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Abstract

Contextual bandits serve as a fundamental
model for many sequential decision mak-
ing tasks. The most popular theoretically
justified approaches are based on the opti-
mism principle. While these algorithms can
be practical, they are known to be subop-
timal asymptotically. On the other hand,
existing asymptotically optimal algorithms
for this problem do not exploit the linear
structure in an optimal way and suffer from
lower-order terms that dominate the regret
in all practically interesting regimes. We
start to bridge the gap by designing an
algorithm that is asymptotically optimal
and has good finite-time empirical perfor-
mance. At the same time, we make con-
nections to the recent literature on when
exploration-free methods are effective. In-
deed, if the distribution of contexts is well
behaved, then our algorithm acts mostly
greedily and enjoys sub-logarithmic regret.
Furthermore, our approach is adaptive in
the sense that it automatically detects the
nice case. Numerical results demonstrate
significant regret reductions by our method
relative to several baselines.

1 INTRODUCTION

Stochastic contextual linear bandits, the problem
we consider, is interesting due to its rich structure
and also because of its potential applications, e.g., in
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online recommendation systems [2, 18]. In this paper
we propose a new algorithm for this problem that
is asymptotically optimal, computationally efficient
and empirically well-behaved in finite-time regimes.
As a consequence of asymptotic optimality, the al-
gorithm adapts to easy instances where it achieves
sub-logarithmic regret.

Popular approaches for regret minimisation in contex-
tual bandits include e-greedy [15], explicit optimism-
based algorithms [9, 20, 7, 1], and implicit ones, such
as Thompson sampling [3]. Although these algo-
rithms enjoy near-optimal worst-case guarantees and
can be quite practical, they are known to be arbi-
trarily suboptimal in the asymptotic regime, even in
the non-contextual linear bandit [16].

We propose an optimisation-based algorithm that
estimates and tracks the optimal allocation for
each context/action pair. This technique is most
well known for its effectiveness in pure exploration
[6, 12, 10, and others]. The approach has been used
in regret minimisation in linear bandits with fixed
action sets [16] and structured bandits [8]. The last
two articles provide algorithms for the non-contextual
case and hence cannot be applied directly to our set-
ting. More importantly, however, the algorithms are
not practical. The first algorithm uses a complicated
three-phase construction that barely updates its es-
timates. The second algorithm is not designed to
handle large action spaces and has a ‘lower-order’
term in the regret that depends linearly on the num-
ber of actions and dominates the regret in all prac-
tical regimes. This lower-order term is not merely
a product of the analysis, but also reflected in the
experiments (see Section 5.4 for details).

The most closely related work is by Ok et al. [19] who
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process where the state represents the context and
The
structured nature of the mentioned paper means our

the transition is independent of the action.

setting is covered by their algorithm. Again, however,
the algorithm is too general to exploit the specific
structure of the contextual bandit problem. Their
algorithm is asymptotically optimal, but suffers from
lower-order terms that are linear in the number of
actions and dominate the regret in all practically
interesting regimes. In contrast, our algorithm is
asymptotically optimal, but also practical in finite-
horizon regimes, as will be demonstrated by our
experiments.

The contextual linear bandit also serves as an inter-
esting example where the asymptotics of the problem
are not indicative of what should be expected in
finite-time (see the second scenario in Section 5.2).
This is in contrast to many other bandit models
where the asymptotic regret is also roughly optimal
in finite time [17]. There is an important lesson here.
Designing algorithms that optimize for the asymp-
totic regret may make huge sacrifices in finite-time.

Another interesting phenomenon is related to the
idea of ‘natural exploration’ that occurs in contextual
bandits [5, 13]. A number of authors have started
to investigate the striking performance of greedy al-
gorithms in contextual bandits. In most bandit set-
tings the greedy policy does not explore sufficiently
and suffers linear regret. In some contextual bandit
problems, however, the changing features ensure the
algorithm cannot help but explore. Our algorithm
and analysis highlights this effect (see Section 3.1
for details). If the context distribution is sufficiently
rich, then the algorithm is eventually almost com-
pletely greedy and enjoys sub-logarithmic regret. As
opposed to the cited previous works, our algorithm
achieves this under the cited favourable conditions
while at the same time it satisfies the standard op-
timality guarantees when the favourable conditions
do not hold. As another contribution, we prove that
algorithms based on optimism, similarly to the new
algorithm, also enjoy sub-logarithmic regret in the
rich-context distribution setting (Theorem 3.9), and
hence differences appear in lower order terms only
between these algorithms.

The rest of the paper is organized as follows. We
first introduce the problem setting (Section 2), which
we follow by presenting our asymptotic lower bound
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(Section 3). Section 4 introduces our new algorithm,
which is claimed to match the lower bound. A proof
sketch of this claim is presented in the same section.
Section 5 presents experiments to illuminate the be-
haviour of the new algorithm in comparison to its
strongest competitors. Section 6 discusses remaining
notable open questions.

Notation Let [n] = {1,2,...,n}. For a vector x
and positive semidefinite matrix A we let ||z| 4
VaTAz. The cardinality of a set A is denoted by
Al

2 PROBLEM SETTING

We consider the stochastic K-armed contextual lin-
ear bandit with a horizon of n rounds and M possible
contexts. The assumption that the contexts are dis-
crete cannot be dropped but as we shall at least M
will not play an important role in the regret bounds.
This assumption would hold for example in a rec-
ommender system if users are clustered into finitely
many groups. For each context m € [M] there is a
known feature/action set A™ C R? with |A™| = K.
The interaction protocol is as follows. First the envi-
ronment samples a sequence of independent contexts
(¢t)}—; from an unknown distribution p over [M]
and each context is assumed to appear with positive
probability. At the start of round ¢ the context c¢;
is revealed to the learner, who may use their obser-
vations to choose an action X; € A; = A°t. The
reward is

)/t:<Xt59>+77t7

where (1;)}_; is a sequence of independent standard
Gaussian random variables and § € R? is an unknown
parameter. The Gaussian assumption can be relaxed
to conditional sub-Gaussian assumption for the regret
upper bound, but is necessary for the regret lower
bound. Throughout, we consider a frequentist setting
in the sense that @ is fixed. For simplicity, we assume
each A™ spans R? and ||z|]y < 1 for all z € U,,A™.

The performance metric is the cumulative expected
regret, which measures the difference between the
expected cumulative reward collected by the omni-
scient policy that knows 6 and the learner’s expected
cumulative reward. The optimal arm associated with
context m is x}, = argmax,c 4m (z,0). Then the ex-
pected cumulative regret of a policy m when facing



the bandit determined by 6 is

n

Rj(n) =E l2<x:t,e> -3y,
t=1

t=1

Note that this cumulative regret also depends on
the context distribution p and action sets. They
are omitted from the notation to reduce clutter and
because there will never be ambiguity.

3 ASYMPTOTIC LOWER BOUND

We investigate the fundamental limit of linear con-
textual bandit by deriving its instance-dependent
asymptotic lower bound. First, we define the class
of policies that are taken into consideration.

Definition 3.1 (Consistent Policy). A policy 7 is
called consistent if the regret is subpolynomial for
any bandit in that class and all context distributions:

R3(n) = o(nf), for all e > 0 and all § € R%. (3.1)

The next lemma is the key ingredient in prov-
ing the asymptotic lower bound. Given a con-
text m and x € A™ let A = (xf, — z,0) be
the suboptimality gap. Furthermore, let Ay, =
min,, ep7) Mingeam amso A"

Lemma 3.2. Assume that p(m) > 0 for all m € [M]
and that z7, is uniquely defined for each context m
and let 7 be consistent. Then for sufficiently large n
the expected covariance matrix

G,=E [Zn: XtXtT] ,

t=1

(3.2)

is invertible. Furthermore, for any context m and
any arm x € A™,
9 (Am)2

x
e S s

limsup log(n)||z — =}, (3.3)
n—oo

The proof is deferred to Appendix A.1 in the sup-
plementary material. Intuitively, the lemma shows
that any consistent policy must collect sufficient sta-
tistical evidence at confidence level 1 — 1/n that
suboptimal arms really are suboptimal. This corre-
sponds to ensuring that the width of an appropriate

confidence interval \/2log(n)||z — 27, [|5-1 is approx-
imately smaller than the sub-optimality gap Al
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Theorem 3.3 (Asymptotic Lower Bound). Under
the same conditions as Lemma 3.2,

lim inf Ry (n)
n—oo log(n)

>C9, A, ..., AM), (3.4)

where C(0, A',..., AM) is defined as the optimal
value of the following optimisation problem:

M
3 Y aar

m=1zxecA™m

inf
az.m,é[ovoo

(3.5)

subject to the constraint that for any context m and
suboptimal arm z € A™,

u Ty
z" (Z Z aw,m:ch> z < ; .

m=1zeA™

(3.6)

Given the result in Lemma 3.2, the proof of Theorem
3.3 follows exactly the same idea of the proof of
Corollary 2 in [16] and thus is omitted here. Later on
we will prove a matching upper bound in Theorem
4.3 and argue that our asymtotical lower bound is
sharp.

Remark 3.4. In the above we adopt the convention
that co x 0 = 0 so that ag,,A' = 0 whenever
AT = 0. The inverse of a matrix with infinite entries
is defined by passing to the limit in the obvious way,
and is not technically an inverse.

Remark 3.5. Let us denote {a} ,, fzeam me[n)] a8
an optimal solution to the above optimisation prob-
lem. It serves as the optimal allocation rule for each
arm such that the cumulative regret is minimized
subject to the width of the confidence interval of each
sub-optimal arm is small. Specifically, o} ,, log(n)
can be interpreted as the approximate optimal num-
ber of times arm x should be played having observed

context m.

Remark 3.6. Our lower bound may also be derived
from a more general bound of Ok et al. [19], since a
stochastic contextual bandit can be viewed as a kind
of Markov decision process. We use an alternative
proof technique and the two lower bound statements
have different forms. The proof is included for com-
pleteness.

Example 3.7. When M =1 and A = {ey,...,eq}
is the standard basis vectors, the problem reduces
to classical multi-armed bandit and C(6, A') =
> weat.A,>02/Az, which matches the well-known
asymptotic lower bound by [14].



The constant C(6, A', ..., AM) depends on both
the unknown parameter # and the action sets
Al . AM  but not the context distribution p. In
this sense there is a certain discontinuity in the hard-
ness measure C as a function of the context dis-
tribution. More precisely, problems where p(m) is
arbitrarily close to zero may have different regret
asymptotically than the problem obtained by remov-
ing context m entirely. Clearly as p(m) tends to zero
the mth context is observed with vanishingly small
probability in finite time and hence the asymptoti-
cally optimal regret may not be representative of the
finite-time hardness.

3.1 Sub-logarithmic regret

Our matching upper and lower bounds reveal the
interesting phenomenon that if the action sets satisfy
certain conditions, then sub-logarithmic regret is
possible. Consider the scenario that the set of optimal
. 2%} spans RY 1. Let A € R be a large
constant to be defined subsequently and for each
context m and arm x € A™, let oy be 0if © # 2
and be A if else. Then,

arms {x7, ..

*
m?

M M
Z Z Qzmrr = A Z xr (3.7)
m=1zeAm m=1

Since the set of optimal arms spans R? it holds that
for any context m and arm xz € A™,

M -1
T * kT
T E L Lo r < 0o0.
m=1

Combining Eq. (3.7) and Eq. (3.8),

(3.8)

M

o (Z 3 am,mmT>lx

m=1zcA™
M —1
_ A—1_T * kT
=A""z (g xmmm> x.
m=1

Hence, the constraint in Eq. (3.6) is satisfied for suf-
ficiently large A. Since with this choice of (agm)
we have Zn]\le Y weam QzmAL =0, it follows that

1This condition is both sufficient and necessary. More
precisely, sub-logarithmic regret is possible if and only if
the optimal arms span the space that is spanned by all
the available actions. Since in this paper we assume the
action set spans R? for simplicity, the two conditions are
equivalent.
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C(0,A,...,AM) = 0. Therefore our upper bound

will show that when the set of optimal actions

{x%,..., 2%} spans R? our new algorithm satisfies
kg (n)

ioing BB _
W Tog(n) ~°

Remark 3.8. The choice of o, ,, above shows that
when {z%,...,2%,} span RY, then an asymptotically
optimal algorithm only needs to play suboptimal
arms sub-logarithmically often, which means the al-
gorithm is eventually very close to the greedy al-
gorithm. Bastani et al. [5], Kannan et al. [13] also
investigate the striking performance of greedy algo-
rithms in contextual bandits. However, [5] assume
the covariate diversity on the context distribution
while [13] assume the context is artificially perturbed
with noise — these assumptions make these works
brittle. In addition, [5] only provide a rate-optimal
algorithm while our algorithm is optimal in constants
(see Theorem 4.3 for details).

As claimed in the introduction, we also prove that
algorithms based on optimism can enjoy bounded
regret when the set of optimal actions spans the space
of all actions. The proof of the following theorem is
given in Appendix B.7.

Theorem 3.9. Consider the policy 7 that plays
optimistically by
X, = argmax(0,_,, z) + HxHG[lﬁtl/z'
rEAt
Suppose that 6 is such that {x7,...,2%,} spans R,
Then, for suitable (5;)7_; with 8; = O(dlog(t)), it
holds that lim sup,,_,., Rj(n) < co.

Note, the choice of (5;) for which the above theorem
holds also guarantees the standard O(dy/n) minimax
bound for this algorithm, showing that LinUCB can
adapt online to this nice case.

4 OPTIMAL ALLOCATION
MATCHING

The instance-dependent asymptotic lower bound pro-
vides an optimal allocation rule. However, the opti-
mal allocation {a} ,, }+m depends on the unknown
sub-optimality gap. In this section, we present a
novel matching algorithm that simultaneously esti-
mates the unknown parameter 6 using least squares
and updates the allocation rule.



4.1 Algorithm

Let N, () S_I(X, = x) be the number of
pulls of arm x after round ¢ and G; = 22:1 XX/
A aa
For each context m the estimated sub-optimality
gap of arm = € A™ is 3;”(15) = maxyeam (y —
2,0,) and the estimated optimal arm is 7, (t)
argmax,c 4m (T, 0;).
mated gap is

The least squares estimator is é\t =G

The minimum nonzero esti-

Apnin(t) = min min
mE[M] ze Am Am(t)>0

Next, we define a similar optimisation problem as in
(3.5) but with a different normalisation.

Definition 4.1. Let f, ;s be the constant given by

fns =21+ 1/log(n))log(1/8) + cdlog(dlog(n)),
(4.1)
where ¢ is an absolute constant. We write f, =
fn.1/n- For any IN= [0, 00)IYmA™ | define T(ﬁ) as a
solution of the following optimisation problem:

(Tm)z mE[O OO] Z Z TmA

m=1zeA™

(4.2)

subject to

2

fx Vr e A™ m e [M].

and that Hr = 2%21 >pean Txaz’ is invertible.

el <

If A is an estimate of A, we call the solution T(A)
an approximated allocation rule in contrast to the
optimal allocation rule defined in Remark 3.5. Our
algorithm alternates between exploration and ex-
ploitation, depending on whether or not all the arms
have satisfied the approximated allocation rule. We
are now ready to describe the algorithm, which starts
with a brief initialisation phase.

Initialisation In the first d rounds the algorithm
chooses any action X; in the action set such that X;
is not in the span of {X7,..., X;_1}. This is always
possible by the assumption that A™ spans R? for all
contexts m. At the end of the initialisation phase G
is guaranteed to be invertible.

Main phase In each round after the initialisation
phase the algorithm checks if the following criterion
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holds for any x € A:

<£min (t -
fn ’

(4.3)
The algorithm exploits if Eq. (4.3) holds and explores
otherwise, as explained below.
Exploitation. The algorithm exploits by taking
the greedy action:

X, = argmaxz ' 6;_1. (4.4)

re At
Exploration. The algorithm explores when
Eq. (4.3) does not hold. This means that some

actions have not been explored sufficiently. There
are two cases to consider. First, when there exists
an arm 2’ € A° such that

Ny (t = 1) < min(Tgt (At = 1)), fo /Dbt = 1)),

the algorithm then computes two actions

N, (t—1)
by = argmin
TEACt mm(TCf( (t—1)), fn/Amm(t —1))

by = argmin N, (t — 1). (4.5)
TEACt

Let s(t) be the number of exploration rounds defined
in Algorithm 1. If Ny, (t — 1) < &;s(¢) the algorithm
plays arm X; = by — a form of forced exploration.
Otherwise the algorithm plays arm X; = b;. Finally,
rounds where an ' € A with the required property
does not exist are called wasted. In these rounds the
algorithm acts optimistically as LinUCB [1]:

\/ f’n,l/(s(t))2 ||J"HGZJI7 (46)

where f,, 1/(s())2 is defined in Eq. (4.1). The com-
plete algorithm is presented in Algorithm 1.

X, = argmaxz ' 0y_1 +
e Act

Remark 4.2. The naive forced exploration can be
improved by calculating a barycentric spanner [4]
for each action set and then playing the least played
action in the spanner. In normal practical setups this
makes very little difference, where the forced explo-
ration plays a limited role. For finite-time worst-case
analysis, however, it may be crucial, since otherwise
the regret may depend linearly on the number of ac-
tions, while using the spanner guarantees the forced
exploration is sample efficient.



4.2 Asymptotic Upper Bound

Our main theorem states that Algorithm 1 is asymp-
totically optimal under mild assumptions.

Theorem 4.3. Suppose that T7*(A) is uniquely de-
fined and T7*(-) is continuous at A for all contexts m
and actions x € A™. Then the policy Toam proposed
in Algorithm 1 with e, = 1/log(log(t)) satisfies

B () g At My,

) (4.7)

lim sup
n—oo

Together with the asymptotic lower bound in Theo-
rem 3.3, we can argue that optimal-allocation match-
ing algorithm is asymptotical optimal and the lower
bound in Eq. (3.4) is sharp.

Remark 4.4. The assumption that 7,*(-) is con-
tinuous at A is used to ensure the stability of our
algorithm. We prove that the uniqueness assumption
actually implies continuity (Lemma C.5 in the supple-
mentary material) and thus the continuity assump-
tion could be omitted. There are, however, certain
corner cases where uniqueness does not hold. For ex-
ample when 6 = (1,0)7, A = {(1,0),(0,1), (0, —1)}.

4.3 Proof Sketch

The complete proof is deferred to Appendix A.2 in
the supplementary material. At a high level the anal-
ysis of the optimisation-based approach consists of
three parts. (1) Showing that the algorithm’s esti-
mate of the true parameter is close to the truth in
finite time. (2) Showing that the algorithm subse-
quently samples arms approximately according to the
unknown optimal allocation and (3) Showing that
the greedy action when arms have been sampled suffi-
ciently according to the optimal allocation is optimal
with high probability. Existing optimisation-based
algorithms suffer from dominant ‘lower-order’ terms
because they use simple empirical means for Part
(1), while here we use the data-efficient least-squares
estimator.

We let Explore F-Explore U UW-Explore U
W-Explore be the set of exploration rounds, de-
composed into disjoint sets of forced exploration
(X; = b1), unwasted exploration (X; = bg) and
wasted exploration (LinUCB), and let Exploit be the

set of exploitation rounds.
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Algorithm 1 Optimal Allocation Matching

Input: exploration parameter e,
counter s(d) = 0.
# initialisation

fort=1to d do
Observe an action set A, pull arm X; such that

X, is not in the span of {Xy,..., X;_1}.

exploration

end

fort=d+1tondo

Observe an action set A and solve the optimi-
sation problem (4.2) based on the estimated gap
At —1).

if ||CUH2;11
A, then

# exploitation

Pull arm X; = argmax_ ¢ 4e, azTat_l.

N2 Ae 2
g maX{Ami}(t_l)’ (Awtgf_l)) },VSL’ c

else
# exploration

st)=s(t—1)+1
if N, (t—1) > min(T,(A(t—1)), fo /(A (t—
1)))?, Vo € A%, then
| Pull arm according to LinUCB in (4.6).
else
Calculate b1, bs as in Eq. (4.5).
if Ny, (t—1) <es(t—1) then
| Pull arm X; = bs.

else
| Pull arm X; = b;.

end

end

end
Update 0, A% (t), Apin ().
end

Regret while exploiting The criterion in
Eq. (4.3) guarantees that the greedy action is optimal
with high probability in exploitation rounds. To see
this, note that if ¢ is an exploitation round, then the
sub-optimality gap of greedy action X; satisfies the

following with high probability:

log(log(n))

A < (2808
1V Ny, (t—1)

X, < Amnin -

Since the instantaneous regret either vanishes or is
larger than A, we have

E Z A7t | = o(log(n)).

teExploit



Regret while exploring Based on the design of
our algorithm, the regret while exploring is decom-
posed into three terms,

Ct
> A%
teF-Explore

E| Y Ag|=E

teExplore

+E +E

>

teW-Explore

Ct
A%,

>

teUW-Explore

Ct
A%,

Shortly we argue that the regret incurred in
W-Explore U UW-Explore is at most logarithmic and
hence the regret in rounds associated with forced
exploration is sub-logarithmic:

E ZA%

teF-Explore

O(ey|Explore|) = o(log(n)) .

The regret in W-Explore is also sub-logarithmic.
To see this, we first argue that |[W-Explore|] =
O(J[UW-Explore|) since each context has posi-
tive probability. Combining with the fact that
|[UW-Explore| is logarithmic in n and the regret of
LinUCB is square root in time horizon,

El >

teW-Explore

Aj| = ollog(n)).

The regret in UW-Explore is logarithmic in n with the
asymptotically optimal constant using the definition
of the optimal allocation:

Ct
E ZtEUW—Explore At

log(n)

—C(0,A,..., AM).

lim sup
n—oo
Of course many details have been hidden here, which
are covered in detail in the supplementary material.

5 EXPERIMENTS

In this section, we first compare our proposed al-
gorithm and LinUCB [1] on some specific problem
instances to showcase their strengths and weaknesses.
We examine OSSB [8] on instances with large action
sets to illustrate its weakness due to not using the
linear structure everywhere. Since Combes et al. [8]
demonstrated that OSSB dominates the algorithm
of Lattimore and Szepesvari [16], we omit this algo-
rithm from our experiments. In the end, we include
the comparison with LinTS [3]. Some additional
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experiments are deferred to Appendix D in the sup-
plementary material.

To save computation, we follow the lazy-update ap-
proach, similar to that proposed in Section 5.1 of
[1]: The idea is to resolve the optimisation problem
(4.2) whenever det(G,) increases by a constant factor
(14 ¢) and in all scenarios we choose (the arbitrary
value) ¢ = 0.1. All codes were written in Python. To
solve the convex optimisation problem (4.2), we use
the CVXPY library [11].

5.1 Fixed Action Set

Finite-armed linear bandits with fixed action set are
a special case of linear contextual bandits. Let d = 2
and let the true parameter be § = (1,0)". The ac-
tion set A = {x1, 29,23} is fixed and x; = (1,0) T,
To 0,17, z3 (1 — u,5u)".
u = {0.1,0.2}. By construction, z; is the optimal
arm. From Figure 1, we observe that LinUCB suffers
significantly more regret than our algorithm. The
reason is that if u is very small, then x; and x3 point
in almost the same direction and so choosing only

We consider

these arms does not provide sufficient information to
quickly learn which of x; or z3 is optimal. On the
other hand, x5 and x; point in very different direc-
tions and so choosing xo allows a learning agent to
quickly identify that x; is in fact optimal. LinUCB
stops pulling z2 once it is optimistic and thus fails
to find the right balance between information and
reward. Our algorithm, however, takes this into con-
sideration by tracking the optimal allocation ratios.

fixed action set, u = 0.1 fixed action set, u = 0.2

— oam 125

LinuCB

— OAM
LinuCB

150
100
100 75

50
50 //_’——
25

P

/
0 0
0 2000 4000 6000 8000 10000 0

2000 4000 6000 8000 10000

Figure 1: Fixed action set. The results are averaged
over 100 realisations. Here and also later, the shaded
areas show the standard errors.

5.2 Changing Action Set

We consider a simple but representative case when
there are only two action sets A' and A? available.

Scenario One. In each round, A! is drawn with
probability 0.3 while A2 is drawn with probability



changing action set
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changing action set

— oAM e
Unuii////,/,,

/

200
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50
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[ 5000 10000 15000 20000 0

5000 10000 15000 20000

Figure 2: Changing action sets. The left panel is for
scenario one and the right panel is for scenario two.
The results are averaged over 100 realisations.

0.7. Set A! contains z} = (1,0,0)T, 21 = (0,1,0) T,
and x1 = (0.9,0.5,0) ", while set A% contains 22 =
(0,1,0)", 22 = (0,0,1)", and 22 = (0,0.5,0.9)7.
The true parameter 6 is (1,0,1)". From the left
panel of Figure 2, we observe that LinUCB, while
starts better, eventually again suffers more regret
than our algorithm.

Scenario Two. In each round, A'! is drawn with
probability 0.99, while A? is drawn with probability
0.01. Set A! contains three actions: xi = (1,0)T,
3y =(0,1)T, 21 = (0.9,0.5) 7, while set .A? contains
three actions: 22 = (0,1)7, 22 = (-1,0)7, 22
(—1,0). Apparently, x1 and 2% are the optimal arms
for each action set and they span R2. Based on
the allocation rule in Section 3.1, the algorithm is

advised to pull actions z} and 2% very often based
on asymptotics. However, since the probability that
A? is drawn is extremely small, we are very likely to
fall back to wasted exploration and use LinUCB to
explore. Thus, in the short term, our algorithm will
suffer from the drawback that optimistic algorithms
also suffer from and what is described in Section 5.1.
Although, the asymptotics will eventually “kick in”,
it may take extremely long time to see the benefits
of this and the algorithm’s finite-time performance
will be poor. Indeed, this is seen on the right panel
of Figure 2, which shows that in this case LinUCB
and our algorithm are nearly indistinguishable.

5.3 Sublinear/Bounded Regret

Earlier we have argued that when the optimal arms
of all action sets span R?, our algorithm achieves sub-
logarithmic regret. Here, we experimentally study
this interesting case. We consider M = 2. In each
round, A! is drawn with probability 0.8 while A? is
drawn with probability 0.2 and the true parameter 6
is (1,0) T.Set .A' contains three actions: x1 = (1,0)7,
(0,1)T, 1 = (0.9,0.5)T, while set A? con-

)

1
L2
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fixed action set, d = 2, K = 100
— OAM
0SSB

LinUCB

— LnTs

bounded regret

— OAM
LinuCB

0 1000 2000 3000 4000 5000 0 200 400 600 800 1000

Figure 3: The left panel is for bounded regret and
right panel is for large action space. The results are
averaged over 100 realisations.

tains three actions: 22 = (0,1)7, 22 = (-1,0)T,
23 = (=1,0). As discussed before, x1 and z? are
the optimal arms for each action set and they span
R2. The results are shown in the left subpanel of
Figure 3. The regret of our algorithm appears to
have stopped growing after a short period of increase.
In line with Theorem 3.9, LinUCB is seen to achieve
bounded regret in this problem.

5.4 Large, Fixed Action Set

We let d =2 and 6 = (1,0)T. We generate 100 uni-
formly distributed on the d-dimensional unit sphere
(fixed action set). The results are shown in the right
subfigure of Figure 3. When the action space is
large, OSSB suffers significantly large regret and be-
comes unstable due to not using the linear structure
everywhere. The regret of (the theoretically justi-
fied version of) LinTS is also very large due to the
unnecessary variance factor required by its theory.

6 DISCUSSION

We presented a new optimisation-based algorithm
for linear contextual bandits that is asymptotically
optimal and adapts to both the action sets and un-
known parameter. The new algorithm enjoys sub-
logarithmic regret when the collection of optimal
actions spans R?, a property that we also prove for
optimism-based approaches. There are many open
questions. A natural starting point is to prove near-
minimax optimality of the new algorithm, possibly
with minor modifications. Our work also highlights
the dangers of focusing too intensely on asymptotics,
which for contextual bandits hide completely the de-
pendence on the context distribution. This motivates
the intriguing challenge to understand the finite-time
instance-dependent regret. Another open direction is
to consider the asymptotics when the context space
is continuous, which has not seen any attention.
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Supplement to “Adaptive Exploration in Linear Contextual Bandit”

In Section A, we provide main proofs for asymptotic lower bound and upper bound. In Section B, we prove
several main lemmas. In Section C, some supporting lemmas are presented for the sake of completeness.

A Proofs of Asymptotic Lower and Upper Bounds

First of all, we define the sub-optimal action set as A™ = A™ \ {z : A™ = 0} and denote A = UM_, A™ and

A.1 Proof of Lemma 3.2

The proof idea follows if ), is not sufficiently large in every direction, then some alternative parameters are
not sufficiently identifiable.

Step One. We fix a consistent policy m and fix a context m € [M] as well as a sub-optimal arm z € A™.
Consider another parameter § € R? such that it is close to @ but x%, is not the optimal arm in bandit 6 for
action set A". Specifically, we construct

~ H(x —xk)
=0+ —T-(A +e),
[E

where H € R%*? is some positive semi-definite matrix and € > 0 is some absolute constant that will be
specified later. Since the sub-optimality gap AL satisfies

(x—a,0)=(x—a5,0) + A" +c=¢>0, (A1)

mo
it ensures that z};, is e-suboptimal in bandit 9.
We define T,(n) = >} | I(X: = z) and let P and P be the measures on the sequence of outcomes

(X1, Y1,...,X,,Y,) induced by the interaction between the policy and the bandit § and ] respectively.
By the definition of G,, in (3.2), we have

Slo—aiz, = 1<9—5>Tén<9—§>
_ 9 QTE[ZT ]9 0)
zeA
= %ZE[Tm(n)}<CE,9—§>2~

z€A

Applying the Bretagnolle-Huber inequality inequality in Lemma C.1 and divergence decomposition lemma in
Lemma C.2, it holds that for any event D,

1 ~ ~
S10—011%, = KL(P.P) > log ( (A2)

2(P(D) + B(D)) ) '
Step Two. In the following, we start to derive a lower bound of Rj(n),

n

Rj(n) = E[Z@;—Xt, )] = [Z S (wh — X0,0)]

t=1 m=1t:ic;=m
e R o)
> AwnE| > (X0 £ 2] :AminE{iﬂ(Ct:m)—iﬂ(ct:m)n(xt:x;)},

tice=m t=1 t=1



where the first inequality comes from the fact that (z%, — X;,0) > 0 for all m € [M]. Define the event D as
follows,

{ZH ce =m)(X; =), )<%i:]1(ct:m)}. (A.3)
t=1

When event D holds, we will only pull at most half of total rounds for the optimal action of action set m.
Then it holds that

RI(n) > Amn [(Z]I o =m)—> I(e; 7)) 1(D)|
t=1
> B[y Y Hlew = myI(D)]
Define another event B as follows
_ {;i )2 g2, (A.4)

where § > 0 will be chosen later and p,, is the probability that the environment picks context m. From the
definition of ¢;, we have E[Y ;" , I(¢; = m)] = np,. By the standard Hoeffding’s inequality [22], it holds that

2
(S -2 )21 a2

which implies
P(B°) < exp(—26%/n).
By the definition of events D, B in (A.3),(A.4), we have

Ri) > AunE[5 D 1o = m)I(D)IB)

t=1

> Apia[(Grp — DUD)I(B)
= Auialgnpn — DE(DNB)
> Auinl(gnpn — 3)(B(D) ~ P(E))
Letting 6 = np,, /2, we have
RZ(n) > Amin”’% (IP’(D) - exp(—%)). (A.5)

On the other hand, we let E is taken with respect to probability measures P. Then Rg(n) can be lower
bounded as follows,

~M ~
xn) = B[ DY e =m)Ay,]

Vv
&=
(]
=
o
Il
3
=
s
\
8
>
83



where we throw out all the sub-optimality gap terms except 3? . Using the fact that ﬁ;" is e-suboptimal,
it holds that

Ri(n) > gﬁ[

—~

> Ier = m)I(X, = o) )I(D))

> sﬁ[% iﬂ(ct - m)H(DC)}

> EE[% ti}ﬂ(ct - m)H(D‘)]I(B)}

> (’”';’"_— g)ﬁn(pc N B)

> ("L - )E(D) - BE))

> (M )@ - exp(-20))

- g”f%ﬁ(m - 5"% exp(—@). (A.6)

Now we have derived the lower bounds (A.5)(A.6) for Rj(n), Rg(n) respectively.
Step Three. Combining the lower bounds of R} (n) and R’el(n) together, it holds that

~ 2
R (n) + R3(n) > ”’% (P(D)Amin + P(DC)E> - ”f% exp(—np%)(a + Amin).

Letting ¢ < Apin, we have

~ 2
R (n) + RZ(n) > 5% (]P’(D) + IP’(DC)) - "’% exp(—"’%)mmm.
This implies
Ri(n)+ RZ(n) 1 np? -
— 6 4 ——")2Anin > P(D) + P(D°). A7
S exp(= 5220, > B(D) + B(D) (A7)
Plugging (A.7) into (A.2), we have
1 0112
,HG—GH@n > log( = )
2 2(P(D) + P(D?))
> 1 ( !
Z 98\ Rrmy+Rz(n) o )
’ Enpm/68 + % eXp(_%)ZlAmin
log ( n
= 8\ RrmyrRrz(m) o )
W + 2 exp(—"E=)4A iy
Rj(n)+ RZ(n)  4n np?,
= log(n) — IOg (Ep—/Se + ? eXp(—T)Amin> .
Dividing by log(n) for both sides, we reach
~ RE(M+RZ(1) | an np?.
lo—a13,  los (TUEE + 4 exp(—"5) Auin)
2log(n) — log(n)

From the definition of consistent policies (3.1), it holds that

log(R} (n) + RZ(n
e )+ ()

n—oo log(n)




In addition, by using the fact that lim,_, . nexp(—n) = 0, it follows that

. lle—oliZ
liminf ———== > (A.8)
n—oo  2log(n)
Step Four. Let’s denote
B A Sl e 20
o — 3, I
Then we can rewrite
1 ~ (A" 4 )2
—10—-0|2 =-—=2—2 p,.(H).
QH ||Gn 2H1,7x;.;1”é71p ( )
Plugging this into (A.8) and letting € to zero, we see that
n(H 2
lim inf pnH) > (A.9)

nooo o — a2 log(n) ~ (A7)?
Now, we consider the following lemma, extracted from the proof of Theorem 25.1 of the book by [17]. The

detailed proof is deferred to Section B.6.

Lemma A.1. Let {G,},>0 be a sequence of d x d positive definite matrices, s € R?. For H positive
HSHZ—l HSH?-IGRH

n T Assume that
H

semi-definite d x d matrix such that ||s||z > 0 and n > 0, let p,(H) =

Amin(Gn)
log(n)

lim inf,, o > 0 and that for some ¢ > 0,

H
lim inf pn(H)

_ A.10
n—o0 ||5||2G;110g(n) - ( )

Then, limsup,,_, ., log(n)||s||é,1 <1/e.

The proof of liminf, s ’\’I‘C‘)gigf)") > 0 could refer Appendix C in [16]. Clearly, this lemma with G,, = Gy,
c=2/(A"™)2, H = lim, o, G, 1/||G; || and s = x — x%, gives the desired statement.

A.2 Proof of Theorem 4.3: Asymptotic Upper Bound

We write Apax = maxg , AL

and abbreviate R(n) = Rj(n). From the design of the initialisation, G is
guaranteed to be invertible since each A™ is assumed to span R?. The regret during the initialisation is at
most dAax = o(log(n)) and thus we ignore the regret during initialisation in the following.

First, we introduce a refined concentration inequality for the least square estimator constructed by adaptive
data. The proof could refer to the proof of Theorem 8 in [16].

Lemma A.2. Suppose for t > d, Gy is invertible. For any ¢ € (0,1), we have

]P’(Elt > d, 3z € A such that |(z,0,) — (z,0)] > ] g if) <4,

and
Jns = 2(1 + @) log(1/9) + edlog(dlog(n)), (A.11)

where ¢ > 0 is some universal constant. We write f,, = f,, 1/, for short.



Let us define the event B; as follows
B, = {Ht > d, 3z € A,such that 2760, — 76| > ||a:HG:1f71L/2}. (A.12)

From Lemma A.2, we have P(B;) < 1/n by choosing § = 1/n. We decompose the cumulative regret with
respect to event B; as follows,

R(n) = E[zﬂ: > A;t]I(Xt:a:)]
=1 gc A%t
_ [ZZACf]IXt_th]—HE[n ZACt]IXt—xB) (A.13)
=1 ze A% t=1 o

To bound the first term in (A.13), we observe that

E{Z?:l Dzeact AFI(Xy =z, Bt)}

lim sup

E an Ath]I(Bt) A n P(B A no1
= limsup { i < lim sup —= 211 P(Br) = limsup ——=1t=1n 2=t
n—oo log(n) n—o0 log(n) n—oc log(n)
A
= lims X — 0. A.14
S o) S
To bound the second term in (A.13), we define the event D; ., as follows,
Amin(£)? (A% (2))?
Dy, = {VmGAC‘,sz_l Smax{( f( ) , ( “"f( ) }} (A.15)

When D, ., occurs, the algorithm exploits at round ¢. Otherwise, the algorithm explores at round t. We
decompose the second term in (A.13) as the exploitation regret and exploration regret:

E[Zn: 3 AI(X, = ;me)}

t=1 zc At
= E[Y Y AYIX =5, D) +H«:[Z > AUIX: = @, B, D5, (A.16)
t=1 e A% t=1zeA”

We bound those two terms in Lemmas A.3-A.4 respectively.

Lemma A.3. The exploitation regret satisfies

E [ Z?:l ZzeAc_t AGJH(Xt =z, BY, Dt;Ct):|

lim su =0 A7
Lemma A.4. The exploration regret satisfies
B[S0 Saca Aul(X, = 3,57, D5,
lim sup e <C(0,A, ... AM), (A.18)
n— 00 log(n)
where C(0, A, ..., AM) is defined in Theorem 3.3.
Combining Lemmas A.3-A.4 together, we reach our conclusion. |



B Proofs of Several lemmas

B.1 Proof of Lemma A.3: Exploitation Regret

When B{ defined in (A.12) occurs, we have
max (6; — 0,2)| < 2l fa”?. (B.1)

When Dy, defined in (A.15) occurs, we have

Hw”é;l < maX{A“;:(t), <A;;it)> } = (A;;it>) , (B.2)

holds for any action = € A™ and A™(t) > 0. If 2%, = &7, (t), there is no regret occurred. Otherwise, putting
(B.1) and (B.2) together with the optimal action 27, it holds that

|<§t - m>| < meHG 1 1/2 < Am ( ) (B3)

We decompose the sub-optimality gap of Z7,(t) as follows,

= (@0 = 00) + (7, 00) = (T3,(8), 0 = 0r) — (T, (1), 6r)
= (23,0 = 00) — AT (1) + (@,(),0, - 6)
< (@(1),0, - 0). (B.4)
For each x € A, we define
. . . n Amin
T, = min {N 1Vt > d, D, ., occurs, N, (t) > N,implies [0, — 0, x)| < T} (B.5)

When Ng:ﬂ(t) (t) > Tax () it holds that

Together with (B.4), we have
(27, 0) = (@, (1), 0) < ——

Combining this with the fact that the instantaneous regret either vanishes or is larger than Ay, it indicates
x, = T,(t). Therefore, we can decompose the exploitation regret with respect to event {Nz. ()(t) > 7a+ (1)}

Lo

as follows,

A;t]I(Xt =, Bg, Dt,ct)

>

t=1 zc At
M n
< E Z AT]I(Xt =, BfaDt,rmNi;*n(t) (t) > T;?;;(t))]
“m=1t=1 zcA™
M n
+ E[Y A;”]I(Xt = 2, B5, Dy, Naw 1y (t) < rﬁn(t))]. (B.6)
“m=1t=1zcA™



During exploiting the algorithm always executes the greedy action. When z, = &7 (¢) the first term in (B.6)
results in no regret. For the second term in (B.6), we have

n

IE:[ i 3 A?H(Xt = 2, B8, Dyny Naw (1) < T@fn(t))}

m=1t=1 z€ A™

M n
|: Z Z H(Btca Dt,mv N%;‘,L(t) (t) < Tf:‘”(t)):| Amax

IN
=

(B.7)

A
=
&
I
5
~
A
=
&
P
=
&

b

It remains to bound E[r,] for any € A. Let

A= min{)\ >1:¥t > d, |0, — 8,2)] < g 1,/1%}'

n

From the definition of 7, in (B.5), we have

Amin
Te < maX{N (faan /N2> ?}

)

which implies 7, < 4f,1/a/A2;,. From Lemma A.2, we know that P(A > X) < 1/X, which implies
E[log A] < 1. Overall,

4E 8(1+ 1/log(n)) + 4edlog(dlog(n
i) < JEIA  SOL41/on(0) + dedog(dlog(r)) ©s)
Combining (B.6)-(B.8) together, we reach
B[S Yeean Alm = 2,5, Dy
lim sup
n—oc log(n) (B.9)
_ |A|Amax (8(1 4 1/log(n)) + 4cdlog(dlog(n)))
<lim sup 5 =0.
00 Az log(n)
This ends the proof. |
B.2 Proof of Lemma A.4: Exploration Regret
If all the actions = € A satisfy
Na(t) = min { £/ A (1), T (A1)}, (B.10)

the following holds using Lemma C.4,

o~

A1211in 3 E? t 2
ol 1 < e { Son) (B2

In other words, this implies if there exists an action  such that (B.10) does not hold, e.g. Df ., occurs, there
must exist an action 2’ € A (z and 2’ may not be the identical) satisfying

}, for any = € A.

Nor() < min { fo/ B2, (8), T (R(1)) }.

Based on the criterion in Algorithm 1, we should explore. However, if 2’ does not belong to A and all the
actions within A% have been explored sufficiently according to the approximation optimal allocation, this



“

exploration is interpreted as “wasted”. To alleviate the regret of the wasted exploration, the algorithm acts

optimistically as LinUCB.

Let’s define a set that records the index of action sets that has not been fully explored until round ¢,
M, = {m 3w € A™ Ny (t) < min{fn/ﬁfmn(t),Tx(ﬁ(t))}}. (B.11)

When Df ., occurs, it means that M; # 0. If D¢ . occurs but ¢; does not belong to M, the algorithm suffers

t,ct
a wasted exploration. We decompose the exploration regret according to the fact if ¢; belongs to My,

E{zn: Z AxH(Xt =7, Bz?v Df,ct:|
=1 gc A%t

n

= E[Y Y AKX, =B D, e € M)

t=1 zc At

Rye:unwasted exploration

n

+1E[Z S AKX =2, B DS, ¢ ¢ Mt)} . (B.12)

t=1 ;vE.Ait

Rywe:wasted exploration

We will bound the unwasted exploration regret and wasted exploration regret in the following two lemmas
respectively.

Lemma B.1. The regret during the unwasted explorations satistifies

Rue
i — < oo . .
llrir;sotip og(n) = CO, A, ..., Au) (B.13)

The detailed proof is deferred to Section B.3.

Lemma B.2. The regret during the wasted explorations satisfies

Rye
li =0. B.14
1nrri>solip og(n) ( )

The detailed proof is deferred to Section B.5.
Putting (B.12)-(B.14) together, we reach

E Z?:l ZxGAF_t A?]I(Xt = .Z',BI?,DC

t,ct

)] <C(O, A, ..., AM),

5
linjolip log(n)

which ends the proof.

B.3 Proof of Lemma B.1: Unwasted Exploration

First, we derive a lower bound for each N, (t) during the unwasted exploration. Denote s(t) as the number
of rounds for unwasted explorations until round ¢. Indeed, forced exploration can guarantee a lower bound
for N, (t): mingeq N, (t) > e,5(t)/2. We prove this by the contradiction argument. Assume this is not
true. There may exist s(t)/2 rounds {t1,...,ts )2} C {1,...,t} such that minge4 N (t) < e;5(t). After | A



such rounds, we have min, N, (¢) is incremented by at least 1 which implies min, N, (¢) > s(t)/(2|A]). If
g+ < 1/]A|, it leads to the contradiction. This is satisfied when ¢ is large since e = 1/log(log ).

Second, we set 8, = 1/log(log(n)) and define
¢ = min{s 1Vt > s5,Vx € A, such that |<x,§t> —{z,0)| < ,Bn}. (B.15)

Then we decompose the regret during unwasted explorations with respect to event {s(t) > ¢} as follows,

n

Rue = [Z S A = @, B DS ¢ eMt)}
t=1 zc A%t
= E[Y Y AKX =B D, 5(t) = Cev € M)
t=1 zc A%t
I
E[zn: 3 AKX, =, B, D5, s(t) < (e € Mt)} . (B.16)
t=1 ze A%
I

To bound I, we have

E{ZA& o DicyrCt € My, s ()<C} <Amde{zn:H t) < (e € My, tct)i| < AmaxE[(].

t=1

It remains to bound E[(]. Let’s define

. ~ 2 1/2
A = min {)\ Vt:Dy,.,,Vx € A, s(t) > s,such that [(z,0;) — (z,0)] < (EtT(t)f”’l/)‘) }

From the definition of ¢ in (B.15), we have

C<max{ (fn 1/)\>1/22/8n}a

EtS

which implies
an, 1/A

¢< Etﬁg

(B.17)

In addition, we define

A’ = min {)\ .Vt > d,Vx € A,such that |(z,8;) — (z,0)| < Hx||G;1 i/f/)\}.

Using the lower bound of N, (t), it holds that

By Lemma A.2, we have

which implies that E[log A] < 1. From (B.17),

E[c] < 2(1+1/log(n)) + cdlog(log(dlog(n))).

— (B.18)



From (B.18), we have

ApaxE
lim sup < lim sup ai[d

=0, B.19
n—oo 10g(n) = noeo  log(n) (B.19)

since 3, and €, are both sub-logarithmic. It remains to bound I;. When s(¢) > ¢, from the definition of ¢ in
(B.15) we have

<(L‘,§t> - <.’I},9> < ﬁﬂn

holds for any = € A. For each m € [M], we have

Due (t) = (00T () — (Br,25,)
= (00, 75,() — (0,75,(6)) — (Bp,2%,) + (0,25,) — (0, 27,) + (0,55, (1))
< 2B — Anin-

When n is sufficiently large, it holds that 8, < Amin/2. This implies A 2z (t) = 0 such that xy, =77, (t) for
all ¢ : s(t) > (. For notation simplicity, we denote & = Bf N Dy, N{s(t) > (} N {c; € M;}. When & occurs,

t c,
the algorithm is in the unwasted exploration stage and z}, =z}, (n).

When Dy ., occurs and ¢; € My, there exists 2’ € A such that N, (t) < mm(fn/A Tw/(ﬁ(t))) From

the design of Algorithm 1, it holds that

min )

o If z = by, then N, (t) < min(f,/A2. (t), To(A(t))).
o If x = by, then N, (t) = minge gee Ny (t) < mm(fn/Amm( ), T. /(ﬁ(t)))

Since the algorithm either pulls by or by in the unwasted exploration, it implies an upper bound for s(t):

st)< Y Na(t) < A maxmm(fn/Armn( ), To(A(1))): (B-20)

TEACt
Let A be the random variable given by
A= min{)\ : rgleajd(x,@t —-0)| < Hx||G;1 o 1/)\ forall t € [n ]}
where f, 1/ is defined in Eq. (A.11). By the concentration inequality Lemma A.2, for any A > 1,
P(A> X <1/ (B.21)

Hence the event F' = {A > n} satisfies P(F) < 1/n. Denote o'(A) = T/"(A)/ f,, where T/*(A) is the
solution of optimisation problem in Definition 4.1 with true A. Given v > 0 let

0(8) = sup {[la(8) = a(A) e : |13 ~ Al < 3},

where a(A) = {a]'(A)}zeam me[m]- By continuity assumption of a at A we have lims_,o v(d) = 0. Moreover,
let’s define

Ts = min {t : meaj<|<x,§s —0) <¢/2forallz e Aand s> t} .
T

Since N, (t) > e,5(t)/2,

2fn A
< — .
gleax|<;v 0, — o) < ers(l)

10



Therefore the number of exploration steps at time 75 is bounded by s(75) < anyl/Aar_ll&_Q.
Let (6,)2%; be a sequence with lim,, o, §, = 0 and log(log(n))/d? = o(log(n)). I;1 decomposed as

n

o= E[Y Y AKX =2.8)|
t=1 g At
< Els(rs,)] +E| zn: > AKX, =,8)]. (B.22)

t:T‘Sn IEACJ

The first term in (B.22) is bounded by

8

Els(rs,)] < —5

E[fn.1/a] = o(log(n)),

where we used the assumption on (d,) and the fact that E[f, /4] = O(loglog(n)). By the continuity
assumption, the following statement holds

n

> WX =2.6) £ cs(n) + fumin (1/A%;,(n), a5 (B(n))/2)

t:'r,;n+1
< en5(n) + f, min (A21(),(a;t(A)+v(6n))/2>. (B.23)
min n
The second term in (B.22) is bounded by
E[ 3 3 AJx, :x,&)}
Tt=7s, €At
< E Z Y A ZI[Xt—xSt]
“m=1zcA™
- M
< 53 Acusl £0] +E[ 2 P A) + 0(8n))/2(Ex) |
“m=1lzeA™ m=1zcA™

To bound the second term, we take the limit as n tends to infinity and the fact that lim, . v(d,) = 0 and
fn ~ 2log(n) shows that

lim sup
n—oo

[Z > AufalaZ(A) +v(6))/20(E)]| < (0,4, AM). (B.24)

m=1zeA™

We bound the first term in the following lemma. The detailed proofs are deferred to Section B.4.
Lemma B.3. The regret contributed by the forced exploration satisfies
E| > eaet Avens(n)(En)

lims =0.
vy log(n)

This ends the proof. |
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B.4 Proof of Lemma B.3: Forced Exploration Regret

By the upper bound of unwasted exploration counter s(n) in (B.20), it holds that

M M
Yo D Aleas)IE) < D0 Y Alen|Almaxmin(fu/AL, (n), T (A(n))I(E,)

m=1zeA™ m=1zeA™
M ~
< A Y AT/ Amin()I(E).
m=1zcA™
When event &, occurs,
(AF)? (AT)?
max ————— < max -——————=
2225, (n) (Agy(n))? 2735, (n) (AT — 26,)?
4(Am B /Bn)ﬁn 166n
15‘?512)({”) ( * (A;rtn - 26n)2 ) =i Amin’
For any z € A™,
~ 1
Amin > ———————Apin- B.25
Since g, = 1/(loglog(n)), we have
Azens(n)I(E
lim sup 2ned (WIE) =0. (B.26)
n— 00 log(n)
This ends the proof. |
B.5 Proof of Lemma B.2: Wasted Exploration
First, we define
~ 1/2
F, = {at >d, 3w (z,0) — (2,0) > |1z g n,w}, (B.27)

where f, 152 is defined in Lemma A.2. From Lemma A.2, we also have P(F,) < 1/s*. Let s'(¢), s(t) be the
number of rounds for wasted explorations, unwasted explorations until round ¢ accordingly, and x; is the
optimal arm at round ¢. We decompose the regret as follows

RwegE[ 3 U Few) m}ﬂrz[ 3 UFG) e — X0 0)]. (B.28)

tewasted tcunwasted

I Iz

To bound I, we have

1 1
Il < ZP max < Z j max — - E)Arna,x- (B29)

To bound I, let’s denote 5,5 as the optimistic estimator. Following the standard one step regret decomposition
(See the proof of Theorem 19.2 in [17] for details), it holds that

(xy — X, 0) = (a},0) — (X4, 0)
(Xy,00) — (X4, 0)
<Xta§t —0) + (X4, 0, — é\t>

IN
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When F, (1) occurs, we have

(Xe,0, = 0) < || Xill g1 Fu1/ (s (02 (X1, 0, — ;) < 1 Xell g1 fr1/csr))-
Putting the above results together, we have
* 1/2
(af — X4, 0) < 2||Xt||c:;1 n{1/(5/(t)2)-

Applying Lemma C.3, we can bound I5 as follows

1/2
L= Ean,/l/(s'(t)?) > ”Xt”G;l}

tewasted

< E {2]‘711’/12/(5,@)2) \/25’(n)d10g (s’(ni%d)} . (B.30)

Recall that pyi, = min,, p,, be the minimum probability that each action set arrives. It is easy to see
P(cy € My|Ds.,) = P(c; € My|[My #0) =3 c i, Pm = Prmin- We bound '(n) by s(n) as follows

E[s'(n)] = E[iH(Dﬁct,ct ¢ M| = S B(DS . JBle ¢ MiIDS,,)

n

1
< P(D;ct)P(ct € Mtlpact)
Pmin =1
1 - 1
o B[S 1(D, e e M| = S E[s(n)]. (B.31)
min =1 min

Putting (B.29)-(B.31) together, The regret in the wasted exploration can be upper bounded by

1 2 $(n)/Pmin + d
Ry < (2 - E)Amax + Do \/2d10g (%)fn,(Pmin/s(n))zs(n)/pmin» (B'32)

where fp, (... /s(ny)? 18 defined in (A.2).

Next, we recall the upper bound (B.20) for the number of pulls in unwasted exploration,

s(n) < |Almaxmin {fn/ﬁmin(n),Tz(ﬁ(n))}
< |A|fn/£min(n)-
From (B.25), we have
. 1 A2
. > > “min
Amln(n) =17 5n Amln = Amin ¥ 16571’

where 8,, = 1/log(log(n)). Overall, we see s(n) < O(log(n)). Plugging this into (B.32), we reach

. we
lim sup

This ends the proof. |

13



B.6 Proof of Lemma A.1

First, we start by the following claim:

Claim B.4. Assume H, is a sequence of d X d positive definite matrices such that H,, — H and H is positive
semidefinite. Then, HH, 'H — H as n — oo.

Proof. Without loss of generality, we can assume that H is given in the block matrix form

I_ A 0
0 0
where A is a nonsingular m x m matrix with m > 0. (If m = 0, H is the all zero matrix and the claim
trivially holds.) Consider the same block partitioning of H,,:

A, B
Hn — n n ,
(5 )
where A,, is thus also an m x m matrix. Clearly, A = lim, o, A, and A,, is nonsingular (or H,, would be
singular), while B,, — B and D,, — D where all entries in B and D are zero. Then, as is well known,

H ' =

n

ATt + ASYB,S;IBI ALY —AB, ST
—S1BT A1 S-1 '

where S,, = D,, — B,l A;1B, is the Schur-complement of block D,, of matrix H,,. Note that

~1 -1 —1pT g1
p-t - (AT AT BIATA 0)
0 0
Since the matrix inverse is continuous if the limit is nonsingular, A;* — A~1. Clearly, it suffices to show
that A1+ A 1B, S 1B A1 — A~L. Hence, it remains to check that A, 1B, S, 1B, A1 — 0. This follows

because B,, — B and D,, - D and S,, - D — BTA~1B =0 where D = 0 and B = 0. O]

Proof of Lemma A.1. Let L = limsup,,_, log(n)||5||é_1. We need to prove that L < 1/c. Without loss

of generality, assume that L > 0 (otherwise there is n%thing to be proven) and that for some H positive

semidefinite matrix, ¢ € R and x € RU {o0}, (i) log(n)||s||é;1 — L; (ii) H, = G;Y/|G Y| — H; (i46)

Amin(Gr)/log(n) — ¢ > 0 and (iv) ﬁ — Kk > ¢. We claim that [|s||z > 0, hence p,(H) is
a1

well-defined and in particular p,(H) — 1 as n 4 0o, Tf this was true, then the proof was ready since

log(n)||s|?,- 1 =
L = lim Gul . (H) =1/r<lfe.
n—oo  pp(H) limy, o0 W
Gat

Hence, it remains to show the said claim. We start by showing that ||s||y > 0. For this note that
|G| = 1/Amin(Gr) and hence

Amin(Gn)
2 _ Amin\YUn 2
”S”Hgiu = Tog(n) ]|+ log(n) .

Taking the limit of both sides, we get ||s||% — (L > 0. Now,

2 2 2 2
sllga sz, m sl Il g g nosse IslllsllE _
- - - K
sl [1s[|% sl

where we used Claim B .4. O

Pn
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B.7 Proof of Theorem 3.9
Suppose that {z, : m € [M]} spans RY. Recall that LinUCB chooses

X, = argmax(z,0,_1) + ||$HG;115,51/2 ;

reAct

where 8; = O(dlog(t)) is chosen so that
B (110~ 0llc, = £) < 1/¢*,

which is known to be possible [17, §20]. Define F} to be the event that ||6; — ||, > B;. Then the instantaneous
pseudo-regret of LinUCB is bounded by

Ay < 1p, + (o} — X0, 0) < 1, + 28| Xl g1 < 1m + 20/ BIGTY]

where the matrix norm is the operator name (in this case, maximum eigenvalue). Let 7 = 14+max{¢t : F} holds},
which satisfies E[7] = O(1). The cumulative regret after 7 is bounded almost surely by

n

> (ap = X1,0) = O (Vnlog(n)) ,

t=r1

where the Big-Oh hides constants that only depend on the dimension. Hence all optimal arms are played
linearly often after 7, which by the assumption that {z*, : m € [M]} spans R? implies that ||G; || = O(1/t).
Hence the instantaneous regret for times t > 7 satisfies

se-o(E).

Since A; € {0} U [Amin, 1], it follows that the regret vanishes once A; < Ayi,. But by the previous argument
and the assumption on 5; we have for ¢t > 7 that

A, < 20/B1IGTY| 0( kgf“) :

Hence for sufficiently large ¢ (independent of n) the regret vanishes, which completes the proof.

C Supporting Lemmas

Lemma C.1 (Bretagnolle-Huber Inequality). Let P and P be two probability measures on the same
measurable space (€2, F). Then for any event D € F,

P(D) + P(D°) > %exp (fKL(IP’, ﬁ)) : (C.1)

where D¢ is the complement event of D (D¢ = Q\ D) and KL(P,P) is the KL-divergence between P and
P, which is defined as +oo, if P is not absolutely continuous with respect to P, and is [, dP(w) log %(w)
otherwise.

The proof can be found in the book of Tsybakov [21]. When KL(IP, IFD) is small, we may expect the probability
measure P is close to the probability measure P. Note that P(D) + P(D¢) = 1. If P is close to P, we may
expect P(D) + P(D¢) to be large.
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Lemma C.2 (Divergence Decomposition). Let P and P be two probability measures on the sequence
(A1,Y1,...,A,,Y,) for a fixed bandit policy 7 interacting with a linear contextual bandit with standard
Gaussian noise and parameters 6 and ] respectively. Then the KL divergence of P and P can be computed
exactly and is given by
KL, B) = = S E[L.(n)] (2,6 — 6)°, (C.2)
2 zeA

where E is the expectation operator induced by P.

This lemma appeared as Lemma 15.1 in the book of Lattimore and Szepesvari [17], where the reader can also
find the proof.

Lemma C.3. Let {X;}5°, be a sequence in R? satisfying || X;|j2 <1 and G; = 3t X;X,. Suppose that
Amin(Gq) > ¢ for some strictly positive ¢. For all n > 0, it holds that

d—I—n)
7

> Xl 1 < 4/ 2ndlog(
t=d+1

Lemma C.4. Let € > 0 and denote T(A(n)) € RMI as the solution of the optimisation problem defined in
Definition 4.1. Then we define

S.(A(n)) = min {efn, T(A(m)) }.
Then for all z € A,

2 A2

9 e* Az(n)

x|, - < max {— }
” HHS:@(M) fn7 fn

This is Lemma 17 in the book of Lattimore and Szepesvéri [16], where the reader can also find the proof.

Lemma C.5. Suppose that 77() is uniquely defined at A. Then it is continuous at A.

Proof. Suppose it is not continuous. Then there exists a sequence (A,,)22 ; with lim,_, [|An, — A]| = 0 and
for which limy,_,oo T2 (Ay,) # T2 (A) for some m and « € A™. Since A,, — A it follows that for sufficiently
large n the optimal actions with respect to A,, are the same as A. Hence, for sufficiently large n, by the
definition of the optimisation problem,

T2 (Ay) = 00 = T2 (A).
Therefore there exists a context m and suboptimal action x # a7, such that lim, .o T2 (A,,) # T (A). Tt is
easy to check that the value of the optimisation problem is continuous. Specifically, that

M M
am Y Y =Y Y ).
m=1zxcA™ m=1zc A™

Hence limsup,,_, ., 70" (A,) < oo for x # x,. Therefore a compactness argument shows there exists a cluster
point S of the allocation (T'(A,))52, with S £ TZ (A) for some m and x # z,. And yet by the previous
display

M M
Y sm=Y Y ).
m=1zcAm m=1zcAm

Since the constraints of the optimisation problem are continuous it follows that S also satisfies the constraints
in the optimisation problem and so S # T(A) is another optimal allocation, contradicting uniqueness.
Therefore T,"(+) is continuous at A. O
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small actionset,d=2,K=5 randomly generated theta, d = 2, K= 100
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Figure 4: The left panel is for small size action set and the right panel is for randomly generated 6. The
results are averaged over 100 realisations.

D Additional Experiments

In this section, we consider two more experiment settings in Figure 4.

1. Small size action set. We conduct the experiments with the number of action set equal to 5. Comparing
with large size action set (Section 5.4), we found that OAM still outperforms OSSB but the improvement is
smaller, as one might expect.

2. Randomly generated 6. For each replication, 6 is randomly generated from multivariate normal with
variance 10 and we normalise 6 such that its ¢35 norm is 1. OAM still outperforms OSSB for randomly
generated 0. In addition, we compare with the heuristic LinTS (remove all the variance blowup factors and
use a Gaussian prior). We find that the heuristic LinTS enjoys the best performance by a modest margin.
Analysing heuristic LinTS, however, remains a fascinating open problem. As far as we are aware, it is not
known whether or not it even achieves sublinear regret in the worst case.
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