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1. Introduction

The TV (total variation) model of Rudin, Osher, and Fatemi [14] for image denoising is considered to be one of the best
denoising models. Recently, using the Bregman method, Goldstein and Osher [9] provided a very efficient algorithm for the
solution of the ROF model. In this paper, we give a rigorous proof for the convergence of the Bregman method. Moreover, for
certain texture rich images, we also discuss some improvements of the ROF model by using a combination of the Bregman
method with wavelet packet decomposition.

An image is regarded as a function

u:{l,...,N}x{1,...,N} =R,

where N > 2. Suppose u € RV = R{1-Nx{1.N} For 1 < p < oo, let

1/p
Hunp::( > |u<i,j>\") ,

1<i,j<N

and let ||ufl := max;g; jgn lu(i, j)|. We use Vy to denote the difference operator given by Vyu(1,j)=0 for j=1,...,N
and

Vxu(i, j)=u@, j)—u@i-1,j), i=2,...,N, j=1,...,N.
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Then Vy is a linear mapping from RV to RV’. Similarly, Vy is the difference operator from RV to RV given by
Vyu(i,1)=0fori=1,...,N and

Vyuli, ) =ud, j) —u,j—1), i=1,...,N, j=2,...,N.

The total variation of u is represented by

IVl + 1Vyull or  [ly/(Vew) + (Vyw? .

Let f € RV be an observed image with noise. We wish to recover a target image u from f by denoising. The anisotropic
TV model for denoising can be formulated as the following minimization problem:

. 2z
mum[nvxunl +1Vyulls +5||u—f||§], (11)

where p is an appropriately chosen positive parameter. Correspondingly, the isotropic TV model for denoising is the follow-
ing minimization problem:

muin{ |/ (Vw2 + (Vyw? |, + %Hu - f||§}. (1.2)

This motivates us to consider the general minimization problem of a convex function on the n-dimensional Euclidean
space R". Let E:R" — R be a continuous and convex function. A vector g in R" is called a subgradient of E at a point
v eR"if

Ew) —EW)—(g,u—v)>0 VYueR"
The subdifferential 9E(v) is the set of subgradients of E at v. It is known that the subdifferential of a convex function at any
point is nonempty. Clearly, v is a minimal point of E if and only if 0 € dE(v). If this is the case, we write

v :argmuin{E(u)}.

The Bregman distance associated with E at v is
DE(u, v) := E(u) — E(v) — (g, u —v),

where g is a subgradient of E at v. Clearly, D‘g(u, v) > 0. Moreover, D‘E(u, v) > D‘E(w, v) for any w on the line segment
between u and v.

Let E and H be two convex functions from R" to R. Suppose that E is continuous and H is continuously differentiable.
By abuse of notation, dH(v) is also used to denote the gradient of H at a point v € R". We start with initial vectors g° and
u%in R". For k=0,1,2,..., let

ukt .= argmuin[E(u) — (g u—uf)+ Hw] (1.3)
and
gl i= gk —aH (uM). (1.4)

This is called the Bregman iteration, as was suggested in [1]. In the preceding process we have assumed the existence of
solutions to the minimization problem in (1.3).

Let A = (ajj)1<i<m,1<j<n D& an m x n matrix with its entries in R. We assume that the rank of A is m. The matrix A
induces the linear mapping from R" to R™ given by A[uq, ..., unl” =1[v1, ..., vm]" with

n
vi:ZaijUj, i:l,...,m.
=1

Here and in what follows, we use the superscript T to denote the transpose of a matrix. Given a vector b in the range of A,
we wish to find

muinE(u) subject to Au=b. (1.5)

For the case when E(u) = ||u||;, Bregman iterative algorithms for the above minimization problem was analyzed in [20]
by Yin et al. Among other things, they showed that the iterative approach yields exact solutions in a finite number of steps.
Note that in this case solutions are not unique. For the minimization problems considered in this paper, in general, the
solutions will not be achieved in a finite number of Bregman iterations.

Suppose that the minimization problem (1.5) has a unique solution i&. For A > 0, set H(u) := (A/2)||Au — b||§. Let
(u** )0 1. be the sequence given by the Bregman iteration (1.3) and (1.4). In Section 4 we will give necessary and
sufficient conditions for the sequence (uk)k:m,_“ to converge to i. In order to establish this fundamental result, we will
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discuss the close relationship between minimization and shrinkage in Section 2, and review basic properties of the Bregman
method in Section 3.

The general principle for convergence of the Bregman iteration will be applied to the minimization problems induced
by the TV models for denoising. Suppose that i is the unique solution of the minimization problem (1.1). Following [9], we

. 2 2 . P .
introduce new vectors vy € RV and v, € RV and consider the minimization problem

_ A , A X
v,m/ljl,u E(Vx»Vysu)"‘E”Vx_vquz‘f‘ E”Vy_vyuuz ) (1.6)
where A >0 and E(vy. vy, u):= [[vxll1 + vyl + (£/2)lu — fl|3. For k=0,1,2,..., let (vETT v&+1 uk+1) be given by

the Bregman iteration scheme. In Section 5 we will prove that limy_, o u¥ = ii. For the minimization problem (1.2) of the

isotropic TV model, convergence of the Bregman method will also be established.

Cai, Osher, and Shen in their two papers [2] and [3] gave an analysis for convergence of the linearized Bregman iteration.
Their ideas will be employed in our study. However, their results do not apply directly to the minimization problems studied
in this paper.

The ROF model denoises well piecewise constant images while preserving sharp edges. However, the model does not rep-
resent well texture or oscillatory details, as it has been analyzed by Meyer [12]. In Section 6 we will employ a combination
of the Bregman method with wavelet packet decomposition to enhance performance for certain texture rich images.

2. Minimization and shrinkage

In this section we discuss the close relationship between minimization and shrinkage. This study is essential for our
analysis of convergence of the Bregman iteration. Our discussion is inspired by the work of Donoho and Johnstone [7] on
the wavelet shrinkage method and the work of Chui and Wang [5] on the wavelet-based variational method.

Let E be the function given by E(u) = |u|, u € R. It is easily seen that dE(v) = {1} for v > 0, 9E(0) =[—1, 1], and
dE(v) ={—1} for v < 0. Thus, if E is the function given by

A
E(u) =ul + E(u —0)?, ueR,

where A >0 and c € R, then 0 € 9E(v) if and only if v = shrink(c, 1/1), where
c—1/x forc>1/x,
shrink(c,1/2):=4 0 for —1/x <c<1/A,
c+1/x forc<-—1/Ar.
Therefore, v = shrink(c, 1/A) is the unique point such that E(v) achieves its minimum.
For A > 0 and c € R we define
1/»  forc>1/A,
cut(c,1/A):=13 ¢ for —1/A <c<1/A,
—1/A» forc<—1/A.

For two vectors v = (v1,...,vy)T and ¢ = (c1,...,cy)T in R", we write v = shrink(c, 1/1) if v; = shrink(c;, 1/1) for i =
1,...,n. Analogously, if v; = cut(c;, 1/1) for i =1,...,n, then we write v = cut(c, 1/1).
For 1< p < oo, the £, norm of a vector u = (u1, ..., un)T € R" is defined by

n 1/p
lullp = (Duﬂp) :

j=1
and the £o, norm of u is given by |[ullo := maxigjgn [Ujl.
Suppose E is the function on R" given by

_ & _ A2 n
E@ =llulli+ 5 llu—cl3, ueR,

where 2 >0, and c= (1, ...,¢;)T € R™ Given v = (vq,..., vp)T € R", we see that 0 € JE(v) if and only if v = shrink(c, 1/1).
In order to study the isotropic TV model (1.2) for denoising, we need to investigate the minimization problem

A A
min V24 v2 4 Sy — b2+ Z|vy — by 2],
vx,vyeﬂze[‘/ X+ y+2| x — byl +2| y — byl

where by, by € R and A > 0. For (vx, vy) € R?, let G(vx, vy) :=/VZ + V3, F(Vx, Vy) := (1/2)|vx — bx|> + (A/2)|vy — by |?, and
E(vx, vy) :=G(vx, vy) + F(vx, vy). It is easily seen that dF(0, 0) = (—Abx, —Aby) and

9G(0,0) = {(gx. gy) €R*: g5 + g <1}.
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Consequently, (0,0) belongs to dE(0,0) if and only if b,2( + bf, < 1/22. Suppose that E(vy, vy) achieves the minimum. If
b +b% < 1/2%, then vy =0 and vy, = 0. Otherwise, we have v} + v2 > 0. Moreover,

— X o a(ve—by) =0 and V7y+,\(vy—by)=04
JVi+vi Jvi+vi

It follows that Avy(vx — bx) = Avx(vy —by). Hence, vy,by = vxby. There exists a real number t such that vy =tby and
vy =tby. Consequently,

A
E(vs, vy) = Itly/bg +b3 + 2 (t = 1)[bF + b7 ].

Therefore, E(vy, vy) achieves the minimum if and only if

1 1
t:shrink(l, 7) :max(l — 7,0)
Ay /b + b3 Ay /b% + b3

With s := max(,/bZ + b3 — 1/, 0) we conclude that
b
and vy = Siy. (2.1)

v sby
X=—F/—
bz +b3 \/bx + b3
The above formula is also valid when b2 +b? < 1/A2, provided we interpret both vy and vy as 0 when s = 0. This shrinkage
formula already appeared in the paper [17] of Wang, Yin and Zhang.

3. The Bregman method

In this section we review some basic properties of the Bregman method.
Let E and H be two convex functions from R" to R. Suppose that E is continuous and H is continuously differentiable.
The following theorem was proved in [13] by Osher et al. For the reader’s convenience, we include the proof here.

Theorem 1. For an initial vector g° € R, let u**! and g*! (k = 0,1, ...) be given by the Bregman iteration (1.3) and (1.4). Then
g e JEWX) and Hw*tY) <H®@Y) fork =1, 2, .... Moreover, if minycgn H(u) = 0, then
lim H(u*)=0.

k—o0

Proof. It follows from (1.3) that 0 € dEukt!) — gk 4+ aH@W**!). By (1.4) we have ghkt! = gk — 9Huk*1). Hence,
g+l e E(uk*1). Moreover,

E(uh 1) — (g%, ub! — uk)+ H (k) < E) — (g5, u — uk) + Haw)

for all u € R™. Choosing u = u¥ in the above inequality, we obtain

E(u*t) — E(uX) — gk, uf™ —ub) + H(u*) <H(UY). (3.1)
But E(ukt?) — E(u®) — (g, u**! — u*) > 0. Therefore, Hw**") < H@") for k=1,2,....
For g € 9E(v), let Dg(u, v) be the Bregman distance associated with E at v. For j=1,2,..., we have

D%jﬂ (u,u/*1) - Dg (u,uf) + D‘g (W ) =[E@) — E@u™") — (g u —u™)] - [Ew) — E(w!) — (g', u — u)]
+ [B) — B(u!) — gl )
= (g — g - ) = (0 ),
where hitl .= —(gi*t1 — gi). It follows from (1.4) that hi*! = dHu/*1). Hence,
Hw — Hw™) — (W u—u/ ) >0 vueR™
Consequently,

Dﬁjﬂ (u,u/tT) - ng (u,uf) < (W u—uw T <H@) - Hu™),

where we have used the fact D'g (uit1, ud) > 0. Hence,

M»

ng (u, uj“) Dg (u,ul Z Hu) — u”l)].
j=1 j=1
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Note that H(u) — Hw/*™!) < H(u) — Hu**") for j < k. Therefore,
k-
D% o (u, uf+1) — D%l (u,u") <K[H@W) — HUM")] vueR™
Since minycrn H(u) = 0, there exists some w € R" such that H(w) = 0. We deduce from the preceding inequality that
1 k 1
0< H(!) < £ [DF (wou') = DE " (w.u1)] < L DE (w.u').

This shows limy_, HuX)=0. O

Let us consider the special case when
A 2 n
H(w)=Z)lAu—bl3. uek",

where A >0, A is an m x n matrix, and b € R™. In this case, the following iteration scheme is equivalent to the above

Bregman iteration (see [20, Theorem 3.1]). Suppose h® € R™ is given. For k=0,1,2, ..., let
k+1 - A k|2
u“t :=argmin| E(w) + = | Au — b (3.2)
u 2

and

pRH = bk 4 b — AUkt (3.3)
Set

gk = 21AT (b* - b). (3.4)

It follows from (3.2) that
0 dE (k1) + 2AT (AukFT — b¥).
Hence, for k=0,1,...,
g =2AT (B! —b) = —2 AT (AuMH! — b¥) € GE(uAHT).
Moreover, (3.3) and (3.4) yield
g — gk + AT (AUt —b) =0.
Hence, (1.3) and (1.4) are valid.

4. Convergence of the Bregman iteration
We are in a position to establish the following basic criterion for the convergence of the Bregman iteration.
Theorem 2. Suppose that the minimization problem
minE(u) subjectto Au=b
u

has a unique solution il. Fork =0, 1, ..., let u**! and b**1 be given as in (3.2) and (3.3). Then limy_, o, u* = i, provided the following
three conditions are satisfied:

(@) limy, oo —uk) =0,

(b) (u")k=1,2,,‘_ is a bounded sequence in R",
(c) (bk)k=1,2,... is a bounded sequence in R™.

Proof. For k=0,1,..., let g be given as in (3.4). First, we assume that limy_, o, u¥ = u* and limy_ o g* = g* exist. By
Theorem 1, limy_, o, | Auk — b||2 = 0. Hence, Au* =b. It follows from (1.3) that

E(ukﬂ) —<g",uk+l _ uk)—l— %HAukH _bH§ <E(u) — <gk,u _ uk>~|— %HAu —b||§

for all u € R™. Choosing u =i in the above inequality and letting k — oo, we obtain

E(u*) <E@@) —(g*, it —u*).
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By (3.4), for k=1,2, ..., g¥ lies in the range of AT. Hence, g* also lies in the range of AT. In other words, g* = ATw for
some w € R™. Consequently,

(g*u—u*)=(A"w, i —u*)=(w, A(i —u*))=0.
Consequently,

E(u*)<E@@) and Au*=b.

Therefore, u* = ii.

Next, suppose that conditions (a), (b), and (c) are satisfied. By conditions (b) and (c) we see that there exists a sequence
(kj)j=1,2,... of increasing positive integers such that lim;_, o, uki =u* and lim;_, oo gki = g*. In light of condition (a), we also
have lim;_, ukit1 = y*. Hence, the preceding argument is still valid and thereby u* = ii. The same argument tells us that
any convergent subsequence of (u")k:u,,‘_ must converge to ii. Therefore, the sequence (u")kzl,z,_“ itself converges to ii. O

The following result is often useful for verification of condition (a) in Theorem 2.

Theorem 3. Supposet > 0,1 <s<nandcq,...,cs €R. Let

s

t
Gu) := E;(Uj —c)? u=(uq,...,up) €R",
J:

and let E := F + G, where F is a continuous convex function on R". If (u"*l)kzoylp_, and (gk“)k:m
the Bregman iteration (1.3) and (1.4), then

are the sequences given by

lim (u¥*' —uk) =0, j=1,....s.
kaoo(] ])

Proof. We observe that G is continuously differentiable and
aGw) =ty —c1,...,us—¢5,0,...,0), u=(uq,...,uy) €R".
Fork=1,2,..., let
e ::BG(uk) :t(u’{ —cl,...,u’s‘—cs,o,...,O).
Clearly, 9E(u¥) = dF (u*) + y¥. It follows that h¥ := gk — yX € 9F (u¥). Hence,
D’}k (uk+1, u") _ F(ukH) _ F(uk) _ (hk, uktt u") >0.
Moreover,
Yk kY gk X Kokl ok b k1 k2
D (u u*) =G () — G(u*) — (y*, u*t —u >_§Z(u. —uj)”.
Consequently,

D (@1, u) = DI (@, ) 4+ DY (@, ) > - (kT - )’

On the other hand, with H(u) = (A/2)||Au — bllg, (3.1) tells us that
g0 ke |k oy Aiak 2
DE (a1, k) < H(uh) = 2 | au b,

k+1

By Theorem 1, limy_, o H(u¥) = 0. Therefore, limy o (U] u’]‘.) =0forj=1,...,s. O

5. The Bregman iteration for TV denoising

In this section we apply the results of the preceding section to the analysis of convergence of the Bregman iteration for
TV denoising.

Let f e RN be an observed image. The anisotropic TV model for denoising is the minimization problem in (1.1). Follow-
ing [9], we introduce new vectors vy, Vy € RN and consider the function

E(vx, vy, u) = [lvllys + vyl + (/2)lu — f1I3.
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To apply the Bregman method, we turn to the minimization problem in (1.6). Choose bfg = b(}), =0.Fork=0,1,2,..., let
(VR VKR uk Ty i=arg min [E(vk, vy, 1) + H*(vy, vy, 0)] (5.1)
x o Vy > Ve s Vy, s Vys s
where HX(vy, vy, u) i= (A/2)[lvx — Vit — DK|13 + (0 /2) vy — Vyu — b’;,||§, and let
k1. pk k41 k+1 k41 ._ pk k41 k41
bt i=by — (it = Ve, DS =Y — (Vi — vy, (5.2)

Theorem 4. Let ii be the unique solution of the minimization problem:
. [ 2
min| [|Vaully + I Vyull + S llu = flg|.

Fork=0,1,..., let (vi, v&H1 uk*T) be given by the iteration scheme in (5.1) and (5.2). Then limy_, o, u¥ = ii.

Proof. With Vy := Vil and vy := Vi, it is easily seen that (Vy, vy, 1) is the unique solution of the minimization problem

in (1.6).
By Theorem 1 we have

: k k(2 _ : k k2 _
Jim vt~ V220 and lim |V vyut|2 =0,
Since E(vx, vy, u) = [[vxlli + lIvyllt + (/2)|lu — f||%, by Theorem 3 we obtain

lim (u**! —uk) =o0.
k— o0

It follows that

lim (V™! = Vu¥) =0 and  lim (V,uf™! — vyuk) =0.
k—o00 k— 00
This in connection with (5.3) gives

" K — k
kll)rgo(v,(“ ~vk)=0 and kll)rglo(vy“ —vk)=o.

(5.3)

In order to prove limy_, o, u¥ =, by Theorem 2, it suffices to show that (vK, v u¥)—1 ., (B8)k=1 2. and (b )12, are

bounded sequences.
It follows from (5.1) that

A A
[V ]y 2 A = T 2 < vl 5 = Vi1 b

for all vy € RV, Hence, in light of the discussions in Section 2, we must have
V! = shrink(Veu! ! +b¥, 1/4).

An analogous argument yields
VAT = shrink(Vyuf* +b¥, 1/2).

These two equations together with (5.2) give
P! = cut(Vu* ! b5, 1/0) and bET = cur(Vyukt + b5 1/0).

In particular,

1 1

A A

Furthermore, (5.1) tells that the inequality

[ o <5 and 5] <

k+1 k+1 , k+1 k(. k+1 O k+1 o k+1 k
E(vith vt ut ) + HY (vt v u ) CE(vy, vy, u) + HY(vy, vy, 1)

holds true for all (v, vy, u). Choosing vy = vy, =u =0, we obtain
A A
R R e By O e T I L 1

Therefore, (v’,j, v’;, uk)kzlyzw, is a bounded sequence.
By Theorem 2, we conclude that the sequence (v¥, v&. uk),_1 ;.. converges and thereby limy_, oo u* = O



374 R.-Q. Jia et al. / Appl. Comput. Harmon. Anal. 27 (2009) 367-379

Now let us consider the isotropic TV model (1.2) for denoising. Following [9], we introduce new vectors vy, vy € RN
and consider the function

%
Ee, vy, )= [ (Vo2 + 2] + Sl = fI3.
We have the following result.

k+1

Theorem 5. Let ii be the unique solution of the minimization problem given in (1.2). Fork =0, 1, ..., let (v&*1, vyt 1) be given

by the iteration scheme in (5.1) and (5.2) with E (v, vy, u) given as above. Then limy._, o, uk =1

Proof. It suffices to show that (b',ﬁ)k:u,m and (b’,‘,)k:m,“. are bounded sequences. The other parts of the proof are analogous
to that of Theorem 4.
Let w1 := v,uk+1 4 bk and w’}‘,“ = Vyukt! +b’§,, k=0,1,.... It follows from (5.1) that

A A
() (72 A — w2 et 2

A A
<IYo02 + 02+ S Ive = w5+ S vy = Wi S vue vy e RV
Let

skt1.— max(\/(wﬁﬂ)2 + (w’}‘,ﬂ)2 —1/2,0).

By (2.1) we have

k+1,,,k+1 k+1,,,k+1
N w S w
Vk+1 — X and Vk+1 — y

X y )
VWRTH2 + w2 VWiH2 w2

where vi*! and vK*1 are interpreted as 0 when s**! = 0. This in connection with (5.2) gives

k+1
Wx

(
JWETHZ 4wkt

In particular, b¥*! = wk*1 when sk*1 = 0. Hence, in all cases, [[b§™![|oc < 1/A. Similarly, [[bY™!]|o < 1/A. The proof is
complete. O

k+1 k1 _ k1
b -V =

k \/ W§+1)2 + (Wl§,+l)2 —skﬂ).

=w

6. Modified algorithms

In this section we propose modified algorithms based on a combination of the Bregman method with wavelet packet
decomposition.

Let us recall the iteration scheme of Goldstein and Osher [9]. Set b = b(}’, :=0and v{ = v?, :=0.Fork=0,1,..., letu
be the solution of the equation

(b — 2R = o f + V] (vE = bE) + AV ] (VK — bF),

k+1

where A :=—V]V, — VIV, Then update v&™T, v&™1 p+1 and b&T according to (5.4), (5.5), and (5.2).

The ROF model denoises well piecewise constant images while preserving sharp edges. However, the model does not
represent well texture or oscillatory details. Indeed, for images with oscillatory details like Barbara, the ROF model (1.1)
with small y removes noise effectively, but many texture details are lost. On the other hand, the ROF model (1.1) with
big u retains texture details well, but many noisy spots remain. In order to preserve some oscillatory parts of images we
propose the following algorithm based on a combination of the Bregman method with wavelet packet decomposition.

1. For the observed noisy image f, use the Bregman iteration to solve the ROF model (1.1) with w© replaced by 0.8 and
get an approximate image g.

2. Perform wavelet packet decomposition on v := f — g three times and decompose the residual v into 64 subimages. Use
the Bregman method to solve the ROF model (1.1) for each subimage.

3. Apply the inverse wavelet transform to the denoised subimages and get w. Then g + w gives the target image.

In the first step, we oversmooth the noisy image f so that the approximate image g contains little noise. However, the
residual v = f — g still contains some parts of the original image. In the second step, we try to separate the oscillatory
parts of the original image from noise by using wavelet packet decomposition. We will give more details for the second step
and explain the reason why wavelet packets are useful. For a comprehensive study on wavelet packets, see the book [18] of
Wickerhauser.
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Forn=1,2,...,let J,:={1,...,2"} and V, :=£2(J). Let S, be a discrete wavelet transform on V,. The transform S,
can be represented as a matrix
_|In
~[4] o

where Ly is a 2"~ x 2" matrix induced by a lowpass filter, and H, is a 2"~! x 2" matrix induced by a highpass filter. Each
vy is decomposed into v,_1 = L,v, and w,_1 = H,v,. From v,_1 and w;,_; one may use the inverse wavelet transform to
recover vp:

_¢—1] Vn—1
vp =S5, |:an1 :| .

For example, the matrices L, and H, corresponding to the Haar wavelet transform are given by

11
11
Lyi=
n- ﬁ
11
11
and
1 -1
1 -1
Hy o=
n-—ﬁ
1 -1
1 -1
Suppose v is the 2" vector [1,0,0,0,1,0,0,0,...,...,1,0,0,0]7. It represents an oscillatory signal. We have
1
L,v=-—[1,0,1,0,...,...,1,0" and H,v=-—[1,0,1,0,...,...,1,0]"
V2 RVZ)

We see that L,v and H,v are still oscillatory. After performing the wavelet transform once more, we obtain
1
Ln—1Lpv = Hp_1Lav = Ly_1Hpv = Hy_1Hpv = 5[1, 1,....1".

Now all the above four sequences are constant. It is easily seen that this statement is true for every sequence v of period 4.
We point out the difference between wavelet decomposition and wavelet packet decomposition. For wavelet decomposition,
Hyv will not be decomposed further; hence, the oscillatory part remains. For wavelet packet decomposition, H,v will be
further decomposed into L,_1H,v and H,_{H,v. If v is the original signal and some noise is added to v, then the ROF
model may not perform well for denoising, since v is oscillatory. However, after wavelet packet decomposition, all the parts
Lyn—1Lnv, Hp—1Lyv, Ly—1Hyv, and Hp_1Hyv are constant. The ROF model usually performs very well for constant signals
with noise.

The Haar wavelet transform often yields some undesirable artifacts. We will use the orthogonal Daubechies wavelets on
intervals as described in [6]. Biorthogonal wavelets can also be used. For discrete wavelets on intervals, see [16, Chap. 8]
and [11, &4].

Let S, be the wavelet transform given in (6.1). Define M,? =L, and M,} := Hy. Suppose 1 <k <n. For ¢1,...,& €{0,1},
let

Mflk 1. Mik—k-o-l ~-'M,§‘,

Thus, after k times of wavelet packet decomposition, v € £3(J,) will be decomposed into 2¥ sequences M *'v,

€1,...,&¢€{0,1}.

Images are considered as sequences on J, x J,. For two-dimensional wavelet transforms, it is convenient to use the
Kronecker product A ® B of two matrices A and B. See, e.g., [10, Chap. 4] for the definition and properties of the Kronecker
product of matrices. By applying the wavelet transform once, a sequence v on J, x J, is decomposed into four sequences
(Lp ® Lp)v, (Lp ® Hy)v, (H, ® Ly)v, and (H, ® Hy)v on J,_1 x Jp—1. More generally, by applying the wavelet transform k
times (1 <k <n), v is decomposed into 22 sequences on J,_k x Jn_k as follows:

(I\/Iﬁkmg1 ® Mgkmm)v, Elyeves Eks Ny ---, Nk €10, 1}.

Now let us consider images of size 512 x 512. In the second step of our algorithm, by applying the wavelet trans-
form three times (k = 3), the residual v= f — g on Jg x Jg is decomposed into 64 subimages (M¢®3¢2¢1 @ M2y,
£1,€2,€3,N1,N2,103 € {0, 1}. Then the Bregman method is used to solve the ROF model (1.1) for each subimage and get
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Original image Noisy image, o = 25

ROF model, i = 0.05, PSNR=25.42  ROF model, u = 0.07, PSNR=25.78

ROF model, i = 0.08, PSNR=25.61 Our method, PSNR=26.66

Fig. 1.

wé362811372M | [n the third step, the inverse wavelet transform is applied to get w from w3261 gy g5 g3, 1m1, 02,03 €
{0, 1}. Finally, g + w gives the denoised image.

We test our algorithm on three representative images: Barbara, Fingerprint, and Dollar. Suppose that the gray-scale of
an original image is in the range between 0 and 255. A Gaussian noise with normal distribution N(0, o2) is added to the
original image. We choose o = 25. The peak-signal to noise ratio (PSNR) of each noised image is about 20.14. We compare
our results with the pure shrinkage method via wavelet decomposition and wavelet packet decomposition, and the ROF
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Our method

Fig. 2.

model by using the algorithm of Goldstein and Osher [9]. The following table lists the PSNR values for each image and each
method. For all three images, our algorithm improves performance in terms of PSNR.

The improvement made by our algorithm is most visible for Barbara. Our algorithm has the advantage of both removing
noises effectively and retaining texture details. This is demonstrated in Figs. 1 and 2. For Fingerprint and Dollar, the results
are shown in Fig. 3.
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AL TENDER

IC AND PRIVATE

ROF model, PSNR = 23.67
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Our method, PSNR = 24.14

Fig. 3.

The Bregman method can be used in many ways for image denoising. An iterative regularization method for image
restoration was proposed in [13]. In its discrete form, the iteration scheme may be described as follows. Set u° := 0 and
v9:=0. For k=0,1,..., compute uk*1 as a minimizer of the modified ROF model, ie.,

. A 2
T :=argrr;}n[||vxuu1 + IVyull + 5Hf+vk —qu},
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Image Wavelet shrinkage Packet shrinkage ROF model Our method
Barbara 25.37 25.00 25.78 26.66
Fingerprint 22.86 22.89 23.35 23.84
Dollar 23.31 22.36 23.67 24.14

where 0 < A < 1, and update v¥t1 := vk 4 f — yk+1 Then the stopping criterion |Ju¥ — f||» <8 is used, where § represents
the noise level. This scheme may be considered as a multi-step ROF model. The idea is to catch more signal than noise in
each step until it is no longer possible.

Our algorithm can be viewed as a two-step ROF model. The approximate image g obtained in the first step contains
most of the signal and removes most of the noise. However, the residual v = f — g still contains some parts of the signal.
In the second step, by using a combination of the Bregman method and wavelet packet decomposition, we can effectively
catch some parts of the signal. In other words, in these two steps, we try to separate the signal from the noise. This is
related to the work in [15] for separating images into texture and piecewise smooth parts.

Many researchers have studied image denoising in the wavelet domain. Chan and Zhou [4] did research on combining
wavelets with variational and PDE methods. Chui and Wang [5] investigated wavelet-based minimal-energy approach to
image restoration. When the total energy functional is formulated in the wavelet domain, it was proved in [5, Theorems 4
and 5] that the minimization problem reduces to soft or hard shrinkage. In [19] Xu and Osher applied the iterative reg-
ularization method in [13] to wavelet shrinkage. Clearly, the methods used in both [5] and [19] were wavelet shrinkages.
In comparison, we applied the Bregman method to each subimage obtained from wavelet packet decomposition. Thus, our
algorithm is different from the aforementioned schemes.

Denoising for texture rich images has been studied extensively in the literature. For example, Gilboa and Osher in [8]
investigated semi-local and nonlocal variational minimizations for denoising. It would be interesting to incorporate the
technique discussed in this paper to the more advanced study as in [8]. This will be topics of future research.
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