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Abstract

We make three contributions toward better under-
standing policy gradient methods in the tabular
setting. First, we show that with the true gradient,
policy gradient with a softmax parametrization
converges at a O(1/t) rate, with constants de-
pending on the problem and initialization. This
result significantly expands the recent asymptotic
convergence results. The analysis relies on two
findings: that the softmax policy gradient satis-
fies a Lojasiewicz inequality, and the minimum
probability of an optimal action during optimiza-
tion can be bounded in terms of its initial value.
Second, we analyze entropy regularized policy
gradient and show that it enjoys a significantly
faster linear convergence rate O(e~*) toward soft-
max optimal policy. This result resolves an open
question in the recent literature. Finally, com-
bining the above two results and additional new
Q(1/t) lower bound results, we explain how en-
tropy regularization improves policy optimization,
even with the true gradient, from the perspective
of convergence rate. The separation of rates is
further explained using the notion of non-uniform
Lojasiewicz degree. These results provide a theo-
retical understanding of the impact of entropy and
corroborate existing empirical studies.

1. Introduction

This paper is concerned with the analysis of the convergence
rate of policy gradient methods in reinforcement learning
(RL). In a policy gradient method the user chooses a policy
parametrization. Every policy is assigned a unique numeri-
cal score, the value of the policy, through the interaction of
the policy with the environment. Policy gradient methods
incrementally update the policy parameters by following
the gradient of the value. The appeal of policy gradient
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methods is that they are conceptually straightforward and
under some regularity conditions they guarantee monotonic
improvement of the value. A secondary appeal is that policy
gradient methods were shown to be able to find good poli-
cies for a number of challenging control problems  (e.g.,
Schulman et al., 2015; 2017).

Despite the prevalence and importance of policy optimiza-
tion methods in RL, the theoretical understanding of pol-
icy gradient ascent has, until recently, been severely lim-
ited. A key barrier to understanding is the inherent non-
convexity of the value landscape with respect to standard
policy parametrizations. As a result, little has been known
about the global convergence behavior of policy gradient
ascent. Recently, important new progress in understand-
ing the convergence behavior of policy gradient has been
achieved. As in this paper we will restrict ourselves to the
tabular setting, we analyze the part of the literature that also
deals with this setting. While the tabular setting is clearly
limiting, this is the setting where so far the cleanest results
have been achieved and we think that understanding this
setting is a necessary first step towards the bigger problem
of understanding RL algorithms. Returning to the discus-
sion of recent work, in their recent paper Bhandari & Russo
(2019) have shown that, without parametrization, projected
gradient ascent on the simplex does not suffer from spurious
local optima. In concurrent work, Agarwal et al. (2019)
complemented the above result by showing that (i) with-
out parametrization, projected gradient ascent converges at
rate O(1/+/t) to a global optimum; and (ii) with softmax
parametrization, policy gradient converges asymptotically.
Agarwal et al. also analyze other variants of policy gra-
dient, and show that policy gradient with relative entropy
regularization converges at rate O(1/+/t), natural policy
gradient (mirror descent) converges at rate O(1/t), and
given a “compatible” function approximation (thus, going
beyond the tabular case) natural policy gradient converges
at rate O(1/+/t). Shani et al. (2020) obtains the slower rate
O(1/+/t) for mirror descent. They also proposed a variant
that adds entropy regularization and prove a rate of O(1/t)
for this modified problem.

Despite these advances, many open questions remain in un-
derstanding the behavior of policy gradient methods, even in
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the tabular setting and even when the true gradient is avail-
able in the updates. In this paper, we provide answers to
the following three questions left open by previous work in
this area: (i) What is the convergence rate of policy gradient
methods with softmax parametrization? The best previous
result, due to Agarwal et al. (2019), established asymptotic
convergence but gave no rates. (ii) What is the convergence
rate of entropy regularized softmax policy gradient? Fig-
uring out the answer to this question was explicitly stated
as an open problem by Agarwal et al. (2019). (iii) Empiri-
cal results suggest that entropy helps optimization (Ahmed
et al., 2019). Can this empirical observation be turned into
a rigorous theoretical result?'

First, we prove that with the true gradient, policy gradient
methods with a softmax parametrization converge to the
optimal policy at a O(1/t) rate, with constants depending
on the problem and initialization. This result significantly
strengthens the recent asymptotic convergence results of
Agarwal et al. (2019). Our analysis relies on two novel find-
ings: (i) that softmax policy gradient satisfies what we call a
non-uniform Lojasiewicz-type inequality with the constant
in the inequality depending on the optimal action probability
under the current policy; (i7) the minimum probability of an
optimal action during optimization can be bounded in terms
of its initial value. Combining these two findings, with a few
other properties we describe, it can be shown that softmax
policy gradient ascent achieves a O(1/t) convergence rate.

Second, we analyze entropy regularized policy gradient and
show that it enjoys a linear convergence rate of O(e™*) to-
ward the softmax optimal policy, a rate that is significantly
faster than that of the unregularized version. This result re-
solves the open question mentioned in Agarwal et al. (2019,
Remark 5.5), where the authors analyzed a more aggressive
relative entropy regularization rather than the more common
entropy regularization. A novel insight is that the updates in
entropy regularized gradient update behave similarly to the
contraction operator in value learning, with a contraction
factor that depends on the current policy.

Third, we provide a theoretical understanding of entropy
regularization in policy gradient methods. (i) We prove a
new lower bound of Q(1/t) for softmax policy gradient, im-
plying that the upper bound of O(1/t) that we established
for this case, apart from constant factors, is unimprovable.
This result also provides a theoretical explanation of the
optimization advantage of entropy regularization: even with
access to the true gradient, entropy helps policy gradient
converge faster than any achievable rate of softmax policy

"While Shani et al. (2020) suggest that entropy regularization
speeds up mirror descent to achieve the rate of O(1/t), in light of
the corresponding result of Agarwal et al. (2019) who established
the same rate for the unregularized version of mirror descent, their
conclusion needs further support.

gradient ascent without regularization. (ii) We study the
concept of non-uniform Lojasiewicz degree and show that,
without regularization, the Lojasiewicz degree of expected
reward cannot be positive, which only allows O(1/t) rates
to be established. We then show that after adding entropy
regularization, the Lojasiewicz degree of maximum entropy
reward becomes 1/2, which is sufficient to obtain linear
O(e™?) rates. This change of Lojasiewicz degree and the
relationship between gradient norm and sub-optimality re-
veals a deeper reason for the improvement in convergence
rates. The theoretical study we provide corroborates ex-
isting empirical studies on the impact of entropy in policy
optimization (Ahmed et al., 2019).

The remainder of the paper is organized as follows. After
introducing notation and defining the setting in Section 2,
we present the three main contributions in Sections 3 to 5 as
aforementioned. Section 6 gives our conclusions.

2. Notations and Settings

For a finite set X', we use A(X) to denote the set of prob-
ability distributions over X. A finite Markov decision pro-
cess (MDP) M = (S, A, P, r,~) is determined by a finite
state space S, a finite action space A, transition function
P:S x A— A(S), reward functionr : S x A — R, and
discount factor y € [0,1). Given a policy 7 : S — A(A),
the value of state s under 7 is defined as

[Z vtr(st,at)]. )
t=0

V7(s) = E
so=s,as~7(+|s¢),
ser1~P(-|se,a¢)

We also let V™ (p) == E,, [V™(s)], where p € A(S) is
an initial state distribution. The state-action value of 7 at
(s,a) € S x Ais defined as

Q" (s,a) :=r(s,a) + ’}/ZP(S/|S, a)V™(s'). ()

We let A™(s,a) = Q7 (s,a) — V7 (s) be the so-called ad-
vantage function of 7. The (discounted) state distribution of
7 is defined as

d;"o(s) = (1 - ’Y) ZWt PI'(St = S|SO77T7P)7 (3)
t=0

and we let d7 (s) := Eq,~, [dZ, (s)]. Given p, there exists
an optimal policy 7* such that

V™(p) =

max

m:S—A(A) v (,0) @)

We denote V*(p) :== V™ (p) for conciseness. Since S x A
is finite, for convenience, without loss of generality, we
assume that the one step reward lies in the [0, 1] interval:

Assumption 1 (Bounded reward). r(s,a) € [0, 1], V(s,a).
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The softmax transform of a vector exponentiates the compo-
nents of the vector and normalizes it so that the result lies in
the simplex. This can be used to transform vectors assigned
to state-action pairs into policies:

Softmax transform. Given the function § : § x A —
R, the softmax transform of 6 is defined as my(-|s) =
softmax(0(s, -)), where for all a € A,

exp{0(s, a)}
Do exp{f(s,a’)}’
Due to its origin in logistic regression, we call the values
(s, a) the logit values and the function 6 itself a logit func-
tion. We also extend this notation to the case when there are
no states: For 6 : [K] — R, we define my := softmax(6)
using 79(a) = exp{8(a)}/ 3, exp{6(a)} (a € [K)).

mo(als) =

(&)

H matrix. Given any distribution 7 over [K], let H(7) :=
diag(m) — " € REXK where diag(z) € RE*E is the
diagonal matrix that has # € R¥ at its diagonal. The H
matrix, which will play a central role in our analysis, e.g.,
in Section 4, is important because H (7) is the Jacobian
of the § — 7y := softmax(6) map that maps RI%] to the
(K — 1)-simplex:

90N _ i) ©)
dg ) — V)

Here, we are using the standard convention that derivatives
give row-vectors. Finally, we recall the definition of smooth-
ness from convex analysis:

Smoothness. A function f : © — R with © C R? is
B-smooth (w.r.t. 5 norm, 3 > 0) if for all 9, ¢ € ©,

1) 16) - (45

&= 0)| < 5 10l )

3. Policy Gradient

Policy gradient is a special policy search method. In policy
search, one considers a family of policies parametrized by
finite-dimensional parameter vectors, reducing the search
for a good policy to searching in the space of parameters.
This search is usually accomplished by making incremental
changes (additive updates) to the parameters. Representative
policy-based RL methods include REINFORCE (Williams,
1992), natural policy gradient (Kakade, 2002), determin-
istic policy gradient (Silver et al., 2014), and trust region
policy optimization (Schulman et al., 2015). In policy gra-
dient methods, the parameters are updated by following
the gradient of the map that maps policy parameters to val-
ues. As it turns out, under mild conditions, the gradient
can be reexpressed in a convenient form in terms of the pol-
icy’s action-value function and the gradients of the policy
parametrization:

Theorem 1 (Policy gradient theorem (Sutton et al., 2000)).
Fix a map 0 — my(a|s) that for any (s, a) is differentiable
and fix an initial distribution p € A(S). Then,

ovre(w) 1 Omg(als)  ymy
90 _1,7%]%;9 > 50 @7 (s,0)

3.1. Vanilla Softmax Policy Gradient

In this paper we focus on the policy gradient method that
uses the softmax parametrization. Since we consider the
tabular case, the policy is then parametrized using the logit
0:S x A— R function and 7y(-|s) = softmax(é(s,-)).
The vanilla form of policy gradient for this case is shown in
Algorithm 1.

Algorithm 1 Policy Gradient Method
Input: Learning rate 7 > 0.
Initialize logit 04 (s, a) for all (s, a).
fort =1to7T do

V0t ()

Orp1 < 0y +1- 20
end for

With some calculation, Theorem 1 can be used to show that
the gradient takes the following special form in this case:

Lemma 1. Softmax policy gradient w.r.t. 0 is
ovre(p) _ 1
20(s,a) 1—r

- (s) - me(als) - A™ (s,a).  (8)

Due to space constraints, the proof of this, as well as of all
the remaining results are given in the appendix. While this
lemma was known (Agarwal et al., 2019), we included a
proof for the sake of completeness.

Recently, Agarwal et al. (2019) showed that softmax policy
gradient asymptotically converges to 7*, i.e., V™ (p) —
V*(p) as t — oo provided that p(s) > 0 holds for all
states s € S. We strengthen this result to show that the
rate of convergence (in terms of value sub-optimality) is
O(1/t). The next section is devoted to this result. For better
accessibility, we start with the result for the bandit case
(when the MDP has a single state and v = 0) which presents
an opportunity to explaining the main ideas underlying our
result in a clean fashion.

3.2. Convergence Rate
3.2.1. THE INSTRUCTIVE CASE OF BANDITS

As promised, in this section we consider “bandit case”: In
particular, assume that the MDP has a single state and the
discount factor 7y is zero: v = 0. In this case, Eq. (1) reduces
to maximizing the expected reward,

G:H.}\EE(R aleH [r(a)]- ®)
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With the softmax parametrization 7y = softmax(6), even
in this simple setting, the objective is non-concave in 0, as
can be shown by means of a simple example:

Proposition 1. On some problems, 0 — Eq.r, [r(a)] is a
non-concave function over RX.

Because v = 0 and there is only a single state, Lemma 1
simplifies to
cl7rér r
df(a)

=mg(a) - (r(a) — w;—r) . (10)

Here, and in what follows, we will slightly abuse notation in
that we identify 7y and r with vectors in R¥ (say, r; = r(4),
and (mg); = mp(i), i € [K]). Putting things together, we
see that in this case the update in Algorithm 1 takes the
following form:

Update 1 (Softmax policy gradient, expected reward).
Oi11(a) < Oi(a) +n - mp, (a) - (r(a) — w;rtr), Ya € [K].

As is well known, if a function is smooth, then a small
gradient update will be guaranteed to improve the objective
value. As it turns out, for the softmax parametrization, the
expected reward objective is -smooth with 5 < 5/2:

Lemma 2 (Smoothness). Vr € [0,1]%, 6 — =, r is 5/2-
smooth.

Smoothness alone (as is also well known) is not sufficient
to guarantee that gradient updates converge to a global op-
timum. For non-concave objectives, the next best thing to
guarantee convergence to global maxima is to establish that
the gradient of the objective at any parameter dominates the
sub-optimality of the parameter. Inequalities of this form
are known as a Lojasiewicz inequality (Lojasiewicz, 1963).
The reason gradient dominance helps is because it prevents
the gradient vanishing before reaching a maximum. The
objective function of our problem also satisfies such an in-
equality, although of a weaker, “non-uniform” form. For the
following result, for simplicity, we assume that the optimal
action is unique. This assumption can be lifted with a little
extra work; the work needed is discussed at the end of this
section.

Lemma 3 (Non-uniform Lojasiewicz). Assume r has one
unique maximizing action a*. Let ™ = argmax, ca Tlir
Then,

The weakness of this inequality is that the right-hand side
scales with my(a*) — hence we call this inequality non-
uniform. As a result, the inequality is not very useful if
m, (a*), the optimal action’s probability, becomes very
small during the updates.

drgr

10 > mg(a®) - (7" — 7T'9)T’I“. a1

2

Nevertheless, the inequality still suffices to get an interme-
diate result, which we state next. The proof of this result
combines smoothness and the Lojasiewicz inequality we
derived.

Lemma 4 (Pseudo-rate). Let ¢, = minj<s<; 7y, (a*). Us-
ing Update 1 withn = 2/5, forall t > 1,

(m* —mg,) T r < 5/(t-cP), and

T
Z(TF* —mp,) T < min{\/ﬁ/@n (5logT)/c% + 1}.

In the remainder of this section we assume that n = 2/5.

Remark 1. The value of g, (a™), while it is nonzero (and
50 is ¢t) can be small (e.g., because of the choice of 01 ).
Consequently, its minimum c; can be quite small and the
upper bound in Lemma 4 can be large, or even vacuous. The
dependence of the previous result on g, (a*) comes from
Lemma 3. As it turns out, it is not possible to eliminate or
improve the dependence on my(a*) in Lemma 3. To see this
consider r = (5,4,4)7, mg = (2¢,1/2 — 2¢,1/2) where

€ > 0 is small number. By algebra, (m* — mg) 'r = 1 —
o T
2¢ > 1/2’ dzeé‘r = (26_4627 _6+4€2; _E)T! dzz’r 2 -

€6 — 24¢ + 32¢2 < 3e. Hence, for any constant C' > 0,

.
O.(ﬁ*ﬁg)Tr>C/2>3ezHCh;99T . (12)

2

which means for any Lojasiewicz-type inequality, C neces-
sarily depends on € and hence on mp(a*) = 2e.

The necessary dependence on 7y, (a*) makes it clear that
Lemma 4 is insufficient to conclude a O(1/t) rate. since ¢;
may vanish faster than O(1/t) as ¢ increases. Our next result
eliminates this possibility. In particular, the result follows
from the asymptotic convergence result of Agarwal et al.
(2019) which states that 7y, (a*) — 1 as t — oo. From this
and because mp(a) > 0 for any § € RX and action a, we
immediately conclude that 7y, (a*) remains bounded away
from zero during the course of the updates:

Lemma 5. We have inf,>1 mg, (a*) > 0.

With some extra work, one can also show that eventually 6,
enters a region where 7y, (a*) can only increase:
Proposition 2. For any initialization there exist ty > 1 such
that for any t > to, t — my,(a*) is increasing. In particular,
when Ty, is the uniform distribution, to = 1.

With Lemmas 4 and 5, we can now obtain an O(1/t) con-
vergence rate for softmax policy gradient method:

Theorem 2 (Arbitrary initialization). Using Update 1 with
n=2/5, forallt > 1,

(7" —mg,) T r < 1/(c* 1), (13)
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0, = (0.05,0.01,0.94) "

(b) Good & bad initializations.

(a) Softmax gradient flow.

(d) 7r9Ttr and 7y, (a*)

for bad initialization.

(c) W;T and 7, (a™)

for good initialization.

Figure 1. Visualization of proof idea for Lemma 5.

where ¢ = inf;>q mg, (a*) > 0 is a constant that depends
on 1 and 61, but it does not depend on the time t.

Proposition 2 suggests that one should set 6, so that 7y, is
the uniform distribution. Using this initialization, we can
show that inf;>1 g, (a*) > 1/K, leading to the promised
strengthening of the asymptotic convergence results of Agar-
wal et al. (2019):

Theorem 3 (Uniform initialization). Using Update 1 with
1 = 2/5 and 61 such that 7p, (a) = 1/K, Va, forallt > 1,

(m* —mp,) ' < BK?/t, and

T
S (n ) Tr < min{K\/ST, 5K210gT+1}.
t=1

Remark 2. In Section 5, we prove a lower bound Q2(1/t) for
the same update rule, showing that the upper bound O(1/t)
of Theorem 2, apart from constant factors, is unimprovable.

In general it is difficult to characterize how the constant C'
in Theorem 2 depends on the problem and initialization. For
the simple 3-armed case, this dependence is relatively clear:
Lemma 6. Let r(1) > r(2) > r(3). Then, a* = 1 and
infy>1 mp, (@) = miny <<, 7, (1), where

7o, (1)
o, (3)

r(2) - r(3)
2 (r(1) — r(2)) } (1

Y

tozmin{t21:

Note that the smaller (1) — r(2) and 7y, (1) are, the larger
to is, which potentially means C' in Theorem 2 can be larger.

Visualization. Let » = (1.0,0.9,0.1)T. In Fig. 1(a),
the region below the red line corresponds to R =
{0 : mo(1)/ma(3) > (r(2) — r(3))/(2 - (r(1) — r(2)))}.

Any globally convergent iteration will enter R within
finite time (the closure of R contains 7*) and never
leaves R (this is the main idea in Lemma 5). Sub-
figure (b) shows the behavior of the gradient updates
with “good” (mp, = (0.05,0.01,0.94)T) and “bad”
(mg, = (0.01,0.05,0.94) ") initial policies. While these
are close to each other, the iterates behave quite differently
(in both cases n = 2/5). From the good initialization, the

iterates converge quickly toward the optimal policy: after
100 iterations the distance to the optimal policy is already
quite small. At the same time, starting from a “bad” initial
value, the iterates are first attracted toward a sub-optimal
action. It takes more than 7000 iterations for the algorithm
to escape this sub-optimal corner! In subfigure (c), we see
that 7, (a*) increases for the good initialization, while
in subfigure (d), for the bad initialization, we see that it
initially decreases. These experiments confirm that the
dependence of the error bound in Theorem 2 on the initial
values cannot be removed.

Non-unique optimal actions. When the optimal action
is non-unique, the earlier statements remain valid. However,
the arguments need to be slightly modified. Instead of using
a single mg(a*), we need to consider ) .. 4. mo(a¥), i.e.,
the sum of probabilities of all optimal actions. Details are
given in the appendix.

3.2.2. GENERAL MDPs

For general MDPs, the optimization problem takes the form

e — e
5V 0) = oy B molal) - Q7 (5,0,
Here, as before, my(-|s) = softmax(f(s,-)), s € S. Fol-

lowing Agarwal et al. (2019), the values here are defined
with respect to an initial state distribution p which may or
may not be the same as the initial state distribution p used in
the gradient updates (cf. Algorithm 1), allowing for greater
flexibility in our analysis. While the initial state distribu-
tions do not play any role in the bandit case, here, in the
multi-state case, they have a strong influence. In particular,
for the rest of this section, we will assume that the initial
state distribution p used in the gradient updates is bounded
away from zero:

Assumption 2 (Sufficient exploration). The initial state
distribution satisfies ming p(s) > 0.

This assumption was also adapted by Agarwal et al. (2019).
The assumption ensures “sufficient exploration” in the sense
that the discounted occupancy measure dj; of any policy
7w when started from p will be guaranteed to be positive



On the Global Convergence Rates of Softmax Policy Gradient Methods

over the whole state space. Agarwal et al. (2019) asked
whether this assumption is necessary for convergence to
global optimality.

Proposition 3. There exist an MDP and p with
ming p(s) = 0 such that there exists 0* : S x A — [0, 00]
such that 0* is the stationary point of 6 — V™ (1) while
Ty« 1s not an optimal policy. Furthermore, this stationary
point is an attractor, hence, starting gradient ascent in a
small enough vicinity of 0* will make it converge to 6*.

The MDP of this proposition is S bandit problems: Each
state s € S under each action deterministically gives itself
as the next state. The reward should be selected (say) so that
in each state there is a unique optimal action. If y leaves out
state s (i.e., u(s) = 0), clearly, the gradient of § — V™ ()
with respect to (s, a) is zero regardless of the choice of 6.
Hence, in fact, any 6 such that §(s, a) = 400 for a optimal
in state s with u(s) > 0 and (s, a) finite otherwise will
satisfy the properties of the proposition. It remains open
whether the sufficient exploration condition is necessary for
unichain MDPs.

According to Assumption 1, r(s,a) € [0,1], Q(s,a) €
[0,1/(1 — )], and hence the objective function is still
smooth, as was also shown by Agarwal et al. (2019):

Lemma 7 (Smoothness). V™ (p) is 8/(1 — v)3-smooth.

As mentioned before, smoothness and (uniform)
Lojasiewicz inequality are sufficient to prove a con-
vergence rate. As noted by Agarwal et al. (2019), the main
difficulty is to establish a (uniform) Lojasiewicz inequality
for softmax parametrization. As it turns out, the results
from the bandit case carry over to multi-state MDPs.

For stating this and the remaining results, we fix a determin-
istic optimal policy 7* and denote by a*(s) the action that
7* selects in state s. With this, the promised result on the
non-uniform Lojasiewicz inequality is as follows:

Lemma 8 (Non-uniform Lojasiewicz). Let Assumption 2
hold. Then,

H avTe (n)

ming mg(a*(s)|s)

2 VS-[ldp /e

- Vo) = V™ ()]

As noted before, by Assumption 2, d7}? is also bounded away
from zero on the whole state space and thus the multiplier
of the sub-optimality on the right-hand side of the above
inequality is positive.

Generalizing Lemma 5, we can also show that
ming 7y, (a*(s)|s) is uniformly bounded away from zero:
Lemma 9. Let Assumption 2 hold. Then, ¢ :=
infges,>1 g, (a*(s)|s) > 0.

Using Lemmas 7 to 9, we prove that softmax policy gradient

converges to an optimal policy at a O(1/t) rate in MDPs,
just like what we have seen in the bandit case:

Theorem 4. Let Assumption 2 hold and let {0,},>1 be
generated using Algorithm 1 with n = (1 — )3/8, ¢ the
positive constant from Lemma 9. Then, for allt > 1,

2 H 1 H

oo l’l' oo
As far as we know, this is the first convergence-rate result
for softmax policy gradient for MDPs.

»
B

. _ 165
V*(p) = V™ (p) < ‘u

T AE1-)5t

Remark 3. Theorem 4 implies that the iteration com-
plexity of Algorithm 1 to achieve O(¢) sub-optimality is

S i |2 1
Ozt | %L+
€, is better than the results of Agarwal et al. (2019) for

(1) projected gradient ascent on the simplex (O <% .

‘ ) which, as a function of
oo

% 12
‘ % ‘ ) ) or for (ii) softmax policy gradient with relative-
(oo}
2
entropy regularization (O(% . ’ % ’ )). The im-
o0

proved dependence on € (or t) in our result follows from
Lemmas 8 and 9 and a different proof technique utilized to
prove Theorem 4, while we pay a price because our bound
depends on ¢, which adds an extra dependence on the MDP
as well as on the initialization of the algorithm.

4. Entropy Regularized Policy Gradient

Agarwal et al. (2019) considered relative-entropy regulariza-
tion in conjunction with policy gradients to get their polyno-
mial convergence rate of O(1/+/t). As they note, relative-
entropy is more “agressive” in penalizing small probabilities
than the more “common” entropy regularizer (cf. Remark
5.5 in their paper) and it remains unclear whether this latter
regularizer leads to an algorithm with the same rate. In
this section, we answer this positively and in fact prove a
much better rate. In particular, we show that entropy reg-
ularized policy gradient with the softmax parametrization
enjoys a linear rate of O(e™"). In retrospect, perhaps this is
unsurprising as entropy regularization bears a strong simi-
larity to introducing a strongly convex regularizer in convex
optimization, where this change is known to significantly
improve the rate of convergence of first-order methods (e.g.,
Nesterov, 2018, Chapter 2).

4.1. Maximum Entropy RL

In entropy regularized RL, or sometimes called maxi-
mum entropy RL, near-deterministic policies are penalized
(Williams & Peng, 1991; Mnih et al., 2016; Nachum et al.,
2017; Haarnoja et al., 2018; Mei et al., 2019), which is
achieved by modifying the value of a policy 7 to

V7(p) =V (p) +7-H(p,), (15)
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where H(p, 7) is the “discounted entropy”, defined as

H(p, ) == E lz —~'log 7r(at|st)] . (16)
t=0

so~p,ae~T(-]se),
se41~P(-|s¢,a¢)

and 7 > 0, the “temperature”, determines the strength of the
penalty.? Clearly, the value of any policy can be obtained
by adding an entropy penalty to the rewards (as proposed
originally by Williams & Peng (1991)). Hence, similarly
to Lemma 1, one can obtain the following expression for
the gradient of the entropy regularized objective under the
softmax policy parametrization:

Lemma 10. It holds that

ovre(w) 1

0G0 — Ty ' (5) molals) - A™(s,0), (A7)

where A™ (s, a) is the “soft” advantage function defined
as

A" (s,a) = Q™ (s,a) — Tlog my(als) — V7™ (s), (18)
Q™ (s,a) = r(s,a) + WZ’P(S'LS, a)V™(s').  (19)

4.2. Convergence Rate

As in the non-regularized case, to gain insight, we first
consider MDPs with a single state and v = 0.

4.2.1. BANDIT CASE

In the one-state case with v = 0, Eq. (15) reduces to maxi-
mizing the entropy-regularized reward,

max E [r(a) — 7logmg(a)]. (20)

0:A—Ra~mg

Again, Eq. (20) is a non-concave function of 6. In this case,
regularized policy gradient reduces to

d{ﬂ'g—(T —1logmy)}
do

= H(mg)(r — rlogmg), (21)
where H (my) is the same as in Eq. (6). Using the above
gradient in Algorithm 1 we have the following update rule:

Update 2 (Softmax policy gradient, maximum entropy re-
ward). 041 < 0 +n - H(mp,)(r — 7logmy,).

Due to the presence of regularization, the optimal solution
will be biased with the bias disapparing as 7 — 0:

2To better align with naming conventions in information-theory,
discounted entropy should be rather called the discounted action-
entropy rate as entropy itself in the literature on Markov chain
information theory would normally refer to the entropy of the
stationary distribution of the chain, while entropy rate refers to
what is being used here.

*
T

Softmax optimal policy. =«
timal solution of Eq. (20).

Remark 4. At this stage, we could use arguments similar
to those of Section 3 to show the O(1/t) convergence of Ty,
to k. However, we can use an alternative idea to show that
entropy-regularized policy gradient converges significantly
faster. The issue of bias will be discussed later.

:= softmax(r/7) is the op-

Our alternative idea is to show that Update 2 defines a con-
traction but with a contraction coefficient that depends on
the parameter that the update is applied to:

Lemma 11 (Non-uniform contraction). Using Update 2
with ™y < 1, Vt > 0,

IGe+1ll2 < (1 —-Tn- mainﬁet (a)) 1< 2, (22)

where C; = T0, — 1 — 7(79??71 - 1.

This lemma immediately implies the following bound:
Lemma 12. Using Update 2 with ™y < 1, Vt > 0,

2]l + DVE
exp {rn $°U7] [min, o, (a)]}

[1Cell2 < (23)

Similarly to Lemma 5, we can show that the minimum
action probability can be lower bounded by its initial value.

Lemma 13. There exists ¢ = (7, K,|01lcc) > 0,
such that for all t > 1, min,mp,(a) > ¢ Thus,

Zi;ll [ming g, (a)] > c¢- (¢t —1).

A closed-form expression for ¢ is given in the appendix.
Note that when 7 = 0 (no regularization), the result would
no longer hold true. The key here is that min, 7y, (a) —
min, 75(a) > 0 as t — oo and the latter inequality holds
thanks to 7 > 0. From Lemmas 12 and 13, it follows that
entropy regularized softmax policy gradient enjoys a linear
convergence rate:

Theorem 5. Using Update 2 withn < 1/, forall t > 1,
5 < 2@l0illoc + V)2 K/7
exp {277 - ¢t}

; (24)

where 6, == m* | (r — Tlogn*) — g, | (r — T log mg, ) and
¢ > 0 is from Lemma 13.

4.2.2. GENERAL MDPs

For general MDPs, the problem is to maximize Vo (p) in
Eq. (15). The softmax optimal policy 7} is known to satisfy
the following consistency conditions (Nachum et al., 2017):

m2(als) = exp { (@ (s,0) = V™ (5)/7 }
VT (s) = TlogZexp {Q’T: (s, a)/T}.

(25)

(26)
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Using a somewhat lengthy calculation, we show that the
discounted entropy in Eq. (16) is smooth:

Lemma 14 (Smoothness). H(p, my) is (4 + 8log A)/(1 —
7)3-smooth, where A = | A| is the total number of actions.

Our next key result shows that the augmented value function
V'™ (p) satisfies a “better type” of Lojasiewicz inequality:

Lemma 15 (Non-uniform Lojasiewicz). Suppose pi(s) > 0
for all state s € S. Then,

V™ () e - 3
> . 7T,,_ _ Uyl
| 7 R Vo) -V )| @
where
C(9) ::\/\/?-msm u(s)~I£1’ian7rg(a|s)- le%g .

The main difference to the previous versions of the non-
uniform Lojasiewicz inequality is that the sub-optimality
gap appears under the square root. For small sub-optimality
gaps this means that the gradient must be larger — a stronger
“signal”. Next, we show that action probabilities are still
uniformly bounded away from zero:

Lemma 16. Using Algorithm 1 with the entropy regularized
objective, we have ¢ := inf;>1 min, , 7, (a|s) > 0.

With Lemmas 14 to 16, we show a O(e™*) rate for entropy
regularized policy gradient in general MDPs:

Theorem 6. Suppose j1(s) > 0 for all state s. Using Algo-
rithm 1 with the entropy regularized objective and softmax
parametrization and n = (1 — v)3/(8 + 7(4 + 8log A)),
there exists a constant C' > 0 such that for all t > 1,

1+7logA  _

V™ (p) = Vi (p) < HIHOO (192

“ln

The value of the constant C' in this theorem appears in the
proof of the result in the appendix in a closed form.

4.2.3. CONTROLLING THE BIAS

As noted in Remark 4, 7% is biased, i.e., 7} # «* for fixed
7 > (0. We discuss two possible approaches to deal with the
bias, but much remains to be done to properly address the
bias. For simplicity, we consider the bandit case.

A two-stage approach. Note that for any action a and
T > 0, 75(a*) > 7¥(a). Therefore, using policy gradient
with mp, = 7%, we have my, (a*) > ¢, > 1/K. This

suggests a two-stage method: first, to ensure 7p, (a*) >
max, 7y, (a), use entropy-regularized policy gradient for

O(log (1/A)) iterations (where A is the reward gap) and
then turn off regularization. The error bound becomes

(m* — W@t)TT < 5/(C2 “ta), (28)

where t1 + ta = ¢, t1 € O(log (7/A)) and C € [1/K,1).
This approach removes the nasty dependence on the choice
of the initial parameters. While this dependence is also
removed if we initialize with the uniform policy, uniform
initialization is insufficient if only noisy estimates of the
gradients are available. However, we leave the study of
this case for future work. An obvious problem with this
approach is that A is unknown. This can be helped by
exiting the first phase when we detect “convergence” e.g.
by detecting that the relative change of the policy is small.

Decreasing the penalty. Another simple idea is to de-
crease the strength of regularization, e.g., set 74 = 1/t.
Consider the following update, which is a slight variation of
the previous one:

Update 3. 0t+1 — '(0,5+77'H(7T§t)(7'*7't 10g7l'gt)).

Tt
Tt41
The rationale for the scaling factor is that it allows one
to prove a variant of Lemma 11 where (; is redefined as
G =1l —r— % - 1. While this is promising,
the proof cannot be finished as before. The difficulty is that
mp, — 7* (which is what we want to achieve) implies that
min, 7, (a) — 0, which prevents the use of our previous
proof technique. We conjecture that the rate in this case
degenerates to O(1/t), but the dependence on initialization
will be better than beforehand.

5. Does Entropy Regularization Really Help?

The previous section indicated that entropy regularization
may speed up convergence. In addition, ample empirical
evidence suggest that this may be the case (e.g., Williams
& Peng, 1991; Mnih et al., 2016; Nachum et al., 2017;
Haarnoja et al., 2018; Mei et al., 2019). In this section,
we aim to provide new insights into why entropy may help
policy optimization, taking an optimization perspective.

We start by establishing a lower bound that shows that the
O(1/t) rate we established earlier for policy gradient with
softmax parametrization but without entropy regulariza-
tion cannot be improved. Next, we introduce the notion
of Lojasiewicz degree, which we show to increase in the
presence of entropy regularization. We then connect a higher
degree to faster convergence rates. Note that our proposal to
view entropy regularization as an optimization aid is some-
what conflicting with the more common explanation that
entropy regularization helps by encouraging exploration.
While it is definitely true that entropy regularization encour-
ages exploration, the form of exploration it encourages is
not sensitive to epistemic uncertainty and as such it fails to
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provide a satisfactory solution to the exploration problem
(e.g., O’Donoghue et al., 2020).

5.1. Lower Bounds

The purpose of this section is to establish that the O(1/t)
rates established earlier for unpenalized policy gradient is
tight. To get lower bounds, we need to show that progress
in every iteration cannot be too large. This holds when we
can reverse the inequality in the Lojasiewicz inequality. To
this regard, in bandit problems we have the following result:
Lemma 17 (Reversed Lojasiewicz). Take any r € [0, 1]X.
Let A = r(a*) — maxqzq- 7(a) > 0 be the reward gap of
r. Then,

Combining this result with smoothness gives the desired
lower bound:

dw(;r T
db

<ﬁ )T

S K (m* —mg) T (29)

2

Theorem 7 (Lower bound). Take any r € [0,1]%. For large
enought > 1, using Update 1 with learning rate n; € (0, 1],

A2
(n* —mp,) Tr > 7 (30)
Note that Theorem 7 is a special case of general MDPs.
Next, we strengthen this result and show that the Q(1/t)

lower bound also holds for any MDP:

Theorem 8 (Lower bound). Take any MDP. For large
enough t > 1, using softmax policy gradient Algorithm 1
withn: € (0,1],
(1=)°- (a2
V*(u) — V™o >
(1) (1) = 192

where A* = minsesﬂaia* (S){Q* (57 a* (3)) - Q*(Sa a)} >
0 is the optimal value gap of the MDP.
Remark 5. Our convergence rates in Section 3 match the
lower bounds up to constant. However, the constant gap is
large, e.g., K? in Theorem 3, and A? in Theorem 7. The gap
is because the reversed Lojasiewicz inequality of Lemma 17
uses A. Note that the appearance of A here is unavoidable
when Ty is close to m*. We leave it as an open problem to
close this gap.

3D

With the lower bound established, we can confirm that en-
tropy regularization helps policy optimization by speed-
ing up convergence, though the question remains as to the
mechanism through which the improved convergence rate
manifests itself.

5.2. Non-uniform Lojasiewicz Degree

To gain further insight into how entropy regularization helps,
we introduce the concept of non-uniform Lojasiewicz de-
gree:

Definition 1 (Non-uniform Lojasiewicz degree). A function
f: X = R has Eojasiewicz degree £ € [0,1] if

IVaf(@)ll, > Cx) - |f(z) = f@)'™5, (32
Vo € X, where C(x) > 0 holds for all x € X.

The uniform degree, where C(x) is a positive constant,
has previously been connected to convergence speed in the
optimization literature. Barta (2017) studied this effect for
first-, while Nesterov & Polyak (2006); Zhou et al. (2018)
studied this for second-order methods. As noted beforehand,
a larger degree (smaller exponent of the sub-optimality) is
expected to improve the convergence speed of algorithms
that rely on gradient information. Intuitively, we expect this
to continue to hold for the non-uniform Lojasiewicz degree
as well. With this, we now study what L.ojasiewicz degrees
can one obtain with and without entropy regularization.

Our first result on this shows that the Lojasiewicz degree
of the expected reward objective (in bandits) cannot be
positive:

Proposition 4. Let v € [0, 1]% be arbitrary and consider
0 +— Eqr, [r(a)]. The non-uniform Lojasiewicz degree of
this map with constant C(0) = my(a*) is zero.

Note that according to Remark 1, it is necessary that C'(6)
depends on 7y (a*). The difference between Proposition 4
and the reversed Lojasiewicz inequality of Lemma 17 is
subtle. Lemma 17 is a condition that implies impossibility
to get rates faster than O(1/t), while Proposition 4 says
it is not sufficient  to get rates faster than O(1/t) using
the same technique as in Lemma 4. However, this does not
preclude that other techniques could give faster rates.

Next, we show that the Lojasiewicz degree of the entropy-
regularized expected reward objective is at least 1/2:

Proposition 5. Fix 7 > 0. With C(0) = /27 - min, mp(a),
the Lojasiewicz degree of 0 — By r, [r(a) — 7log mg(a)]
is at least 1/2.

6. Conclusions and Future Work

In this paper we set out to study the convergence speed of
softmax policy gradient methods with and without entropy
regularization in the tabular setting. Here, the error is mea-
sured in terms of the sub-optimality of the policy obtained
after some number of updates. Our main findings is that
without entropy regularization, the rate is ©(1/t), which is
faster than rates previously obtained. Our analysis also un-
covered an unpleasant dependence on the initial parameter
values. With entropy regularization, the rate becomes linear,

*Note that in literature (Lojasiewicz, 1963), C cannot depend
on z. Based on the examples we have seen, we relax this require-
ment.
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where now the constant in the exponent is influenced by
the initial choice of parameters. Thus, our analysis shows
that entropy regularization substantially changes the rate
at which gradient methods converge. Our main technical
innovation is the introduction of a non-uniform variant of
the Lojasiewicz inequality. Our work leaves open a number
of interesting questions: While we have some lower bounds,
there remains some gaps to be filled between the lower and
upper bounds. While entropy regularization makes policy
gradient methods converge faster, regularization introduces
“bias” and it remains open as to whether removing this bias
is possible without degrading the rates. Other interesting
directions are extending the results for alternative (e.g., re-
stricted) policy parameterizations or studying policy gradi-
ent when the gradient must be estimated from data. One
also expects that non-uniform ELojasiewicz inequalities and
the Lojasiewicz degree could also be put to good use in
other areas of non-convex optimization.
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Lemma 1. Consider the map 6 +— V™ (1) where § € RS> and 7y (+|s) = softmax(f(s,
satisfies

The appendix is organized as follows.

Appendix A: proofs for the technical results in the main paper.

— Appendix A.1: proofs for the results of softmax policy gradient in Section 3.

— Appendix A.2: proofs for the results of entropy regularized softmax policy gradient in Section 4.

— Appendix A.3: proofs for Section 5 (does entropy regularization really help?).

Appendix B: miscellaneous supporting results that are not mentioned in the main paper.

Appendix C: further remarks on sub-optimality guarantees for other entropy-based RL methods beyond those presented

in the main paper.
Appendix D: simulation results to verify the convergence rates.

A. Proofs

A.1. Proofs for Section 3: softmax parametrization

A.1.1. PRELIMINARIES

AV (1) 1 - .,
d(s,a)  1—v ~dj? (s) - mo(als) - A (s, a).

Note that this is given as Agarwal et al. (2019, Lemma C.1); we include a proof for completeness.

Proof. According to the policy gradient theorem (Theorem 1),

ovre(u) 1 Omp(als’)  x,
50 = 1—73/}2;9 [Z ag @ a)]

a

For s’ # s, 2Ze(als) — 0 gince 7o (a|s’) does not depend on (s, -). Therefore,

60('5)')

v 1 orolals) .,
9(s,)  1-7 ) [ — 96(s, ) N (s,a)]

Ui (TGN o,
e (G Qe

= L@ (s) Him(1)@™ (5, ).

1—x

Since H (7 (-|s)) = diag(mg(:|s)) — mg(:|s)me(:|s) T, for each component a, we have

-)). The derivative of this map

(using Eq. (6))

VT () 1 - o
9805, a) —177'du (s) - mo(als) - [Q s,a) Zﬂ'g als) - Q™ (s, a)
= AP mlal) [Q (50 < VS (using VE(s) = X, molals) - Q7 (5,
=L am(s) - molals) - A (s,a). .

1-v



On the Global Convergence Rates of Softmax Policy Gradient Methods

A.1.2. PROOFS FOR SOFTMAX PARAMETRIZATION IN BANDITS

Proposition 1. On some problems, 6 +— E, ., [r(a)] is a non-concave function over R,

Proof. Consider the following example: r = (1,9/10,1/10)7, 6; = (0,0,0) ", mp, = softmax(6;) = (1/3,1/3,1/3)T,
02 = (In9,In16,1n25) T, and 7y, = softmax(62) = (9/50, 16/50,25/50) . We have,

1 (x4 ) L (2, 259\ 1777 _ 14216
— (7 T = — . — _ .
g Ve TRt T 37 500) T 3000 24000
On the other hand, defining § = % - (61 + 6) = (In3,1n4,1n 5)" we have 7; = softmax(f) = (3/12,4/12,5/12) " and

71 14200

To "= 120 T 24000°
1

Since § - (w5, 7+ mg,7) > 7, 7, 0 > Eqor, () [r(a)] is a non-concave function of 6. O

Lemma 2 (Smoothness). Let 7y = softmax(6) and 7 = softmax(6’). For any r € [0,1]", 6 — m] r is 5/2-smooth, i..,

dﬂg— T
de

(ﬂ'e/ — 7T9)T7" — <

o =0)| < - o3

Proof. Let S := S(r,0) € REXK be the second derivative of the value map 6 — 7, r. By Taylor’s theorem, it suffices to
show that the spectral radius of S (regardless of r and 6) is bounded by 5/2. Now, by its definition we have

_d dwgr
-~ do | do
d
= {H (mg)r} (using Eq. (6))

d
= (diag(mg) — mommy )7}
Continuing with our calculation fix 4, j € [K]. Then,

_ dm) - (i) )
S =G

(r(i) = mg ) + o (i) -

_ dmy (1) d{r(i) —mg r}
do(j) do(7)
= (8:5m0(5) — w0 (i)m0(4)) - (r(i) — 74 1) — ma (i) - (o (§)r(5) — mo(5)mg )
= 8i5m9 () - (r(i) — g 1) — mo ()70 (4) - (r(i) — mg ) — mo(i)ma (4) - (r(4) — w4 7),

where

L ifie i
51‘72{7 ne ].’ (33)

0, otherwise

is Kronecker’s d-function. To show the bound on the spectral radius of S, pick y € R¥. Then,

Syl =D Siui)y)

i=1j=1

= [ =7 ryi)” =23 Sma(i)(r(6) = g (&) 3 Sma(ul)

(H(mo)r) " (y©y) =2+ (Hma)r) "y~ (] y)\
|H o)l - 1y @ ylly +2- 1H mo)rly - Nyl - Imolly - 1yl

IN
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where ® is Hadamard (component-wise) product, and the last inequality uses Holder’s inequality together with the triangle
inequality. Note that ||y © y|l1 = ||ly||3, |7ell1 = 1, and ||y||ec < ||yl|2- For i € [K], denote by H,; .(my) the i-th row of
H(my) as arow vector. Then,

Vo (mo)lly = (i) — w0(i)” + mo(i) - S m0(4)
Jj#i

= mg(i) — ma(i)? + (i) - (1 — 7p(i))
=2 my(i) - (1 — 70(i))
<1/2. (using that z - (1 — ) < 1/4 holds for z € [0, 1])

On the other hand,

| H (mo)r||, = Zﬂe (i) — g 7|

< max |r(i) — my r|
3

IN
—

(using 7 € [0,1]%) (34)
Therefore we have,
ly"S(r,0)y| < |[H(mo)rll - lulls +2- | H(mo)rll, - Iyl
= max ](Hvz,:(ﬂe))T vl llylls +2- [1H (mo)r ]y - lyll3
< max || Hii (m0) | - 17l - llyll3 +2- 1 lyll3
<(1/2+2) - |lyll3 =5/2- llyll3 (35)

finishing the proof. O

Lemma 3 (Non-uniform Lojasiewicz). Assume r has a single maximizing action a*. Let 7* := arg max 7' r, and
g = softmax(6). Then, for any 0,

When there are multiple optimal actions, we have

where A* = {a* : r(a*) = max, r(a)} is the set of optimal actions.

dw;)'— T
do

> mg(a*) - (7 —mg) 7.
2

drgr
de

2o [ > w@<a*>] @ =),

a*eA*

dwg T
de

2 ( Y [mo(a”) - (r(a”) —er)f)

a*€A*

Z mo(a*) - (r(a*) — mg ) (by Cauchy-Schwarz)

" VAT
= \/|‘1Ai*| [ Z ﬂg(a*)] (m* =) T O

a*eA*
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For the remaining results in this section, for simplicity, we assume that A* = {a*}.

Lemma 4 (Pseudo-rate). Let 7wy, = softmax(6;), and ¢,

= minj<s<¢ 7, (@

(r* —mg,) r <5/(t-c?),  and

*). Using Update 1 with n = 2/5, forall ¢t > 1,

T
S (x —70,) gmin{\/ﬁ/@, (5logT)/c2T+1}. (36)
t=1

Proof. According to Lemma 2,

which implies

dr ] r
(7T9t+1 - Wet)TT - <ckzt’ Or 41 — 9t>
t

5

S

dﬂ‘TT 5
71—(;27. - ﬂ—g;rlr =" < det e = > - 4 . ||9t+1 a 915\\%

which is equivalent to

("

Let 6t =
induction on ¢.

(7* — mp,) . To prove the first part, we need to show that §; <

2 2

Base case: Since §; < 1 and ¢; € (0, 1), the result trivially holds up to ¢ < 5.

Inductive step: Now, let ¢ > 2 and suppose that d; < i .

have that f; is monotonically increasing in [O, 5. 2} Hence

<21

2 t+1
5 1

R
t+1

which completes the induction and the proof of the first part of the lemma.

|61 — 6413,

dﬂ';z?" 5 dﬂ';tr dnT
||, T e (using g1 = 10 5
2 2
1 dwé:r ? (usi _a/5)
5 a0, using n =
1
5 (76, (a*) - (7" — Wat)TT]Q (by Lemma 3)
2
%ﬁ (" —m0,)T7]?, (by the definition of ¢;) (37)
c? . 2
—Tg,) T — (nF —mp,) T < —gt (7 —mg,) ] (38)

C— - + holds for any t > 1. We prove this by

1. Consider f; : R — R defined using f(z) = = — % -2 We

(by Eq. (33))

(usingétgg 1<, t>2)

t

(using ¢; > ¢p41 > 0) 39
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For the second part, summing up §; < c% % < C% . % we have
t T

T

5logT
g ™ —7,) 1 < og + 1.
- ct
t=1

On the other hand, rearranging Eq. (38) and summing up 67 < C% (0 = Oeq1) < % (6 — 0py1) fromt =110 T,
t T

T T
D0 < > (6 —bei1)
t=1 t=1
= — (01 — 0r41)

(since o741 > 0,01 < 1)

)qmw‘ t ﬂﬁm‘ ot ﬂﬁm‘ ot

Therefore, by Cauchy-Schwarz,

T T T

T
St —m) =36 < VT[S Y
t=1 t=1 t=1

O
Lemma 5. For 7 = 2/5, we have inf;>1 7, (a*) > 0.
Proof. Let
K ) A
c= — - J—
2A K
and
A=r(a") - rryléazcr(a) >0
denote the reward gap of . We will prove that inf,>1 g, (a*) = mini <4<, mg, (@*), Where ty = min{t : my, (a*) > C_%l}

Note that ¢ty depends only on 6, and ¢, and ¢ depends only on the problem. Define the following regions,

We make the following three-part claim.

Claim 1. The following hold:

a) Ry isa “nice” region, in the sense that if 0y € R then, with any n > 0, following a gradient update (i) 0441 € R1 and
(ii) 7o,,, (a*) = 7, (a”).

b) We have Ry C Ry and N. C R;.

¢) Forn = 2/5, there exists a finite time to > 1, such that 0,, € N, and thus 0;, € R1, which implies that inf;>1 g, (a*) =
ming <;<¢, 7o, (a*).
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Claim a) Part (i): We want to show that if 6, € R4, then 6,11 € R;. Let
dr]r dr]r
R = 0> 0 .
0= {0 Gty 2 ot )

Note that Rq = Ngxq+R1(a). Pick a # a*. Clearly, it suffices to show that if 8, € R;(a) then 6,11 € R1(a). Hence,
suppose that 6; € R;(a). We consider two cases.

Case (a): mp, (a*) > g, (a). Since g, (a*) > 7y, (a), we also have 6;(a*) > 0;(a). After an update of the parameters,

) ) dW;r
Oir1(a”) = 04(a™) +1 - d@t(d*)
drg
> "
el et(a’) + n d@t(a)
= 0111(a),

which implies that g, ., (a*) > 7, , (a). Since (a*) — W;Hr > 0and r(a*) > r(a),

T, (07) - [r(@) =7, 7] > 7o, (@) - @) =]

which is equivalent to e > ey ie., 0,11 € Ri(a)
q d9¢+1(a*) et d9t+1(a)’ Lo U411 1 .

Case (b): Suppose now that 7y, (a*) < 7, (a). First note that for any 6 and a # a*, § € R1(a) holds if and only if

T(a*) —r(a) > (1 _ 7:9((“:))) . [T(a*) — w;—T] . 40)

T T
Indeed, from the condition % > %, we get

mo(a®) - [r(a*) — WQTT] > mg(a) - [r(a) — ﬂ;)rr]
= my(a) - [r(a*) — g r] —mg(a) - [r(a*) — r(a)],

which, after rearranging, is equivalent to Eq. (40). Hence, it suffices to show that Eq. (40) holds for 6,1 provided it holds
for Qt.

From the latter condition, we get
r(a*) —r(a) > (1 —exp{0:(a™) — 0:(a)}) - [r(a*) — 77617"] .
After an update of the parameters, according to the ascent lemma for smooth function (Lemma 18), 7701 = 7791 r,i.e.,

T

9,47 < r(a) —71'(;:7“.

0<r(a)—m

On the other hand,

Or+1(a”) — Ory1(a) = 01(a”) +n - d9t<(;*) ~bela) = dfy(a)

which implies that
1 —exp {fi41(a”) = Or11(a)} <1 —exp{i(a”) — bi(a)} .

7o, (a”)
o, (a)

Furthermore, by our assumption that 7y, (a*) < 7y, (a), we have 1 — exp {6;(a*) — 0:(a)} =1 — > 0. Putting

things together, we get

(1 —exp{bi41(a*) = Oiy1(a)}) - |r(a™) — WéSHT} < (1 —exp{bi(a™) —bi(a)}) - [r(a*) - w‘;cr]
<r(a*) —r(a),
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which is equivalent to

7r9t+1 (a*)) |: * T :| *
1—-—= |ria — T rl <r(a —ria
( ) e =] < ) =
and thus by our previous remark, 6,1 € R1(a), thus, finishing the proof of part (i).

.. . . dm,,
Part (ii): Assume again that 6, € R;. We want to show that 7y, (a*) > 7y, (a*). Since 6, € R, we have % >

dﬂetr

D0, () , Ya # a*. Hence,

ro (a) = exp {0 41(a*)}
b1 Yoaexp{Oiy1(a)}

drg r
exp{‘gt( )+77 dgf )}

dw;rr
220 0xXP ) Oi(a) + 1+ G55

dmy, 7
exp{et( )+77 def(ga*)}

r drl r
> dnT (using d@ (a*) = dgteta))
Za exp {ot(a) +n- datf; o) }
0 *
_ ol o,
>oaexp{fi(a)}
Claim b) We start by showing that Ro C R ;. For this, let § € R, i.e., mg(a™) > my(a). Then,
dm]r N N
d@(iz*) = mp(a™) - [r(a ) — W;—T]
> mo(a) - [r(a) — g 7] (using 7(a*) — 7y v > 0 and r(a*) > r(a))
B d7r6Tr
~ df(a)’

Hence, 0 € R4 and thus Ro C R as desired.

Now, let us prove that V. C R1. Take # € N.. We want to show that § € R1. If § € Ro, by Ro C R, we also have that
0 € R1. Hence, it remains to show that # € R, holds when § € . and 0 € R..

Thus, take any 6 that satisfies these two conditions. Pick a # a*. It suffices to show that § € R;(a). Without loss of
generality, assume that a* = 1 and a = 2. Then, we have,

7TT’I’ 7TT7’ 7TTT’ 7TTT’
C;ie(fl*) B jﬁga) - 39(01) N 39(02) =me(1) - [r(1) — 7y r] — ma(2) - [r(2) — mq 7]

K
=2mg(1) - [r(1) — 7 r] + Z?‘(‘g(i) (@) —mg 7] (see below)
K = K
- (m(l) 5 We(i)> ) ] = Sl - ) - ()
zl_(3 1[—(3
> (27@(1) + ZW()(i)) (1) - WJT] - ZW@(Z)
1=3 =3
> <2W9(1)+Z7T0(i)> '%—Zﬁe(i% @D
i=3 i=3
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where the second equation is because

mo(2) - [r(2) = mg r] + > mo(i) - [r(i) — mg ] =0,

i#2

the first inequality is by 0 < (1) — r(¢) < 1 and the second inequality is because of

K K
r(1) —mgr=[L=mo()] - r(1) = Y mo(i) - r(i) = Y m(i) - [r(1) = r(i)]
1=2 1=2

]~

mo(i) - A > max{mg(a)} - A

ata*
5 #

<.
||

v
| B>

(using mp(a*) < max,zq+{mg(a)}, max,,qe-{mo(a)} = maxq.{mg(a)} > %)

Plugging ZZK:?) (i) = 1 — mp(1) — mp(2) into Eq. (41) and rearranging the resulting expression we get

e~y >0 (&)= (- )+ (- 5)

> mp(2) - (1 - IA{> >0, (using 6 € MV, i.e., mp(1) > ¢/(c+ 1))

which implies that § € Rq(a), thus, finishing the proof.

Claim ¢) We claim that 7y, (a*) — 1 as t — co. For this, we wish to use the asymptotic convergence results of Agarwal
et al. (2019, Theorem 5.1), which states this, but the stepsize there is 7 < 1/5 while here we have ) = 2/5. We claim that
their asymptotic result still hold with the larger n. In fact, the restriction on 77 comes from that they can only prove the ascent
lemma (Lemma 18) for 7 < 1/5. Other than this, their proof does not rely on the choice of 7. Since we can prove the ascent
lemma with n < 2/5 (and in particular with n = 2/5), their result continues to hold even with n = 2/5.

Thus, 7y, (a*) — 1 ast — oco. Hence, there exists tp > 1, such that T, (a*) > ~f7 » Which means 6;, € N, C Ri.
According to the first part in our proof, i.e., once 0 is in Ry, following gradient update 6, will be in R4, and 7, (a*) is
increasing in R4, we have inf; 7y, (a*) = min; <<y, mg, (a*). to depends on initialization and ¢, which only depends on

the problem. O

Proposition 2. For any initialization there exist ¢y > 1 such that for any ¢ > to, t — 7p, (a*) is increasing. In particular,
when 7y, is the uniform distribution, ¢y = 1.

Proof. We have to = min{t > 1: mp,(a*) > {7}, where ¢ = & (1 - £) in the proof for Lemma 5 satisfies for any

t > tg, t — mp,(a*) is increasing.

Now, let 6; be so that 7y, is the uniform distribution. We show that ¢, = 1. Recall from Claim 1 that R is the region where
the probability of the optimal action exceeds that of the suboptimal ones and R; is the region where the gradient of the
optimal action exceeds those of the suboptimal ones and that R, C R;. Clearly, 6; € R, and hence also ; € R;. Now, by
Part a) of Claim 1, R is invariant under the updates, showing that ¢; = 1 holds as required. O

Theorem 2 (Arbitrary initialization). Using Update 1 with n = 2/5, forall t > 1,

where ¢ = inf;>1 g, (a*) > 0 is a constant that depends on  and 61, but it does not depend on the time ¢.

Proof. According to Lemmas 4 and 5, the claim immediately holds, with ¢ = inf,>1 7, (a*) > 0. O
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Theorem 3 (Uniform initialization). Using Update 1 with n = 2/5 and 7y, (a) = 1/K, Va, forall t > 1,

(" —mp,) T < 5K/, and

Mﬂ

(7" —mg,) 7 < min{K\/ST, 5K2log T + 1} .
t=1

Proof. Since the initial policy is uniform policy, 7y, (a*) > 1/K. According to Proposition 2, for all t > t; = 1,
t — mp,(a*) is increasing. Hence, we have 7, (a*) > 1/K, ¥t > 1, and ¢, = minj<<¢ mp, (¢*) > 1/K. According to
Lemma 4,

5 1
* T« 2.2
(m* —mg,) T < 3T
we have (7% — 7g,) " < 5K?/t, ¥t > 1. The remaining results follow from Eq. (36) and cr > 1/K. O

Lemma 6. Let (1) > r(2) > r(3). Then, a* = 1 and inf;>; 7, (1) = min;<;<y, 7, (1), where

to—min{tZI:

7o, (1) r(2) — r(3)
70,(3) = 2 2>>} |

Proof. Recall the definition of R from the proof for Lemma 5:

T T
Rl{Q: dmy v zd”“,\m#a*}.

By Part a) of Claim 1, it suffices to prove that § € R;. Thus, our goal is to show that any & such that :Zgg > r@-r®)

2:(r(1)=r(2))
is in fact an element of R;. Suppose = E;g > 5 ?ﬁa) T((%)) There are two cases.

Case (a): If = mo( g > 22; rg, then we have,

r(2) =g r=—mp(1) - (r(1) — r(2)) + m(3) - (r(2) — (3))

= mo(3) - (r(1) — r(2)) - | —20L) E

o (1) r(2)
<0, G 2 Hyre)

which implies,

>0—-0=0. (r(1) —mgr>0)

Note that since (1) > 7, r, and r(3) < 7, r, we have

>0—-0=0. (42)

drm, dmg . d
Therefore we have dg(91; > dz&; and d0(1; > dg(GB ie.,0 € Ry.
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T(Z) r(3) (1) r(2)—r(3)
Case (b): If 5 =) < wz(s) < T D=r(2)’ then we have,

T Tl
30(91) — 30(92) =mp(1) - (r(l) — Ty r) —7p(2) - (7‘(2) — Ty 7")
=2-m(1) - (r(1) — w;)rr) +m9(3) - (r(3) —mg 1)
> m0(3) - | H ) (1) = )+ () = i )| (a3 > zrtradty)
> mp(3) - Ug; _:8; A(r(1) = r(2) + (r(3) — 7'(';7“):|

where the second equation is according to
mo(1) - (r(1) —mgr) +mp(2) - (r(2) —mgr) +me(3) - (r(3) —mgr) =mgr —mjr =0,

and the second inequality is because of

) .
_ m@)-(r(1) 4(2)) +m(3) - (r(1) — (3))
= (m9(2) + 79(3)) - (r(1) — r(2)) +7(3) - (r(2) — 7(3))
> (m9(2) +m(3)) - (r(1) — r(2)) + (1) - (r(1) — 7(2) (2o < TE=Eh
=r(1) - r(2),
and the last inequality is from
@) =i = m(®)- (1) - r(2) - | -2+ BH=T
> 0. G < =)

d7'r7">d7'rr

T T
Now we have {5t > 555, According to Eq. (42), we have Zgglg > %?3;- Therefore we have 6 € R;. O

A.1.3. PROOFS FOR SOFTMAX PARAMETRIZATION IN MDPs

Lemma 7 (Smoothness). V™ (p) is 8/(1 — v)3-smooth.

Proof. See Agarwal et al. (2019, Lemma E.4). Our proof is for completeness. Denote 6, = 6 + cu, where o € R and

u € R4, Forany s € S,
Z 6779 a| 90a
a:O7 da

g

87r9

>

Since Zells) _ o for o £ s,

00(s’,)
2

a

87r9 a|

Z’<am als) )>’
. ga:m) als) - [u(s, a) —m(-|s) "u(s, )|

< max|u(s, a)| +|mo([s) "u(s, )| < 2 [lullz. (43)
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-y 0 [0mo,(als) %a
o - 00, oo a=0" Oa
= Pmo,(als) | o a
- 002

Similarly,

327@0 (als)
Oa?

>

a=0

a=0 o’ O
B 0?7y(als)
= za: <602(57_)u(87')au(87')>’~
Let S(a, ) = 8855((;1')) € RAXA i j € [A], the value of S(a, ) is,

O{diamo(als) — mo(als)mg(i]s)}
90(s, j)

= 0ia - [6jama(als) — mo(als)mo(j|s)] — mo(als) - [0i5ma(jls) — mo(ils)mo(j]s)] — mo(ils) - [§jama(als) — mo(als)ma(jls)],
where the § notation is as defined in Eq. (33). Then we have,

(st )| =[S 5= e it

i=1 j=1

= 7o (als) - ‘U(& a)* = 2-u(s,a) - mo(-|s) u(s,) —mo([s)" (u(s,) @ uls, ) +2- (mo(-|s) uls,-))

Sij =

i
Therefore we have,

02
z] e (0ls)

< max {u(s,a)®> +2-|u(s,a) - mo(-|s) Tuls, )|} +mo(-|s) " (uls,-) @uls, ) +2- (ma(-[s) us, ))2

=0
< luls, Mz + 2 lluls, 3 + lluls, )3 +2 - luls, )13 <6 [lul3. (44)

Define P(a) € RS*S, where V(s, s'),

(s, = Zm (als) - P(s'|s,a). (45)
The derivative w.r.t. o is
oP(0) _ -~ [9mo. (als) :
|: 8a a:O:l (s,s") B Xa: |: Ba a=0 P(S |S,CL).

For any vector z € R®, we have

[ap(a)

da a_om] ZZ [87@ a—o] -P(s']s,a) - z(s).

The /., norm is upper bounded as

9 o
H I;éza) a:ox B maX ZZ [ i a_0:| ',P(5/|S,Cl) 'J?(S')
<maxZZ7’ )| 75 el
8
= max )| = LZO Nl

<2 IIUIIz : Ileloo- (by Eq. (43)) (46)
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Similarly, taking second derivative w.r.t. o,

82P(«) B &mg, (als)
[3042 a—o}(s,s,)_;{ da2

a—0:| - P(s'|s,a).

The /., norm is upper bounded as

9?P(a 0%
‘ 8a(2 ) o ‘ = max ZZ { §a2 a=0:| -P(s'|s,a) - z(s")
0?me (a
< maXZZP 'Is,a) ‘ ;Q(Q |5 )‘a:O oo
8 o (als
= | T |l
<6 flull3 - [l]o- (by Eq. (44))

Next, consider the state value function of 7,
Ve (s) =Y m, (als) - (s,a) +7 ) mo,(als) Y P(s'|s,a) - Ve (s),
a a s’

which implies,
VT (s) = e M(a)re
where
M(a) = (Id = yP(a) ",

and rp, € R for s € S is given by
= 3" o (als) - (s, ).

Since [P(a)] oy = 0,V(s,s"), and

(s,s’

M(a) = (Id — vP(a) " = 34! [P
t=0

we have [M (a)] > 0,V(s,s"). Denote [M(«)], . as the i-th row vector of M (a). We have

(s,8") =

1= ﬁ-(Id—fyP(a))l = M(a)1 = ﬁ-l,
which implies, Vi,
|| = > el = -
Therefore, for any vector x € RS,
|M ()2l = max|[M ()], 2]
< maxc (M ()], |, - oo
T

(47)

(48)

(49)

(50)
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According to Assumption 1, (s, a) € [0, 1], ¥(s, a). We have,

|76, |l oo = max |rg, (s)| = max <1. (51

> mo.(als) - r(s,a)

Since %7;"((,5‘,1"3) =0, for s’ # s,

o5t - |() %
_ (6&W§E?T§&o}>Tu@,4

-
= |(H (7o, (1)) 7(5,) T uls. )|

< |[IH (7o, (1)) (s, )y - lluls, )l -
Similarly to Eq. (34), the ¢; norm is upper bounded as

1 (w0, (-]9)) (s, )l = D o, (als) - [r(s,a) =m0, (-|s) Tr(s, )]

< max |T(s,a) — o, (s) "7 (s, ')‘

<1. (since r(s,a) € [0,1])
Therefore we have,
[N NG,
O s Oa

< max [ H (m, (-[5)) (s, )l - [lu(s, )l

< [ull2. (52)
Similarly,

0%ry 2y, (s)
R

_ 0 oo, () 9
N80, T oa da

(a%a (5) 004 ) T 90,
= max

¢ 902 9a ) da
2 . T .
<5/2- |Ju(s, )13 < 3+ ||ull3. (by Eq. (35)) (53)

Taking derivative w.r.t. a in Eq. (48),

OV (s) T 0P (a) T Jre,,
e e M(a) e M(a)rg, + e M(a) Do
Taking second derivative w.r.t. «,
O*VToa(s) 5 7 OP(a) OP(a) T 0?P(a)
TV oy () 20 0 () P2 a4+ €T M) T2 M (0,
OP(a) Org %rg
. T (&3 T (23
+2v-e, M(a) 5 M(a) Do +e; M(a) 502 (54)
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For the last term,

0%r 0%r
T (2% 0o
< .
N IRy AIOE N
1 827“9LY
<1 ’ 5o o] (by Eq. (50))
3
< 7 Il (by Eq. (53)) (55)
-7
For the second last term,
OP(a) Org OP(a) Org
T (3 < (3
¢ M(a) O M(a) Ja la=0| ~ HM(a) Oa M(a) Ja la=0||
1 OP(«) dry,,
| g | (by Eq. (50)
2 [Jull2 dry
< LR —_— .
S (R (@)% 1, N (by Eq. (46))
2 Jullz ||Ore
. o Eq.
SU—q)y da lao|_ (by Eq. (50))
2 - J|ull 2 2
< Naallg = 2. (by Eq. (52))  (56)
For the second term,
0?P(a) 9?P(a)
.
bl <
es M(a) 902 M(a)rg, a—O‘ < HM(a) 92 M(a)rg,, O‘_OHOO
1 0?P()
< m . ’ 902 M(a)rg, a—OHOO (by Eq. (50))
6 - [|ull3
< Z_7h2
L oo ||
6 - [lull3
<Sq—p [ro.. a:oHoo (by Eq. (50))
6 2
< 2. (by Eq. (51)) (57)
(1 _'Y)Q || ”2 Yy BEq
For the first term, according to Eq. (46), Egs. (50) and (51),
OP(«) OP(a) OP(«) OP(«)
T
es M(a) e M () e M(a)re, ol S M () e M(«) e M(a)re, amol
2 fulls 2l 1
=1- Wiz etz
4
Combining Egs. (55) to (58) with Eq. (54),
D?VTea () s | T OP(«) OP(«) T 9?P(a)
Z T \2 < . . Z -\
o <oy e @2 a o) &yﬂﬂwm%rJ+we%Mm>aﬁ M(ars,|
OP(«) Org D%rg
T o T a
27+ |e; Ma) O M(a) da la=0 + e Mle) 0a? la=0

4 6 2 3
< [2~2. . Iy - . 2
(” TR u—wﬁ+'”<1—w2+1—v>mm
8
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which implies for all y € R54 and 6,

| (7 ) L ( IR
BCZE lyll2 02 yll2 2
max [( 2220, Ny
= s\ a2 Yllz
= max |2V )| e DaN) s
" lull2=1 892 a=0 o da Yllz
B OV () 90, ,
" ezt < { }’a—O’ dar >‘ Il
9*V7a (s) 2
= max | ‘ o 9ll2
8 2
< . . Eq.
S =3 lyll2 (by Eq. (59)) (60)
Denote 0 = 6 + £(0" — ), where £ € [0, 1]. According to Taylor’s theorem, Vs, V6, 6,
8V”9(s) ’ 1 / Tazvﬂ%(s) /
mor (5) — V70 (s) — 0 — 0N == |—0" Ly _y
V(s v - (P 5|07 @ -0
SR ) (by Eq. (60))
T (1—n9)? 2
Since V™ (s) is 8/(1 — 7)®-smooth, for any state s, V™ (p) = E., [V™(s)] is also 8/(1 — )3-smooth. O

Lemma 8 (Non-uniform fojasiewicz). Let my(+|s) = softmax(6(s,-)), s € S and fix an arbitrary optimal policy 7*.
Suppose Assumption 2 hold, i.e., ming u(s) > 0. Then,

1

>
2 VS

where a*(s) = arg max, 7*(als) (s € S). Furthermore,

.[msin > mla(s)ls)

a(s)eA7o(s)

-
dy

o
dp

ovV™e (u)
00

minmy(a*(s)]s) - [V* (o) — V™ (o)

1

dr
> || =2
9 VSA

Fid -[V¥(p) = V™ ()],

oV (u)
a0

where A™(s) = {a(s) € A: Q™(s,a(s)) = max, Q™ (s,a)} is the greedy action set for state s given policy 7.

Proof. We have,

> (5es) ]
> ()|
1

g oV _ et
= ;‘ae(s,a*(s))‘ ; (L, (=[] < [11fl2 - fl=]]2)

oV (u)
Bl

L
|

—_— % Z ’d;e(s) ~mo(a*(s)|s) - A7 (s,a*(s))| (by Lemma 1)

_ 1 Zdze(s) ~mg(a*(s)|s) - [A™(s,a™(s))|. (because d};?(s) > 0 and mg(a*(s)[s) > 0)



On the Global Convergence Rates of Softmax Policy Gradient Methods

¥

Define the distribution mismatch coefficient as Z"TS = maxg Z‘ETE?. ‘We have,
m uf (s
avﬂ—g(y’) 1 d779 ) * * T *
|7 2 T e ) o ) A a0
-1
1 1 dr
> .. P . dﬂ' Aﬂ'e
215 75 | ) mmm; Z ) - |A™ (s,a™(s))]
. =1
1 1 dar
> — — || -= - min 7 A7 (s) - A™ (s,a* (s
S I I I A L )
=1
L o -min g (a*(s)l]s) - LX:d Zﬂ' (als) - A™ (s, a)
\/g dze oo ® 1_’7 s
e =1
L% minmoa)ls) - (V7 (0) = V(o)
T | e . - ) _
Ve O3 ’ o

where the one but last equality used that 7* is deterministic and in state s chooses a*(s) with probability one, and the last

equality uses the performance difference formula (Lemma 19).

To prove the second claim, given a policy 7, define the greedy action set for each state s,
A" (s) = {d(s) eA:Q"(s,a(s)) = mng”(s,a)} :

By similar arguments that were used in the first part, we have,

av™e () avTe( )
00 00(s, a)

9D
:L.ﬁzdfe Zm als) - |A™ (s, a)|

1 1
2 T W@ D mas)ls) - A7 (s als)|
s a(s)eA™0 (s)
1 1 dﬂ* —1
21, U5 || H{Jna(g)ezm)m<a<s>|s> DAL

where the last inequality is because for any a(s) € A™ (s) we have

S
A" (s,a(s)) = maxQ o(s,a) — V7™(s),
(s).

(by Cauchy-Schwarz)

(by Lemma 1)

. ‘maax Q7 (s,a) = V™ (s)|,

. [mgx Q7 (s,a) — V™ (s)}

Q™ (s,a"(s)) = V™ (s)]

ZT{' (als)

which is the same value across all @( A’W Then we have,
oV™e (1) 1 1 _ .
> . min mo(a(s)|s) -Zdﬂ (s)
_ Tre s P
00 g 1—7 \/SA d, a(s)EA'"G( ) -
. -1 7
1 dn
> — |2 - min mo(a(s)ls)| - —— Z
> T
VSA | i o | a(s )ems( ) ]
=1 T 7
1 dj ) B 1
= —— || - | min Z mo(a(s)ls) | - —
VSA | du ~ | * a(s)eAmo (s) ] 17
=1 T 7
L% i S m@)ls)| i) - v
uy’) s ?
SA du oo L ) a(s)eA™o (s) i

<A™ (s,a)
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where the last equation is again according to Lemma 19. O
Lemma 9. Let Assumption 2 hold. We have ¢ := infsc s >1 mg, (a*(s)|s) > 0.
Proof. The proof is an extension of the proof for Lemma 5. Denote A*(s) = Q*(s,a*(s)) — maxqe-(s) Q" (s,a) > 0

as the optimal value gap of state s, where a*(s) is the action that the optimal policy selects under state s, and A* =
minges A*(s) > 0 as the optimal value gap of the MDP. For each state s € S, define the following sets:

B OV () VT (u) y
Rals) = { 05,07 (s)) = Db(s,a) 07 ° }
Ra(s) ={0: Q™ (s,a(s)) = Q"(s,a"(s)) — A™(s)/2},
Rs(s) = {0, : Vo (s) > QT (s,a"(s)) — A*(s)/2, forall ¢ > 1 large enough} ,
No(s) = {9 o0 (s)]s) > =) } where ¢(s) = —— 4 _q,
‘ Te(s)+1)” (L—=7)-A%(s)

Similarly to the previous proof, we have the following claims:

Claim I. R1(s) N R2(s) N R3(s) is a “nice” region, in the sense that, following a gradient update, (i) if 6, € R1(s) N
R2(s) NR3(s), then Oy 11 € Ri(s) NRa(s) N Ra(s); while we also have (ii) 7y, , (a*(s)[s) > g, (a*(s)]s).

Claim IL. N_(s) N Ra(s) NR3(s) C Ri(s) NRa(s) N Ra(s).

Claim III. There exists a finite time £o(s) > 1, such that 9,50(5 € N.(s) NRa(s) NR3(s), and thus Oy () € Ri(s) N
Ra2(s) NR3(s), which implies inf;>1 g, (a*(s)[s) = ming <;<yo(s) 7o, (a*(5)[5).

Claim IV. Define ¢y = max, to(s). Then, we have infscs ;>1 g, (a*(8)|$) = ming <<y, min, g, (a*(s)]s).

Clearly, claim IV suffices to prove the lemma since for any 6, min, , mg(a|s) > 0. In what follows we provide the proofs of
these four claims.

Claim I. First we prove part (i) of the claim. If ; € R1(s) N Ra(s) N R3(s), then O:11 € R1(s) N Ra(s) N Rs(s).
Suppose 0: € R1(s) N Ra(s) N Rs(s). We have ;1 € R3(s) by the definition of R3(s). We have,

Q™ (s,a™(s)) = Q(s,a"(s)) = A"(s)/2.
According to smoothness arguments as Eq. (63), we have V"™ %+1(s") > V™ (s'), and
QP o (1) = Q7 3,0 (5) + Q7 (0 (4) = Qm(s @(s)
= Q" (s,a"(s)) + 727’ (s'ls,a7(s)) - V701 (") = Ve ()]
> Q™ (s,a"(s)) +0
> Q%(s,a%(s)) — A%(s)/2,
which means 6,1 € Ra(s). Next we prove 6,1 € Ri(s). Note that Va # a*(s),
Q™ (s,a%(s)) = Q™ (s,a) = Q™" (s,a"(s)) — Q" (s,a"(s)) + Q" (s,a"(s)) — Q™ (s, a)
> —A%(s)/2+ Q7 (s,a7(s)) — Q"(s,0) + Q" (s,0) — Q™ (s,0)
> -AN(E)/24 Q (s (5) — max @(5,0) + Q' (s,0) = Q7 (s,0)
= —A"(8)/2+ A (s) 7Y P(s'|s,a) - [V7(s) = Vo ()]
> A*()/24 A%(5) + 0
= A*(s)/2. (61)
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Using similar arguments we also have Q™°++1 (s, a*(s)) — Q™%+ (s,a) > A*(s)/2. According to Lemma 1,

8Vﬂ.9t ,LL 1 T e
aat(s(a)) — 1_’}/ 'duet(s).ﬂet(a‘|8)"4 et(s,a)
1 . Tr ﬂ
= ﬁ -dugt(s) . ﬂet(a|8) . [Q 91,(57(1) — Ve (S)] )
OVOt () AVt (1)

Furthermore, since 90, (5.a* (3)) > 90, (s.a) > W€ have

mo, (a*(s)]s) - (@™ (s,a™(s)) = V™ (s)] = 7o, (als) - [Q7* (s,a) — V™ (s)].
Similarly to the first part in the proof for Lemma 5. There are two cases.
Case (a): If g, (a*(s)|s) > mp, (als), then 0;(s,a*(s)) > 6;(s, a). After an update of the parameters,

buvs (5,07 () = 00”6 + - g

oV
> 0i(s,a) +n- 69t(s(:)) =0141(s,a),

| ,
Q0041 (5,0%()) = V™01 (5) = Q01 (5,0%(5)) = 52, Mo, als) - Q41 (s,0) = 0, and

0,4, (a"(s)|s) - Q™41 (5,07 (s)) = V™1 (s)] = g, (als) - [Q7 41 (s,0) = VT (s)],

which implies 7y, ,, (a*(s)|s) > mg,,,(a|s). Since Q™*+1(s,a*(s)) — Q™+1(s,a) > A*(s)/2 > 0, Va, we have

oh s equi VT () o IV (p)
which is equivalent to 30 1o (5)) > DoiGa) e 011 € Ri(s).

OVt () BV ()
0. (s,a*(s)) = 00i(s,a) ’

Case (b): If mg, (a*(s)|s) < 7, (als), then by 5
7o, (a*(s)]s) - [@™ (s,a™(s)) = V™ (s)] = 7, (als) - [Q7" (s,a) = V" (s)]
= m, (als) - [Q™ (s,a"(s)) = V7™ (s) + Q" (s,a) — Q™ (s,a"(s))],

which, after rearranging, is equivalent to

N A1 A WP
Q7 (s.0() ~ @ () > (1 LTI g~ v o)
— (1= exp {015, 0" (5)) — (s, )}) - [Q™ (5,a" () — V™ (s)].
Since 0;11 € R3(s), we have,
QM1 (s,a"(s)) — Vi1 (s) < A%(s)/2 < QT+1 (s, a™(s)) — Q™+ (s, a).
On the other hand,

Orv1(s,a7(s)) = Ory1(s,a) = Ou(s,a”(s)) +n- m

> (s, a%(s)) = b4(s, ),

oV ()

- 0t(87a) -n- 80t(8 a)

which implies

1~ exp {f41(5,0°(5)) — Oz (5.0)} < 1 — exp{6,(s.a°(5)) — Oi(s, )}

mo, (a”(s)]s)

Furthermore, since 1 — exp {6y (s,a(s)) — 0u(s,a)} = 1 — =L als)

> 0 (in this case g, (a*(5)|s) < mp, (a]s)),

(1 —exp{0r41(s,a"(5)) = Or41(s,0)}) - [Q7"1+1 (5, a%(s)) = V™ er1 ()] < Q41 (s, a7 (5)) — Q™"+ (s, ),
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which after rearranging is equivalent to

7o,., (0" (s)]s) - Q™41 (5,07 (5)) = V™41 ()] = 7, (als) - [Q7"+1 (s,a) = V1 (s)],

Ot Tt . .
which means 8gxl(:;*((”s))) > aa‘gt“:,(aﬂ)) ie., 041 € Ri(s). Now we have (i) if 6; € R1(s) N Ra(s) N R3(s), then

9t+1 S Rl(S) n R2(S) N Rg(s)

Let us now turn to proving part (ii). We have 7y, , (a*(s)[s) > mp,(a*(s)|s). If 0, € Ri(s) N Ra(s) N Rs3(s), then

VO () o OV () )
BGt(s,a*(Hs)) > 80t(s,(5 , Ya # a*. After an update of the parameters,

. _exp{fi41(s,a”(s))}
7T9t+1(a’ (5)‘5) = Za exp {9t+1(8,a)}

exp {01(s,0"(5)) + - oot )

S exp {fu(s,a) + - Gy ]
y exp{ﬂt(s,a*(s)) +1n- %}
T Saon {0s )+ s

EES R (ZCR ) S
T e {bi(sa) " (a*(s)]s).

OVt (p) BV (u))

(because 90, (5,0 () = 00:(s,0)

v
o
o
»
2

Claim IL.  N_(s) NRa(s) NR3(s) C R1(s) NRa(s) N Rs(s). Suppose 6 € Ra(s) N R3(s) and my(a*(s)|s)
There are two cases.

Case (a): If mp(a™(s)]s) > max,,q+(s){mo(als)}, then we have,

ovrew _ 1 -dT0(s) - mp(a*(s)|s) - [Q°(s,a*(s)) — V(s
1 T T )
> () malals) - Q7 (s,) — V)
_ov™(u)
d9(s,a)’

where the inequality is since Q™ (s,a*(s)) — Q™ (s,a) > A*(s)/2 > 0, Va # a*(s), similarly to Eq. (61).

Case (b): mg(a™(s)|s) < maxg.q-(s){7me(als)}, which is not possible. Suppose there exists an a # a*(s), such that
mo(a*(s)|s) < mg(als). Then we have the following contradiction,

mo(a*(s)|s) + mo(als) > 02(;)63_3)1 —9_ 2-(1 —1) - A*(s) o1,

where the last inequality is according to A > 2 (there are at least two actions), and A*(s) < 1/(1 — 7).

Claim III. (1) According to the asymptotic convergence results of Agarwal et al. (2019, Theorem 5.1), which we can

use thanks to Assumption 2, mg, (a*(s)[s) — 1. Hence, there exists ¢1(s) > 1, such that 7o, (a*(s)[s) > C((;()Sll. 2)

Q™ (s,a*(s)) — Q*(s,a*(s)),ast — co. There exists t3(s) > 1, such that Q"2 (s, a*(s)) > Q*(s,a*(s))—A*(s)/2.
3) Q™ (s,a*(s)) — V*(s), and V™ (s) — V*(s), as t — oo. There exists t3(s) > 1, such that V¢ > t3(s),
Q0 (s,a"(s)) = V™ (s) < A*(s)/2.

Define to(s) = max{t1(s),t2(s),t3(s)}. We have 6,5y € N.(s) N Rz(s) N R3(s), and thus 0, (5) € R1(s) N R2(s) N
R3(s). According to the first part in our proof, i.e., once 0; is in R1(s) N Ra(s) N Rs(s), following gradient update 6,1
will be in Ry (s) NRa(s) NRs3(s), and mg, (a*(s)|s) is increasing in Rq(s) N Ra(s) N Ra(s), we have inf; g, (a*(s)]s) =
ming <¢<y,(s) o, (a*(s)]s). to(s) depends on initialization and c(s), which only depends on the MDP and state s.
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Claim IV. Define ¢ty = max;, to(s). Then we have inf,cs 1>1 79, (a*(s)|s) = mini<¢<¢, ming 7, (a*(s)|s) > 0. O

Theorem 4. Let Assumption 2 hold and let {6; };>1 be generated using Algorithm 1 with = (1 — v)3/8, c the positive
constant from Lemma 9. Then, for all t > 1,

. 165 1?1
Vo v < gt | [l

Proof. Let us first note that for any 6 and p,

die(s)= E [dre(s)]

So~ H

- SO@H - ,Y) Z ,yt PI’(St = S|SO7 g, P)
t=0
> E [(1=)Pr(s0 = slso)]
=1 =7) us). ©2)

According to the value sub-optimality lemma of Lemma 21,

V() ~ VT (p) = ﬁ 47() Y (" (als) — molals) - Q" (s.0)
dze(s)
- ) X ( (als) = moals) - Q" (s
< 1; \ | X el malals) @)
(because ) (7*(als) — mg(als)) - Q*(s,a) > 0)
= _17)2 ' HiH > die(s)Y (% (als) — mo(als)) - Q(s,a) (by Eq. (62) and min, u(s) > 0)
- i e,

where the last equation is again by Lemma 21.

According to Lemma 7, V¢ (1) is 3-smooth with 3 = 8/(1 — 7). Denote 6; = V*(u) — V™ (). And note n = %.
‘We have,

Oppr — 0 = V70 () — V™1 (1)
2

< _(1 ;67)3 . av;:t(“) . (by Lemma 18)
« ||—2

< T = ) [minmg, (a* (5)13)] - 1V () — V7o ) (by Lemma §)

< LF, dﬂ : [minmy, (0" (s)15)] - 2

= _%. dg X Lelsntf>17ret( *(8)|8)]2 o ©

where the second to last inequality is by d;”*(s) > (1 — ) - u(s) (cf. Eq. (62)). According to Lemma 9,
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¢ = infses,>1 M9, (a*(s)|s) > 0. Using similar induction arguments as in Eq. (39),

. )2
165 dy,
V* Vo = ,
(Y T
which leads to the final result,
1 1 16S dr 1
st vz 5B
(0) RS =l | ILAC (9] < =y | R
thus, finishing the proof. O
A.2. Proofs for Section 4: entropy regularized softmax policy gradient
Lemma 10. Entropy regularized policy gradient w.r.t. 6 is
V™ (1) 1 -
= .d™o(s) - . ATe
] = T () malals) - A (5,0)
8‘77T9 (/1‘) 1 u A
50 = T ) Hma(1) [ Q7 (s, ) — Tlogm(ls)
1 ~
= = i (s) - Hlma((]s)) [Q(s,) = 78(s,")] , Vs (64)

where A™ (s, a) is soft advantage function defined as

A7e (s,a) = C~27r"(57 a) — tlogmy(als) — Ve (s)
Qm(s,a) = r(s,a) +7 > P(s'ls, ) V™ (s)).

Proof. According to the definition of Vo,
V™(u) = E Z mo(als) [Q”" (s,a) — 7log 7T9((1|S):|.

Taking derivative w.r.t. 0,

oV () _ Omg(als) T A, B 1 0Q™(s,a) 1 9mp(als)
50 s@uza: 50 _Q (s,a) TlOgﬂ'e(a|8)_ +s@#za:7rg(a|s) 50 T7r9(a|s) 20

_ & ZM. :Q”(s,a) —Tlogﬂe(GIS): +S@MZ”9(“|5) aQW;ié&a)

srop a0
omelals) T~ V’”( g
= 2 3 P [0 .0~ g matal)] 1+ B, S aleb) P

L o Omg(als) [,
= - dy, (S)za: 0870 . {Q (s,a) — TlOgﬂ'g(a|s)} ,

S

where the second equation is because of

1 Omglals)] Omg(als)
;m(als). [mg(a|s) a0 } N ; 960 90 ZWG als)
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Using similar arguments as in the proof for Lemma 1, i.e., for s’ # s, 887;9((;]_8)) =0,
ovTe(n) 1 - omglals) T Anx,
90(s,) 1—~ ~dj (s) - [ s 90(s,) : {Q (s,a) Tlogwe(a|s)w
1 dr(-1s)\ " T
-5 0 () [0 —rietto]
=1 i S d?(s) - H(mo(-[s)) [Q”(s, -) —7log We(~|s)} (by Eq. (6))
1 ~
=1 5 .d:e(s) - H(mg(+|5)) lQm (s,) = 7O(:|s) + Tlogza:exp{ﬁ(s,a)} . 1]
= ﬁ ~dp?(s) - H(mo(-]s)) [Qﬂe(& ) = T9(|S)} . (H(mp(+|s))1 = 0 in Lemma 22)
For each component a, we have
Vo 1 - N
80(5,(5)) - -7 (s) - m(als) - [Qwo (s,a) — Tlogma(als) — Ea:m)(cqs) : [Q”" (s,a) — Tlogyre(a|s)”
1 ~ -
= ﬁ -d?(s) - mo(als) - [Q”"(s,a) — 7 logmy(als) — V””(s)}
1 -
= i ~d?(s) - mg(als) - A™ (s, a). [

Lemma 11 (Non-uniform contraction). Using Update 2 with 7np < 1, Vt > 1,

el < (1= - mina, (@) - 1l

(r0:—r) "1
K

where (¢ = 76, — 1 — - 1.

Proof. Update 2 can be written as

Oi11 = 0; —n - H(mg,)(Tlog e, — 1)

=0, —n- H(my,) |j'9t —r— <10g Zexp{@t(a)}> . 1]

— 6 — - H(mo,)(v6, — 1)

N\ T
:Ht*n'HOTgt) (Tetrwl-'].),

where the last two equations are from H (g, )1 = 0 as shown in Lemma 22. For all ¢ > 1,

(T9t+1 — 'I’)Tl

Cip1 =Tl — 7 — K -1
0, — )71 70, — )71 701 — 7)1
:Tot—r—(tK)-1+T(et+1—et)+<( tK) _ L ) ).1
0 —7r) "1 70, —6,01) "1
:Tet—T—%-l—‘rT(HlHl—904-%,1

For the last term,
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where the last equation is again by H(mg,) "1 = H(mp,)1 = 0. Using the update rule and combining the above,

6, —r)"1
C41=Ad—7n- H(my,)) (T@t —r— 7(T i KT) . 1>
=(Id —7n- H(m,)) (-
According to Lemma 23, with 7np < 1,
[Ce+1llz = [[(Xd — 70 - H(7,)) el

< (1= minmo, (@) - G2 -

Lemma 12. Let 7y, = softmax(6;). Using Update 2 with 7np < 1, V¢t > 1,
2(7)101 00 + DVE

Il < 1 .
exp {777 Zszll [min, 7, (a)]}

Proof. According to Lemma 11, forall ¢ > 1,

Geallz < (1 =77+ minmg, @) - 1612

1
< )
~ exp {77 - min, 7y, (a)} ISl
1
1= 7n- mi ) B
< oo Ty (LT i, (@) <Gl

1

IN

} NG-1ll2

exp {7'7] Ei:tﬂ [ming g, (a)]
1

IN

} ' ”ClHQ

exp {0320, [mina mo, (a)]

For the initial logit 61,

76, —1r)'1
[¢illz = 791—7‘—%~1 .
01 —r)"1
< |76 —rll2 + ’ % -1 (by triangle inequality)
2
76, —1r)'1
=701 —rll2 + [0y =) | 1\/]?) |
< |61 — 7|2 + 61 = llz - [Lllz (by Cauchy-Schwarz)
VK
=2- HT@l — T‘”Q
<2-([701ll2 + [I7[l2)
<271l + DVE, (65)
finishing the proof. O

Lemma 13. There exists ¢ = ¢(7, K, |61 ]| o) > 0, such that for all ¢ > 1, min, 7, (a) > ¢. Thus, Y'_} [min, mp_(a)] >
c-(t—1).

Proof. Define the constant ¢ = ¢(7, K, ||01]|) as
1 1 1
= . : :
K exp{l/m} exp{d(61]c +1/7)VE}
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First, according to Eq. (65), we have,
I¢1ll2 < 2(7[161]|0 + DVE.
Next, according to Lemma 11, with 79 < 1,
[Gesllz < (1= 70+ minmo, (@) - G2 < 27101 ]loc + DVE.
Therefore, for all ¢ > 1, we have,
IGell2 < 2(71|61 [loe + VK.

We now prove min, 7y, (a) > c¢. We have, Va,

0; — Tl 1 0, —r)'1
oy~ Ot DY L) - (o) - T
1 (16, — 7)1
< . et =
S - T — 71 I 1 )
1
=Gl

< 2([|61]jo0 + 1/T)VEK.

Denote a; = arg min, 0¢(a), and a; = arg max, 6;(a). According to the above, we have the following results,

Or(ar) > “Z“ + }T)Tl =2(|01]l +1/7)VE,
r(as 70, — )7
() > - UL (0 4 1/m)VE,

which can be used to lower bound the minimum probability as,

Irtin m, (a) = exp{fi(a1)} > exp{fi(a1)} _ L ~exp {0:(a1) — O(az)}, (since 0:(a) < 6;(az), Ya)

Yaexpifi(a)} — X, exp{bi(a2)} K

which can be further lower bounded using the above results,

min o, (a) > 1 exp {0u(a) — 61(az)}
r(a 70, — 1) " r(a 0, —r)"
> o { M4 D2 (oo VR - 102 - DL a4 1)V
- {’W —4()01]] e + 1/T)\/E}
> % - exp {‘i — 4(]161 /|00 + 1/7')\/E} (because r € [0,1] and r(a1) —r(az) = —1)
IS ! e O
T K oo{l/r) ep{d([0i]lw + 1/TVEY

Theorem 5. Let 7y, = softmax(6;). Using Update 2 withp < 1/7, forall ¢ > 1,

)T < AKP2 (101l +1/7)
exp{mn-c-t}

5 < 2001l + 1)2K/7
exp {2ty -c-t}

(71': — Ty, )

)

where 6; == 7* " (r — Tlogn*) — mp, T (r — 7 log mp, ) and ¢ > 0 is from Lemma 13.
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Proof. According to Holder’s inequality,

.
(my —m,) 7 < |7y — 7o, |l - Iy

<K -7k — 7o, o (because r € [0, 1]¥)
K - |[softmax (r) — softmax <9t + M . 1> H
T TK o
< ? Mo, —r — (Tet —1) H (by Lemma 24)
g?. T@tfr—i(Tot;(r) '12
< 2K 2rf01lloe + DVE (by Lemma 12)

T exp {rn U] (ming o, (a)]
4K3% 7|61 + 1
T exp{mn-c-t}

(by Lemma 13)

On the other hand, we have,

* 1

. T

T (r—7logwt) —me, | (r—Tlogmg,) =75 (r—Tlogwt) —me, | (r — Tlog Tk + Tlog wE — 7 log m,)

= (n; — 7o) (r—7logm;) + 7 - Dicv(mo, | 77)

77r91) 1-7- logZexp{r a)/7T} + 7 Dxy(mg, || 77)

/\

0, —r)"1
<;.‘9t_r_(7t Kr) -1 (by Lemma 27)
T T o

1 0 — )71 2

:E 79,5—7“—< L K> -
2

1 (16, —r)T1
< — |71 —r — -1
=TT K )

1 4 12K
< . (/161 [loo + 1) (by Lemma 12)

27 exp {2rn T2 [ming o, (a)] |

1 2(7)|61[|os + 1)2K
<L 20001l + 1)K (by Lemma 13) 0
T  exp{2mn-c-t}

A.2.1. PROOFS FOR MDPS AND ENTROPY REGULARIZATION

Lemma 14 (Smoothness). H(p, 7g) is (4 + 8log A)/(1 — «)3-smooth, where A = |.A| is the total number of actions.

Proof. Denote H™ (s) = H(s, mg). Also denote 6, = 6 + au, where o € R and u € R94. According to Eq. (16),

oo
H™« (s) = E E —~"log ma, (at|st)
so=s,at~mg, (-|5t), —o
ser1~P(-|se,a) -

=—Z”9 ) - log g, (als) —&-vzmg (als) ZP '|s, a) - H™ (s'),

which implies,

H™ (5) = e] M(a)hg (66)

a)
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where M (o) = (Id — vP(a)) " is defined in Eq. (49), P(a) is defined in Eq. (45), and hg, € RS for s € S is given by
— Z mo,, (a|s) - log ma,, (als). (67)
According to Eq. (67), hg_ (s) € [0,log A], Vs. Then we have,
1ho lloo = max lho,, (s)] <log A. (68)
For any state s € S,
ah(;a (S) - ahgu (8) %
da | 90, O«
Ohy, (s)
u(s, ")
‘< Oa(']s)’
= [(H (o, (+|5)) log 7, (-]5), u(s, )|
< [|H (mo,, (+]5)) log ma, (-]s) [l - [[u(s, )l -
The ¢; norm is upper bounded as
[[1H (mo,, (+[5)) log ma,, (+[s)[|; = ZW@ (als) - [log o, (als) — ms,, (-|s) " log 7o, (-]s)|
< Zm) (als) \log7r9 (als)| + ’71'9 )Tlogﬂ'ga(.‘s)’)
=-2- Zwea (als) -logmy, (als) < 2-log A. (69)
Therefore we have,
8]7,9E¥ — ma 8h9a (8)
Oa T da
< max || H (mq, (-|s)) log ma, (-[s)[l; - lu(s; )l
< 2-log A - ulls. (70)
The second derivative w.r.t. a is
0%ho, (s)| |( 0 [0ho (5)\\ 00
Oa? I\ o8, Ox Ox
_|(Pho.(s) 062 T s
B 892 «
0%h (s)
_ . T ea
=t G )
Denote the Hessian T'(s, 0,,) = 859}29& (S)) . Then,
(8 9 ) thg ( ) - 8 8]19C¥ (S)
802( ) B aaa(sa ) 80(1(57 )
__ 9 Omo, (-Is) ) Oho,(s)
~ 004(s,-) 004(s,) Ome,, (+]s)
0
= ~ {H(mo,, (+]s))(—logm, (|5))}
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Note T'(s,0,) € R4, and Vi, j € A, the value of T'(s, 0,,) is,

1 Mo, (ils) - (= logmo, (ils) — ho, ()}

g dfa(s, )

_ dme, (i]s) ) 1 d{—logmy, (ils) — he,(s)}
= a5, 5) - (—logmy,, (ils) — he, (s)) + 7, (i|s) - (5, J)

= (0i570, (jls) — mo,, (ils)7a, (jls)) - (—logmg, (i]s) — ha, (s))
i, 19) - (= s g, o) = 7o, ()7, G1s) = 7, (319 - (~ o, 719) ~ B (5))

= 0ijo, (j]s) - (= logmg, (ils) — b, (s) = 1) — g, (ils)70,, (j]s) - (= logma, (ils) — ho, (s) — 1)
— o, (ils)mo, (j|s) - (= log 7, (jls) — he,(s)).

For any vector y € R4,

A A
" T(s,00)y] = > Tisu(i)y(i)

i=1 j=1

IN

—log o, (ils) — he, (s) — 1) - y(3)?

23 o, (ils) (@) Y mo, (ils) - (= oo, (G19) = o, (5)) - 9| + (mo, (1) )’

— |(H (7o, (19))(~ Tog ma, (15)) = ma. (1)) (y )|
2+ | (7o, (15) ") - (H(ma, (1)) (— log mo, (1)) "] + (ma. (1) )

< [ H (., ([s))(=1og mo, (1s))llc - Y © wlly + l[70. (18)ll -y @ wlly
+2 - [lmo, (18Il - [1ylloo - [ H (o, (-5)) (= log mo,, ([s))lly - 1ylloo + llme,, ([9)1I3 - llyI3,

2

where the last inequality is by Holder’s inequality. Note that ||y ® y|l1 = [|y|3, [7e., (19)|loo < I, (-]9)[1 |7e, (]8)]l2 <
[I7mo., (:18)|lx = 1, and ||y|lco < ||y]l2. The £oo norm is upper bounded as

1 (g, (]5))(— log 7, (+]3)) | = max |7, (als) - (—logm, (als) + 7, (-|s) " logm, (-]s))]

< max —mg,, (a|s) - logmg,, (als) — 77901(-|s)T log mo,, (+|s)
a

< 1 + log A. (since —x - logz < 1 forall z € [0, 1]) (71
e e
Therefore we have,
" T(s,00)y| 7o, (-|5)) (= log ma, (-|s)llo - 1Wl13 + l[yl3 + 2 - [[H (70, (-|5)) (= log ma, (-s)II; - lyll3 + [lyll3
< ( +log A+ 2) Nyl +2- [|H (e, (-|5))(~ log ma, (s))I]; - 3 (by Eq. (71))
< ( +logA+2+2- 10gA> yla (by Eq. (69))

<3-(1+logA)-|yl3.
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According to the above results,

62 hga 82h9a (S)
da? — T 0a2
0%h 0%he, (s)
T 0o
= fu(s, ) e (s, )
= max|u(s,-)TT(s,9a) (s,)]
<3-(1+logA)-max||u(s,-)|3
<3-(1+1logA) - |ull3. (72)
Taking derivative w.r.t. « in Eq. (66),
OH"™ (s) T OP(«) T Ohy,,
e~ e M(a) 50 M(a)hg, + e M(a)—aa .
Taking second derivative w.r.t. «,
O*H™e(s) 5 T OP(«) OP(a) T 9?P(a)
T =2 e TM(0) S M) T M (@, + - el M) o M (@),
aP(Oz) 3}19 th(y
T o T o
+2v-e, M(a) e M(a) Do +e, M(a) 52 (73)
For the last term,
9%h 0%h
T (8 [
< .
T G| | < el [ G|
1 0%hy
< - (3
= ’ 507" ol (by Eq. (50)
3-(1+1logA
< LB s (byEq.(2)  (74)
For the second last term,
8P(Oé) 8h9 (9P(O¢) 8h9
-
<
es M(a) Oa M(a) Oa la=0 _HM(Q) Oa M() Oa la=0
1 6P(Oz) 3h9
| %e| | (by Eq. (50)
2 ul|2 Ohy,,
T M(e) 5= _, N (by Eq. (46))
2 |lullz || Ohe
< . = Eq.
< el el A I (by Eq. (50))
[[wll2 4-logA 2
§721 A- -5, (by Eq. (70)) (75)
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For the second term,

aQP BQP
el M(a) aa(Qa)M(a)hea a_o‘ < HM(a) aa(f)M (a)he, a_OH
1 0*pP

< ‘ 8a(2a)M(a)hea a_OH (by Eq. (509
6 lul3

<[] [ B D)
6 - [lull3

T o
6-log A

< Goap Il (by Eq. (68)) (7o)

For the first term, according to Egs. (46) and (50), Eq. (68),

OP(a) OP(a) OP(«) OP(a)
-
<
es M(a) 5 M(a) e M(a)hg, ol S M () e M () 5 M(a)hg, wmol
1 1 1
<_— _.9. 9. = log A
<2l 2l g
4 logA
3 (77
Combining Eqs. (74) to (77) with Eq. (73),
0?H™0a (s) s | T OP(a) OP(a) T 0?P(a)
da2 =0 §2’Y " |€s M(Oé) Do M(a) dav M(Oé)hga =0 +es M(a) a2 M(Oé)hga =0
8P(a) ahg 82}19
T o T o
+2v- jes M(a) O M(a) Oa la=0 e Ma) da? la=0
4-log A 6-log A 4-log A 3~(1+10gA)>
292 - +7- + 2y ull3
(7 Q-2 a2 T a2 1—~ [[ull
8-log A 3 ) 5
< + - lu
4+8- logA
< —— vl (78)
which implies for all y € RS54 and 6,
| () T ()|
Y Y
e ‘ W) o\l )| 1V
82H7‘r9
= lulla=1 < 502 >\ lyll3
~ e O*H™ox (s 96, 00, il
Cule=1]\ 902  la=0 da’ da 2
B OH™a (s) 00, 9
= ey < { }L_o’ aa>"”y”2
52]}]1’“’@( ) ‘
= max
= max R
448-lo A
== - lyl3- (by Eq. (78)) (79)

- (A=)
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Denote 8 = 6 + £(6' — 0), where £ € [0, 1]. According to Taylor’s theorem, Vs, V6, ¢’,

OH™e , 1 , O?H™ ,
H”S’(s)—H”"(s)—< ao(S)’e —9>’ 50| —9)T789§(5) )
1S
2+4-logA |, 9
<7 0 —0|5. by Eq. (79
S ay | B (by Eq. (79))

Since H™ (s) is (4 + 8log A) /(1 — ~)3-smooth, Vs, H(p, mp) = E,~, [H™ (s)] is also (4 + 8log A) /(1 — v)3-smooth. [

Lemma 15 (Non-uniform Lojasiewicz). Suppose (s) > 0 for all states s € S and 7y (+|s) = softmax(6(s, -)). Then,

1

*

(/7o NG) T 2 L. B 1
’ 3‘/89(,“) 2 > \/ET . msin u(s) - r?’ian mo(als) - d%S . [Vﬂf (p) — V™ (p)] 2
Proof. According to the definition of soft value functions,
~ ~ I 0 ~
VT (p) = V7™ (p) = E Z’Yt (st ar) — Tlogmr(adlse)) | — V™ (p)
SOvaatNﬂ'T("St)v L t=0

st+1~P(|s¢,a4)

7! (r(se ae) = Tlog i (arlse) + V7 (s1) = V™ (s1)) | = V™ (p)

so~p,ar~mr(-|st),
5t+1NP(“St7at) -

= E
so~p,ar~Tr(]st),
str1~P(- \Smat)

1
_177

Y (r(se, ar) — Tlog mi(a]se) + V™ (se41) — V™ (s¢))

M8 ™Mz

'~
Il
=)

Z (r(& a) — tlogmi(als) + ’yZ’P(s’|s, a)V™(s') — V”"(s))]

a

1

= 177 Zw (als) Q”"(s a) — 7log ) (als )} — V™ (s)].

| B E—— |

Next, define the “soft greedy policy” 7g(-|s) = softmax(Q™ (s, -)/7), Vs, i.e.,

exp {Q’”’ (s, a)/T}
S exp {Qm(s,a)/7}

7o(als) = , Va. (80)

We have, Vs,
za:ﬂ'i(ab) . {Q“G(s,a) —7log W:(a|s)} < n(ls%)gz m(als) - [Q”B(s,a) - Tlogw(a|s)]
= Zﬁg(a|s) . [Cz)’”’ (s,a) — Tlog ﬁg(a|s)}
= TlogZexp {Q” (s, a)/T} .
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Also note that,

|7 (s,0) = Tlog ma(als)|

[ ™ (s,a) — 7 log 7o (als) + 7 log Te(als) — 7 log me(als)
=" mlals) - [@™ (s.) = 7 log o(als)] — 7Dicw(mo(-13) 7o 1))

= rlog > exp {Q (s, a)/7} — 7 Dict.(mo(C[s) 7o ( 15)):

Combining the above,

V™ (p) = V™ (p) = 1 i 5 [Zw (als) [Q“" s,a) — 7log i (als )} — V7™ (s)
< ﬁ Zsjdgi(s) : |j' logza:exp {Q’T"(s,a)/T} — V™ (s)
— 1 S ) 7 Dua 1) (1) &
s ] ) )
= ﬁ zs:dgi(s) ' g ' HQQT(S’) —0(s,-) — @70, .)/TA_ 0(s,)) "1 -1 (by Lemma 27)  (82)
_ 1 w4 A (O (s,) —70(s,- )1 _||"
=1 Sd,, (s)~2T.|Q (5,) — 70(s,) — A Al

where A = |.A| is the total number of actions. Taking square root of soft sub-optimality,

[N

)™ (s,-) — 70(s,-)) T
Vfre } Q’T"(s,~)77’9(3,~)7(Q (7)A 0(s,+)) 1.

Hfpees

(Q‘ﬂ'e (57 ) — 7—9(57 '))Tl .

Z (\/ o \ﬁ Q™ (s,-) — 0(s,) — 1 1 ) ]
~ ™ (s,-) — 10(s,-)) "
< ZF jf‘|@ws,.)79(5,.> QR “ D Ll Gy ol < el
1 1 5 o (Qm(s,-) —760(s,-)) 1
< — 75 dTe Z\/di Q S —70(s,-) — 1 -10o (83)

On the other hand, the entropy regularlzed policy gradient norm is lower bounded as
~ 1
~ 21 2
= (‘W” (1) )
) > 99(s,a)
_ 1
2] 2
- s 2]

1 AV ()
= NG Z 96(s, ")

V™ (u)
B

V™ (u)
99(s, ")

; (by Cauchy-Schwarz, [|z[; = [(1, |2[)| < [[1]]2 - [[z]|2)
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which is further lower bounded as

‘ 8%;(/1) > % . ﬁ Z dp?(s) - HH(WG('|S)) [@’T" (s,-) — 70(s, )} H2 (by Eq. (64), Lemma 10)
- e (s ) — 76(s. )T
- LS ' ﬁzdﬂ"@) ' HH(WG('|S)) lQ”(s,-) —70(s,) — Q7 (s. ) AT () 1 1]
s ’ (by Lemma 22)
= L5 ' ﬁ > _di(s) -minm(als) ‘ G (s, ) — 70(s, ) — L5 _ATQ(S’ D' by Lemma 23)
s 2
= % ' ﬁ dy?(s) - minmo(als) - | Q™ (s,) — 70(s,-) — S _ATG(S’ JiEY 1

Denote Cy(s) = Q™ (s,-) — 70(s,-) — (Q‘"9(s,-);(‘r0(s,-))—rl - 1. We have,

-
|8Vae(”) f% T ) minmlals) (5l

> L1 in /@) - minm(als) - V27 - /3 TR I S O Z\/d” Co(s)

= \/§ /71_7 5 H 5.0 dze . ]-_’Y \/ﬂ d71'9

> L1 in /@) - minm(als) - Vo7 - dy’ _2.[Vﬂi(p) f/ﬂe(p)f

TVS VI=y s VT e ait |

Ver R - . 3

>Y2 mi . mi B | i AR Ve _ T

2 75 i V) minmlals) G| [P0 V0]
where the last inequality is by djj¢ (s) > (1 — ) - u(s) (cf. Eq. (62)). O

Lemma 16. Using Algorithm 1 with the entropy regularized objective, we have ¢ := inf,>1 min, , 79, (a|s) > 0.

Proof. The augmented value function Vo (p) is monotonically increasing following gradient update due to smoothness,
i.e., Lemmas 7 and 14. It follows then that V"¢ (p) is upper bounded. Indeed,

VT (p) = SONp_afilf:ﬂe Clso), [Z’Y (st,ar) — 7logm, (arls:)) ]
St,+1/'\’l73('\;f7(lt) =0
1 o
= ? dee [Z 7o, (a (s,a) — Tlogmy,(als ))]
S Z dp’ (s) - (1 +7log A) (by r(s,a) < land — ) _ g, (als) - logmg, (a|s) < log A)
< 1+ TlogA 84)
L=y

According to the monotone convergence theorem, V™ (p) converges to a finite value. Suppose 7y, (a|s) — mg__ (a|s). For
any state s € S, define the following sets,

a:my_(als) =0},
0., (als) > 0}.

™~
+
©
Il
—~—
IS
N
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Note that A = Ay (s) U.AL(s) since 7o (als) > 0, Va € A. We prove that for any state s € S, Ag(s) = 0 by contradiction.
Suppose s € S, such that Ag(s) is non-empty. For any ag € Ag(s), we have 7y, (ag|s) — ma__ (ap|s) = 0, which implies
—log g, (ag|s) — oo. There exists tg > 1, such that Vt > t,

1+ 7log A
—logmy, (apls) > ———.
ol 2 ==

According to Lemma 10, V¢ > t,

OV () 1 o ~
= ~d,t . . A7,
(s a0) 1—n~ " (5) - mg, (aols) (s,a0)
1 . o -
= E . duet (5) . 7T€t,(a0|5) . Q 04 (S,ao) — T10g7r9t(a0|5) — VT (S):|
! e | 1+ 7log A
> R -d" () - g, (ag|s) - _O — 7log 7y, (ap|s) — T
L | 1+7logA 1+47logA
> ——— - d;" (s) - 7o, (aols) - [0+ - —0. (85)
1— (s) - mo, (aols) _ = R
where the first inequality is by
Qﬂet (s,a0) =r(s,a0) + 727)(3’|S7a0)f/“9t (s") > 0. (by 7(s,a0) > 0 and Ve (s') > 0)

s’/

This means that 6 (s, ag) is increasing for any ¢ > t,, which in turn implies that 6 (s, ag) is lower bounded by constant,
i.e., 0o (8, ap) > c for some constant ¢, and thus exp {f(ag|s)} > e® > 0. According to

exp {00 (a0]5) }

= = 07
o (01) = 5 e (e al5)]
we have,
Z exp {0 (als
On the other hand, for any a; € A (s), according to
exp {Buolasls)) _

o (a4 |s) =
(01 = 5 e (e als)]
we have,
exp {fo (at|s)} = 00, Vay € AL(s)
which implies,
> buolayls) = o (86)
ayr €EAL(s)
Note that V¢, the summation of logit incremental over all actions is zero:
oV ( Ve Ve
Z 90, (s, a) = 2 @G ELO; * Z 90, (s ((1#))
aoE.A (s) ar €EAL(S) ey
7T9f e,
=1 th - A (s, q)

1 o (/o [ To _
:ﬁ~dut(s)~[‘/ (s) =V t(s)}—(). (87)
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According to Eq. (85), Vt > t,

8V”9f
R
ap€Ao (s t § (10

According to Eq. (87), Vt > t,

) To, 71'9t
S e e <
ay €A (s ¢(s,a4) ¢(s,a0)
which means Za+ AL (s) 0¢(s,ay) will decrease for all large enough ¢ > 1. This contradicts with Eq. (86), i.e.,
ZQ+GA+(S) 0:(s,ay) — oo.
To this point, we have shown that A (s) = ) for any state s € S, i.e., g, (-|s) will converge in the interior of probabilistic

simplex A(.A). Furthermore, at the convergent point my__(+|s), the gradient is zero, otherwise by smoothness the objective
can be further improved, which is a contradiction with convergence. According to Lemma 10, Vs,

%‘;:z‘;(ﬂ)) =1 i S ~d>= (s) - H(ma_(-|5)) [Qmm (s,-) — Tlogmm('ls)} —0

We have d;,’> (s) > (1 — ) - u(s) > 0 for all states s (cf. Eq. (62)). Therefore we have, Vs,

H(mg.,(16)) [ (s.")  7logma. ()] = 0.

According to Lemma 22, H (mg__ (+|s)) has eigenvalue 0 with multiplicity 1, and its corresponding eigenvector is ¢ - 1 for
some constant ¢ € R. Therefore, the gradient is zero implies that for all states s,

Q= (s,-) — Tlogmy (|s) = ¢ 1,
which is equivalent to
mo (-|s) = softmax(Q™= (s, -)/7),
which, according to Nachum et al. (2017, Theorem 3), is the softmax optimal policy 7*. Since 7 € (1) > 0 and,

1+ 7log A

0< Qo (s.0) <

)

we have 7y_ (a|s) € (1), V(s,a). Since 7y, (a|s) — mg__ (als), there exists to > 1, such that Vt > ¢g,
0.9 - g (als) < mg,(als) < 1.1-m_(als), ¥(s,a),

which means inf;>, min, , 7, (als) € Q(1), and thus

1<t<ty s,a t>to s,a

t1r>1£ min 7y, (a|s) = min{ min min g, (als), inf minmy, (als )} =min{Q(1), (1)} € Q(1). O

Theorem 6. Suppose p(s) > 0 for all state s. Using Algorithm 1 with the entropy regularized objective and softmax
parametrization and = (1 — )3/(8 + 7(4 + 8log A)), there exists a constant C' > 0 such that for all ¢ > 1,

S - 1 1 log A
V”*(p)—V”"t(p)<H Hi()g —Ct’

uHoo' (1—7)?



On the Global Convergence Rates of Softmax Policy Gradient Methods

Proof. According to the soft sub-optimality lemma of Lemma 26,

V75 (p) = V7 ) = == 3057 (5) -7 Dia o, (1) (1)

S

1 dgef s ™o, N
- 1— ~ ZS: dzet ES; ’ [dl‘ (8) T DKL(WQt('ls)HWT('|S))]

1 1 oL (G) o o (1)l (ol
S TP 2 ey [ () Do, (1) 1)

< H;Hm 32 [ ) - Dt (1972 1)]

1 1 [~ « -
=——-|=| V&)=V u}
=8 7 Nt
where the last equation is again by Lemma 26, and the first inequality is according to d,’* (s) > (1 —~) - u(s) (cf. Eq. (62)).
According to Lemmas 7 and 14, V™ (1) is 8/(1 — ~)®-smooth, and H(y, 7g) is (4 + 81log A) /(1 — ~)?-smooth. Therefore,
V™o () = V™ (1) + 7 - H(u, mp) is f-smooth with 8 = (8 + 7(4 4+ 8log A)) /(1 — 7)3. Denote 6; = V™= () — V™ (u).
3

And note n = %. We have,

Op1 — 0y = V™o () — V™ot (1)

3 (1—9)? v (u)
~— 16+ 7(8+ 16log A) 00,

2

(by Lemma 18)

2

< — (1—7)° r min x(s) - |min 7y, (a|s) : in [Vﬂ( ) — Ve ( )}
=716+ (8 +16logA) S S sa 0 4 a a
(by Lemma 15)
(1= . . o A s
_ . . . . t > (1 —=~)-
< T Sl 5 ) [minmoale)| - |EN G by i (s) 2 (1) ()
(1= . . Pl
< — . . . .
S~ @B/ T AT 8logA). 5 mnA(s) - b minme, (als) i %,
According to Lemma 16, ¢ = inf;>; min, , 7, (a|s) > 0 is independent with ¢. We have,
* 71
< (1—9)* : dy S
6 < |1 — . -c- <Oy
b= (8/7 +4+8logA)- S min u(s) - -\ =7 -1
(1) e -1
- . w <
< _ ) e 8.
SO TGy AT slog )5 unals) e =) N
(1=’ av |
— ’y . MT ~
< _ ) e -1V .5
SO TR A BlogA) 5 nAas) e = N (E=1) o
. =1
(1—)* . dy 1+ 7log A
< _ . c- (t—1) V.2 Ye
SO TR A Blog A) 5 nas) e = N (t-1) 11—~
where the last inequality is according to Eq. (84). Therefore we have the final result,
- . - 1 1 [~ -
T _ T, < _— . |= . T _ VTl'gt :|
V) =) < ] [ - v

< 1 1+ 7log A HlH
“exp{C-t} (1—7)2 J7R I
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where

(1—7)*

T (8/7+4+8logA)- S

is independent with ¢.

-min p(s) - c-
S

A.3. Proofs for Section 5 (Does Entropy Regularization Really Help?)

A.3.1. PROOFS FOR THE BANDIT CASE

Lemma 17 (Reversed Lojasiewicz). Take any r € [0, 1]

Then,

Proof. Note a* is the optimal action. Denote A(a)

(m* —mg) Tr = ZTF@(G) r(a

On the other hand,

0<r(a")—mgr=

|, <

v

(m" =) Tr =D mo(a) - Aa) <

K Let A =r(a*) —

(m* — mg) T

2

V2,
A

- ng(a)
Z mo(a) - r(a*) — Z mo(a) - r(a)

a#a* aFa*

Z mo(a) - A(a)

a#a*

Z mo(a) - A.

a#a*

=r(a*) —r(a),and A = ming 44+ A(a).

a#a* a#a* a#a*
Therefore the ¢, norm of gradient can be upper bounded as
drgr . 2
‘ d99 = | mo(a*)? [r(a —mar]” + Z [m9(a)? - (r(a) —w;r)z}
2 aFa*
1
2 2
< |1 Z mo(a)| + Z mo(a)? - 17]
aFa* a#a*
2 2\ 2
<D m@| + | mla)
a#a* a#a*
V23 ml)
aFta*
Combining the results, we have
d 2

N

max,zq+ 7(a) > 0 be the reward gap of r.

> mola)- 1= m(a).

by [[zll2 < ll=[l1)
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Theorem 7 (Lower bound). Take any r € [0, 1]%. For large enough ¢ > 1, using Update 1 with learning rate 7; € (0, 1],

(m* — wet)Tr > s

drg, .
Proof. Denote §; = (7% — mp,) "7 > 0. Let 0,1 = 0; +1; - Z—;:T, and 7y, , = softmax(6;,1) be the next policy after
one step gradient update. We have,

drgr i
8t — 041 = (o, — a,) 0, Ore1 — 01 ) + d9 s Ory1 — Oy (88)
5
<1 10041 — 04|35 + 9t+1 0 (by Lemma 2)
5 2 dm T dmg r
<91 62 1
<5 a0 (by n: € (0, 1] and by Lemma 17)

According to convergence result Theorem 2 we have §; > 0, 6; — 0 as ¢ — oo. We prove that for all large enough ¢ > 1,
6, < 2 - 8441 by contradiction. Suppose §; > 12 - §;41.

9 1
6t+1 > 5{» 2 A2 N 5t2
2
1 1 1
> 50 Op11 — z E ( 90 5t+1) (since f(r) = x — ax? is increasing for all x < i and a > 0)
10 50
=9 “Opp1 — 9 AQ 5i?+17 (89)

which implies Opp1 > %0 for large enough ¢ > 1. This is a contradiction with §; — 0 as t — oco. Now we have
6 < 22 - 8441. Divide both sides of & — 841 < 5 - Az - 67 by &; - 641,
9

1L 1_9 1 & _9 1 10 5
S 0,2 A2 5, "2 A2 9 AT

Summing up from 77 (some large enough time) to 73 + ¢, we have

1 1 5 )
- —< t—1)< — -t
ory+t Oy — A2 g )< A2

Since T} is a finite time, 07, > 1/C for some constant C' > 0. Rearranging, we have

(m* — 7r9T1+t)TT =014t > 7 = > 15 1
srtart O+ C+x-(T1+1)
By abusing notation ¢t := T} + ¢t and C' < é, we have
1 1 A?
(x" = 70.)"r 2 C+ 25t = LAt 68
for all large enough ¢ > 1. O

Theorem 8 (Lower bound). Take any MDP. For large enough ¢ > 1, using softmax policy gradient Algorithm 1 with
Nt € (O’ 1]7
* T (1 B ’Y)S ) (A*)2
V(u)—V"t(u)ZT,

where A* = minges qzq+(5){Q*(5,a%(s)) — Q*(s,a)} > 0 is the optimal value gap of the MDP, and a*(s) =
arg max, 7*(als) is the action that the optimal policy selects under state s.
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Proof. Suppose Algorithm 1 can converge faster than O(1/t) for general MDPs, then it can converge faster than O(1/t) for
any one-state MDPs, which are special cases of general MDPs. This is a contradiction with Theorem 7.

The above one-sentence argument implies a €2(1/t) rate lower bound. To calculate the constant in the lower bound, we need
results similar to Lemma 17. According to the reversed Lojasiewicz inequality of Lemma 28,

1 \/§
< L2,
s 1—=7v A

V™o (1)
96,

where §; = V* () — V7™ (u) > 0. Let 0,41 = 0, + 1, - %(;t(“), and 7y, , (+|s) = softmax(6;11(s,-)), Vs € S be the

next policy after one step gradient update. Using similar calculations as in Eq. (88),

. ,r gV oV
0 — 01 = V™01 () — V7™ (1) — < (M)79t+1 - 9t> + < (M)70t+1 - 9t>

2 00,
4 oV oy
= (e |01 — 0t||§ + <ae(m,9t+1 — 0t> (by Lemma 7)
o t
4ng ave: () ||? oV (1)
:<(1—7)3+m>-H&0t 2 (by Ory1 = 0p + i - —55-)
10 1
- 05 (by n¢ € (0, 1] and by Lemma 28)

ST—r @A

According to Theorem 4, we have §; > 0, §; — 0 as t — oco. Using similar arguments as in Eq. (89), we can show that for

all large enough ¢ > 1, §; < 1% - 6,41. Divide both sides of §; — 6,41 < ﬁ . (Al*)z 02 by 6t - 611,

1 1 10 1 0t 10 1 11 11

R e SR L V) E R P (R R VO R TR (R R PO B

Using similar calculations as in the proof of Theorem 7, we have,

* o, _ (1 — FY)S i (A*)2
Vip) =V (H)—5t2T7

for all large enough ¢ > 1. O

Proposition 4. Let r € [0, 1]% be arbitrary and consider 6 + E,, [r(a)]. The non-uniform Lojasiewicz degree of this
map with constant C(0) = my(a™) is zero.

Proof. We prove by contradiction. Suppose the Lojasiewicz degree of E,~.r, [r(a)] can be larger than 0. Then there exists
& > 0, such that,

Consider the following example, 7 = (0.6,0.4,0.2) ", mp = (1 — 3¢, 2¢,¢) T with small number € > 0.

dwg r
do

> C(0) - [(n* —m) ] .

2

(7" —mp) Tr =1r(a*) — 7y r = 0.6 — (0.6 — 0.8¢) = 0.8 - €.
According to the reversed Lojasiewicz inequality of Lemma 17,

|éie] <2 Y.

dmg 1.

o < — (7" — 7 T:7~(7T*77T9)TT§75~(7T*77T9)TT:0.6~€.
A 2

Also note that mp(a*) = 1 — 3¢ > 1/4. Then for £ € (0, 1], we have

do

2

2

-
dmy r

1
<O.6~e:Z-3-0.8-e<7r9(a*)-3~O.8~e:C’(9)'3-0.8-e.

2
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Next, since € > 0 can be very small,

where the second inequality is by (0.8 - €)¢ < 1/3 for small € > 0 since £ > 0. This is a contradiction with the assumption.
Therefore the Lojasiewicz degree £ cannot be larger than 0. O

dw; r
df

<C(0)-3-08-€=C(0)-3-(0.8-€)5-(0.8-6)¢ < C(0) (08-)"=C(0)- [(x —m9)Tr]"*,

2

Proposition 5. Fix 7 > 0. With C(0) = /27 - min, 7y (a), the Lojasiewicz degree of 6 — E, ., [r(a) — 7log mg(a)] is
at least 1/2.
Proof. Denote 69 = Eqr: [r(a) — 7log ¥ (a)] — Eqnn, [r(a) — 71og me(a)] as the soft sub-optimality. We have,

b9 = E [r(a) —7logm;(a)] = E [r(a) —7logm;(a)]— E [rlog7;(a)— Tlogmy(a)]

an~T a~Tg

a~Tg
= 7log Z exp{r(a)/7} — 7log Z exp{r(a)/7} + 7 - Dkvr(mg||7}) (since 7} = softmax(r/T))
=7 Dxy(mo|77)
2
T ||r (r/r—0)T1
<. Z_-p-— 1
<3| 0 % N (by Lemma 27)
1 (r—70)"1 2
= — j— — . 1
5 ||” 70 I _ (90)
Next, the entropy regularized policy gradient w.r.t. 6 is
d{my (r— 1
{my (r = 7log )} = H(mg)(r — 7logmp)
do
= H(my) (r — 70+ TlogZexp{G(a)} . 1)
= H(mg) (r — 76)
—70)"1
= H(mp) <r70(r;()~1),
where the last two equations are by H (7)1 = 0 as shown in Lemma 22. Then we have,
d{mg (r — tlogmg)} (r—70)"1
=||H -7 — —F+—— -1
I e el Ll G )
—70)"1
> minmg(a) - ||r — 70 — % -1 (by Lemma 23)
@ 2
-76)"1
ngnmg( ) - TTG(T[T().IHOO
> minmg(a) - V27 - /6 (by Eq. (90))

N

=27 main mo(a) - (GLEﬂ [r(a) — Tlog7i(a)] — alEm [r(a) — Tlogmy (a)]) ,

which means the Lojasiewicz degree of E,.r, [r(a) — Tlogmg(a)] is 1/2 and C'() = /27 - min, 7 (a). O
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B. Miscellaneous Extra Supporting Results

Lemma 18 (Ascent lemma for smooth function). Let f : RY — R be a 3-smooth function, § € R and ' = 6 + % . %(é”.

We have,

2

N 1[50
1) - 10 < 55| 208

J
Proof. According to the definition of smoothness, we have,
9f(9) B 5
AN / et /
1) 10) - (2520~ 0)| <5 1o -0l

which implies,

f(9)—f(9)<—<af( )y - e>+ﬂ-||9'—9§
2
S
2 2
O

_B‘H

Lemma 19 (First performance difference lemma (Kakade & Langford, 2002)). For any policies w and 7',

2

V() = V) = 1 S (9) 3 (7 (als) — wlals)) - Q7 (5.0)

S a

=L S a(5) Y 7 (als) - A7 (s,a).

1—x

S a

Proof. According to the definition of value function,

V™ (s) = V7 (s ):Z w'(als) - Q" (s,a) = D w(als) - Q" (s, a)

—Z (Q’T 5,0) = Q(5,a)) + Z( '(als) — 7(als)) - Q7 (s,0)

_Z s) - m(als)) - Q" (s,a +va (als) ZP s.0) - [V () = V(")

- ﬁ 5 () L () ~ 1) Q)

_ 1% Zw (Q(s'a) = VT(s)

_ ﬁ ' ( ZW CAT(s,a). O

Lemma 20 (Second performance difference lemma). For any policies m and 7',

V()= V() = 7= T a3 3 (7lals) = wlals) - @ (s.).

S a
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Proof. According to the definition of value function,
V) = V() = ) @7 (5.0) = S nlals) - Qo)
-y (@) - Q" (3,) + 3o (als) (7 (5:0) = @"(s10))
=2 () - Q" (s.) 4 3 w(als) 3Pl V) =V

ﬁ ax(s) Y (7 (@]s) - m(@'ls) - Q7 (s, ).

s’ a’
Lemma 21 (Value sub-optimality lemma). For any policy ,

V(p) = V() = —— dy(s) Y (" (als) — m(als)) - Q"(s,a).

L=y

S a

Proof. According to the second performance difference lemma of Lemma 20, the result immediately holds.

Lemma 22 (Spectrum of H matrix). Let 7 € A(A). Denote H(r) = diag(w) — wn". Let
Denote the eigenvalues of H () as

Then we have,

wi—1) < X\ <7(i), i =2,3,..., K.

Proof. According to Golub (1973, Section 5),

7(1) =77 < A\ < 7(1),
(i —1) < X\ <m(i), 1 =2,3,..., K.

We show A\; = 0. Note
H(n)1 = (diag(r) — 77 )1=n—7=0-1.

Thus 1 is an eigenvector of H (7) which corresponds to eigenvalue 0. Furthermore, for any vector 2 € R,

" H(m)x = Ifr:[m Ox] — (]E[:c])2 = Var,[z] > 0,

T

which means all the eigenvalues of H (7) are non-negative.

Lemma 23. Let 7 € A(A). Denote H(r) = diag(n) — 7w !. For any vector x € RX,

r’1 r’1
_ . < (1—mi e = 2=
H(Id H(r)) (aj 7 1) = (1 m;nﬂ'(a)) T- 1 g
r’1 r'1
. > mi e = 2=
HH(’IT) <x e 1) |2 mamw(a) T - 1 )
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Proof. x can be written as linear combination of eigenvectors of H (),

1
T=a1 —— + a2+ -+ agVk

VK

z'1
= ?~1+a2v2+'~~+aKvK.
Since H () is symmetric, {#, V9y.vny ¥ K} are orthonormal. The last equation is because representation is unique, and
+ 1 r'1
o= — = —.
VK VK
Denote
, 1
x :x—7-1:a2v2+---+aKvK.
We have
2113 = a3 + -+ + ai.
On the other hand,
(Id — H(m))2" = a2(1 — Ao)ve + -+ ax (1 — Ag)vk
Therefore
|(Id — H(7))2'||2 (a (1—X2)? a1 - k) )E
1
< (a3 4~ +a%k) - (1= 22)?)"

((
(1= 2X2) - [|2"]2
S(l mlnﬂ' ) |']]2,

where the first inequality is by 0 < 7(1) < Ay < -+ < Ag < 7(K) < 1, and the last inequality is according to
A2 > m(1) = min, 7(a), and both are shown in Lemma 22. Similarly,

(B

|H(m)z'||2 = (a3A3 + -+ + ak A)
1
> ((a3+ - +ak)-A3)®

=Xz - [l2']2

> minm(a) - [|2']|2- O
a
Lemma 24. Let myp = softmax(0) and g, = softmax(0’). Then

o — 7orll o < 21160 — 0|

Proof. See Xiao et al. (2019, Lemma 5), our proof is for completeness. Since g, 7wy, € [0, I]K

o — 7o || < [[logmg —log mor|
9—0 — <logZeXp{0(a)} - logZexp{@’(a)}) 1

+ |log Z exp{f(a)} — log Z exp{0'(a)

<2 ||9_9lHoo’

oo

<6 -6l

where the last inequality is according to Nachum et al. (2017, Lemma 8). O
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Lemma 25 (Soft performance difference lemma). For any policies m and 7',

S a

(0 = V(o) = 1= L) [Z (' (als) — n(als)) - [@ (5, ) — Tlog'(a]s)] + 7 DKL<w<-|s>w’<~|s>>].

Proof. According to the definition of soft value function,

’

V™ (s) = V7 (s) = Y w'(als) - [@7 (5,a) = Tlog 7' (als) | - Z (als) - |@"(s.0) — Tlog w(als)]

a

—Z ) —m(als)) - [Q’T (s,a) — Tlog 7' (a|s }—FZ (als) [ (s,a) — Tlog 7’ (als) — Q“(s,a)+710g7r(a|s)}

= 2 (<lals) = wlals)) - [ (5:0) = log(al)] + 7 Diu (1) (1)) + 1 X wlels) B P(lova) - [V () = V()
- ﬁ >3- [Z (n'(@'ls") — 7(a]s) - [Q7 (+',a') — Tlog ' (a']5")] +T-DKL<w<-|s’>|w’<-|s'>>]. o
Lemma 26 (Soft sub-optimality lemma). For any policy ,
V() = V7 (0) = 1= X [43() - Dra (el w3 (1)

Proof. According to Nachum et al. (2017, Theorem 1), ¥(s, a),

Tlogmi(als) = Q" (s,a) — V™ (s). o1

According to the soft performance difference lemma of Lemma 25,

VT (s) = V7(s) = 1; () [;w:(aws’)—wms')» Q7 (') = Tlog mi(a]s)| + 7+ Dicw.(n([s) |2 (1)
= 2 [Z (w2 (@]s') — w(al]s")) - V7 () 7 DKL<w<-|s’>|w:<-|s’>>] (by Eq. O1)
- S (111 VT - Dula s (15)]

— 1 S 7 Daar(1)l (5] =

s/

Lemma 27 (KL-Logit inequality). Let mg = softmax(6) and mg: = softmax(0’). Then for any constant ¢ € R,

1
Dcw(mollmor) < 5 -0 =0 — - 12
In particular, let ¢ = %, we have
1 0 —0) ?
D < =0 —-6— -1
KL (7ol 7o) 5 ‘ e .

Proof. According to the £; norm strong convexity of negative entropy over probabilistic simplex, i.e., for any policies 7, 7’

i

1
Tlogn’ >n logm + (n' — )T logm + 3 ||ﬂ-—ﬂ"\|f,
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we have (let m = my, and 7’ = 7y/),
Dy, (mgl|mer) = 7T;— log g — mgr | log mgr — (mp — 7T9/)T log Ty
1
< (mg — mg:) " logmg — 5 |lmg — 7T9/H? — (mg — ) " log g
1
= (mg — mg) " (log g — log mg:) — 3 |lmg — 7r9/||%
1

—wwﬂwf{a—w—Q%§jmmmmy4%§jmmamn>41—zwm—wmﬁ

1
= (mg — 7o) (0—0) — 3 7o — 7o |2

1
::@g_wwﬂ(9_9h_a1)_§.ww_wmﬁ (since (19 — mg) T¢- 1 = 0 holds Ve € R)
1
<|0—6 —c-1|-|mg — 7o, — 5.uﬂ947we4ﬁ (by Hélder’s inequality)

1
<5 lo—0—c1).

. . . . 2
where the last inequality is according to ax — bx? < &

@ Va,b > 0. 0

Lemma 28 (Reversed Lojasiewicz). Denote A*(s) = Q*(s,a*(s)) — max,zq+(s) Q" (s, a) > 0 as the optimal value gap
of state s, where a*(s) is the action that the optimal policy selects under state s, and A* = minges A*(s) > 0 as the
optimal value gap of the MDP. Then we have,

oV ()
0

Proof. Denote A*(s,a) = Q*(s,a*(s)) — Q*(s,a), and A*(s) = ming,-(5) A*(s,a). We have,

Vi) =V (i) = 1—~ dy* () Z (m*(als) — mo(als)) - Q" (s, a) (by Lemma 21)
= ﬁ Ze(s). ZWG(MS)'Q*(S»a*(3)>_Zﬂe(a|8)-Q*(s,a)
:féi dro(s)- | > molals) @ (s,a%(s) = D mlals) Q*(s,0)

s La#a*(s) aFa*(s)

LS s | Y melals) - A(s,a)

s LaF#a*(s)

> —Sdv(s) | S0 mlals)| - A% (s).

s LaF#a*(s)
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Since Q™ (s,a) € [0,1/(1 —~)], and V™ (s) € [0,1/(1 — ~)], we have |A™ (s, a)| € [0,1/(1 — ~)]. Also,

|A™ (s, a%(5))] = |Q™(s,a"(s)) = > _ mo(als) - Q™ (s, a)

=1 D molals) - [Q(s,a%(s) — Q™ (s,a)]

aFa*(s)
= Z mo(als) - |Q™ (s,a”(s)) — Q™ (s, a)| (by the triangle inequality)
a#a*(s)
1
STy &, e (because Q™ (s,a) € [0.1/(1 ~ 7))

Therefore the /5 norm of gradient can be upper bounded as

[MES

ov™e () 1 | 7o (2 2 ame 2
|75 = [ e el 4
= — 9(s)*- | mo(a™(s)|s)” - A™(s,a"(s))” + mo(als)” - A™ (s, a
1i,}/ dz 2 * 2 AT * 2 2 A™ 2
L s aF#a*(s)
- , 3
1 To 2 1 2 1
ST > dre(s)? 1-7(1_7)2- > mlals)| + > malals) Ao
i s aFa*(s) a#a*(s)
27 2
1
<—— - Dod ()2 | > molals) by [lzfl2 < [lzllv)
(1=7) . atar(s)
1
S s V2 dp(s) - | Y melals) | oy [lz]l2 < |zl
(1-=7) . star(s)
Combining the results, we have
ovTe 1
S e WACH D IR
00 s (1—7) . sran(s)
1 V2 1 - .
ST A Ty 2 aiaZ*(S)We(als) A
1 V2 1
< — — dre(s) - mo(als)| - A*(s (by A* < A*(s) holds for all s)
T a T )| B mle| A ey (5)
1 V2
< . . * _ /T .
ST A& V() = V™ (p)] O

C. Sub-optimality Guarantees for Other Entropy-Based RL Methods

Some interesting insight worth mentioning in the proof of Lemma 15 is that the intermediate results provides sub-optimality
guarantees for existing entropy regularized RL methods. In particular, Egs. (80) and (81) provides policy improvement
guarantee for Soft Actor-Critic (Haarnoja et al., 2018, SAC), and Eqs. (82) and (83) provide sub-optimality guarantees for
Patch Consistency Learning (Nachum et al., 2017, PCL).
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Remark 6 (Soft policy improvement inequality). In Haarnoja et al. (2018, Eq. (4) and Lemma 2), the policy is updated by
exp {Q™" (s,-)} )
Yaexp{Q™ (s, a)} )’

which is exactly the KL divergence in Eq. (81), with T¢(+|s) defined in Eq. (80). The soft policy improvement inequality of
Eq. (81) guarantees that if the soft policy improvement is small, then the sub-optimality is small.

Tg, ., = argmin Dk, (TF@(-|S)

o

Remark 7 (Path inconsistency inequality). In Nachum et al. (2017, Theorems I and 3), it is shown that

* (i) soft optimal policy 7} satisfies the consistency conditions Egs. (25) and (26);

* (ii) for any policy m that satisfies the consistency conditions, i.e., if Vs, a,
m(a|s) = exp {(Q’T(s, a) — f/”(s))/T} )
V7(s) = rlog Y exp {Q7(s,0)/7}

then m = 7}, and VT =V

However, Nachum et al. (2017) does not show if the consistency is violated during learning, how the violation is related to
the sub-optimality. To see why Lemma 15 provides insight, define the following “path inconsistency”,

r(s,a) + 7279(5’|s, a)V™(s') = V™ (s) — logm(als) = Q™ (s,a) — V™(s) — 7 log m(als), (92)

which captures the violation of consistency conditions during learning. Note that for softmax policy mg(-|s) =
softmax(0(s, -)), the rh.s. of Eq. (92) can be written in vector form as

Q™ (s,) = V™(s) - 1 —rlogm(-|s) = Q(s,-) = V™(s) - 1 — 70(s,-) + Tlog Y _ exp{0(s,a)} - 1.

Denote cy(s) = w —log >, exp{l(s,a)}, and using Lemma 27 in the proof of Lemma 15, in particular, Eq. (82),

2

zkamu@waw»s;Mfo”—e@»—@@yl
1 ~ - - 2
= 55| @ (s = V() - 1= Tlogm(ls)||

Using the above results in Eq. (83),

- - 3 1 Ak - .
T (p) — Ve < . .|| E AT (s) - |0 (s, ) =V (s)-1 — 711 .
|:V (p) Vv (,0):| = \/ﬁ \/? dzg 4 1% (S) HQ (Sa ) Vv (5) T Ogﬂ-Q( |5) o
= 11_ = 7\/127 : Z%; N gs Vi (s) - max r(s,a) +~ ES/ P(s'|s,a)V7(s") — Tlogmg(als) — V™ (s)],

(93)

where (square of) )r(s, a) +v3, P(s'|s,a)V™ (s") — 7log mg(als) — V™ (s)’ is exactly the (one-step) path inconsis-
tency objective used in PCL (Nachum et al., 2017, Eq. (14)). Therefore, minimizing path inconsistency guarantees small
sub-optimality. The path inconsistency inequality of Eq. (93) implies path consistency of Nachum et al. (2017).

D. Simulation Results

To verify the convergence rates in the main paper, we conducted experiments on one-state MDPs, which have K actions,
with randomly generated reward r € [0, 1]%, and randomly initialized policy 7, .



On the Global Convergence Rates of Softmax Policy Gradient Methods

D.1. Softmax Policy Gradient

K =20, r € [0,1]¥ is randomly generated, and 7y, is randomly initialized. Softmax policy gradient, i.e., Update 1 is used
with learning rate n = 2/5 and T' = 3 x 10°. As shown in Fig. 2(a), the sub-optimality §; = (7* — 7T9t)T r approaches 0.
Subfigures (b) and (c) show log d; as a function of logt. As logt increases, the slope is approaching —1, indicating that

log §; = —logt + C, which is equivalent to 6, = C’/t. Subfigure (d) shows 7, (a*) as a function of ¢.
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Figure 2. Softmax policy gradient, Update 1.

D.2. Entropy Regularized Softmax Policy Gradient

K = 20,7 € [0,1]¥ and 7y, are the same as above. Entropy regularized softmax policy gradient, i.e., Update 2 is
used with temperature 7 = 0. 2 learning rate 7 = 2/5 and T' = 5 x 10%. As shown in Fig. 3(a), the soft sub-optimality
oy =7 (r —rlogn*) —mg, T (r — 7logme,) approaches 0. Subfigure (b) shows log &; as a function of ¢. As ¢ increases,
the curve approaches a straight line, indicating that log &, = —C} - t + C, which is equivalent to &, = CY/ exp{C] - t}.
Subfigure (c) shows (; as defined in Lemma 11 as a function of ¢, which verifies Lemma 12. Subfigure (d) shows min, 7y, (a)
as a function of ¢. As ¢ increases, min, g, (@) approaches constant values, which verifies Lemma 13.
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Figure 3. Entropy regularized softmax policy gradient, Update 2.

D.3. “Bad” Initializations for Softmax Policy Gradient (PG)

As illustrated in Fig. 1, “bad” initializations lead to attraction toward sub-optimal corners and slowly escaping for softmax
policy gradient. Fig. 4 shows one example with K = 5. Softmax policy gradient takes about 8 x 10° iterations around a
sub-optimal corner. While with entropy regularization (7 = 0.2), the convergence is significantly faster.
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Figure 4. Bad initialization for softmax policy gradient.
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(d) Entropy regularized softmax PG.



