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Abstract

We study independent component analysis with
noisy observations. We present, for the first time
in the literature, consistent, polynomial-time al-
gorithms to recover non-Gaussian source signals
and the mixing matrix with a reconstruction error
that vanishes at a 1/+/7 rate using T observa-
tions and scales only polynomially with the nat-
ural parameters of the problem. Our algorithms
and analysis also extend to deterministic source
signals whose empirical distributions are approx-
imately independent.

1. Introduction

Independent Component Analysis (ICA) has received
much attention in the past decades. In the standard ICA
model one can observe a d-dimensional vector X that is a
linear mixture of d independent variables (S1, . .., S4) with
Gaussian noise:

X = AS +e, (1)

where € ~ N (0, ) is a d-dimensional Gaussian noise with
zero mean and covariance matrix 3, and A is a nonsingular
d x d mixing matrix. The goal of the observer is to recover
(separate) the source signals and the mixing matrix given
several independent and identically distributed (i.i.d.) ob-
servations from the above model. The ICA literature is vast
in both practical algorithms and theoretical analyses; we
refer to the book of Comon and Jutten (2010) for a com-
prehensive survey. In this paper we investigate one of he
most important problems in ICA: finding consistent, com-
putationally efficient algorithms with finite-sample perfor-
mance guarantees. In particular, we aim to develop al-
gorithms whose computational and sample complexity are
polynomial in the natural parameters of the problem.
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A popular approach to the ICA problem is to find a linear
transformation W for X by optimizing a, so-called, con-
trast function that measures dependence or non-gaussianity
of the resulting coordinates of W .X. The optimal W then
can serve as an estimate of A~!, thereby recovering the
mixing matrix A. One of the most popular ICA algorithms,
FastICA (Hyvarinen, 1999), follows this approach for a
specific contrast function. FastICA has been analyzed the-
oretically from many aspects (Tichavsky et al., 2006; Oja
and Yuan, 2006; Ollila, 2010; Dermoune and Wei, 2013;
Wei, 2014). In particular, recently Miettinen et al. (2014)
showed that in the noise-free case (i.e., when X = AS), the
error of FastICA (when using a particular forth-moments-
based contrast function) vanishes at a rate of 1//7 where
T is the sample size. In addition, several other methods
have been shown to achieve similar error rates in the noise-
free setting (e.g., Eriksson and Koivunen, 2003; Samarov
et al., 2004; Chen and Bickel, 2005; Chen et al., 2006).
However, to our knowledge, no similar finite sample results
are available in the noisy case.

On the other hand, several promising algorithms are avail-
able in the noisy case that make significant advances to-
wards provably efficient and effective ICA algorithms, al-
beit fall short of providing a complete solution. Using a
quasi-whitening procedure, Arora et al. (2012) reduces the
problem to finding all the local optima of a specific func-
tion defined using the forth order cumulant, and propose a
polynomial-time algorithm to find them with appealing the-
oretical guarantees. However, the results depend on an un-
specified parameter (5 in the original paper) whose proper
tuning is essential; note that even an exhaustive search over
[ is problematic, since its valid range is not well under-
stood.

The exploitation of the special algebraic structure of the
forth moments induced by the independence leads to sev-
eral other works related to ICA (Hsu and Kakade, 2013;
Anandkumar et al., 2012a;b). A similar idea is also dis-
cussed earlier as a intuitive argument to construct a contrast
function (Cardoso, 1999). The first rigorous proofs for this
idea are developed using matrix perturbation tools in a gen-
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eral tensor perspective (Anandkumar et al., 2012a;b; Goyal
et al., 2014). A common problem faced by these methods
is a minimal gap of the eigenvalues, which may result in
an exponential dependence on the number of source sig-
nals d. More precisely, these methods all require an eigen-
decomposition of some flattened tensor where the minimal
gap between the eigenvalues plays an essential role. Al-
though the exact size of this gap is not yet understood,
a naive analysis introduces an exponential dependence on
the dimension d. Such dependence is also observed in the
literature (Cardoso, 1999; Goyal et al., 2014). One way
to circumvent such dependence is to directly decompose a
high-order tensor using the power method, which requires
no flattening procedure (Anandkumar et al., 2014). How-
ever, when applied to the ICA problem, this introduces
a bias term and so the error does not approach O as the
sample size approaches infinity. Another issue is the well-
known fact that the power method is unstable in practice for
high-order tensors. Goyal et al. (2014) proposed another
method by exploring the characteristic function rather than
the forth moments. However, their algorithm requires pick-
ing a parameter (o in the original paper) that is smaller than
some unknown quantity, making their algorithm impossi-
ble to tune. Recently, Vempala and Xiao (2014) proposed
an ICA algorithm based on an elegant, recursive version of
the method of Goyal et al. (2014) that avoids dealing with
the aforementioned minimal gap; however, they still need
an oracle to set the unspecified parameter of Goyal et al.
(2014).

In this paper we propose a provably polynomial-time algo-
rithm for the noisy ICA model. Our algorithm is a refined
version of the ICA method proposed by (Hsu and Kakade,
2013) (HKICA). However, we propose two simpler ways,
one inspired by Frieze et al. (1996), Arora et al. (2012),
and another based on Vempala and Xiao (2014), to deal
with the spacing problem of the eigenvalues under simi-
lar conditions to those of Goyal et al. (2014). Unlike the
method proposed by Goyal et al. (2014), our first method
can force the eigenvalues to be well-separated with a gap
that is independent of the mixing matrix A, while our sec-
ond method, based on the recursive decomposition idea of
Vempala and Xiao (2014), avoids dealing with the mini-
mum gap (on the price of introducing other complications).
We prove that our methods achieve an O(1/+/T) error in
estimating A and the source signals, with high probability,
such that both the convergence rate and the computational
complexity scale polynomially with the natural parameters
of the problem. Our method needs no parameter tuning,
which makes it even more appealing.

Another contribution of the present paper is that our anal-
ysis is conducted in a deterministic manner. In practice,
ICA is also known to work well for unmixing the mix-
ture of various deterministic signals. One of the classical
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Figure 1. Example of ICA for deterministic sources: The first two
rows show the source signals s1(¢) = 0.5 — [t — 2[t/2]], s2 =
cos(t), the next two rows present the observations with mixing
1 -2
26 5.1
signals are shown for FastICA, HKICA, and DICA after sampling
As(t) at 10000 uniformly spaced points in the interval [0, 15].

matrix A = . The reconstructed (and rescaled)

demonstrations of ICA is showing that two periodic sig-
nals can be well recovered from their mixtures (Hyvérinen
and Oja, 2000). Such an example is shown in Figure 1.
It can be seen that our algorithm, DICA, in this particu-
lar example, can solve the problem better than other algo-
rithms, FastICA (Hyvarinen, 1999) and HKICA (Hsu and
Kakade, 2013). Such phenomenon suggests that the usual
probabilistic notion is unsatisfactory if one wishes to have
deeper understanding of ICA. Our deterministic analysis
helps investigate this curious phenomenon without losing
any generality to the traditional stochastic setting. For-
mally, instead of observing 7" i.i.d. samples from (1), the
source signals are defined by the function s : N — R% be a
d-dimensional deterministic “signal”, and the observations
are z(t) = As(t) + €, where (;);2, is an i.i.d. sequence
of d-dimensional A/ (0, ) random variables.

The rest of this paper is organized as follows: The ICA
problem is introduced in detail in Section 2 and our main
results are highlighted in Section 3. The polynomial-time
algorithms underlying these results are developed through
the next two sections: Section 4.1 is devoted to the analysis
of the HKICA algorithm, also showing its disadvantages,
while our new algorithms are presented in Section 5. Ex-
perimental results are reported in Section 6. Proofs are pre-
sented in the full version of the paper (Huang et al., 2015).

1.1. Notation

We denote the set of real and natural numbers by R and N,
respectively. A vector v € K for a field K is assumed
to be a column vector. Let ||v||2 denote its Ly-norm, and
for any matrix Z let || Z||2 = max,.|y|,=1 [|Zv||2 denote
the corresponding induced norm. Denote the maximal and
minimal singular value of Z by oax(Z) and omin(Z2),
respectively. Also, let Z; and Z;. denote the ith column
and, resp., row of Z, and let Z(3 nin) = min, [|Z;]]2,
Z(Q,max) = maxX; HZZH? and Zmax = maX;; |Zz,g|
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Clearly, omax(Z) = [|Z|l2 > Z(2,max) = Zmax> and
Omin(Z) < Z(2,min)- For a tensor (including vectors and
matrices) 7', its Frobenious norm (or Ly norm) ||T||F is
defined as the square root of the sum of the square of all
the entries. For a vector v = (v1,...,v4) € K%, |v] is
defined coordinatewise, that is |v| = (Jvy],...,|vq|). The
transpose of a vector/matrix Z is denoted by Z ', while
the inverse of the transpose is denoted by Z~'. The
outer product of two vectors v,u € K< is denoted by
u®v = uv'. v® denotes the k-fold outer product of v
with itself, that is, v®@u®wv . . .®v, which is a k-dimensional
tensor. Given a 4-dimensional tensor 7', we denote the
matrix Z by T(n,n,-,-) that is generated by marginaliz-
ing the first two coordinates of 7" on the direction 7, that
is, Z; j = ZthQ:l My M They ks i,5- (Similar definitions
for marginalizing different coordinates of the tensor.) For
a real vector v and some real number C, v < C means
that all the entries of v are at most C. The bold symbol
1 denotes a vector with all entries being 1 (the dimension
of this vector will always be clear from the context). Fi-

nally, Poly (-, - - ,-) denotes a polynomial function of its
argument.
2. The ICA Problem

In this paper we consider the following non-stochastic ver-
sion of the ICA problem. Assume that we can observe
the d dimensional mixed signal z(t) € R4t € [T] =
{1,2,...,T} generated by

x(t) = As(t) + €(t), ()
where A is a d x d nonsingular mixing matrix, s : [T] —
[~C, C]¢ is a bounded, d-dimensional source function for
some constant C' > 1. , and € : [T] — R< is the noise
function. We will denote the ¢th component of s by s;.
Furthermore, we will use the notation o, = Omin(4)
and Omax = Omax(A).

For any ¢,k > 1 and signal u : [t] — R, we introduce the
empirical distribution v’ defined by v\*)(B) = i{r €
[t] : u(t) € B}| for all Borel sets B C R*. Next we will
impose assumptions on the empirical measure that guaran-
tee that on the average we do not deviate too much from the
stochastic model. The next assumption implies that the em-
pirical distributions of the source signals are approximately
zero mean, and that the noise is approximately zero-mean
Gaussian.

Assumption 2.1. Assume there exists a constant L and a
function g : N — R such that g(¢) — 0 as ¢ — oo and

M) By colSilllr: By, oY]lr < g(®);
K3 t t

(i) [y o[V 27, By oY)l < L:

Gii) |[(By 0 V®] = (B0 VO (n1,-,°)

—2(E, YD, 00| < 9@l

Here L and the function g may depend on {A, 3, C, d}.

Remark 2.2. The first assumption forces the average of s
and € decay to 0 at a rate of g(¢). The next one requires
that both the second and third moments of the noise be
bounded. The last assumption basically says that the in-
duced measure of the noise function € has 0 kurtosis in the
limit.

We will also need to guarantee that the source signals and
the noise be approximately independent:

Assumption 2.3. Assume the source signal function and
the noise function are ‘independent’ up to the 4th moment
in the sense that for any 1, i2, 71, j2 > O such that ¢ +i2+

J1+ 72 <4,
[Eg 0o [(AS)5 9K, [V 9]0 (45)5]

—E (g y)unie0 [(AS)T @Y @ (AS)®"]||» < (1),

||IE [Y®j1 ® ESNUt(S) KAS)@z'l] ® Y®j2]

[V @ (AS)®" @ Y®72)|p < ¢(t),

le/t(e)
_ E(S,Y)~ut(s’5)
for the same function g in Assumption 2.1, where (s, €) is
the function obtained by concatenating s and e together.

The sufficiency of such weaker assumptions is also dis-
cussed in the paper of Frieze et al. (1996). The next propo-
sition shows that these assumptions are all satisfied, with
high probability, for the traditional stochastic setting of the
ICA model with Gaussian noise independent to the source
signals.

Proposition 2.4. In the traditional stochastic setting of
ICA, that is, when (s(t))¢c[r is an i.i.d. sequence, indepen-
dent of the i.i.d. Gaussian noise sequence (€(t))¢c|r),there
exists L = Poly (Amax, II%]|2, C, d, %) and g(t) = L/ V4,
such that Assumptions 2.1 and 2.3 hold with probability at
least 1 — 4.

On the other hand, our setting can also cover some other
examples excluded by the traditional setting, such as the
example of Figure 1 in Section 1.

Example 2.5. Assume that the unknown sources s; (1 <
1 < d) are deterministic and periodic. Our observation
x = As + € is a linear mixture of s contaminated by
i.i.d. Gaussian noise for each time step, where A is a non-
singular matrix and € ~ N(0, ) is Gaussian. Even though
€ isi.i.d. for every time step, the observations cannot satisfy
the traditional i.i.d. assumption, since the source s is deter-
ministic. However, it can be proved that if the ratio of the
periods of each pair of (s;,s;) is irrational, this example
satisfies all the assumptions above for 7" large enough.
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Our setting also extends the traditional one to a practically
important case, Markov sources.

Example 2.6. Assume that s; is a stationary and ergodic
Markov source, and the sources are independent of each
other for 1 < 4 < d. Our observations are similar to the
setting in Example 2.5. Because of the Markov property,
the observations do not satisfy the i.i.d. assumptions. On
the other hand, it can be verified that this example satisfies
the above assumptions.

3. Main Results

The ICA approach requires that the components s; of the
source signal s be statistically independent. In our setup,
we require that the empirical distribution 1/7(? ) be close to a

product distribution.

Fix some product distribution g = g1 ® ... ® ug over
R? such that Eg;~,,,[S;] = 0 and ; = |[Eg,~,,[S}] —
3 (Es;mps [Sf])2 # 0. Let K denote the diagonal matrix
diag(k1,- - ,Kq), and define Koy = max; k; and Kpyin =
min; K.

To measure the distance of Vé«s ) from p, define the follow-

ing family of “distances” to measure the closeness of two
distributions: Given two distributions v; and v over R?,

let Dy (v1,12) = suppez| [ f(s)dvi(s) — [ f(s)dva(s)

[l

where F = {f : R —» R : f(s) = H§=1Si_7,1 <
i1,...,0p < d} is the set of all monomials up to degree
k. Finally let

&= (6C2Ds(u ) + Da(u?)) . B

In general, we will need a condition that ¢ is small enough,
so that the components of s are “independent” enough. To
this end, one should choose y to minimize &; however, such
a minimizer does not always exists. Generally, p could
be selected as the product of the limit distributions, if ap-
plicable, of the individual sources. On the other hand, in
the traditional stochastic setting where the observations are
ii.d. samples, the empirical distribution will converge to
the population distribution, which, based on the indepen-
dence assumption, is a product probability measure. There-
fore, in this case, £ will be small for large enough sample
sizes.

Example 3.1. Let p; be a Bernoulli distribution
11({0.5}) = 1/2 and p;({—0.5}) = 1/2, and po to be
a distribution with density function p(x) = ﬁ for
—1 < z < 1. For the demonstration example in Figure
1, pick = p1 ® po. It is easy to see that p1 (uo) is the
limit distribution of source 1 (respectively, source 2). Let
T = 2 % u + b as the division with remainder, where u is
integer and 0 < b < 2. Moreover, assume b < 1 (sim-
ilar analysis will go through for the case of b > 1). The

induced distribution v of source 1 is v3 ({0.5}) = “£b

and v ({—0.5}) = #. Thus the total variation distance of
w1 and vt is at most 1/(27"). Similarly, it can be verified
that the total variation distance of v and p also decays as
1/T. Thus, Dy is O(1/T), since the monomials f(s) in the
definition of D, are bounded from above by 1. Lastly, note
that D5 is upper bounded by D, by definition, so ¢ decays
ata 1/T rate.

Now we are ready to state our main result, which shows
the existence of polynomial-time algorithms for ICA that
reconstructs the mixing matrix A with error that vanishes
at an O(1/+/T) rate for T samples and is also polynomial
in the natural parameters of the problem:

Theorem 3.2. Consider the ICA problem (2). There ex-
ists an algorithm that estimates the mixing matrix A from
T samples of x such that (i) the computational complex-
ity of the algorithm is O(d>T); and (ii) if Assumptions 2.1
and 2.3 are satisfied,

1 1
TZPOIY (d7 ,*7L7C,Umax7

; )
- - b
Kmin 4] Omin

and there exists a product distribution (i such that

1 1 1
D4(,u7 VT) < POly (Cyaminy max’ aa 57 ’imin) )
then, with probability at least 1 — 0, there exists a per-
mutation 7 and constants {ci1,...,cq}, such that for all
1<k<d )
ek Arey — Akllz < C (Da(p, vr) + g% (T) + g(T))

where C = Poly (0max, 1/0min, 1/Kmin, 1/6,d,C, L), and
A is the output of the algorithm.

In particular, in the traditional stochastic setting, if S has
distribution u and

1 1 1
TZPOly (d777070ma){? ’HZQ) ’
Omin

Kmin 0

then, with probability at least 1 — §, there exists a per-
mutation T and constants {ci,...,cq}, such that for all
1<k<d,

Omin ' Kmin
V2T

Remark 3.3. Note that the result is polynomial in 1/6
which is weaker than being polynomial in log(1/6).

N Poly <07 Omax; ! . > %7 d)
llex Arey — Arll2 < .

In the next sections, we will present two algorithms, DICA
(Algorithm 2 and HKICA.R (Algorithm 3) in Section 5 that
satisfy the theorem.

4. Estimating Moments: the HKICA
Algorithm

In this section we introduce the ICA method of Hsu and
Kakade (2013) which is based on the well-known excess-
kurtosis-like quantity defined as follows:
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Foranyp > 1,7 € R?, and distribution v over R%, let

m{) () = Ex[(n X)7], )

o) =35 (mm) = 3mP?) . ©)
Hsu and Kakade (2013) showed that V> f (), the sec-
T
ond derivative of the function fu“”)’ is extremely useful
T

for the ICA problem: They showed that if (X) is the
distribution of the observations X in the stochastic set-
ting where S comes from the product distribution p, then
fux)(n) = fau(n) for all n (where Ay denotes the distri-
bution of AS) and, consequently, the eigenvectors' of the
matrix M = V2[00 (6)(V2f,x) (4)) " are the rescaled
oT A,
YT A;
an algorithm, one needs to estimate V2 f ,(x) in such a way
that the noise e could still be neglected.

columns of A if are distinct for all 4. Thus, to obtain

An estimate V2 f of V2 f,x) is not hard, since for any v,
V2f,(n) can be computed as

V2 £, (n) = Gu(n) == GV ()~ G (1) —2GS" (), (6)

where

G () = Ex[(n X)2XXT;
G () = Exl(n" X) JExn [ XX T];
G () = Exm[(nT X)X Ex[(nT X)X T,

and these quantities can be estimated using the observed
samples. In what follows, we will use the estimate
\V& f = V2 fym and, in general, we will add a “hat”
to quantities which are derived from the empirical distri-
bution V(TI). It is important to note that, under our as-
sumptions, the noise € has limited effect in the estima-
tion procedure, as shown in the full version of the pa-
per (Huang et al., 2015). In particular, the difference in
the estimation of the Hessian matrix caused by the noise
is Poly (L, L, d, omax, C) (g(T) + 1) g(T'). Denote this
quantity by P(L,). Note that this error caused by the noise
decays at a rate of \/7. Putting everything together, we
obtain the algorithm HKICA, named after Hsu and Kakade
(2013), which is shown in Algorithm 1,

Algorithm 1 The HKICA algorithm.
input z(t) for1 <t <T.
output An estimation of the mixing matrix A.

1: Sample ¢ and v independently from a standard Gaus-
sian distribution of dimension d;
Evaluate V2 f(¢) and V2f (1)),
Compute 17 = (V* (6))(V2/ (1))
Compute all the eigenvectors of M, {p1, ...
Return A = (puq, ..., pig).

s Hd )

!"Throughout the paper eigenvectors always mean right eigen-
vectors, unless specified otherwise.

4.1. Analysis of HKICA

Hsu and Kakade (2013) claimed that HKICA is easy to an-
alyze using matrix perturbation techniques. In this section
we provide a rigorous analysis of the algorithm, which re-
veals some unexpected complications.

Definition 4.1. Let £ denote the following event: For
%Eforo < ¢ < 1, and
L, > V2d, min; [T A;| > Oy and ||[¢||2 < L, hold
simultaneously.

some fixed C; =

The performance of the HKICA algorithm will essentially
depend on the parameter 7 4, as shown in the following the-

orem, where 9 )

Pl A; ¢ A

YT A; YTA; ) |
Theorem 4.2. Suppose Assumptions 2.1 and 2.3 hold. Fur-
thermore, assume that

)

YA = min
1,J1iA]

1 1 1 1
T > POly (d, Lu, O, Omax; Fmax, L,- )

) ) 3 )
14 Rmin Omin YA
and that there exist a product measure | such that

1 1 1 1
— 5 Fmin; Omin, 2.

FE ) ’
d Lu Omax HFmax

& < Poly (’)’A:

Then, on the event &p, there exists a permutation ™ and
constants {cy, . .., cq}, such that for any k,

2 1
_ <
max e Any = Adlle < =€+ P(L))Q - )

where A is the output of the HKICA algorithm, and

1 1 1
Rmin ’ Omin ’ 4 ’

Remark 4.3. (i) Note that the bound in (8) goes to zero
at an O(1/v/T) rate whenever Dy(p, vi) = O(1/V/T)
and g(T) = O(1/V/T), as, e.g., in the stochastic setting.
(ii) The parameter 1/v4 is essential in the above theo-
rem, in the sense that not only the reconstruction error
bound is linear in 1/ 4, but the condition also requires a
small 1/v4 so that the above error bound is valid. Also,
since 74 is the minimum spacing of the eigenvalues of
M = V?f4,(0)(V?fa, ()1, the eigenvalue perturba-
tions imposed by the noise cannot be too large compared to
~ 4 without potentially ruining the eigenvectors of M thus,
the dependence on 4 seems necessary.

Q = POly <d’ Lu7 Umaxa Hmaxa

Despite the important role that v4 plays in the efficiency
of the HKICA algorithm, it is not clear how it depends on
different properties of A. To the best of our knowledge,
even a polynomial (in the dimension d) lower bound of 74
is not yet available in the literature. Similar problems have
been discussed by Hiisler (1987) and Goyal et al. (2014),
but there solutions are not applicable to our case.
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5. A Refined HKICA Algorithm

The problems with 4 motivate us to refine the HKICA
algorithm. The idea is inspired by Arora et al. (2012) and
Frieze et al. (1996) using a quasi-whitening procedure:

One can show that V2f,(¢) = AKDyA" where
Dy = diag((¢TA41)% -, (¥ A44)?), and so
B = AKY 2D11/ ’RT for some orthonormal ma-
trix R. Defining 7, = VZ2f,(B~"¢;), one can
calculate that T; = AKY 2D;1/ 2Al-AT where
A; = diag ((¢] R1)?,...,(¢; Rq)?) and R; denote
the ith column of R. Then M = T\T, ' = AAA~!

2 2
win A = g = aue ((358)", 0 (35) )

Thus, A; are again the eigenvectors of M, but now the
eigenvalues of M are defined in terms of the orthogonal
matrix R instead of A, and so the resulting minimum

spacing TR, 9 TR, 5
(5m) - (5x)

is much easier to handle.

€))

Yr = min
1,5:17#]

The resulting algorithm, called Deterministic ICA (DICA),
is shown in Algorithm 2. Note that on the event &4,

Algorithm 2 Deterministic ICA (DICA)
input z(t) for1 <t <T.
output An estimation of the mixing matrix A.
1: Sample ¢ from a d-dimensional standard Gaussian dis-
tribution;
2: Evaluate V2 (1)),
3: Compute B such that V2f (1)) = BBT;
4: Sample ¢; and ¢o independently from the standard
Gaussian distribution;
5: Compute T =
V(BT ) 1
6: Compute all the eigenvectors of M =T (TQ) ,

{p, . palks
7: Return A = {p1, ..

v2f(BiT¢1) and TQ =

. 7/Ld}'

¢/ Rll2 < Lu, j € {1,2}. We will show later that this
event &4, as well as other events defined later, will hold
simultaneously with high probability.

Definition 5.1. Let £; denote the following event: For
some fixed constant L,, > v/2d and ¢, such that ¢; = %Z
for 0 < ¢ < 1, ||¢1llz2 < Ly, ||@2ll2 < L, and
min, {|¢g R;|} > ¢ hold simultaneously.

Similarly to Theorem 4.2, one can show that under some
technical assumptions, which hold with probability 1 if &,

V3L,
P(L,), and P <\@ammnl/201

min

> are small enough, on the

event £y, N &y, there exists a permutation 7 and constants
{c1,...,ca},suchthat for 1 < k <d,
- 402 . ~
ek Arry — Axllz < —2Q,
YROmin

where A is the output of the DICA algorithm and Q is poli-
nomial in the usual problem parameters and decays roughly
as (£ + P(Ly)). Details are given in the full version of the
paper (Huang et al., 2015). It is very similar to the result of
Theorem 4.2, with g in place of 74, as required.

To analyze g analytically, note that ¢y and ¢, are in-
dependently sampled from standard Gaussian distribution.
Thus, {¢{ Ryi,--- ,¢] Ra, ¢9 R1,--- , b9 Rq} are 2d in-
dependent standard Gaussian random variables. Let Z; =

-}

i#gf. Therefore, Z;, 1 < i < d are d independent
a R

Cauchy(0, 1) random variables. Using this observation, we

show in the full version (Huang et al., 2015) that, among

others, yp > % with probability at least 1 — 4.

Based on the above, one can show that Theorem 3.2 holds
for DICA (Huang et al., 2015). Furthermore, a heuristic
modification of DICA can also be derived that performs
better in the experiments, but proving performance guaran-
tees for that algorithm has defied our efforts so far (details
are given in the full version of the paper, Huang et al. 2015).

5.1. Recursive Versions

Recently, Vempala and Xiao (2014) proposed a recursion
idea to improve the sample complexity of the Fourier PCA
algorithm of Goyal et al. (2014). Instead of recovering all
the columns of A in a single eigen-decomposition, the re-
cursive algorithm only decomposes the whole space into
two subspaces according to the maximal spacing of the
eigenvalues, then recursively decomposes each subspaces
until they are all 1-dimensional. The insight of this recur-
sive procedure is the following: when the maximal spac-
ing of the eigenvalues are much larger than the minimal
one, the algorithm may win over a single decomposition
even with the accumulating errors through the recursion.
However, this algorithm is based on the assumption that
the mixing matrix is orthonormal, so that the projection to
its subspaces can always eliminate some component of the
source signal.

We adapt the above idea to our algorithms. Due to space
limitations, we will only consider the simplest recursive al-
gorithm, the recursive version of HKICA, as an example.

To force an orthonormal mixing matrix, we will first com-
pute the square root matrix B of V2f(¢)) = ADy,KAT.
Thus B = AD}/ *KY2RT for some orthonormal ma-
trix R. Transforming our observations by B!, we have
the new observations y(t) = B~ lz(t) + B le(t) =
RDL/2K1/25(t) + B~ Le(t). Note that transformed noise
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vector B~ 1e(t) is still Gaussian. Also, D}/QKI/2 is diago-

nal, thus RD}/ *K1/25(t) is an orthonormal mixture of in-
dependent sources. We then apply the recursive algorithm
to recover the mixing matrix R. Finally, BR gives an esti-
mate of A up to scaling.

To recover R using a recursive algorithm, we follow the
idea of HKICA (and DICA) to compute two Hessian ma-
trices 7y = RD,'A1R" and T, = RD,'A;R". Then,
instead of computing the eigen-decomposition of T, =
Ty ! (as in HKICA), we only decompose its eigenspace
into two subspaces, according to the maximal spacing of
the eigenvalues of Ty. The Decompose helper function
takes a projection matrix P of a subspace spanned by
some columns of R (WLOG we assume it is the first k
columns of R). Then we compute the projection of Tj as
M = PTTyP. Thus the eigenspace of PM P is in the
span of P. Lastly, by separating the eigenvectors of M ac-
cording to its eigenvalues into PP, and PPs, the Decom-
pose function repeatedly decomposes the subspaces into
two smaller subspaces.

Algorithm 3 Recursive version of HKICA (HKICA.R)
input z(¢t) for1 <t <T.
output An estimation of the mixing matrix A.
1: Sample ¢ from a d-dimensional standard Gaussian dis-
tribution;

2: Evaluate V2f( V) = G(¥);

3: Compute B such that V2f( P) = BB :
4: Compute §(t) = B~ 'z(t) for 1 <t < T;
5: Let P = Ig;

6: Compute R = Decompose(7, P);

7: Return ER;

Algorithm 4 The Decompose helper function

input z(t) for 1 < ¢ < T, a projection matrix P € R4*¥
(d > k).
output An estimation of the mixing matrix A € RI**
1: if K == 1, Return P;
2: Sample ¢; and ¢ independently from a standard
Gaussian distribution of dimension d;
Evaluate V2 f(¢,) and V2 f(¢3),
Compute T = (V2f(61)) (V2 (62))
Compute M =PTTP;
Compute all the eigen-decomposition of M, its
eigenvalues{o1,...,04} where 01 > ... > o} and
their corresponding eigenvectors {1, . .., fg };
7: Find the index m = argmax o, — 0413
Let Pr = (1, -, tm), and Po = (fmg1s -« -5 fk);
9: Compute W; = Decompose(z, PP;), and Wy =
Decompose(z, PPy);
10: Return [W7q, Wa];

AN AN

(o]

Remark 5.2. Other algorithms can be modified into a re-
cursive version in a similar way.

Theorem 5.3. Under the conditions of Theorem 3.2, with
probability at least 1 — 6, the recursive version of HKICA
returns a mixing matrix A with an error ||A — ADP)|5
bounded by

1 1 1 - _
POly <d7 ) s Lua L7 07 Umax) (QQ + 5)

Rmin Omin 4

for some diagonal matrix D and permutation matrix P.

Remark 5.4. Note that when 7 is large enough, the term
Q2 will be dominated by &, which is the error carried over
from quasi-whitening. The recursion idea improves the
sample complexity of the eigen-decomposition (to recover
the orthonormal mixing matrix R).

6. Experimental Results

In this section we compare the performance of different
ICA algorithms in some synthetic examples, with mixing
matrices of different coherences.

We test 9 algorithms: HKICA (HKICA), and its recur-
sive version (HKICA.R); DICA (DICA), and its recur-
sive version (DICA.R); the modified version of DICA
(MDICA), and its recursive version (MDICA.R); the de-
fault FastICA algorithm from the 'ITE’ toolbox (Szabd
et al., 2012) (FICA); the recursive Fourier PCA algorithm
of Xiao (2014) (FPCA); and random guessing (Random).
FPCA is modified so that it can be applied to the case of
non-orthogonal mixing matrix.

In the simulation, a common mixing matrix A of dimen-
sion 6 is generated in the following ways: We construct
four kinds of matrices: A; = P; Ay = v, x 1" +0.3 x P;
Az =v, x1'4+0.05 x P;and A4 = v, x 1' +0.005 x P.
Here the vector v, and the matrix P are both generated
from standard normal distribution (with different dimen-
sions). Then all the mixing matrices are rescaled to a same
magnitude. We also generate an orthonormal mixing ma-
trix R, obtained by computing the left column space of a
non-singular random matrix (from standard normal distri-
bution). Then we generate a 6-dimensional BPSK signal s
as follows. Let p = (\/5, V5,V7,V/11,/13, \/E) We
generate a {+1,—1} valued sequence ¢(t) uniformly at
random for 1 < ¢ < T, and set s;(t) = q(t)i x sin(p;t).
Note that in order to have the components of s close to
independent, we need the ratio of their frequencies are ir-
rational.

Lastly, the observed signal is generated as x = As + ce
where € is the noise generated from a d-dimensional normal
distribution with randomly generated covariance. We take
T = 20000 instances of the observed signal on time steps
t=1,...,20000. We test the noise ratio ¢ from O (noise-
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Figure 2. Reconstruction Error

free) to 1 (very noisy). All the algorithms are evaluated on
a 150 repetitions. For each repetition, we try 3 times and
report the best.

We measure the performances of the algorithms by its ac-
tual reconstruction error. In particular, we evaluate the fol-
lowing quantity between the true mixing matrix A and the
estimate A returned by the algorithms: mingy g || ATLS —
Al|Frob, Where IT is a permutation matrix, and S is a column
scaling matrix (diagonal). The calculation of this measure
would require a exhaust search for the optimal permutation.

6.1. Results

We report the reconstruction errors for different kinds of
mixing matrices and noise ratios.

The experimental results suggest that moment methods are
more robust to high-coherence mixing matrices and Gaus-
sian noise than FastICA. FastICA achieves the best per-

formance in case of low coherence. As the coherence of
the mixing matrix A increases, its performance decreases
quickly and becomes sensitive to noise.

We expected that DICA will achieve smaller error for an
extremely coherent A, since 1/~4 will be much larger than
1/vr. However, the experimental results indicate the op-
posite. Note that high coherence implies small minimal
singular value. In this case, the estimation error of M in
DICA could be much larger than that in HKICA, because
of the fourth degree of A~!. This error overwhelms the
improvement brought by larger eigenvalue spacings, if the
sample size is not large enough. The investigation of this
phenomenon is left for future work.

On the other hand, MDICA tries to achieve a small estima-
tion error, meanwhile we expect it to keep the eigenvalue
spacing large (intuitively, it is approximately the spacing
of the square of d Gaussian random variables), leading to
good performance. This is confirmed by the experimental
results, in both the non-recursive and recursive versions.

The recursive idea is not always helpful for the moment
methods. For a highly coherent A, the recursive versions
outperform their non-recursive counterparts. Note that in
this case, A is close to singular (small minimal singular
value), and thus it requires more samples. On the other
hand, when A has relatively low coherence, the estimation
error of the fourth moments contributes more to the recon-
struction error. Recursive algorithms suffers from making
several such estimations.

In summary, the results suggest that these moment methods
are comparable to each other in practice, while FastICA is
better for mixing matrices with low coherence or mild co-
herence with low noise. If the mixing matrix is orthonor-
mal, then FPCA performs better than the other algorithms.
If the observations have large noise and the mixing matrix
is not extremely coherent, then HKICA may be the best
choice. In the case of an extremely coherent mixing ma-
trix, MDICA performs the best. Also, the recursive idea is
very helpful for small sample sizes.

7. Conclusions

We considered the problem of independent component
analysis with noisy observation. For the first time in the lit-
erature, we presented ICA algorithms that can recover non-
Gaussian source signals with polynomial computational
complexity and provable performance guarantees on the
reconstruction error that guarantee that for 7" samples the
reconstruction error vanishes at a 1/+/7 rate and depends
only polynomially on the natural parameters of the prob-
lem. The algorithms do not depend on unknown problem
parameters, and also extend to deterministic sources with
approximately independent empirical distributions.
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A. An Empirical comparison of vz and 4

Figure 3 below shows the behavior of 1/v4 and 1/-g for mixing matrices with different coherence (defined in Section 6),
and for some random orthonormal matrix R. For each of the matrices, we generate ¢ and ¢ from standard normal distri-
bution for 3 times, and pick the minimal values of 1/, and plot the average value over 200 repetitions. As expected, the
value of 1/ increases with the coherence of the matrix. However, it is similar to that of an orthonormal matrix unless the
coherence is really large.

log( 1/ Minimal Spacing)

|
0 5 10 15 20 25 30
Dimension

Figure 3. The values of 1/~ for matrices with different coherences

B. A Modified Version of DICA

We would expect that DICA will achieve smaller error in the case of extreme coherence, since 1/+4 will be much larger
than 1/vr. However, the experimental results in Section 6.1 show the opposite. The reason is that when the coherence is
extremely high, the estimation error of M in DICA is so much larger than that in HKICA that it dominates the error caused
by the coherence of the mixing matrix. This estimation error comes from taking the inverse of 75 in DICA. Unfortunately,
at the moment we don’t understand well enough the relation of the estimation error and the coherence of the mixing matrix.

We propose the following ICA algorithm, Algorithm 5, trying to relieve the estimation error problem of DICA, but still
keeping the large gap of the eigenvalues in the eigen-decomposition.

Remark B.1. Note that the eigenvalues of M in DICA_Mod are % for 1 < ¢ < d. When A is highly coherent,

we would expect that T A;’s are close to each other. Also, the «;’s are fixed. Given that ¢ ' R;’s are far separated from
each other, we intuitively expect the eigenvalues to be well-separated from each other. However, we do not have a rigorous
proof for this algorithm. Experimental results show that DICA_Mod consistently outperforms DICA.
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Algorithm 5 DICA Modified (DICA_Mod)

input z(¢t) for1 <t <T.
output An estimation of the mixing matrix A.

1:

AN A

Sample ¢ from a d-dimensional standard Gaussian distribution;
Evaluate V2 f (1)),

Compute B such that V2f(¢)) = BBT;

Sample ¢ from the standard normal distribution;

Compute T’ = V2 f(B~ T ¢);

Compute all the eigenvectors of M = B~'TB~ T, R = {u1,..., pa}:
Return A = BR.

C. Proofs

C.1.

Proof of Proposition 2.4

Denote the population expectation by [E and the empirical expectation by [E;. We restate the assumptions here.

).
(i).
(iii).
(iv).
V).
(vi).

IE[SF < g(2);
[Eelelllr < g(t):
[Ee[e®?]]|r < L;
[Ee[e®?]]lF < L
I (By oV By o V¥2)%) (11,) = 2By o [V 5250, < 9O
for iy, 42, j1,72 > Othatiq 4 ix 4 j1 + jo < 4,
IE[(AS)®™ @ Ey[e®] @ (AS)®72] — Eo[(AS)®" © €571 @ (AS)®]||p < g(t),
and

||Et[€®j1 ® Et[(AS)®i1] ® 6®j2] _ Et[6®j1 ® (AS)®“ ® 6®j2]HF < g(t).

Since s is bounded by C, the first assumption will be satisfied with high probability 1 — ¢ by picking L = C'y/2d log(%) by
Hoeffding’s inequality. Assumption (ii) to (v) are all about the moments of the Gaussian noise. For i.i.d. standard Gaussian

rand

om variables, X1, ..., X, note that

B>, X5/t =0, Var(32, X;/t) = 1/t;

B[S, X2/t] = 1, Var(¥, X2/t) = 2/t;

B[S, X3/t] = 0, Var($, X3/t) = 15/t;
(

E[Y>, X4/t] = 3, Var(Y, X2/t) = 96/t

Therefore, by Chebyshev’s inequality,

with probability at least 1 — 8, [ 3, X;/t| < /1/t6;
with probability at least 1 — 4, | }°, X7/t — 1] < /2/t4;

>0, X2/t < \/15/t0;
with probability at least 1 — 4, | 3~ X/t — 3| < \/96/t;

with probability at least 1 — 4,
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Given € ~ N(0,X) for some fixed unknown X, firstly consider the case when ¥ = I. Consider the ith entry of the
1-dimensional tensor (vector), with probability at least 1 — 4,

> e/t < V1t

J
Thus, with probability at least 1 — dd,

1> eli)/tlr < Vd/ts.
J
For (iii), consider the position (u, v) of the 2-dimensional tensor (matrix). If « = v with probability at least 1 — 9,

Ze )/t — 1| < \/2/t6.

If u # v, by Chebysev’s inequality with probability at least 1 — 9,
> eu(ien(h)/t] < V1/16.
J
Therefore, with probability at least 1 — d24, all entries are less that 1 + /2 /t6. Thus
B [e®?]||p < d(1 + \/2/10).

Similarly for (iv), consider the (u, v, w) position for different cases. The expectation of €,€,€,, is 0 and its variance is at
most 15. Therefore, with probability at least 1 — 6,

Zeu €r(J)ew(F)/t] < A/15/6.

Thus, with probability at least 1 — d4,
IE:[€23]]| < \/15d3 /1.

Lastly for (iv), each of the following inequalities holds with probability at least 1 — 4,

Do)/t =3 V067t > e/t < VIS0 |} ()t 1] < VATk;

J J

S eien(iew(i)/t| < V270 D euli)en(d)ew(h)e=(5)/t| < V/1/t5;

J J

Consider the (u, v) position of the matrix,

‘(Et [€®4](77a s ) - (Et[€®2])®2(na 5 ) - 2(Et[6®2])®2(na BUE '))u,v

< D euli)e Zmﬁ% ')an2€k2(j) /t—E Euva%eklZerkz]
k1 ko

J

|| St | -l || S S ment) ot |
k1 ko

J

J

=+ 2 Zeu Zn/ﬂekl .] /t ZE’U(j)an26k2(j) /t —E [euznklekll E
j k1 ko k1

0y ?7]
k2
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Note that the above inequality including 3d? terms of concentration equations. Thus, with probability at least 1 — 3d?4,

‘(Etk@ﬂ(mn, o) = (Bele® )2 (n,m, -, ) = 2Bl (-, ), 15/t6(1 + /2/t0)d|nll3.

Thus,

| (By o V) = By 0 Vo)) (0.1.7,) = 2By o VN2 (0,0, ) < 4/T5700(1+ /2788) 3.
For the last assumption, since the Gaussian noise ¢ is independent to the source signals s, by triangular inequality
I [(AS)®™ @ Ee[e®] @ (AS)®2] — Ef[(AS)®" @ 7 @ (AS)®"]||
< (B [(AS)®" @ Ee[e®] @ (AS)®] — B [(AS)*" @ E[e®] @ (AS)®"]||r
+[[E[(AS)" @ E[e®] @ (AS)¥"?] — E[(AS)®" @ B[] ® (AS)®"]||r
+|[E[(AS)®" ® E[e*7!] ® (AS)®"2] — E[(AS)®" ® ¢! & (AS)®"]|

=0
+[[E[(AS)®" @ ¥ @ (AS)P"2] — Ef[(AS)*" @ *7 @ (AS)®]||p.

Note that every term in the RHS is a concentration inequality of ¢; + j; +¢2-dimensional tensors. Similarly we can consider
each position of these tensors which has finite variance. Thus, with probability at least 1 — 4d(i1T71+22) 5,

[E([(AS)®1 QE, [¢®71]2(AS) 2] —E,[(AS) ¥ @271 @(AS)®2] || p < 12(14-1/2/t8)d 1 T1+12)/2 gir+iz ointiz | /o6 /15,

Similar argument will go through for the second inequality. Therefore, there exists L = Poly (5, Amax, C,d) and g(t) =
L/+/, such that for probability at least 1 — &, the above conclusions hold simultaneously.

Lastly, for general case where € ~ A(0, ), the above conclusions will apply for ¥~'/2¢. Thus picking L = || XL, all
bounds will still hold.

C.2. Limit Effect of the Noise

Proposition C.1. Suppose Assumptions 2.1 and 2.3 hold. Then, for any vector 1 satisfying ||n||2 < L,

HVny;m(??) - szleAs) ()2 < Poly (L, L, d, 0max, C) (9(T) 4+ 1)g(T).

Note that
E x vyt [(AX + Y)®4]
=Ey o [(AX)%]
+E(x yymp o (AX)® @Y + (AX)*? Y @ (AX) + (AX) @Y ® (AX)®? +Y ® (AX)®?]
+ B x yyaner0 (AX)®?2@Y®? + (AX)®Y @ (AX) QY 4 (AX) @ Y®2 @ (AX)]
+ By vy 0 ()22 (AX)®?+ (V)2 (AX) Y @ (AX)+Y ® (AX)®? QY]
+ By vy o0 V0 (AX)+ Y22 (AX) @Y +Y ® (AX) @ Y®? + (AX) ® Y9

+Ey 0 [y ®4).
We can bound
IE x yympieo (AX)®PRY + (AX)®?*RY @ (AX) + (AX) Y ® (AX)®*? + Y @ (AX)®¥]||r
< H]EXW;Q [(AX)®% ® EY~V<T€> Y]+ ]EXN#) [(AX)*? @ Eng) Y] ® (AX)]
+Ey,o[(AX) O 2 (AX)P)|+ By 0 [VTOEy o [(AX)®)|r + 4g(T)
4(d3/2 3

max

Ywugf) [Y]
03 + 1)g(T),



Deterministic Independent Component Analysis

and similarly,

1B x vy mn oo V80 (AX)+ Y20 (AX) QY +Y ®@ (AX)®@Y®? + (AX) @ Y®?||p < 4(Ld?0max + 1)g(T).

Combining these two terms together, we have
E xy )t [(AX + V)4
=Ey. 0 [(AX)®4) + Ey.,0o [V + Ky + Ko,
where || K| p < Poly(L, d, omax, C)g(T), and
Ky = [(AX)®? @Y%+ (AX)®Y ® (AX)®Y + (AX) @ Y*? ® (AX)]
V)92 @ (AX)2? + (V) Q@ (AX)®Y @ (AX)+Y @ (AX)®? @Y.

Bix vy

+ E(X,Y)NV(T”) [(

A similar computation can be applied to E Lo [(AX +Y)®2),

(X,Y)~

(AX) @Y +Y ®@ (AX)]+E,, _ o[Y®?.

oo [AX £ V)% =B 0 [(AX)®) + Yo

Ex v~ Ex vy

Then again,

[E AX) @Y +Y @ (AX)]llr < 2(9(T) + 1)g(T).

(XY )mor® [C
Thus,
®2 ®2 ®2
(B yymno AX + 1)) = (B o [(AX)%2) 7 + (B, V%) + Ky + Ku,

t t

where || K| < Poly(L,d, omax, C)(g(T) + 1)g(T), and Ky = E
]EXNVfS) [(AX)®2]~

X [(AX)®2] & EYNUt(E) [Y®2} + EYNU§C> [Y®2] ®

Note that V2 f,@(n) and V2 [, as (1) are the matrices generated by marginalizing 2 dimensions of the tensors on the
T T
direction n:

2
V21,00 1) = By o AKX 4 V) 00,0) = (B y) o [(AX +Y)2) (1, -,0)
2
<2 (B iy oo (AX £ 1)) (1m0

Similarly,

v2fV§AS) (77) :EXNU(TS) [(AX)®4](777 s ) - (EXNV;S) [(AX)®2D2 (777 m )

2By [(407) (o,

Also note that || (B, o[V ®4) = (B, [Y52)%2) (1,m,-,) = 2By, [V 2D (0,1, )| r < g(t) n]}3. There-
fore,

||V2fl,<Tw> (n) — v2fl,<TAs> (Mle <K (,m, - )lF + 1(K2 — Ka)(m,m, ) — 2Ka(n, - n,-) | ¢
+ 3||K3(77’777 Yy )HF + Lng(T)

SH(KQ - K4)(777 - ) - 2K4(777 51, )”F + POIY(Lm L,d, omax, C)(g(T) + 1)9(T)

It remains to bound || (Ko — K4)(n,n, -, ) —2K4(n, -, 7, )| r. Note that F/ [(AX) Y ®(AX)®Y](n,n,-,-) =

(5,)
(X,Y)~vg
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E(X,Y)"’Véf’g) [(AX)®2 ® Y®2](T’a 51, )

(K2 — Ka)(n,m, ) = 2Ka(n, - m, )| ¢
<1 Byt (A2 @ YO — By 0 [(AX)® @By 0[Y®?]) (0.0,
+ 1l (E(X,Y)Nu;”) [Y®2 ® (AX)®2] - EYNVt“) [Y®2] ® EXNV§S> [(AX)®2]> (1, e
+2]| (E(X,Y)M/(TS’E) KAX)@Z ® Y®2} - EX~V§S> [(AX)®2] ® Ey~u§€> [Y®2]> (1,51 )| P
1 (Bixyyangen Y52 @ (AX)® By 0 Y] @ By 0 [(AX)®]) (1,7, )
< Poly(L,,, L,d, omax, C)g(T).
Combining the above two inequalities leads to the conclusion.

C.3. Proof of Theorem 4.2
The following result is proven by Hsu and Kakade (2013):

Theorem C.2 (Hsu and Kakade (2013), Theorem 4). Assume A is nonsingular. Let my,mo : R — R be defined by
Equation (4) with respect to the product distribution yi, while f,, : R? — R be defined by Equation (5). Let ¢,1) € R? be
vectors from the unit sphere of R%. Then, the matrix

M = (V2 fu())(V? fu(w)) ™! (10)

can be written in the diagonal form

M=A AL (11)

- 2
where \; = <iTii‘> .

It follows from this theorem that if ¢, %) are chosen independently from the uniform distribution on the unit sphere of R,
with probability one, the eigenvalues of M are all distinct and the corresponding eigenvectors determine the rows of A up
to permutation and scaling.

The following lemma bounds || V2 f,, () — V2 (n)]|2 by &:

Lemma C.3.

IV2£u(AT0) = V2 £, a0 2 S V2 Fu(0) = V2, o )| 7 < 10111305 Ay g A

Thus,
IV2£u(AT0) = V2 ()2 < [Inl13d° Ay smas) Alrasé + P([11]]2)-

Proof. Without loss of generality assume ||n||2 = 1. Note that

V2 far.(n) = Gi(n) — G2(n) — 2Gs(n),

and

V2], a0 (1) = Gr(1) — Ga(n) — 2G5 (n),
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Gi(n) = Zn:(nTAS(k)) As(k)s(k)TAT / (nT As)?Ass" AT dur(s)
k=1
3 1\ T 2% T AT T Ae)\2 T AT
Ga(n) = — (n" As(k))™ > As(k)s(k)" A =/(n As) dI/T(s)/Ass AT dvp(s);

k=1

k=1
Gs(n) = %(i (n" As(k)) As(k)) (Zn: (nTAs(k))As(k))T = (/(nTAs)As dvr(s)) (/(nTAs)As dz/T(s))T.
k=1

Note that all the integral functions of G;(7) or Gl(n) are matrices of polynomials in z. Thus, we only need to bound its

coefficients. Note that
) i /(Z n' Apsi)? Z Aitst Z A isidu(s)
t t t

Thus, the coefficient of the term sy, Sy,81,51, 1S 7' A" As, Ai 1, Ajr,, which is bounded by max; [nT A4;[2A2%, <
A2 A2 Thus,

(2 mdx max*

(G)is = (G1)iy

< d4A(2 max) AmaxD4(:u‘7 VT)‘

Similarly,

’/A ss—'—AT du(s /A .S8 AT dvr(s)| < d*A2,, Dy(p, vr)

and

[ A2 duts) = [ 07 459 o (5)] < Ay D)

)Cz, and | [ Ai;ssTA;'j dvr(s)| < d? A2, C?. Now consider the difference

Alsonote that | [(n " As)? du(s)| < d*A?

between G5 and Go. o
(G2)iy — (Ga)i
_ / (1" As)? du(s) / ApssT AT dp(s) — / (1" As)? dvr(s) / AyssT AT dvr(s)
[ a52 duts) [ asss™AT duto) ~ [07 492 du(s) [ AussT AT ()
b [ a9 du(s) [ AussT AT dvr(s) ~ [ A9 dun(s) [ AussT AT dvr(s)
/e
+ [ 492 duts) = [ (7 s dvr(s)
<2d* ATy o) A

IN

IN

T As)? du(s)

3

Ai:ssTA; du(s) — /Ai:ssTA; dvp(s)

Ai;ssTAjT: dvp(s)

C D2(M7VT).

max

Similarly,
(G3)i = (Gaiy

< 2d4A(2 max) Amaxc D2(:u7 VT)'
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Thus forany 1 < 4,5 < d,

(VAT 0), ;= (V2 F 0 ()

2,J

< d* Al ) Atnax (662 Da(p, vr) + Da(p, vr)) -

max

Therefore,

V2 fu(ATn) — szy;m (M2 < V2 fu(ATn) — szy;Aw(??)HF < d° Al ) At (6C% Da (1, vr) + Da(p, vr)) -
Lastly, combining with Proposition C.1,

IV £ (AT =2 )ll2 < V2L (AT0) = V2 f o ) |2V, a0 ()= V2 ()2 < [17]130° ATy s AmwacE +P(111]]2).

O

Before we can prove the theorem, we need to prove some lemmas. The following lemma shows that a small perturbation
of M will only result in a small variation of its eigenvectors, at least under some mild regularity conditions.

Lemma C.4. Denote M = M + E be a perturbation of matrix M, where M is defined in (11). Assume M has distinct
2
eigenvalues. If va > 4222 | E|o, and min; j.;z; |A; — Ajll2 > 2 Imex||E

o, then there exist a permutation 7 and

Omin YA Omin
constants {c1, ..., cq}, such that
2
p o
A —A <4—BENF
max [ler Ay — Akl < poyv— 1E]2,

and therefore

d R 0.2
E ||ClA7r(k) —Ak||2 §4d&“EH27
| YAO min

where A is the matrix of eigenvectors of M.

Proof. For1 < k < d, assume

-1 | Fip Fyy
A EAw = < Fy Fy )
where Ay, is the matrix (Ay, A1, -, Ag—1, Apy1,- -+, Aa). Let v = || Farl|2, m = || Fox||2, and
2 2
. ¢TAk> <¢TAj)
0r = min - — || F: — ||E .
o= min ((555) = (522 | -1l = el

Note that by definition, v, = ||Fsillz < [|AEALl2 < 2222 ||E|la, mp = || Farll2 < (A" EAgyll2 < Zm2=||E.,

(k) — Omin Tmin

and || Figlz, || Farll2 < |4 EA@wll2 < Z222(|El|2. Thus,

2 2
(o7 A ¢ A
o= min (555) = (522 |~ 1l = 1l
2 2
. ¢TAk ¢TAj Omax
> - -2 E
o Jn]n?ér}¢ (Q/JTAIC wTAj Omin || ”2

g
> 74— 2——||E|2
o

min

min

> 278 Bll; > 0,

and 6,3 > 4~img. Therefore, by Theorem 2.8, Chapter V of (Stewart and Sun, 1990), there exist a unique vector v satisfying
[[v]l2 < 23" such that there exists one of a eigenvector A, of M satisfying
402

0 k
1Ak = Al < [Ackllllolz < 20 25 < 27mx
k YAOmin
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where Ay, is the dx (d—1) matrix (A1, ..., Ak—1, Akt1,..., Aq). By condition, for i # j, A/Ag‘ax |Ell2 < [J[Ai—Ajll2 <

| Ai — Ajlj2 4 |Aj — Ay]|2, thus A; # A;. Summing up the upper bound gets the result. O

The next lemma shows that X ! is close to X ~* with respect to matrix induced 2-norm.

Lemma C.5. If non-singular matrix X =X+E satisfying that opin(X) > 2||E||2, then ||X_1||2 < Umif(x), and
171 = X o € 25 Bl
Proof. Note that | X 1|5 is the inverse of the minimal singular value of X. Also,
min 1||lelz = i (X + E)vll2 > i [Xvllz = [[Evlls 2 omin(X) — | E]l2.
v:||v||e=
So [ XYy < O'min(Xl)—HEHQ < amif(X)' Moreover,
N . N 2
X=X 1 X HNX )X = X2 € 5 E|l2-
I ll2 < X2 X 2l l2 < 7 (X) I1E]2
O
Now we can estimate the variance between XY ! and (X + E;)(Y + Ep)~!
Lemma C.6. Assume that omin(Y') > 2||Es||2, then
_ - 2[| XTl2 2
XY ™' = (X + E)(Y + E2) 2 € 5~ | Ball + ———[|E1]l2.
min(Y) Tmin(Y)
Proof. Applying Lemma C.5,
XY™ = (X + E)(Y + Ez) 7'z
SIXY ™= XY+ Eo) o + [|X(Y + o)™ — (X + B)(Y + E2) 7Y la
SIXN2Y ™! = (V + B2) "Mz + 1B fl2 /(Y + B2) 712
2|| Xl 2
< 7YHE 2|2 %Y\\El\b
rnln( ) Tmin ()
O

Note that V2 £, (1)) = 20, ki(¥T A;)2A;A] = AKDyAT, where Dy, = diag (T A1)%, -, (¥ 7 Ag)?) (see, e.g.,
Hsu and Kakade 2013). Thus, omin(V? f,(¥)) = min,., ?:1 k(T A2 A Al v
Lemma C.7. On the event &y, Jmax(v2fﬂ (W) < Li“maxA(zz,max)Ugnax’ and Jmin(VQf#(z/J)) >

V2r g2 2 2
5d ¢ K’minA(Q,min)Umin'
2 : : : T T \/ﬁ T
Proof. Note that V£, (1) is symmetric. For any unit vector v, v' ADy, KA 'v > 2 /<;mmA(2 min) [V Alg >
27\/2?52 KminA%anin) thin- Similar calculation for the maximum singular value. O

Lastly, we still need to bound || M — M]||s.

. V27T Kmin ALz, min) Tmin . . o
Lemma C.8. Given that £ < 82’; 7 A2<2 i Ve and T is large enough, but still polynomial in {L,,, C, 0ax, L}, such
(2,max)“max

that P(L,) < rmmmAQ 02, 02 then on the event Eyp,

(2,min) "~ min

QU2APA?, o RO NGT
~ (2,max) "Vmax® max 2 35 42
e Sz( 2 Al i T N Thmin ATy o 0 2 (L2 Ay A+ P(L)).
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Proof. Let Fy = V2£,(¢) — V27(6) and By = V2, (1) — V27(). Then | Ex o, | Ballo < L35AZ, | A2, + P.
. V27 Kmin ALz, min) Tomint” V2w o
Note V2f(¢) = AKDyAT. Given that £ < SdeGAf S and P(Ly) < G fmin Al pin)Tmint’ the condition

ax)”’ max

in Lemma C.6 holds on the event £y,. Then apply Lemma C.6 and C. 3, we have

1M = M2 = (V2 F(@)(V2F (@)™ = (V2 A @) (V2 (1) l2

2[V2f(9)l2 2
< [1E2ll2 + ——=5 777 1Bl
mm(VQf( )) min(v2f(¢))
2L2d?A? Kmax T2 V2d
(2,max) "max9max ( 2 15 42
§2 L d A ,max Amaxé- + P(Lu)> :
( 7TH?nin‘44(12,min) ;lnlng ﬁ"fminA%Q,min) mlng2 @ )
O
Proof of Theorem 4.2. Let
- 212 d2 A2 FmaxO 2yax )
Q=2 24maX) ! \2[d 2 (L2d5A(2 A+ P(L ))
A(2 min) mlng \/EnminA(Z min)a.mine2 max)
1 1 1
= POly d, Ly, 0maxs Kmax, i s Z (f + P(Lu))

where ¢ is defined in Equation (3). Note that P(L,,) decays to 0 as T' grows, thus given large enough 7" and small enough
&, the following conditions hold:

Loya > 4222Q
2. ming jiiz; | A — Ajll2 > ;ﬁ@

3 \/ﬂ’ﬂmmA(z min)o'?nine2 .
€< 8LZdS A2 2 ’

(2, max)AmaX

4. P(Ly) < YZLrminA?, 02

min*

Note that M = V?f(¢))(V?f(1))~" and M has distinct eigen-values with probability 1, then by Lemma C.8, || M —
M]||2 < Q. Therefore, by lemma C 4,

o2
max ||clA (k) — Axll2 < 4—2 Timax M — MH2 < 4 —max

1<k<d YAOmin ’}/Ao—min

C.4. Analysis of DICA - Proof of Theorem 3.2
Let

V2d (L2d° A%, o A28+ P)

£= :
ﬁ[ Kmin (2 min)o—gﬂin
£ 3L2 d5Ar2nax \/6L124 Ignax
§= D) & D) 57
26minC] Ci

A 4L2A(2 max) \/gLu
©= g §+P 172 :
(2,min) \@O'minﬂmincl

First we start with proving the following theorem:
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Theorem C.9. Assume the following conditions hold:

1. T has distinct eigenvalues;

2' YR > 4 max

Omin

3. ming juz; ||Ai — Ajll2 > = ""‘"‘Q

YR Omin

4 VT KnunA@ min) Timin
- Es 6vV2d5AZ, | A2

ax)‘*max

TFQHmin 2 iy T e ey
5. P(Lu) S f@ 61\4[(22d,mm) min (SOé- S 1/3)’

2 l A2
6. + P fL < (2, mm)
§ fgmlnﬁl/z C1 - 2A(2 max)

min

Then on the event £y, N Ey, there exists a permutation T and constants {c1, ..., cq}, such that for 1 < k < d,
. 402 -
ek Arry — Axlls < —22Q,
YRO min

where A is the output of the DICA algorithm.

Note that V2f, () = AKD,AT. Thus B = AK'/ QDll/ R for some orthonormal matrix R. We need to introduce
some lemmas before we can prove the theorem. The following lemma shows the stability of the square root of matrix.

Lemma C.10. Given two symmetric matrices X and X = X+ E, where X = HH' and X = HHT,
such that || X7 Y2||Ell2 < 1, then every singular value of H~ Y[ is bounded between \/1 — |1 X- 1||2HEH2 and
VI+[X LB -

o, and every singular value of H~'H is bounded between

VIHIX 2 15l \/1 IX=tl0 Bl
Proof. For any unit vector z,
e "H'HH"H T2 — 22
—2TH " (HAT - HH ) H "o
< |[H™T2|3]1B]:

< IXTHEIE]l2-
Thus every singular value of H~!H is bounded between /1 — [[ X ~1[|o]| E]|2 and 1/1 + [[ X ~1][2|[E][2, and every singular
value of H~'H is bounded between L and L . O
VIHIX 2B VI-IIX ] Bl

Applying Lemma C.10, we can get the stability of B, as follows.
. minA% min) o L2 Kmin ALy min) T =
Lemma C.11. Given that £ < Gg; d5A(22 m‘“)i"’;‘" and P(L,) < VTt 6\/%““’0"““ (so & < 1/3), under the event &,
u (2,max)” "max
there exists an orthonormal matrix R* such that

VI-E< BBl < /146,

|IB™'B - R*||]» < &

and

F)l2 > BEChiminA2, 0 02 Thus,

2d -
f 2 (L2 d5A22 maX)Amaxf + P(LU)) = §

(V2 @) [l2llEll2 <
( \/>£2 m1n (2 mln)gmin
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. \/;”@minAZQ i 0'2 i ﬁézﬁminAzg i 0'2 i
< (2,min) " min < (2,min)“ min
Then given £ < VALZdOA?, o Ao and P(L,,) < 24

value of B~1B is bounded between

,£ <1/3 < 1. By Lemma C.10, every singular

Thus every singular value of

1 — and 1 — .

X VIHI(V2F () T2l Ell2 VI=II(V2f @) 0Bl

B~1B is bounded between —— and —~—, i.e. there exist an orthonormal matrix R* such that
1+ V1-&

|B™1B — R*||; < max{ 1

1 1 .
- = | = —1 §§7
\/1+5‘ ‘Vl_f '}
where the last inequality is by £ < 1/3. O

Define T} by T; = G(B~ " R* ' ¢;) = AD;lAiAT for i € {1,2}, where A; = diag ((¢; R*R1)%,--- , (¢ R*R4)?).
Then,
M = AMA;PATE = ANATY (12)

. TR*R TR*R
where A = diag (55757 oo (57

Similarly, we have the stability of the eigen-decomposition, as follows.
Lemma C.12. Denote M = M + E be a perturbation of matrix M, where M is defined in Equation (12). Assume T has

2 2
distinct eigenvalues. If vg > 4222||E||y and min; j,;zj || A; — Ajlla > 2 Zm2x |||y, then there exist a permutation T

YR Omin
and constants {cy, . .., cq}, such that for 1 <k <d
S 402
ek Arry = Akllz < —=[|Ell2,
YROmin
where A is the matrix of eigenvectors of M.
Proof. The proof is similar to that of Lemma C.4. O

It still remains to bound || E||2. In the event £,, we take the orthogonal matrix Ras R*Rin Equation 12 for the remaining

of this paper.

ﬁZQKminA?2,min)ai)in
6v/2d

VT kminAZ, . o2
Lemma C.13. Given that £ < morEminomin and P(Ly,) <

6v/2d5 A2 A2 (so f < 1/3), then on the event Ey
and Ey for ¢ € {P1, 2},

(2,max)“ "max

— * i A— - * A H— 3L121,d5A12nax \/éLiggnax & £
IV2fu(ATB TR 6) = V2 f a0 (B~ 7)o = |G(B™ TR ") = G(B™ T9)[l» < =g 4 S 2ommg < €
T min“ ] 1

Proof. Note that by Lemma C.3 || V2f(¢)) — V2f(¢)||y < L2d> A2 AZ & and

(2,max)

|G(B~TR*T¢) — G(B~T¢)|2 < |GB~TR*"¢) = G(B™"¢)[l2 + |G(B~"¢) — G(B~" ¢)Ja-

To Bound ||G(B~T¢) — G(B~T ¢)]|2, we will need the following properties which are straightforward based on Lemma
C.11: under the event £, N &y for 1 <4, 5 < d,

H— A — — \ — —-1/2 \
o [0TBTA < 0l BT Blall B Ailly < —p= (K712D, )i < e

Thus for 1 <4,j <d,

2
‘(Gl(B7T¢))i,j - (dl(Bde)))i’ﬂ § d4A2 Lu

——D .
max (1 — E)/‘iminC% 4(1/; Vt)

Also note that for 1 < 4,5 <d,
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. N 3/2 2
o | [(¢T B 2)z;dP (5)| < Lu [ | B~ All2||s]|2] Aiss|dP (s) < %

>—1 | < 1 .
» BT Al = e

~ A 2d02
o | J6TBa)dB(s)| < [I31B Allls|3dP (5) < e .

Thus, similar to C.3,
. .o 2L2ABC2A2,
(G2(B™79))i; — (Ga(B™ 7))yl < T DromC? Da (v, 1),

and
. 5 A 2L2d712C% A2,
(G5(B™"9))ij — (G3(B~ "))y Ssz(%%)-

Therefore for 1 <4, 5 < d,

L3 A
(= im0
min“1

<

i,J
Thus,
A AL 3L2d° A2
GB T¢)—GB~ " < U maxe, 13
IG(B™ ¢) = G(B™ )2 < 2nmmC%£ (13)
On the other hand,

IGB™ TR ¢;) — G(B™"¢:)|l2 =|AD ' A;AT — AD P AGAT
< AIZID, 2l A — Al
o Tmax _ Lag

< )
SOV

where A; = diag (((bIB’lBRl)Q, e (cb;rB*lBRd)z). Thus,

_ % D — \/6L20'r2nx*
IGBTR ) = G(B™T9)2 < ~——7"=E (14)
1
Combine Equation (13) and Equation (14),
SN 3L2d° A2 V6L202
—T px 1 -T U max U~ max

_ < .

1GB TR 9) =GB )l < S5i= e 4 Yo
O]

Lemma C.14. Given the same conditions as Lemma C.11, then on the event £y, and E, for ¢ € {1, ¢2},

A A ~ 1 1 1 1
||V2fM(ATB*TR*T¢) —V2f 4o (BT )| <€+ TPoly <, —, L, f,L,d, omaX,C’) )

v Omin C1 Kmin
Proof. By triangular inequality,
IV2u(ATB™T R 6)=V2F(B~T9)|l2 < V2 fu(ATB™ TR 9)=V2f a0y (BT )2+ V2] a0 (BT 0)=V2F (BT ).

By Lemma C.13, R A
IV21u(ATBTTRT6) = V2 a0 (B~ 7)o < €
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It remains to bound the second term. Note that on the event £y N &y, ||B Tl < % Thus by Proposition
C.1, -

£ 1 s \/gLu

IV2f,0 (BT 10) =V2F(B™ @)l < P | —=———5— |-

o \@Uminﬂrln/iicl

Therefore,
Pl D 2 \/gLu
IV2fu(ATBTTR ") = VEA (BT @)l < €4 P | 75— |
g \/iamin’frln/iicl

O

Lemma C.15. Given the same conditions as Lemma C.11, On the event £y, and E4, assume that E+pP (\[\@Lfmc) <
20mink 1

min

12 A%

w then
2

2A(2 m'mx)

3 A6 1/2
T A \@Gmin/{/m/incl

(2,min)

R 285 A®
10 = Ny < g2 <§ +P (\/gL“ )) - Q.

Proof. On the event £y, N &y,

l2A min L?LAQ max L124A2 max
Oin(T2) =~ o (Ty) € —5 0 g (1) < =52
(2,max) (2,min) (2,min)

Let B; = V2f,(ATB~TR*T¢;) — V2f(B~T¢;) fori € {1,2}. then by Lemma C.13 oin(T2) > 2||Eall. Apply
Lemma C.6,

2||T1||2 2
min (TQ) Omin (TQ)

4L12LA(2 max) 2 \/gLu o
< Z4A6 £+ P 1/2 =@
(2,min) V20 mink /i Ch

M — M||s < [ E2l2 + | E1ll2

O
Proof of Theorem C.9. Note that by Lemma C.15,
IM — Mz < Q.
Then by Lemma C.12, there exists a permutation 7 and constants {cy, . .., cq}, such that for 1 < k < d,
1 40r21f1ax v
ek An(ry — Arlla < —2|M — M2,
'7 Omin
O

Before finishing the proof of Theorem 3.2, we need another auxiliary result, whose proof is deferred to Section C.6:

Lemma C.16. With Probability at least 1 — 0, the following inequalities holds simultaneously.

3 A min
® 1in; |'¢JTAZ| = \SFijlJrl )5

o min{[of Ril} > 00
 [l61lz: 62l < V2 (y/lo5(3) + Vd):

® YR 2 55

Denote the above event by E.

Remark C.17. Note that all the constants in Lemma C.16 are polynomial in d (or d~! for the lower bound), thus the result
of Theorem C.9 is polynomial in d and % with probability at least 1 — 4. O
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C.4.1. PROOF OF THEOREM 3.2

We need to verify the validness of the conditions of Theorem C.9 in the traditional stochastic setting. Note that the first
condition holds with probability 1. The other 5 conditions can be satisfied by small enough &, small enough £, small enough

3L, .. 3L, . .
P(L,), and small enough P M) . By Proposition C.1, P(L,,) and P <M) can be arbitrarily small

min min

given large enough sample size

1 1 1
T = Poly (d ) s 79 L, L, C, Umax) .

Kmin Omin 14

é and € will be small if ¢ is small enough. Recall Equation (3) that
¢ = (6C*Da(p,vr) + Dalp, vr)) < 7C°Dy(p,vr),

where C' is an upper bound for the signal function s. Moreover, on the event E, all constants 1/¢;, L,, and g are upper
bounded by polynomials of {1/0in, 1/6,d}.

Based on the discussion above, The first part of the theorem can be proved by replacing & by 7C? Dy (v, vr) and applying
Lemma C.16 and Theorem C.9.

For the second part, it is sufficient to prove that our assumptions in Section 2 hold for the traditional setting with some
constant L, and D4 (v, vr) is small enough given large enough 7T'. The first claim has been proved in Proposition 2.4.

For D4(v, vr) to be small enough, recall that the signal function s is bounded by C'. Thus any nomial with degree < 4 will
be bounded by C. Since our observations are i.i.d from j, by Hoeffding’s inequality, with probability at least 1 — &,

log(1/4
Dy(p,vr) < C* %-

Therefore, Given

T > Poly (C, 52 O, 1/, |51, 1/Hmin> ,
for some polynomial, with probability at least 1 — 4, there exists a permutation 7 and constants {cy, . .., ¢q}, such that for
1<k<d,
lenArry — Axll2 < 1?/‘5“2(711/5) Poly <C, Omax; im, K;nllin7%7 ) :
C.5. Proof of Theorem 5.3

Note that the calculation of M in the helper function Decompose is exactly the M in the algorithm of DICA (we call it
recursion version of HKICA, because in the helper function Decompose, it has the same format as HKICA). Therefore, by
Lemma C.15, .

M — M2 <Q.

We now follow the idea of Vempala and Xiao (2014) to analyze the error accumulation of the recursion. Recall that
M = RART, where R = R*R is an orthonormal matrix. Assume we have computed an m-dimensional subspace in a
recursion of depth k£ — 1 whose orthonormal projection matrix is V *~1) € R?*™  such that there exist m columns of R
(WLOG assume itis 1,...,m) satisfying

sin (6 (V(k_l), Rl:m)) < Eg_1,

where Rj.., is the first m columns of R and Ej,_ is an error upper bound for depth £ — 1 recursion. Then

,]?rir:'mv(k;l)l )
Rm+1:dv( -b

T _ T _
= V(k_l) Rl:mAlszImV(k_l) + V(k_l) Rm+1:dAm+1:dR;r~L+1;dV(k_1)a

T - )T 5 -7 p
v ="y e=1 (V(k 1) R1;m,V(k 1) Rm+1:d)A<
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where Aj.,,, and A,,11.4 are the first m x m and last (d — m) x (d — m) submatrices of the diagonal matrix A.

Recall that the diagonal elements of A are squared Cauchy random variables. The following proposition characterizes the
maximal spacing of i.i.d. Cauchy random variables.

Proposition C.18. Given {Z1, ..., Z,} are i.i.d. Cauchy random variables, with probability at least 1 — 26,

2(d—1)
in|z?-—272> "~ .
mexmin |27 = 21 2 T e
Also, with probability at least 1 — 6,
3d
max |Z;| < —.
i e

Proof. Let Z(1y < ... < Z(q) denote the order statistics of Z;. WLOG, we fold the negative part of the Cauchy distribution

to its positive part, leading to a density function pz(z) = m for 0 < z. Note that

maxmin|Zf — Z3| > |Z{y) = Z{g)| = 2Za-1) (Z1a) = Za-1))

We will bound both terms in the RHS.

To bound, Z(d—l) , recall that for a folded Cauchy random variable Z and L > ,

2 1
P(Z<L)= ;arctan(L) <1- I

Therefore, if

log % =T

d—1
_ 1
P(Zg_1y>L)>1—dP(Z <L) 1>1—d(1—> :

Picking L = —4=1

Wlog%’

log§ ., 0
P(Z4-1) > L) Zlfd(lfﬁ) Zlfdexp(loga):lfd

Thus, with probability at least 1 — 4,

d—1
Zig—1) > )
(d=1) = 7 log %
On the other hand, let U(y), ..., Uqy denote the order statistics of d i.i.d random variables from the Uniform(0,1) distribu-
tion, and E(yy, . .., 4y denote the order statistics from the exponential distribution with density function pp(z) = me™™*.

We will bound the probability of Z4) — Z(3-1) = Lby Eq) — Eg—1) > L.
First by the Quantile Transformation Theorem (DasGupta, 2011), the join distribution of (Fc(Z(1)), - - ., Fc(Z(a))) has the
same distribution of (U(y),...,Us)). So is the distribution of (Fg(E (1)), ..., Fe(Eq))). Here Fc(-) and Fg(-) are the

c.d.f. of the folded Cauchy distribution and the exponential distribution with parameter 7. Recall Fc(t) = 2 arctan(t)
and Fg(t) = 1 — e~ ™. Therefore,

)

P (Z(d) — Z(dfl) > t) =P (tan (gU(d)) — tan (gU(dfl)) >t

N——

and

1 1 1
]P(E(d) = By 2 t) =P <7r (IOgl—U(d) 10g1_U(d1)> > t> .

To bound P (Z(q) — Z(4—1) = t) by P (E(q) — E(a—1) > t), it s suffice to prove

s s 1 1
tan (20U — tan (SUq-1)) > log ———— —log ————.
B R N A T T
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Let f(z) = tan (5z) — tan (FU—1)), and g(z) = log = — log#w for1 > x > Ug—1y > 0. Clearly,

J(U@-1y) = 9(Ug—1)). Taking the derivative of both functions, by simple algebraic computation, f'(z) > g¢'(z).
Therefore,

P (Z(d) — Z(d—l) > t) >P (E(d) — E(d—l) > t) =e ™ >1— 7t
Thus, with probability at least 1 — 9, Zgy — Za—1) = %. Therefore, with probability at least 1 — 24,

. 2(d— 1)
72 72> 2 g,
mexmin |27 = 21 2 Ty e

Lastly, for a Cauchy random variable Z, P (|Z| < 2£) = 2 arctan(2L). Note that for L > ,

Thus,

Therefore, picking L = % the probability that max; | Z;| < 3L is at least

d
1 d
1-—) <1-=<1-4

O

Denote the Event of Proposition C.18 as £z max. Therefore, by Proposition C.18, with probability at least 1 — 36, the
estimation error of V(k_l)TRlzmAlszImV(k_l) is
”V(k—l)TMV(k—l) _ V(k_l)TRLmALmRImV(k_l) I
< ”V(kfl)TMV(kfl) _ =0T =1 o + ”V(kq)TMV(kq) _ V(k71)TR1:nzA1:mRImV(k71) 2

1) T _ 1\ T _ 1T = — _
= VDTNV y ST A S, 4 DT R A R0V 5
9d>
2
S Q + Ekilw
Also, with probability at least 1 — 26 the maximal spacing of the diagonal elements of A;.,, satisfying

2(d—1
maxmin|Zi|2 - |Z]2| > 2min|Z;| maxmin | Z; — Z;| > 2(7) .
i g i i g 72 log(d/d)

By Wedin’s Theorem (Stewart and Sun, 1990),

B < Q+E7 2% xlog(d)s)Q . 9d*log(d/s)

= 2(d—1) T 2(d-1)6 2(d — 1)63
el Ol ( ) ( )

Therefore, by Claim 4.8 of Vempala and Xiao (2014), given that @ < %, for0 < k <d,

2
B, < w2 log(d/d)

S -1 @

Thus Line 6 returns a matrix & s.t.

41og?(d/s
IR — R*R|l» =2 — 2cos(©) = 2 — 21/1 — sin?(© <2—2\/1—”0g2(/52)¢2
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Therefore,
IBR— AD}* K25
=||BR~ AD}*K'*RTR*"R*R]
< ||BR— BR*R|2+ |BR'R — AD}*K'/?RT R R*R|
< ||Bl2| B Bl2||R — R*Rll> + ||B — AD}*K'/?RTR*" |5
<||B|l2| B~ Blfal|R = R*Rl|2 + || Bll2| B~ B = R* " .

By Lemma C.19, || B2 < amaxLuA(Q’maX)/ﬁ},(fX. Similarly by Lemma C.11, ||B_1B||2 < (1 +&)'/2. Also, given that
xi < 1/2,by Lemma C.5, |[B~'B — R*T ||, < 2¢. Adding all the terms together,

23: = w4 log?(d/s _
|BR = ADYKY2]; < onaLuAamaibi2 | (148172 (2 2\/ 1- TR | v

Note that for a small enough e, /1 —€> 1 — % Thus, given large enough 7" such that () is small enough,

L _ 1 o 4m* log?(d /s
||BR — AD;/2K1/2||2 S O'maxLuA(2,max)K:1/2 ((1 + 6)1/23(d_g]_()2(/;2)

max

Q2+2§>.

It remains to bound the probability that the above result holds. We need Event &£y, to be satisfied once, and £y and £z max
for at most d times (we ignore the log d factor here). Thus, given the conditions of Theorem 3.2, with probability 1 — 7dJ4,
the above error bound holds.

C.6. Proofs of Lemma C.19, Lemma C.20 and Lemma C.16

The following lemma provides a lower bound for min; 1) " A;]|.
Lemma C.19. With probability at least (1 — £) exp(—€) — exp(—=x), & holds, where z = (L, /v/2 — Vd)%

Proof of Lemma C.19. For a fixed constant C; < A2 max)s min;{|¢ " A;|} > C is equivalent to N;G;, where G; is
the set defined as {z : 2T A; > Ci}. Also note that for each G;, let C{ = C1/A(2min) and V; = A;/||A;|2, then
GiDG ={z:2"V,>C}}.

Now we consider P (N;G?). This probability is minimized when V;s are orthogonal to each other. Thus, for any orthonor-
mal matrix R, define G = {x : 2" R; > C}}, then

P(N;Gy) 2 P(NGY) =P (lv Rl > C7) =P (j¢] = C1).

207 L mA(2,min
Note that P (| X| > C{) > 1 — % for X ~ N(0,1). Thus, picking C; = %E forany 0 < /<1,

Pl > ) > (1 “3? M= (- t= (1 - fl) (1 - 2) > (1 - 2) exp(—0). ()

On the other hand, note that P (||¢||2 < L,) = P (X < L2) where X ~ xq4. Thus by Lemma 1 of (Laurent and Massart,

2000), picking
2
2
T = ({Lu - ﬁ) ,

then L2 > d + 2v/dx + 2z, and

P(lelle < Lu) =1—P (X > L2) > 1P (X —d > 2Vdw+2z) > 1 - exp(—2). (16)
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Therefore,

P(&y) > (1 —exp(—x)) + <1 — 2) exp(—¢)—1= <1 - f;) exp(—¥) — exp(—x). (17

Recall that Z;’s are independent Cauchy random variables.
Lemma C.20. With probability at least 1 — 26,

_ -y
TR Z 7«1 EEIPE

Proof of Lemma C.20. WLOG assume both Z; and Z; are positive. Then,
=min |Z? — Z?
TR i ’ i J |
i#j

>2min|Z;|min |Z; — Z;|.
i
We will first bound min; | Z;|. Recall that P (|Z| > ¢) > -L-. Thus,

1 d
]P’(mjn|Zi\ > t) > (L) .
7 e

Picking t = 1(1 — §)1/4,
P (min|Zi| > t) >1-4.
3

To bound min,«; | Z; — Z;|, assume we sequentially sample Z;s. Then P (|Z, — Z;| > £forj <k—1) > 1 — @
for 2 < k < d. Therefore,

P (min|Z,» —Zj| > e) >(1- 2f) X ..ox (1— M) > (1— M)(d—n. (18)
i#£] Vs ™ ™
Picking £ = 7%,
i#j
Therefore, with probability at least 1 — 24,
_ @ -t
M=)
O

Thus, vz > 2C% with probability at least (1 — 5) exp(—¢). Denote this event by .

Lemma C.21. Let () = %Efor any0 </l <1land L, = V2 <x1/2 + \/g) forx > 0. Then
Y4
P(&y)>(1- p exp(—f) — 2exp(—x).
Prrof of Lemma C.21. For fix {; < %, L, > v2d and an orthonormal matrix R,

P(€s) =P (612 < Lu)P (Il62llz < Lu, min{ o] Ril} > )
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Denote the event ||¢1 |2 < Ly, by €, and {||¢2|l2 < Ly, min;{|¢g Ri|} > £} by Es,.

By Equation (16)
P(Es) > 1 — exp(—z). (19)
Similarly by Equation (17),
P(&p,) > (1 —exp(—x)) + (1 — 2) exp(—f)—1= (1 — fl) exp(—¥) — exp(—x). (20)

Combining Equation (19) and (20),

wwe¢>=<1—-aqm—x»<(1—-g)expc—@«—expc—x»zz(1—-§)exp«—@-—2expc—x»

Proof of Lemma C.16. Note that for 1 < ¢ <1,

14 d+1
— — N >1 - —V/.
(1 d)exp( H>1 y /

Combining Lemma C.19, C.20 and C.21, given that < 1,

P(E) > P(Ey) +P(E2) + P(Es) ~2> 137010~ 2exp(-a)

Let £ = 7% & and = = log(%). Then with probability 1 — 4,

L T . ﬁA(2,min) .
min; [ Ag| > VA

wing{[o] Ril} > 5375

I1llz: léallz < V2 (/1og(3) + Vd):

5(1—6)1/4 5
TR 2 (d=1)2 Zsz




