the binary
KL- dlvergence Now for such z, y, since xlogz + (1 — z)log(1 — x) is minimized for z = 1/2,

we have
1 1 1 1 1 1 1 1
KL > log = log — 1—x)log(——) > log= + —log— = = log —.
(x,y)_og2+xogy+( x)og(l_y)_og2+2ogy 508
Combining with (3) proves the lemma. O

11



Now we continue the proof of Corollary [3] First consider i # i1 ().
If 37,0, <7/2 (@) > 1/2, construct 0(-1) by replacing 6; with 6; + ¢; . Then f(6,q,001) <
B holds, so there exists ¢ € ATl such that 2accn 4'(@) {(a,d(0®1))) < B and

ZaeCEL q(a)log qq,((‘;)) < el ¢;1;(6,0%F)). Applying Lemma with A = {a : a; < T/2}
gives

1 1
2 ey (0,007) = Flog 5

JE[K]

where

HOED SEES SIEEVEI IO SRI) 3
j#i

aeCl J#i aeCl

2 !
 T(eir — di(6) > d(@) aleis —di(6)

aEC?, JFi

2 ) .
= T(eit — di(0)) > d( <a,d(0( +))>

acCl.
< 2B
= T(eiq —di(0))

Since 1;(6,0(1)) = €; /207, we get
Cj 1 T €; 7d1 0
S G s 1 Tl (0 “
. 2 . 3B
jelk] It T

If3, 0.<r/24(a) <1/2and d;(¢) > 4B/T, then

F6.90,0)= " ala)(a,d(0) > Y ala)aidi(6)

acCl acCy,

) > Hai > T/2} g(a)as
aceCl

> BT S 1o > 12} gla) >

aeCN
which contradicts the fact that supg g f(0,q,60") < B.
If3 0, <7/24(@) < 1/2and d;(#) < 4B/T, construct (=) by replacing 6; with §; — ¢; _. Then
there exists ¢’ € AlCTl such that 3, n ¢/(a) (a,d(6%))) < B and > accy a(a)log q(( )) <
ZjE[K] c;1; (6, 6(=)). Applying Lemma with A = {a : a; > T/2} gives

iy 1 1
where
/ 2 / 2 /
= ; I{a; > T/2}q'(a) < 7 ; aid(0) < g ; ¢'(@)as(ei - + di(0))
2 , i 2B
: T(ei,— +di(9)) Z 7l )< " )> = T(ei— +di(0))

acCh,

12



Using 1;(0,6007)) = €2 _ /202, gives

Cj 1 T(6i7_ + d1(9))
D e L ®)
JEIK] It v

Now consider i = 4 (6).

If 30, >7/20(a@) = 1/2, construct 01:=) by replacing 6; with 6; — ¢; _. Then there ex-
. ~ N i a

ists ¢ € A‘CT|' such that 37, ccn d'(a) {a,d(6""7))) < B and Daecy a(a)log (;1,((2) <
Zje[K] ¢;1;(6,0%7)). Applying Lemmawith A={a:a; >T/2} and

2
"(A) = I{a; >T/2}q (a) < "(a)a;(e;,— — di, (0
()= 3 o> /2410 < iy 3 d@hates- o ®)
< 2B
= T(es,— — diy0)(0))
gives
¢ 1 T(e;,— — diy0)(0))
s
Z = o log B . (6)
jelkx] It b

I£3, 0572 4(a) <1/2and d;,g)(0) > 4B/T, then

F0,4,0)= " ala)(a,d(8)) 2 Y ala)diyie) ) aj = digey Y 14D a5 >T/2pala) ) ay

a€C. a€Cy. j#i accy  i#i J#i

4BT
>T§ZH Zaj>T/2 q(a) > B,
acCl. J#i

which contradicts the fact that supg g f(0,q,60") < B.
If >0 >r2ala) < 1/2 and di,)(0) < 4B/T, construct 00+) by replacing ; with
0; + ;4. Then there exists ¢ € Al such that Daecn ¢'(a) {(a,d(0"1))) < B and

Zaecsl q(a)log qq,((‘;)) < Yielx ¢;1;(6,0%F)). Applying Lemmanith A={a:a; <T/2}
and

A=Y Y > @< 2 Y (@Y

sy i#i aeCy, J#i
p , 2B
= q(a a;(€;,+ +d; </
Tl + @) 22, 71 2056 ) < 2
aeCrp. J#i
gives
; 1 T(e;+ +d;
B SRR )
setr) 73t it

Combining (@) @) @) (7 gives c € Cj 5, which concludes the proof.

A.3 Proof of Corollary[4]

Proof of Corollary[} Define € = SSTB . First consider the case that X is strongly observable.

13



If the maximum independence number x(X) > 2, there exists an independent set A, C [K] such
that |A,;| = k(X). We construct  as follows: Let §;, = D/2 for some i; € A, and ; = D/2 — ¢
fori € Ay \ {i1}. For the remaining i ¢ A, let 6; = 0. Note that each i in A, must be self
observable since otherwise it is a weakly observable action. Also in A, i can be observed only by
itself according to the definition of independent sets.

Then we will lower bound b'(6, B). According to our choice of €, we have

8\[TeBeW(ﬁ) +e=2e.
Therefore, for i = i; we have ¢; — = 2eand¢; y = 2¢fori € A, \ {i1}. Thus forany i € A,,
Te 1
m;(0,B) = 1g8B 12
Recall that we defined Cy 5 = {ce CR . > jiies; G 2 o?m;(0,B) foralli € [K]} and

V'(0,B) = infeecy , (c,d(f)). Forany c € Cyp, leta = 3,4, c;. Then we have for any
1€ Ag, Zj:iesj ¢j < a+ ¢ and thus ¢; > 0?m;(0,B) —a = % — a. Since d;(0) = ¢ for all
i€ A\ {i1}and d;(0) = D/2foralli ¢ A,, we get

aD o? aD
- e+t s ke -1) (L - e
(c,d(6)) AGAX\:{‘ }c €+ 5 2 (k(X)—-1) (462 a) e+ 5
SR L n aD _ K(X)o? n D — k(X)e
= 4e2 ‘T T T ke 2
> B 8
> 8 (&)

if K(X)e < D. Applying our particular choice of € and B, we get the conclusion that for 7' >

646%20%(2)3, b’(G,B) > Jw/n(E)T.

D2 64ea

If k(X) = 1, since we exclude the full information case, there always exists a pair of actions i; and
19 such that io ¢ S;, (here i1 # io is not necessary). We construct 6 by setting 6;, = D/2 and
0; = D/2 — e for all i # ;. Then m;(6, B) = 15 holds for all i € [K]. For any c € Cy g let

2
a=3 cithend>, . o c; <a. Hencea > om, (0, B) = 7= and

K(X)o?
8

2
(c,d(0)) = ae > % > ©)

Combining (8) and (@) gives the first part of Corollary [4]

Now we turn to the case that ¥ is weakly observable. The idea of constructing the worst § comes
from the proof of Theorem 7 in [5]] which based on the following graph-theoretic lemma:

Lemma 15 (Restated from Lemma 8 in [3]). Let G = (V, E) be a directed graph with K vertices
and let W C 'V be a subset of vertices with domination number p. Then there exists an independent
set U C W with the property that |U| > 7 and any vertex of G' dominates at most log K

vertices of U.

50 10g

Let W(X) C [K] be the set of all weakly observable actions. By Lemma [15| we know that there
exists an independent set A, C W(X) such that |4, >
log K.

If p(¥) > 100log K such that |A,| > 2, we can construct 6 as follows: Let #;, = D/2 for some

1€ Ayand 0, = D/2—¢efori € A,\{i1}. For the remaining i ¢ A, let §; = 0. Note that actions
in A, cannot be observed by any action inside A,. Forany ¢ € Cj p,leta = 3 ;. 4, Ci- Since for

any 4, |S; NU| < log K, we have ZiGA,,Z ¢; < alog K and

and for any ¢ € [K],

p(%)
50 log K

j:iE€S;
p(¥)o?

alog K > |Ap|¢12;14n Z ¢j Z |4y m}lﬁ‘na “mi(6, B) > 200log Ke2

? jieSs;

14



Therefore,

D Y)o2D S)D)Y/3(aT)2/3log 2/? K
@) > L > p(E)o D _ (p(X)D)> (o )2 20g .
2 200e2log” K 12800e2cx

(10)

If p(X) < 100log K, then we pick a weakly observable action as i5. There must be another action i;
such that i ¢ S;, due to the definition of weakly observable actions. Then we set § as 6;, = D/2,
0;, = D/2 — ¢ and 6; = 0 for the remaining actions. So for any ¢ € C’é’B, leta = Z#ihiz c; >
o?m;, (0, B). Then

aD _ o*m,(0,B)D Do? DY3(sT)*® log*® K
=S — —

o)) > = .
fe,d®) 2z 5= 2 8e2 512¢2a2  p(%)2/3
(p(2)D) /3 (o T)*/3 10g ™%/ K
> . (1)
51200202
In the last step we used the fact that K > 3 for any weakly observable 3.
Combining (T0) and (TT) gives the second part of Corollary @]
O

B Proofs for Section 4.1

B.1 Proof of Theorem [6]
Proof of Theorem[f] Define the events

202 logt

nz(t)
Vi= {|étz —0;| <€ foralli e [K}} ,

Wi = {451% < C(ét)} ’

Y = {mm ni(t) < 5<ne<t>>/K} ,

1€[K]
and let US, V£, W¢, Y,¢ denote their complements, respectively. Using these events, the regret of
the algorithm can be decomposed as

Ut:{|ét,i_9i|< foralle[K]} s

n

T
Rr(0) =Y E[d;,(0)] < Kdmax(0) + > E[d;, (6)]

t=K+1

T
= Kdmax(0) + Y E[d;,(0) (I{UF} + I{U, Wy} + I{U,, W7, Yy}
t=K+1
+H{Ut’WtC>YtC’V;C}+H{Ut7WtC’YtC7W})] : (12)
We will upper bound each quantity in separately.

By Hoeffding’s inequality and the union bound, we have fort > K + 1,

. 2a0?logt ! A 2a0?logt
P 0. oY et ) <« E P 0. it -
' (wm = Vi) ) S ' (wm = ni(t)

Then, using a > 2, >°," .., E[d;, (0)I{Uf}] can be bounded as

T T T

Z E[d;, (0)I{U{}] < dmax(0) Z Pr(Uy) < dmax(6) Z 2Kt <

t=K+1 t=K+1 t=K+1

ni(t) = s) <ottme,

2K dpmax(0)
a—2
(13)
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Next consider ZtT:KH E [d;, (0)I{U;, Wy }]. If Uy and W, hold, first we have

" 8ao?logt
i1(0:) = o Hy o

i2

and
5 2a02logt _ ;4 )(ét) d;i(6y)
00— iy < < — < - (14)
t,i1(0¢) i1(0¢) nil(ét)(t) 2 2
for any i # 41 (0;). Similarly, for i # i1 (6;) we have
5 2a02logt _ d;(0
0; — 0,4 < (| 222080 < (0:) (15)

nl(t) - 2

Combining (T4) and (13)) gives 6; < 0;, (4, forany i # i1(6;), which means i1 (6;) = i1 (6), hence

T

> Eldi, (O)1{Us, W;}] = 0. (16)

t=K+1

Consider the next term in (12),

> E[dit(H)I[{Ut,Wf,Yt}]gdmax(H)E[ > I{U, WEL Y (17)

t=K+1 t=K+1

To bound (T7), first we prove two auxiliary results:

Proposition 16. Ler K < t; < to. IfZiz:;ll]I{WSC,YS} > K, then min;cg)ni(ta) >
min;e g ni(t) + 1.

Proof. We prove the proposition by contradiction. Assume min,;cg)n;(t2) = minex) ni(t1).
Then there exists a j such that n;(t1) = n;(t2) and n;(s) = min;ex)ni(s) forall t; < s < ty.
Since ZEZEIH{WSC,K} > K, there exist K time instants ¢] < 51 < S9 < ... < Sg < tg — 1

such that {Ws"k , Ysk} happens for 1 < k£ < K. According to the algorithm, for each s, there exists

ji # jsuchthat ji € S;, andn;, (si) = n;(sk) = min;e k) ni(sk). Note that each action appears
at most once as such jj for 1 < k < K since n;, (sx + 1) = nj, (sx) + 1, but there are only K — 1
actions other than j, which means that such j cannot exist. This proves the proposition. O

Proposition 17.

> ]I{Wf,Yt}§1+ﬂ< > I[{W;}) : (18)

t=K+1 t=K+1

Proof. According to the algorithm we have n.(t) = Zi;lK 4 [{W¢} fort > K. Now define

t'=max{K+1<t<T: WY} .

If such ¢’ does not exist, then the left hand side of @ becomes 0, and the proposition holds. If such
t’ exists, by Proposition

t'—1 t'—1

1 1
min n; () > min n;(K + 1)+ | = I{WE Y| > = I{WE Y,} .
ZE[K] ( ) le[K] ( ) K t:;‘rl { t t} K t:;_l { t t}
Therefore,
T t'—1
SooIWE Y =1+ > I{WE Y} <1+ K min ni(t) < 1+ B(ne(t'))
t=K+1 t=K+1 i€[K]

16



T
§1+ﬂ(ne(T))S1+6( > H{Wf}> :

t=K+1
O

Now we return to bounding the right hand side of (T7). Using the above proposition and the proper-
ties of 3, we get

XT: H{UtaWtca}/t}S XT: H{Wf,Yt}§1+6< XT: H{Wtc}>

t=K+1 t=K+1 t=K+1

T
§1+B< Z H{Utc}JrH{Ut’WthY;}+H{Uthtc7Y;‘,caV;‘,c}JFH{UtaWtcvncaVvt})
t=K+1

T n
1
s1+3 2 (H{Uf}%{Uqu,m+H{Ut,Wf,5@C,W}>+ﬁ( > UL WYV

t=K+1 t=K+1

N——

Reordering gives

T

> I{U, WE, Yy}

t=K+1

T T n
<2+ > LU+ Y H{Ut,Wf,Yf,Vtc}+2B< > ]I{Ut,Wf,Y;,m}>,

t=K+1 t=K+1 t=K+1
and, by (T3), we get

T T
> Edy, (O)I{U, Wy, Yi}] < dmaxw)E[ > U, Wy, Y}

t=K+1 t=K+1

T
+dmax(0) Y E[I{U, WE,YE, VY]
t=K+1

B( > H{&Wﬁi@%%})

t=K+1

2K dmax(8)
< - = 7
=~ 2dmax(9) + o — 2

+ 2dmax(0)E (19)

To bound ZZ: k41 E[I{U:, W¢, Y, ViEY], we first introduce two lemmas based on [[17]:

Lemma 18 (Lemma 4.3 of [I7]). Let {Z;};cn+ be a sequence of independent zero-mean normal
random variables with variance o°. Let F; denote the o-algebra generated by {Zs}s<t and define
the filtration F = (F;)en+. Consider r,ng € Nt and T > ng. Define Y; = ZZ;;O By Z, where
B, € {0,1} is an Fy_1-measurable random variable. Furthermore, let n(t) = 22;20 B; and let

¢ be a stopping time with respect to the filtration F, which satisfies either n(¢) > ror ¢ =T + 1.
Then, for any € > 0 we have

7‘62
Pr (Y| > n(é)e, 6 < T) < 2exp (—20) .

Lemma 19. Define F; the o-algebra generated by {X; s} sy ic(k]- Let A C [1,T] NN be a set
of (random) time instants. Assume there exists a sequence of (random) sets {A\s}o<s<r such that
(i) A C Up<s<rAs, (ii) for all 0 < s < T, |As| < 1, (iii) forall 0 < s < T, ift € A then
ni(t) > B(s)/K, and (iv) the event {t € A} is F; measurable. Then for any ¢ > 0 and i € [K]:

T

R da B(s)e®
Z]I{t e A0 — 6] > 6}] < ;2@@ <_ 2K02> .

t=1

E

17



Proof of Lemma@ We adapt the proof of Lemma 2.2 from [[17]. For 0 < s < T, define ¢, = ¢ if
As={t}orps =T+ 1if A, = . Then

XT:I[{t €A [0 — 0] > e}] <E [ZT:H {65 <1106, — 0:] > e}]

E

t=1 s=0
T
~Y P (¢s <10, — 0i] > e) . (20)
s=0

Since ¢, can be viewed as an F-stopping time and satisfies either n;(¢s) > [B(s)/K] or ¢5 =
T +1,if [3(s)/K] > 1 then applying Lemma|[18| gives

Pr (¢S < T |0y, — 0;] > e) < 2exp (W> < 2exp <5(8)62> .

202 2K o2

If [3(s)/K] = 0 then Pr (<z>s < T |0y, — 0;] > e) <2 = 2exp (_gggj ) still holds. Now

proceeding from (20) we can get the result of Lemma[T9]
O

Now we define A = {t K+ 1 <t <T,U WY and Ay = {t : K+1 <t <
T, U, WE ne(t) = s,mingegni(t) > B(s)/K}. It can be verified that A satisfies the condi-
tions in Lemma. 19t (i) If t € A then there must be some 0 < s < T such that n.(t) = s and thus
t € As. () Ift € Agthenfort’ > t,n.(t') > ne(t+1) =n.(t)+1=s+1,s0t’ ¢ As. Condition
(iii) and (iv) are also satisfied from the definition of A;.

Then
T T
Z E[I{U:, W, Y5 VI = Z E[I{t € A, V°}]
=K+1 t=K+1

| N

K T R T B(S)GQ
Z Z [ {teA,|9t7i—9i\>eH <2K> exp (- 2K02> . @1)
i=1t=K+ s=0

Finally we will upper bound >_7" . | d;, (0)I{U;, W¢, Y, Vi }.

Recall that in the algorithm, if W and Y, happens, some i, satisfying N;(t) < ci(ét)éloz logt is

4535)2 ; > ¢i(0y)4a log t holds for any i € [K] and

played. Such i; must exist because otherwise

thus W, = { i 10 Z€C (Qt)} happens, which causes contradiction.
Define

O0,e)={rA€0O : |\ —0;] <e foralli € [K]},
and

B, = sup (N,
AEO(0,¢)

Let T; be the maximum ¢ < T such that i; = ¢ and T {U;, W£, Y%, V;} = 1. Then

T,—1

Ni(Ty) = > I{is =i} < ei(fr,)4alog T; < c;(0, e)dalogT .
s=1
Thus
T
7 I{i =40, Uy, W YEVi} < (6, €)dalog T+ 1.
t=K+1

18



So we have
T

> di (OI{U, WEYE, Vi) < dalogT > ci(0,€)di(0) + Y di(0), (22)
t=K+1 1€[K] i€[K]
and
T
> {ULWEYE VY <dalogT Y ci(f6) + K. (23)
t=K+1 1€[K]
Now plugging (23) 1) into (T9) and plugging (I3) (I6) (T%) EI) (22) into (T2) we get

Rr(6) < <2K Y24 5(8)62>

4K L
dmax 9 4Kdrnax 9 -
2 ) 0+ Hs0) S (- G2

+ 2max(0) [ 4alog T Y~ ci(0,€) + K | +4alogT Y ci(0,€)d;(6).

i€[K] i€[K]
O
C Proofs for Section
C.1 Proof of Theorem [§]
Proof of Theorem[S} For every r > 0, define the events
U, = {\ém- — 0;] < gr.:(5) foralli e [K]} .
Then, by Hoeffding’s inequality and union bound, we have
Pr (mTZ2UT) Z 1-9.
Next we will upper bound the regret based on the fact that U, holds for all » > 2. Define rp =
max{r : t; <T,|A,| > 2}, the event
Vr = AW 5 i i < i i 7 )
{220, iy i) < min i )2}
and its complement V,°. Then consider the regret:
rT TT
Rr(6) < D T{Vi} (i d(8)) + Y T{V,} (i, d(8))
r=1 r=1
rT rT
< ' 3 (6) .
< T birk D+ 3T bl g i) (24)

We upper bound the two terms in (24) separately. Before proceeding, we introduce the following
proposition which lower bounds n;(r) fori € AYY.

Proposition 20. For any i,r such that i € AYY,

Q1

2

r—1
ni(r) > D I{Va} llislly, = (B = DK, (25)
s=1

where (3, = ‘Ulgsgr AW|.
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Proof of Proposmon- The proof is done by induction. Let W, denote the event that for any
1 <s<randanyie A, @23) holds. W holds because A}Y = ). Now we assume W, holds and
consider W, 1.

If AW =0, then W, 41 holds. If A, # 0, fori € AY,, consider n;(r + 1) in different cases:

If i € AV, then n;(r) > =5t Z;lﬂ{VS}HiSHl — (Br — 1)K. Recall that a, =
ming <<, aw 9 m([K], AY). So we have

ar .
ni(r+1) 2 na(r) + LV} leollg or 2 5 Y T{Va} llislly = (Bran = DK,
where we use the fact that o, is non-increasing, [, is non-decreasing as well as
lirlly = WTer - NerlloTly < Nerllo + llerllo - lerlly = 2lerllo - (26)

Ifi ¢ AV, theni € AS forall1 < s < randthus 8,41 > 3, + 1. Let 7’ = max{s <r : Vi}. If
such 7’ does not exist, then

ar )
ni(r+1)>02> ?ZH{VS} lislly = (Br+1 — K.
s=1

If such r’ exists

ar’ 1
ni(r+1) > n;(r') > grél,irvlv n;(r')

Z 1{Vi} islly = (B = VK

v

(7Y - , (675
7ZH{‘G}IIZSII1—7||ZwH1—(6'—1K>*ZH{V}II%II1 Br K
s=1

\%

(679 r .
5 Z;H{Vs} llislly = (Bre1 — 1)K,

where the facts o, < 1, ||i,/||; < 2K and 8, < 8,41 — 1 are used.

Now we have proved that ., ; holds based on the assumption of W,., hence W,. holds for any 7,
which gives the result of Proposition 20}

O
Based on Proposition[20} >~ _, T{V;} |||, can be upper bounded by the following fact:
Proposition 21. Foranyr > 1, " _ T{V,} ||is]|, < W%Kﬁr
Proof of Proposition[Z1) Let 7’ = max{s <r : VS}. Then
. ar -1
Y(r') > min, ni(r') Z T{Ve} sl = (B = DK
Hence
r r'—1
. . . 2v(r") + 2K (B, — 1)
ST il < 32 TV lisll + il < = 2K
s=1 s=1 T
2y(r") 4+ 2K By
= ar( .
Since «, is non-increasing, f§, is non-decreasing and (r)/a, = ar Y ®(ot,/D)?/3 is non-
decreasing, we have Y ., I{V,} ||is]l, < M
O

20



Now we are ready to upper bound the first term in 24):

L 2 2K, f .
> 1V} linll, D < WD =20, 3DV3(oT)?/? + ok Do 27)

r=1 rT aTT

Next consider the second term in @4): 77 I{V,°} ||i, ||, max;c 4, d;(f). Given U, holds for all
r we know that i1 (0) is never eliminated. Then for any i € A,., we have |9Am~ —0;| < g,4(0) and
9T7i + gm(é) > 9i1(9) — gr,il(g)((S). Therefore,

[ 2KT e
d;(0) <min{D,2g,;(8) + 29,.i,(9)(0)} <min< D,404/6log 5 <mj4n nl(r)) .
1EA,

So

;H{Vf} llr Il ?eli)fd ) < Z]I{VC} [|ip ||, min {D C’(m{lqnn (r))l/?} : (28)

r=1
where C' = 404/61log 5= 2KT

The next step is to lower bound min;cq, n;(r) when V,° happens. Define npin =
minAe[K],|A|22 m(A, AS) Fori € A‘Tg,

r—1

> S IV esllgm(As, AF) > T2 ZH{VC} lially - (29)

s=1

Fori € A)Y, since V¢ happens and AV # (), we have

ni(r) > mm{mm ni(r),y(r)} > min{nr;in iH{VSC} llislly a’y(r)} .

i€AS

By Proposition[21]

r—1 .
Thmin ¢ . 1 ' ) 27(7") . 2Kﬂr
B ;H{‘Q}”%‘h_ﬁ (tr—;]l{‘/s}z‘ng) Z2K.<tT—QT

/3
_1 ~1/3 at,\?
= 5K (t 2a <D> 2Kp, /o

1 ot 2/3
> —t, — s — K2
> 5wt~ () 7

where we used o, min > 1/K and 5, < K.

\%

For t, > 125;’2K3 + 10K3, we have £¢, > 4K( 3)2/3 and +t, > 2K3, s0

. ot \2/3
min Z]I{VC}stHl t _(DT> _ K2

(ot 2/3> oat, 2/3_ (r)
“\p) “\D A

So we have proved that for any » < r7 such that ¢, > Ty = 125’—;’2K 3 + 10K and V¢ happens,
minge 4, ni(r) > y(r) > (cay.,t,/D)?/3. Therefore, following @28) gives

DTV il g i)
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< SV} il min { D, C i ()2

. . o\ T3
< > e+ Y e (TRE) e

r>1:t,.<To r<rp:t,>To

o\ ~1/3 _
< (To +2K)D +C ( DT) ST (brr = ) (tr — 2K) 3
r<rr:t.>To

1/3  ftrp+1
(T(]+2K)D+C<UOST) /T (x —2K)~Y3dx
To

—1/3 [tr
< (Ty + 2K)D + C (UO‘TT) / Ty
D Ty—2K

IN

1/3
(T + 2K)D + C (“‘;’"T) T2/3

12502 K3 OKT
:(’T + (10K® +-2K)D + ;DY (0T)*/* - 6y [6log =~ . (30)

Now plugging (27) and (30) into 24) gives

2KT  12502K3
Rr(0) < a7} A DY (0 T)* - 7 [610g == + ; +13K°%D.

If ¥ is strongly observable, then A} is always empty and V¢ always happens. According to (24)

(28) and (29) we have

rT
0) < Z lir |, max di(6)
min —1/2 —
<Z r+l — mln{D,C’(n2 ) trl/z}
Tmin 1/2/”7“ -1/2
<
2KD—|—C( 5 ) ; x dx

§2KD+80\/T -121o 2I§T.

T/mm

To finish the proof, it suffices to show that —=— < p(X) and % < k(%)501log K, which is based
- i
on the following fact:

Proposition 22. For any A, A’ C [K] Let prp(A, A") denote the minimum fractional cover number
from A to A, that is

prr(A, A’) = min b;

belo, oo)A A
> bi>1 forallje A
i:jES;

Then m(A, Al) = m

Proof of Proposition22] Recall that

m(A, A’) = max min E ¢
ceAA i€ A’
jiEeS;

= max as.t. c;>a forallj e A.
cEAA a Z];S = J
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Let b = ¢/a, then

1
m(A,A’) = max as.t Z b; > 1 forall j € A and Zbi:f
a

b€[0,00)%,a ijE€S; icA
1
= max ——— s.t. b; > 1 forallj € A’
be[0,00)4 ZieA b; 7«;91 !
_ 1
pLp(A, A7)

O

To lower bound .., let p(A, A") be the integer version of pyp(A, A’) by restricting b € N4, Then
we have p(2) = p([K],W(X)) and

1 1
ey > m([K], W(E)) = >
r =K oo (KT WD) = p(T)
where we used the fact that AYY C W(X) for any r < 7.
To lower bound 7,1, We use
1
min = min @ m A,AS = min  m(A,A) =
7 A€[K],|A|>2 ( ) A€[K],[A|>2 (4, 4) max s¢(x],|A|>2 PLp(A, A)

(AS = A for strongly observable ¥), thus

1
max p(A,A) > .
AE[KHA‘ZQ Tlmin

Forany A € [K],|A| > 2, let X4 be the subgraph of X on A. We apply Lemma[15]on ¥4 with
the subset W = A. Then the lemma states that A contains an independent set U of size at least

58(1’28";’?2”. Since an independent set of X 4 is also an independent set of X, for each subset A there
p(A,A)

exists an independent set of 3 with size at least Tog [A]"

p(A, A) S 1 1

AA)> -
P4, )—nmm501ogK’

So the independence number

¥) >
w(Z) 2 Ae[K},ﬁZ\zz 50log |A| ~ 50log K Ae[?ﬁfﬂzz

which indicates - < #(3)50 log K.

C.2 Proof of Theorem

Proof of Theorem[9 Similarly to the proof of Theorem[9] we define high probability events
U, = {\ém — 0] < gr.i(6) foralli e [K]} .

and upper bound the regret based on the fact that for all » > 2, U,. holds. The rest of the proof will
be based on upper bounding the number of round before all sub-optimal actions are eliminated.

Define rr = max{r : t; < T,|A,| > 2}, event
V., =3 AY , min n,(r) < mi in n;(r),
{4 20, iy () < min{miy )70}

and V¢ be its complement.

For any r < rp and any i € A,, i # i1(0), we have 2g,;(6) + 20,.4,(9)(6) > di(0) > dmin(0),

where dimin (6) denotes d;, 9)(0). From g, ;(6) = o %(:;3/5) we get

—1/2
inl0) 2072 OB (\/nl-(r) T 1(9) (r)> = (%E%Il ""(”) :
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where C, = 404/61og 2%“, and thus

02
e O
minn(r) < Gl

Then consider the regret:

0) <> I{V;} (ir, d(0)) + ZH{V:} (i, d(0))

<Y TV iy dinax () + ZH{VC} lir Iy max di(9) . (32)
r=1

r=1
where ry = max{r <rp : V;}and ryy = max{r <rp : VL.

Since min;ec 4w n;(ry) < minge4s n;(ry) we have
TV vV

1 ry—1
min n;(ry) = min n;(ry)

n n; in ni(ry) > o= T{Vi}[lis]y —
& i i) 2 gy 2 TV,
by applying Proposition where pT(X) = max{p(X),1}. Then we can upper bound the first
term in (32) by

pT ()02
Z]I{V}H%rﬂl < dg( z@” +2pT(D)K? + 2K . (33)

Regarding the second term in @, recall that for any r < rp such thatt¢, > Ty = 12[‘:’—32K 34+ 10K3
2/3

and V,¢ happens, min;c 4. n;(r) > v(r) > (oo t,/D)%? > (%) . Using the fact that

max;e 4, d;(f) < min {dmax(e)7 Cy (min;eq, ni(r))flﬂ} gives

ZH{VC} I I maxd; (6)

r=1
< S L il min {0, i )2
” —1/3
< S i@+ S Nl Con (rEp) 6
r>1:t,.<Ty r<rw:t.>To p

—1/3
g
< Ty + 2K)dmax(0) 4 Cryy <) S tryr — b)) (b — 2K) 713
( 0 ) ( ) p+(Z)D rSTW:tTZTO( +1 )( +1 )

—1/3 ey 41
g w
< (Ty + 2K )dmmax (0) + C, () / v — 2K)"3dy

o /3 ptry,
< (To + 2K)dmax(0) + Cryy () / 234,

pt(X)D To—2K
3 o —1/3 9/3

< (TO + QK)dmaX(e) + §CTW (W) trCV . (34)

2 ot 2/3
Now we upper bound t,.,,,. If ¢, > Tj then mm(e) > minea, ni(rw) > <p+(7iV§/D> . Hence

72/3 02

23 < (2 T2/, 35
rw = <p+<z>D Bonl®) 0 G
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Combining (32) (33) (34) and (33) with C,.,, < C,.,. gives

1603p+ (£)Do? [ 2Krp
0) < 1
== s

2 1/2
+15 (p*(2)Do?)* (1233 n 10) K? <log ﬂ?"T) . (36)

12502 K3
D

3/2
> +14K3D +

Applying rr < T and p*(£) < K gives the result of Theorem|[9}

Note that using rp < T here is only for simplicity, actually 77 can be upper bounded by some con-
stant by more careful analysis. This is because, according to Proposition 21} >~'7 T{V;} |lis]|, =

O (t%f’) ,and t,,, = O ((logt,,)*/?), we have

rT
trp <ty + S TV} il = O (£22) + 0 ((logte,)*2)
s=1

which mean ¢,, must be upper bounded by some constant independent with 7.
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