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1 Abstract

A modification of N-TPS, a well known parti-
cle filter method is proposed and is shown to
be more efficient than the baseline algorithm
in the small sample size limit and when the
observations are “reliable”. The algorithm
called LS-N-IPS adds local search to the base-
line algorithm: in each time step the predic-
tions arc rcfined in a local scarch procedurc
that utilizes the most recent observation. The
uniform stability of LS-N-IPS is studied and
results of cxperiments arc reported both for
a simulated and a real-world (visual) tracking
problem,

2 Introduction

With the increase of computational power
non-linear filtering and in particular methods
based on particle filtering are gaining impor-
tance. Variants of the N-Interacting Particle
System (N-IPS) filter [4] have been success-
fully used in many applications, e.g. visual
tracking, radar image localisation and volatil-
ity prediction (see e.g.[3] and [5]).

Although the computational power of to-
day’s computers made particle filtering prac-
tical in some applications, the majority of on-
linc filtcring tasks still remains outside of the
realm of problems solvable with this class of
algorithms. Sincc the computational rceuirce-

ments of N-IPS grow linearly with the num-
ber of particles, a natural idea is to try to
reduce the number of particles whilst keeping
the performance the same so as 10 broaden
the class of problems that can be tackled by
particle filtering.

In this articlc we proposc a modification of
the N-TPS algorithm, which we shall call LS-
N-IP’S (local search+N-IP’S). LS-N-IPS is in-
tended to improve the cfficicney of the N-TPS
algorithm under the assumption that the ob-
scrvations arc sufficiently “rcliable”. Roughly,
this assumption means that the conditional
variance of the observation noise given the
past statcs is smaller than that of the dynam-
ics.

It is well known that under this assump-
tion N-IPS does not perform very well since
most of the particles will bear a small likeli-
hood owning to the sensitivity (peakiness) of
the observation density. Therefore, in such a
case typically a large number of particles are
needed to achieve even a moderate precision.

We believe that the “reliability assump-
tion” holds in many practical cases and is
worth of being studied. In particular, in this
article we provide an example with this prop-
erty from the domain of vision based object
tracking. We show both on this tracking prob-
lem and in a simulated scenario (where quali-
talive measurements are easier to make) thai.
LS-N-IPS is significantly morc cffective than



N-IPS. We also prove a uniform stability the-
orem stating the uniform boundedness of the
error of approximation of the posterior esti-
mated by the LS-N-IPS algorithm in the L!
norm.

The article is organized as follows: In Sec-
tion 3 we introduce the LS-N-IPS algorithm.
In Section 4 we prove the above mentioned
stability thcorcm. Results of some cxperi-
ments in a simulated scenario are presented
in Section 5, whilst the results on a real-world
objcct tracking problem arc presented in Sce-
tion 6. A short discussion of related work is
presented in Scction 7, and conclusions arc
drawn in Section 8.

3 The LS-N-IPS algorithm

Let us consider the filtering problem defined
by the system

Xyt = (X)) + We, (1)
Yy = g(Xi) + W, (2)

wheret = 0,1,2,..., X, W, € X, V;,V € ),
and W, Vi are zero mean i.i.d. random vari-
ables. Let the posterior given the observations
Yo:e = (Yo,..., ) be me:

TTL(A) = P(X,; = A|Y0:L):

where A C X is any mcasurable sct.

The proposed “Local Search”-modified N-
IPS algorithm (LS-N-IPS) is as follows (N is
the number of particles):

1. Initialization:

o Let X[gi) ~ T, t = 1,2,...,N and
set t = 0.

2. Repeat forever:

o Compute the proposed next states
by Z{y = S\ () + W, Vi),
i=1,2,...,N.

e Compute wg?l x g(Y}H\Zt@l), i =

,2,...,N.!

"Here g(y|z) denotes the observation density func-
tion of the system to be filtered (cf. Equation 2).

() (i) (M)

e Sample ky )y o (Wi, wiyq
i=1,2,....N.
(i 1@ )
o Let X&) = 2% 19 N

The only difference between the LS-N-II’S
and the N-IPS algorithms is in the updatec of
the proposed states. Here LS-N-IPS uses a
non-trivial local search operator, Sy, to “re-
fine” the predictions f(XV) + W, whilst in
N-IPS one has Sy(z,y) = z.

Our requirement for Sy in LS-N-IPS is that
it should satisfy g(y|Sx(z.y)) > g(y|z). The
parameter A > 0 defines the “search length”:
S) is usually implemented as a (local) search
trying to maximize g¢(y|-) around z, in a
neighborhood with size A, e.g. Sy(ylz) =
argmax{g(y|#) | |& —z[| S A}.

As a simple example, aiming to show the
improved performance of LS-N-TPS consider
the system defined by X1 = V341, Y = Xe +
Wy, where var(Wy) << var(Vy). If Sy(z,y) =
y (assuming that g(yly) = argmax,g(y|z))
then the local search renders all particles to
Y, ie, Xt(l) =Y and thus the estimate of the
position of X; is [zdr;Y = Y¥;. Here (and
in what follows) 7}¥ denotes the estimated
posterior corresponding to the particle system
{X{)}¥ | of size N.2 On the other hand the
estimate of the N-IPS model is given by

N

Ay

i=1

g%V )
DRI A AL

Clearly, under a wide range of conditions
E(Y: — Xo|*| X¢) << B(|X: — X4* | X3) and
in this scnse, the estimate of LS-N-IPS is bet-
ter than that of the N-TPS model. If we as-
sume that V, and W, are Gaussian with re-
spective covariances () and IR then the pos-
terior can be computed analitically (using
the Kalman-filter eugqations), yielding 7: =

Q(Q + R)™'Y;. Thercforc X} is closc to Y;
provided that var(W;) << var(V}).

21 (A) = (1/N) SN, xa(X[), where x4 is the
characteristic function of the measurable set A.



4 Uniform Convergence of
LS-N-IPS

Provided that the system to be filtered is suffi-
ciently regular, the N-IPS model is known to
provide a uniformly “good” estimate of the
posterior, for any given particle-set size (see
Theorem 3.1 of [4]). Here we extend this re-
sult to LS-N-IPS. First let us remark that
LS-N-IPS can be viewed as an N-IPS algo-
rithm where in each step an approximate dy-
namics is used in the prediction step. The
approximation crror can be controlled by the
search length A\. Hence we give the theorem
for the general case when approximate models

arc uscd in N-IPS.

Theorem 4.1. Let §, K; be approzimate mod-
els, € > 0 and %y be an approzimation of the
prior wy. Assume that the Radon-Nikodym
derivative of both K and K; ezist w.r.t. the
Lebesgue-measure and let us denole them by
K(x,z) and Ki(z,z), respectively. Assume
that for some € >0 and a > 0

< glylz),g(ylz) < a (3)

®| =

and
1

ESKWJLMQASE (4)

Further, assume that for some 8 > 0 these
approzimate entities satisfy

Sllph(Gy, G'y)’ h(Fa ﬁt)a h’(ﬂ.O: 7}0) < B,
Y

where h is the Hilbert projective metrics
2], Gy + LY (X) —» LY(X) is defined by
(Gyf)(z) = g(y|z)f(z) and F is the Markov
operator corresponding to K. Gy, F, are de-
fined in an analogueosly. Consider the N-IPS
model based on the approximate models and
the appreximate prior. Consider the empir-
ical posterior 7 as computed by this N-IPS
algorithm. Then the uniform bound

sup I5( | / fd#iy —/ fdm||[You) <
£>0

5exp(29') 48
N&/2 log(3)(1 — tanh(C(K')/4)

(5)

holds for any N > 1 and for any measurable
function | satisfying ||fllc <1, where 4" and
G are defined by

é2
e

C(K) is defined by

7 = with 4" =1+ 2loga.

K(z,y)K(z',y
C(K) _— ln Sup (T; y) (.'L' K y,)
z,y,x K(T 1y)K($7 Yy )

Proof. By the triangle inequality,

sup E{( / fal — / Fdmi| Vo) <

>0

sup I5( / fard — / Fdiiel [You) +

>0

SupE(|/fd’frr,—/fdﬂHYO:t)a

>0
where 7 is defined by
Gy, Fiiy
(Gy, Fyrt) (X)

By Theorem 3.1 of [4] the first term of the

right hand sidc of (6) can bc bounded by
5exp(29')

NG/2 .

By means of some contraction arguments
and the well known properties of £ [2] it can

be proven that

41 =

p” 203
~ 1—tanh(C(K)/4)

h(ﬁ't, 7!',:)
Since, by the well known inceuality (sce [2])
|7t — mellry < ih(?ATt- )
~ log 3 '

and since || % — 3|1 < || 7 — t|| 7y, we arrive
at

|[ sawe [ pam] < £lale el <

181 e |

log(3)(1 — tanh(C(K)/4))
Taking expectation of both sides and combin-
ing this inceuality with that of derived above
for the first term of (6) yields the result. [




5 Simulation Results

In this section we compare the performance of
LS-N-IPS and N-IPS in a simulated scenario.
The dynamics we consider is as follows:

Xy = Xi+ S8+ W,

Sty1 = (2Bt — 1)S:

U1 — X(‘XHll <K)

Xyt = U X + (1= Up) Xy
Bir1 = Uppr(Xpp1 — Xy) +

(1= Upp1)(Xep1 — Xep1)s

where W; ~ N (0,0) are i.i.d. Gaussian ran-
dom variables, and B; is a Bernoulli vari-
able with parameter &. The dynamics can be
thought to model a “bouncing ball” (with no
mass), where the ballis bounced at the points
—K,+K and at random time instances when
Bt =0.

The observation is Y; = X; + V; where
Vi ~ N(0,6) iid. The dynamics is highly
non-linear, so linear filters would be useless.
In the experiments we used & = 0.99 (low
probability of bounce), and ¢ = 106 (uncer-
tainity of dynamics is higher than that of the
observation), 6 = 0.5, K = 250.

We tested both N-IPS and LS-N-IPS on
this problem. Since we are interested in the
performance when the number of particles is
small we used N = 10. Timc to time, both
N-IPS and LS-N-IPS loose the object, i.e.,
Dy =% S X9~ X,)| > 0 (we used 0 = 25).
In order to make a quantitative comparison
we ran 10 simulations of length ¢ = 400 cach
and foreach T' € {1,2,...,400} estimated the
probability of loosing the object at time T for
the first time. Results arc shown in Figure
1. Tt should be clear from the figure that LS-
N-IPS performs much better than N-IPS. The
SEARCH-ONLY algorithm, also shown in the
picture, is an LS-N-IPS algorithm with “zero”
dynamics, ic. 2%, = Sy(X?,¥i1y). This
algorithm performs much worse than either
of the two other oncs, underlining the impor-
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Figure 1: Probability of loosing the object as
a function of time.

tance of the role of the dynamics in particle
filtering.

Figure 2 shows the tracking precision of the
samc algorithms as a function of the time.
More precisely, the figure shows the estimates
of E[D,|D, < 6] as a function of ¢, as esti-
mated by computing the averages over the 10
runs. The ordering of the algorithms is the
same as for the previous measurements: LS-
N-IPS still performs significantly better than
the other two algorithms.

6 Results in Visual Tracking

The proposed algorithm was tested in a vi-
sion based tracking problem. Results arc pre-
sented in the form of typical image sequences.

Figurc 3 shows a typical imagc sceucnce
of tracking a hand in clutter. The number
of particles was chosen to be 100. This al-
lows a tracking speed of 7 frame/seconds on a
Pentium IIT 533 MHz computer without any
further optimizations. Note that the speed
of the algorithm is independent of the size of
the image since the low level image processing
involves only local computations. The local
scarch procedurc was implecmented as a com-
bination of greedy search and an LMS algo-
rithm. For more details scc [6]. Occasionally,
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Figure 2: Probability of loosing the object in
terms of time steps.

the tracker looses the object, but it recovers
soon in all cases. (The tracker quickly finds
the object even when the initial position is
randomized.) The image sequence is recorded
with a frame ratc of 30 frames/sccond. The
picture shows every 15th frame. N-IPS was
unable to achieve a similar tracking perfor-
mance even when the number of particles was
increased above 1000 in which case the track-
ing speed became unacceptable.

7 Related Work

LS-N-IPS can be thought of as a variance re-
duction technique. In the literature, many
variance reduction techniques have been de-
veloped, here we mention only two of thermn.
The first method is Sequential Importance
Sampling with Resampling (SIR) [1]. The
design paramcter of this method is the so-
called “proposal distribution” used to gener-
ate the predictions of the particle positions.
This should be designed such that the over-
all variance is reduced. Typically, sampling
from the proposal is accomplished by a gen-
eral purpose, randomized sampling procedure
(e.g. MCMC), requiring the evaluation of the
observation density at many points. Further,
the running times of these sampling proce-

(oBa ]

Figure 3: Tracking hand in clutter with 100
particles. Black contours show particles hav-
ing high observation likelihoods, whilst the
white contour shows the actual estimate of the
hand.



dures are random - a disadvantage in tasks
where guaranteed, real-time performance is
required.

Another method, meant to avoid the prob-
lems of SIR, is the auxiliary variable mcthod
(AVM) by Pitt and Shephard [5]. Unfortu-
nately, this mecthod requires the calculation
of O(R + N) observation likelihoods, where
IR, a design parameter of the method, should
typically be chosen to be much larger than N.

Both SIR (with a carcfully designed pro-
posal distribution) and AVM were tested in
the simulated scenario and were found to per-
form significantly worsc than LS-N-IPS. Re-
sults of these experiments are not reported
here due to the lack of space.

8 Conclusions

In this article a modification of the N-IPS al-
gorithm was proposed. The modified algo-
rithm is applicable when a local scarch op-
eration maximizing the observation density
function can be implemented. The algorithm
was claimed to perform better for small val-
ues of N than N-IPS and when the observa-
tion model is reliable. A theorem proving the
uniform stability of the proposed algorithm
was given. [Experiments confirmed that the
proposed modification does improve over the
quality of N-IPS. Given equivalent running
times, the new algorithm comes with an in-
crcascd precision, and given cquivalent preci-
sions, the new algorithm has a shorter running
time than that of N-IPS.

Future work will include the application of
the new algorithm in a number of other prac-
tical cases, such as speech processing and con-
trol, as well as a more thourough theoretical
analysis with a focus on wcakening the un-
desirably strong positivity assumptions of the
proven stability thcorem.

References

[1] Arnaud Doucet. On sequential simula-
tion based methods for Bayesian filtering.
Statistics and Computing, 10(3):197 208,
1998.

[2] G.Birkhoff. Lattice Theory. Am. Math.
Soc., 1967.

[3] Michael Isard and Andrew Blake. CON-
DENSATION - conditional density prop-
agation for visual tracking. International
Journal Computer Vision, 29:5-28, 1998.

[4] Pierre Del Moral. A uniform convergence
theorem for the numerical solving of the

nonlincar filtcring problem. Journal of
Applied Probability, 35:873 884, 1998.

[5] Michacl K. Pitt and Ncil Shephard. Fil-
tering via simulation: Auxiliary particle
filter. Journal of the American Statistical
Association, 94:590-9, 1999.

[6] Csaba Szepesvéri and Péter Torma. Vi-
sien bascd objcct tracking using LS-N-
IPS. (submitted), 2000.



