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In this paper we consider functional equations of the form

&= Z a(@)®(M- —a),

aeZ’

where ® = (¢, .. .,d)r)T is an r x 1 vector of functions on the s-dimensional
Euclidean space, a(a), o € Z°, is a finitely supported sequence of r x r complex
matrices, and M is an s x s isotropic integer matrix such that lim, oo M~ = 0. We
are interested in the question, for which sequences a will there exist a solution to the
functional equation with each function ¢;, j =1, ..., r, belonging to the Sobolev
space Wllg (R%)? Our approach will be to consider the convergence of the cascade
algorithm. The cascade operator O, associated with the sequence a is defined by

OuF := Z a(@)F(M- — ), F e (W;;(]Rs))r.
IYAL

Let ®g be a nontrivial » x 1 vector of compactly supported functions in W’; (R%).
The iteration scheme ®,;, = Q,P,,_1, n =1,2, ..., is called a cascade algorithm,
or a subdivision scheme. Under natural assumptions on a, a feasible set of
initial vectors is identified from the conditions on an initial vector implied by
the convergence of the subdivision scheme. These conditions are determined by
the matrix A(0) = m~1 Y wezs ala), m = |det M|, and are related to polynomial
reproducibility and the classical Strang—Fix conditions.
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The formal definition of convergence in the Sobolev norm for the subdivision
scheme is that the scheme will converge for any choice of initial vector from the
feasible set (to the same solution ®). We give a characterization for this concept
of convergence in terms of the p-norm joint spectral radius of a finite collection of
transition operators determined by the sequence a restricted to a certain invariant
subspace. The invariant subspace is intimately connected to the Strang—Fix type
conditions that determine the feasible set of initial vectors.  © 2002 Elsevier Science

Key Words: refinement equations; multiple refinable functions; vector subdivision
schemes; cascade algorithm; joint spectral radii; transition operators.

1. INTRODUCTION

We are concerned with functional equations of the form

O = Za(ot)dD(M~—ot), (1.1
aeZs
where ® = (¢4, ..., ¢>r)T is an r x 1 vector of functions on the s-dimensional Euclidean

space R®, each a(«) (@ € Z°) is an r x r complex matrix, and M is an s X s integer matrix
such that lim, oo M~" = 0. The equation (1.1) is called a (vector) refinement equation,
M is called a dilation matrix and the sequence a is called a refinement mask. The transpose
of the matrix M is denoted by MT. Throughout this paper we assume that the mask a is
finitely supported, i.e., a(a) = 0 except for finitely many «.

For 1 <p<oo, by L,(R*) we denote the Banach space of all complex-valued
measurable functions f on R® such that || ]|, < 0o, where

1/p
Ifllp = (/Rsmx)wdx) for 1 < p < oo,

and | f|lco is the essential supremum of | f| on R*. The Fourier transform of a function
f € L1(R®) is defined by

fw) 2=/ f(x)e @ dx, w e R?,
RS

where x - w denotes the inner product of two vectors x and w in R®. The Fourier transform
is naturally extended to the space of all compactly supported distributions.
With the use of the Fourier transform, (1.1) can be rewritten as

dM w) = A(w)d(w), w e RS, (1.2)

where
1 .
Alw) = ———— Z a()e e, weRS.
(&
aeZ?

Clearly, A is 2m-periodic. If dAJ(O) # 0, then CiD(O) is an eigenvector of the matrix A(0)
corresponding to eigenvalue 1.
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We denote the set of all positive integers by N and let Ng := NU {0}. A multi-index is an
s-tuple ;= (i1, ..., us) € Ny. The length of w is || =1 +--- + 5. Let oy, ..., 05 be

the eigenvalues of the matrix M. For u = (i1, ..., ) € Z*, we write o for o - - o{".
Throughout this paper, we assume that A(0) has 1 as its simple eigenvalue and has no
other eigenvalues of the form o*, u = (uy,..., us) € N(S). If this is the case, then there

exists a nontrivial » x 1 vector ® of compactly supported distributions on R* such that
@ is a solution of the refinement equation (1.1) (see [10] and [20]). Moreover, if ®; and
@, are two nontrivial solutions of the refinement equation (1.1), then ®| = ¢, for some
constant c.

The partial derivative of a differentiable function f with respect to the jth coordinate
is denoted by D; f, j=1,...,s, and for = (uy, ..., us) € Nj, D* is the differential
operator D{“ ...DI Forl< p < oo and an integer k > 0, we use W’;(RS) to denote the
Sobolev space that consists of all distributions f such that D* f € L,(R*) for all multi-
indices u, with |u| < k. Equipped with the norm defined by

. 1
1 lwggsy = D ID* fllp,

i<k

Wllj (R*) becomes a Banach space. We denote by C*¥(R*) the space of all functions on R*
possessing continuous partial derivatives of order up to k. The norm in C¥(R®) is given by

1f lleksy = D I1D* flloc.

lul<k

For = (1, ..., us) € Ny and x = (x1, ..., x5) € R, define
xt=ax e xls

The function x — x* (x € R¥) is called a monomial, and its (total) degree is |u]|.
A polynomial is a linear combination of monomials. The degree of a polynomial g =
Zu ¢, x™ is defined to be degq := max({|u|:c, # 0}. By ¢(D) we denote the differential
operator y uCn D" Let I1 denote the linear space of all polynomials, and let IT; denote
the linear space of all polynomials of degree at most k. By convention, I[T_; = {0}.

We use £(Z*) to denote the linear space of all (complex) sequences on Z*. A sequence
u on Z° is called a polynomial sequence, if there is a polynomial ¢ such that u(«) = g («)
for all @ € Z*. The degree of u is the same as the degree of g. We use P(Z°) to denote the
linear space of all polynomial sequences on Z*, and use Py (Z*) to denote the linear space
of all polynomial sequences of degree at most k. For 1 < p < oo, by £,(Z*) we denote the
Banach space of all complex sequences u on Z° such that [lu||, < oo, where

l/p
lullp := (Zlu(a)|p> for 1 < p < oo,

ael’

and ||u|lco is the supremum of {|u(a)|:a € Z*}. The support of a sequence v on Z° is
defined to be suppv := {« € Z° : v(«) # 0}. If suppv is a finite set, then we say that v is
finitely supported. By £o(Z*) we denote the linear space of all finitely supported sequences
on Z*. Clearly, £o(Z’) is a subspace of £,(Z’) for any p with 1 < p < co.
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For a given linear space H, we use H" = H"*! to denote the linear space of all r x 1
vectors F = (f1,..., f,)T, where fi,..., fr € H. Similarly, we use HY™ to denote the
linear space of all 1 x r vectors whose components are elements of H. If H is a normed
linear space, then H” can be equipped with the norm given by

IFllar =Y I fill, F=(fieooo O

j=1

Let F=(f1,..., f,)T be an r x 1 vector of compactly supported functions in L p(RY)
(1 < P < 00). We say that the shifts of fi,..., f are stable if there are two positive
constants C; and C» such that

Z u(@)F(- —a)

aeZ’

Cillulle, @) = =< Caollulle,@s)y-

L,(R%)

It was proved in [16] and [14] that the shifts of f, ..., f, are stable if and only if, for every
w€eRS,

span{F(w +27B): B Z'} =C".

The cascade operator Q, associated with the refinement mask a is defined by

Q.F = Z a(@)F(M-— ), F e (WhR)) .

a€el’

Let @9 be a nontrivial » x 1 vector of compactly supported functions in W’;(RS).
The iteration scheme ®, = Q,$,_1, n =1,2,..., is called a cascade algorithm, or a
subdivision scheme. Suppose the subdivision scheme converges in W’; (R®), that is, there
exists some @ € (Wﬁ (R%))" such that

Then & is a solution of the refinement equation (1.1).

For the sequence (®,),=12,... to converge in the Sobolev space, the initial vector ®¢
of functions must satisfy certain conditions. In Section 2 we clarify those conditions and
give a formal definition for the convergence of subdivision schemes in Sobolev spaces.
This study is related to polynomial reproducibility of ®. In Section 3 we introduce the
subdivision and transition operators associated with the refinement equation in (1.1) and
consider invariant subspaces of the transition operators. Finally, in Section 4, we give a
characterization for the convergence of the subdivision scheme in the Sobolev space in
terms of the p-norm joint spectral radius of a finite collection of the transition operators
restricted to a certain invariant subspace.

A comprehensive study of stationary subdivision schemes was given in [3]. In [11]
and [9], the p-norm joint spectral radius was employed to give a characterization of the L p
convergence of subdivision schemes. Vector subdivision schemes were investigated in [18]
and [22]. The present paper is closely related to [8, 15, 23], in which (scalar) subdivision
schemes in Sobolev spaces were discussed.
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2. POLYNOMIAL REPRODUCIBILITY

The purpose of this section is to find appropriate conditions on &g such that the
subdivision scheme ®, = Q"®y (n =1,2,...) converges in W’lj (R®). This problem is
related to polynomial reproducibility of ®.

We assume that the dilation matrix M is isotropic, that is, there exists an invertible s x s
matrix A such that

AMA~' =diag(oy, ..., oy),

where o1, ..., o5 are complex numbers and
loi|=---=los| = p,
where p is the spectral radius of M. For any given vector norm || - || on R?, there exist two

positive constants C; and C» such that the inequalities
Cip" vl = [IM"v]| < C2p" |Vl 2.1

hold for every positive integer n and every vector v € RS,
Let f be a smooth function on R*. By using the chain rule for differentiation, we have

D D
T D T
(foMHYx)=M| . | f(M'x), x eR.
D, D,
It follows that
D D
D T Lo | P2 T ,
Al Tl (FoMMH@) =aMA A | | FMTy),  xeRS.
Dy Dy

To a multi-index p& we associate the polynomial g,, given by

qu(x) == (Ax)¥, x e R’

Since AMA~! = diag (o1, ..., 0;), from the above discussion we obtain the following
identity:
qu(D)(f o MD)(x)=0"qu(D)f(M'x),  xeR. (22)
The factorial of a multi-index u = (u1, ..., is) € Ny is defined to be u! := puy!--- ug!.
Let w = (u1,..., us) and v = (vq,...,v5) be two multi-indices. Then v < u means
vi<pjforj=1,...,5.Byv <u wemean v < u and v # pu. For v < u, define

()= s
v)  ul(n—w)!’
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Then we have the following Leibniz rule for differentiation:

I
9u(D)(fe) = ( )[qu)f][qv(D)g]. (2.3)

V= v
Suppose ¢1, ..., ¢, are compactly supported functions in L (R®) such that the r x 1
vector ® := (¢1, ..., ¢,)T is a solution of the refinement equation (1.1). It was proved in

[5] and [18] that A(0) has 1 as its simple eigenvalue, and its other eigenvalues are less than
1 in modulus, provided ®(0) # 0 and span{®(28x): B € Z*} = C". The following lemma
extends this result.

LEMMA 2.1. Let ¢1, ..., ¢r be compactly supported functions in W’lj (R%) such that the
r x 1 vector ® := (¢1, ..., (j)r)T is a solution of the refinement equation

o= Z a(@)®(M- — a).

oael’

If. in addition, ®(0) # 0 and span {®(2B7): B € Z*} = C”, then 1 is a simple eigenvalue of
A(0) and its other eigenvalues are less than p~* in modulus, where p denotes the spectral
radius of the dilation matrix M.

Proof. A repeated use of (1.2) gives
O(M)'w) = A(MN)" o) - AM 0) A(w)D(w)
forn=1,2,...and w € R*. Setting w =287 for B € Z*® in the above equation, we obtain
O((MTY"287) = A0)"P(2B7). (2.4)

Since & lies in (W]"(RS))’, DH® is in (L1 (R%))" for || = k. The Fourier transform of
DH® is (D* D) (w) = (iw)* D (w), w € R®. By the Riemann-Lebesgue lemma we obtain

lim (MT)"287)"®((MT)"287) =0 VB eZ'\(0}and |u|=k.  (2.5)
n—0o0
Note that MT is an isotropic matrix with a spectral radius of p. Thus, (2.5) together with
(2.1) gives

nli)n;op”kﬁ)((MT)"Z,Bn) =0  VBeZ\{0}.

This in connection with (2.4) yields

nli)ngo(pkA(O))ndA)(Zﬂn) =0 VBeZ)\{0}. (2.6)

Let V be the linear subspace of C" spanned by dQ2B7), B € Z5\{0}. By our assumption,
span{CiD(Z,Bn) :B€Z°} =C"; hence, either V=C" ordimV =r — 1. If V =", then
we would have ®(0) € V and lim, o (0¥ A(0))"®(0) = 0, which is impossible since
A(O)ﬁ)(O) = dA>(0). Therefore, dimV =r — 1 and V is an invariant subspace of A(0).
We deduce from (2.6) that the spectral radius of pXA(0)|y is less than 1 in modulus. This
completes the proof of the lemma. B
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From Lemma 2.1, we make the following assumption on the matrix A(0):

Eigenvalue Condition. The matrix A(0) has 1 as a simple eigenvalue and the other
eigenvalues are of modulus less than p~%, where p denotes the spectral radius of the
dilation matrix M.

Let A(0) satisfy the eigenvalue condition, and choose By to be a left 1 x r eigenvector
of the matrix A(0) corresponding to eigenvalue 1. Let B, (Ju| < k) be the 1 x r vectors
given by the recursive relation

B.=Y" (‘:) 0" By, qy(~i D)A(0). @2.7)
v<p
This equation can be rewritten as
By (I, — 0" A(0)) = Z (‘:) 0"V B,—vqy(—i D)A(0),

0£v=p

where I, denotes the r x r identity matrix. By Lemma 2.1, the matrix I, — 6" A(0) is
invertible for any multi-index p with O < || < k. Therefore, the vectors B, (0 < |u| < k)
are uniquely determined by (2.7).

For |u| <k and F € (WF(R®))", define

Jur@)=Y (‘:) By vqu(—iD)F(w), weR.

v<p

Note that g, (—i D)F is the Fourier transform of g F.

LEMMA 2.2. The following identity holds for || < k:
0" Ju,0,F (M 21 B) =, F27B) VB EZ'.

Proof. Let G := Q4 F. Then G(w) = A(MY)"'w) F(M")"'w), w € RS. By using
(2.2) and (2.3) we obtain

G (—iD)G (@)= (Z) [0 gy, (—iD)YA(M") ™ w)]

A<v

x [0 qu(=iD)F (M) )]

It follows that

Juc@=Y > (‘: ) By (;)6_(”_Mqv—x(—iD)A(S)U_Aq,\(—iD)ﬁ(E),

V=R A<v

where £ := (MT)"'w. Using new indices y = . — A and T = v — X in the above double
sum gives

Jug@) =Y (“ >a—” {Z (Z)By_fay‘qu<—iD>A(s) Qu—y (—iD)F (&).
T<y

y=n N
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Note that A is 27 -periodic. For w = MTZn,B, B €Z*, by (2.7) we have
Y y—T : —
Z By, 10" "q.(—iD)AQ2nB) = B,.
r=y \*
Consequently,
_ w o
JucM 2By =071 ( )Byqﬂy(—lD)F(Znﬁ).
y=n
This completes the proof of the lemma. B

Let &, := Qldp,n=0,1,2,.... Arepeated application of Lemma 2.2 gives

oM Iy, (MDY"218) = T, 0,2nB) VB EZ. (2.8)
LEMMA 2.3. Let ¢1, ..., ¢r be compactly supported functions in W]k (R%) such that the
r x 1 vector ® := (¢1,...,¢,)" is a solution of the refinement equation (1.1). Suppose

A(0) satisfies the eigenvalue condition, B()CiD(O) =1, and B, (|u| < k) are the 1 x r
vectors determined by (2.7). Then J,; $(0) =0 for all 0 < || <k and J,,o(2B7) =0
forall B € Z°\{0} and all || < k.

Proof. Since Q,® = @, by Lemma 2.2 we have 0" J;, ¢(0) = J,, ¢ (0). But |[o#] > 1
for 0 < |u| < k. Hence, J;; (0) =0 for 0 < || < k. Moreover, by (2.8) we have

JuoQpm) =0""J, o ((MN)287)  VneN, peZ'.

Since @ is compactly supported and lies in (W]k (R*))", each ¢, ® is also, |v| <k, and by
the Riemann-Lebesgue lemma we obtain

nl_i)rgo((MT)"Z,Bn)MJ,L,@((MT)”Z,BJT) =0 VB eZ\{0}.
Thus, by (2.1),
dim 0" Jy 0 (MYY"287) =0 VB e Z*\{0}. (2.9)

This shows J, ¢ (287) =0 for all B € Z*\{0}. The proof of the lemma is complete. B

Let ¥, := B, ®/u!, || < k. It follows from Lemma 2.3 that $/(0) = 1, yro(287) =0
for g € Z*\{0}, and

v —iD) »
Z%;)%_V(Zﬂnho VI<|ul<k, BeZ’.

v=<p

These conditions are called the Strang—Fix conditions of order k + 1 (see [25, Theorem II]).
By using the Poisson summation formula one can easily prove that the above conditions
are equivalent to the following conditions:

Z Z (‘:) (Aa)’ By, ®(x —a) = (Ax)*  forall |u| <kandae. x €R°. (2.10)

€L V=l



136 CHEN, JIA, AND RIEMENSCHNEIDER

Thus, ® reproduces all polynomials in IT¢. Note that & might reproduce polynomials of
higher order. For a detailed discussion on polynomial reproducibility of a refinable vector
of functions, the reader is referred to [1, 2, 19].

THEOREM 2.4. Under the assumptions of Lemma 2.3 if ®g is an r x 1 vector of
compactly supported functions in W;f (R*) such that

1im 105 Po — Pl kg =0, (2.11)
then By®o(0) = 1 and

> (‘:) Buvqy(~iD)Po(2mp) =0  Vlul <k and p € Z°\{0}.

v<p
Proof. Forn=1,2,..., let &, := Q%d. Given multi-indices v and u, the Fourier
transform of D (q,®, — ¢, ®) is (iw)*q,(—i D)(P,(w) — P(w)), w € RS. From (2.11)
and the compactness of the union of all of the supports of ®, &g, P, ..., it follows that

lim | D*(gu®n — qv®)l(z,®s)y =0 Viul <k.
n—oo
Hence, for all || < k we have
1im [0"] |¢y(~i D)($n(w) — d())| =0,
uniformly in . Using this for o = (MT)"287, g € Z*\{0}, from (2.1) we have
lim p#"|g, (=i D)(®,(M")"2p7) — D(M")"287))| =0 VB e Z°\{0},
n—oo
where p is the spectral radius of the dilation matrix M. Consequently,
. un T\n un T\n _ s
im_ |y o, (MT)'2B7) — 0" Ty o (M7)"2B7)[ =0 VB € Z'\{0).
Thus, by (2.9) and Lemma 2.2 for all 8 € Z°\{0}, we have
. Ta7 . 7 T\r
Sy @) = lim 0", (W7'25) = lim 070 (") 2) =0

Let Y; denote the class of all » x 1 vectors F of compactly supported functions in
W5 (R) such that

BoF(0)=1 (2.12)
and
Z (“) By vqy(—iD)F(2Bm)=0  V|u|<kand g € Z*\{0}. (2.13)

v
v=<p
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By Theorem 2.4 we conclude that ®( € Y is a necessary condition for (Q% ®g),=12,... to
converge in W’; (R®). Moreover, (2.12) and (2.13) imply that for each p (Ju| < k) there
exists some g, € I}, —1 such that

Z Z (’;‘) (Aa)" B,y F(x —a) = (Ax)* + g, (x), x e RS, (2.14)

€L V=

This fact can be established by using the Poisson summation formula.

We are in a position to give a formal definition of the convergence of subdivision
schemes in Sobolev spaces. We say that the subdivision scheme associated with mask
a converges in the Sobolev space W’; (RY) if there exists a compactly supported & €
(Wﬁ (R*))" so that, for any ®g € Yy,

. o _
lim 11050 — Pl gyt (reyyr =0

Clearly, if 1 < g < p < oo and if the subdivision scheme associated with mask a converges
in the Sobolev space W;f (R*), then it also converges in W;‘(RS).

When p = oo, we often discuss convergence in the space C*(R?). Let Y} be the class of
all r x 1 vectors F of compactly supported functions in C k(R*) such that (2.12) and (2.13)
hold. We say that the subdivision scheme associated with mask a converges in C*(R®) if,
for any &g € Yk,

im0 0 — Pl ckreyyr =0

3. THE SUBDIVISION AND TRANSITION OPERATORS

The subdivision operator S, is the linear operator on (£(Z*))'*" defined by

Sau(@) =Y u(Bale—MB),  aelZ', ue@zZ)".

BeZ’
The transition operator T, is the linear operator on (£o(Z*))"*! defined by
To()= Y a(Ma—Bw(p).  aeZ', ve () "
BeZ’

The subdivision and transition operators were used in [4, 12, 17] to study refinement
equations.
For u € (£(Z*))*" and v € (€9(Z*))"*!, we define the bilinear form (u, v) as follows:

(u,v) = Z u(—a)v(e).
acZs

Clearly, S, is the algebraic adjoint of 7, with respect to the bilinear form given above.
Indeed,

(Sau.v) =) > u(Bale — MB)v(~a) = {u, Tav).

o€’ BeZS
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LEMMA 3.1. Let U be a finite dimensional subspace of (¢(Z*))'*", and let
Vi={ve Z) " (u,v)=0VueU}.
Then U is invariant under the subdivision operator S, if and only if V is invariant under

the transition operator T,.

Proof.  Suppose U is invariant under S,. Let v € V. Then for any u € U, S,u liesin U.
Hence,
(u, Tav) = (Squ, v) = 0.

This shows T,v € V for v € V. In other words, V is invariant under 7.
Now suppose V is invariant under 7. For u € U, we have

(Squ, v) = (u, T,v) =0 YveV.

Since U is finite dimensional, U is spanned by finitely many elements, say, uq, ..., Up.
Thus, the null space of S,u contains the intersection of the null spaces of uy, ..., uy,. By
the Theorem on Linear Dependence (see [21, p. 7]), Squ lies in U. This shows that U is
invariant under S,. W

For a given mask a for which A(0) satisfies the eigenvalue condition, we define
Ui C (P(Z*))'*" to be the linear span of uy, || <k, where each u, is given by

7
()= (U)(Aa)”BMU, ae’Z’. (3.1
v<p
In view of (2.10), for any solution ® € (Wﬁ (R*))" of the refinement equation (1.1) for a,
we have
Z u(@)®(—a) ey,  VueU. (3.2)
IYA

Suppose F € Yi. From (2.14) we see that u € Uy implies ZanS u(@)F(- — a) € .
Conversely, for g € Iy, there exists some u € Uy such that ZanS u(@)F(-—a)=q.
Let
Vi i={v e (Lo(Z*) ™ : (u, v) =0 Vu € Ur}. (3.3)
The main purpose of this section is to establish the following result.
THEOREM 3.2. Ifthe subdivision scheme associated with mask a converges in W’lj (R%)

(1 < p < 00), then Uy is invariant under the subdivision operator S, and V. is invariant
under the transition operator T.

The proof of this theorem requires two auxiliary lemmas.

Let I' be a complete set of representatives of the cosets of Z*/MTZ*, and let E be a
complete set of representatives of the cosets of Z°/MZ*. Clearly, #I" = #E = |det M|.
Without loss of generality we assume O € E and0 e .

LEMMA 3.3. There exists some F in Yy such that for every y €T,

span { F(MT)"'2ny +278):p €2} =C". (3.4)
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Proof. Choose compactly supported functions k1, . .., h, € CX(R®) such that the shifts
of hy, ..., h, are linearly independent. Let

eia)~n _ ei(MT)’12ny~n

— N
g(w) == [0 T2y w€eR’,
y€l\{0}

where 1 € R® is chosen so that e/ ™'2771 £ | for all y e I'\{0}. By our choice of g,
g(w) is a trigonometric polynomial of w. Moreover, g(0) = 1 and g((MT)~'27y) =0 for
all y e I'\{0}. Set

F(o):=[1-1-g@)"Md@) + (1 -g) M Hw), wek, (3.5
where H = (h;, ...,hr)T. Since g(2nB) =1 for all 8 € Z*, we have
DM[(1—9M@2rp)=0  V|u|<kand B eZ’.

Consequently, D* }:"(271/3) = D“&(Znﬁ) for all || <k and B € Z°. Hence, F lies in Y
and
span{F(2np): B € Z*} =span{®(2nB): B Z'} =C".

This verifies (3.4) for y = 0. Moreover, for y € I'\{0} and 8 € Z*, it follows from (3.5)
that

F(MY™2ny +278) = H((M) 27y +27B).

Since the shifts of &1, ..., h, are linearly independent, we have
span {H ((M") "2y +278): e Z°} =C".

Therefore, (3.4) is valid forevery y e I'. B

It would be interesting to know whether there always exists some F = (fi, ..., fr)T in
Yi such that the shifts of fi, ..., f; are stable.
LEMMA 34. Let F = (fi,..., f;)T be an r x 1 vector of compactly supported

functions in Li(R*). Suppose w is an element in (£(Z*))"" such that Y wezs wlo)x
F(x —a)=0forae x e R Ifw(a + Mn) =w(a) forall o, n € Z°, and if

span { F (M) "2y +278): e Z°} =C", (3.6)
then w = 0.
Proof. ForBeZ® andy €T, let
Cpy :=f Z w(@) F(x —a)e ¥ @A+ 12my) 4,
M(10.1)%) 47
Then we have

b= /M([o 1)) >0 w(Ma+e)F(x — Mo — g)e i QTAHMDT21Y) g1y

ecE aeZ?®
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By our assumption, w(Ma + ¢) = w(e) for all « € Z*. Hence

cpy = Z w(e) /S F(x — s)efix'(znﬂ“MT)flz”V) dx
ceE R

=Y w(e)e M2 B (M) 2my + 2mB).
cek
Since ), oz w(a) F (- — a) =0, it follows that ¢, =0i.e.,

(Z w(g)ei€~(MT)12ﬂ}/) ﬁ((MT)”Zn)/ + 27_[/3) =0 Vﬁ c 75,
e€kE

This in connection with (3.6) gives

Y w(e)e M~ vy el

eeE

But the matrix (e’ie'(MTrlz”V)eeE, yer is invertible (see [12, Lemma 3.2]). Therefore, we
obtain w(g) =0 for all ¢ € E. This completes the proof. W

Proof of Theorem 3.2. By Lemma 3.3, there exists an element F in Y} such that
span{l:“((MT)712ny+2n,3):,BeZs}z(Cr Vy eTl.

Since (Q% F)u=1,2,... converges to ® in W’;(RS), (0%(QaF))n=1,2,.. also converges to &
in W}; (R*). By Theorem 2.4, Q. F belongs to Y.

Let us prove that Uy is invariant under the subdivision operator S,. Pick an element u
from Uy. Since Q. F € Yy,

pi= ) u@QuF(—a) (3.7)

a€el’

is a polynomial in IT¢. Let ¢ (x) = p(M~'x), x € R. Then ¢ also lies in IT;. Hence,

q= Z V(@) F(- —a)

aeZs
for some v € Ui. Consequently,
p(x) =q(Mx) = Z v@)F(Mx —a), x€eR°. (3.8)
aeZs

On the other hand, it follows from (3.7) that

Py =Y (Sa)@F(Mx—a),  xeR’ (3.9)

ael’

Let w := S,u — v. Comparing (3.8) with (3.9) gives

Z w(@)F(x —a)=0  forae.x € R, (3.10)

aeZ’
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Suppose w = (wy, ..., w,). Note that

Sau(e + Ma) = Z u(Ba(e + Mo — MB) = Z ule — B)a(e + MB), c€E.

BeZ* BEZs

Hence, since u and v are polynomial sequences, for each j =1,...,r and each ¢ € E,
there exists a polynomial p;. € Il such that wj(e + MB) = p;(B) for all B € Z°.
We shall show w = 0. For this purpose we employ the difference operator V,, for each
y € Z° defined by V,h =h — h(- — y) for h € £(Z°). Lete; (j =1,...,s) denote the
Jjth coordinate unit vector. If w # 0, then there exists a multi-index u = (@1, ..., is) with
|pt| < k such that Vll‘f[lel Vi w#0andforeach j=1,...,rande € E,

€s

vﬂl

ey Ve wile+MB)=cje  VBEL’,

€s

where each c; . is a complex constant. It follows from (3.10) that
Z V/’\fl'el "'Vﬁffesw(d)F(x —a)=0 fora.e. x e R’.
a€el’

By Lemma 3.4 we deduce that ¢cj, =0 for all j =1,...,r and all ¢ € E. This is a
contradiction. Therefore, S,u — v = w = 0. In other words, S,u = v lies in Uy. This shows
that Uy is invariant under S,.

Finally, by Lemma 3.1, Vi is invariant under 7,,. l

4. CHARACTERIZATION OF CONVERGENCE

The uniform joint spectral radius was introduced in [24]. This concept was employed
in [6] to investigate the regularity of refinable functions. The joint spectral radius was
introduced in [26] for p =1 and in [11] for 1 < p < 00, where it was applied to the L -
convergence of subdivision schemes.

Let us recall the definition of the p-norm joint spectral radius. Let V be a finite-dimen-
sional vector space equipped with a vector norm ||-||. For a linear operator A on V, define

||A]l := max {||Av||}.
vll=1

Let A be a finite multiset of linear operators on V. For a positive integer n we denote by
A" the nth Cartesian power of A:

A" ={(A1,...,An):AL,..., Ay € A}.

For1 < p <oo0,let

1/p
||A”||p:=( > ||A1---An||P) :

(Al ~~~~~ A)l)E-A"

and, for p = oo, define

A" loo :=max{[|A1--- Apll: (AL, ..., Ap) € A" }.
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For 1 < p < 00, the p-norm joint spectral radius of A is defined to be
pp(A) = lim [A"[/".
p n—0o0 p
It is easily seen that this limit indeed exists, and
li n l/n:' f n 1/’1.
Jm AT = inf AT

Clearly, p, (A) is independent of the choice of the vector norm on V.
Recall that E is a complete set of representatives of the cosets Z°/MZ* . It is assumed
that 0 € E. For ¢ € E, let A; be the linear operator on (¢o(Z*))" defined by

Agv(a) = Z a(e + Ma — B)v(p), acZ, ve (y(Z)) .
BeZ’

Let

o0
K := Z M™G,
n=1

where G is the set given by
G:= (suppa U {O}) —E+[-1,17.

Let £(K) denote the linear space of all sequences supported in K. It is easily seen that
(£(K))" is invariant under every A, € € E.
Recall that Vj is the linear space defined in (3.3). Let

V:i=ViN{K)) .

Then V is a finite-dimensional vector space.
We are in a position to give a characterization of the convergence of a subdivision
scheme in Sobolev spaces.

THEOREM 4.1. The subdivision scheme associated with a mask a and a dilation matrix
M converges in the Sobolev space W’lj R%) (1 < p < o) if and only if the following two
conditions are satisfied:

(a) Vi is invariant under A for every € € E;
() pp({Acly e € EY) <m=*/SHP yohere m :=|detM|.

Furthermore, the subdivision scheme associated with mask a converges in C*(R®) if and

only if Vi is invariant under A for every ¢ € E and poo({Agly 1€ € E}) < m™*/5,

We shall establish the theorem for the case 1 < p < co only. The proof for the case
p = o0 is similar.
Forv=(vy,...,v)T € (€,(Z*))" we define

r 1/p
o, = (va,ni) . l=p<oo,
j=1
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and [|[vflooc =maxi<j<, [Vjlloo. Let A:={A;:e € E}. We define, for 1 < p < oo,

and for p = o0,
A" V]loo :=max{|| A, -+ Ag, Voo : (61, ... 1) € E" }.

LEMMA 4.2. Suppose Vi is invariant under Ag for every ¢ € E. Then, given a compact
KoCR*, n >0, and 1 < p < 00, there exist a constant C = C(Ko) and an integer
No = No(n) such that for any v € Vi N (€(Ko))", we have

A ], = Clop({AIVD +m) " [Ivllp, Vn = No.

Consequently,
. 1
lim [|A"v]/" < pp({AlVD.
n—o0

Proof. For ¢ € E we have
supp (Asv) C M (suppa — E) + M~ (Kp).

Hence, for ey, ...,ey € E,

N
supp (Acy - Agv) € Y M~/ (suppa — E) + M~ (Ko).
j=1

There exists a positive integer N such that

N N
ZM_j(suppa —E)+ M N(Ko) C ZM‘jG CK.
j=1 j=1

Therefore,
Agy - Agve (LK) NVe=V.

Suppose 1 < p < 0o. Forn > N we have

A I = > [lAg, -+ Aol

= Y D0 lAe, - Acy, ) (Acy - Ag )15

-N N
<14 Ny Ih N vli)?,
where

C = max{|| A ).
ecE
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The first result now follows by choosing Ny sufficiently large. The second result also
follows by taking the nth root of the last inequality to obtain

1 — 1
A"l < ANy 11N ol ) .

Therefore,
. 1
lim [|A" ][,/ < pp({AlV ).
n—o0
The proof for the case p = oo is analogous. W

Forn=1,2,...,leta; :=a and

ay(@) =Y ap1(Bal@—Mp),  aclZ'.

BeZ’

For v € (£9(Z°))", we define a, * v to be the element in (£o(Z*))" given by

an * v(a) = Z an(o — B)v(B), aecZ.

BeZs
Suppose « = &1+ Mgy +--- + Mg, + M"y,whereeq,...,e, € E and y € Z°. Then
ap xv(a) = Ag, -+~ Ag v(Y).

See [9] for its proof.
We claim that

lan * vl p = | A"Vl p, ve ((Z)), 1 <p<oo. 4.1)
Indeed, for 1 < p < oo, we have

law 5 vlh =" lanxv)@lh=">_ > lAe, - Acv()llh = | A"}

IYA Elyeers en€E yeZs

Similarly, for p = oo, we have

lan % vlw=sup sup {|A¢, - A v(¥)|} = A V]loo
&1,....en€E yel’

Recall that the matrix A given in Section 2 satisfies AM A~! = diag (01, ..., oy). Taking
the transpose of both sides of this equality, we obtain

(AT T'MTAT = diag (o1, ..., 0y).
For a multi-index u, let g,, be the polynomial given by

Gu):=((AD IR, xeRS.
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Suppose f and g are smooth functions on R®. The following two identities are similar to
(2.2) and (2.3):

Gu(D)(f o M)(x) =0"qu(D)f(Mx),  xeR’,

Gu(D)(f) = (‘: > (G (D) F11Go(D)g].

v<p
LEMMA 4.3. If the subdivision scheme associated with a mask a and a dilation
matrix M converges in the Sobolev space W]; (R%) (1 < p < 0), then for any v € Vg,

lim m"*®/s=YP)|q, % v||, =0,
n—>oo

where m := | det M |.

Proof.  Pick a nontrivial function f in C¥(R®) such that f is supported on the unit cube
[0, 1]%. For v € Vi, let

W= v@)f(—a).
aeZs
Since v is finitely supported, W is compactly supported. The Fourier transform of W is

U(w) = Z v(ot)e*i“""f(a)), weR’.

oael’

Hence, for || < k we have

Jyuw(w) = ( B, _vqu( zD)\-Il(a))
v<p
v

(“) By vqu(—iD)(d(o) f ()
v<p

( By - ( >qu 1 (=i D)b(@)q). (i D) f (o)
A<v

v<p
= (“ ) [Z (V) Byqu—iD)ﬁ(w)} G-y (—iD) f (@),
yau NV L T

where the last equation resulted from the change of indices y = u — A and t =v — A.
Setting w =28 for B € Z°, we obtain

Juw@pr)i= ( ) [Z > ( >By_f<—Aa>fv(a>} Qu—y (—iD) f (2B)

Y=un a€LS TSY
= Z( ) {1ty V)qu—y (i D) f(2B7),
Y=<u

where u, is the element in Uy given in (3.1). Since (u, v) =0, we obtain J,, ¢ 287) =0
for all || < k and all B € Z°. Recall that F € (W’;(RS))’ lies in Yj if and only if F
satisfies (2.12) and (2.13). Let ®¢ be an element in Y. Then the preceding discussion tells
us that ® + W is also an element in Y. Hence, there exists ® € (W’; (R*))” such that
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It follows that
;11Ln;o I QZ‘I’ ||(w§(R:))r =0. 4.2)
We have
Qu¥ =) (anxv)(@f(M" ~a).
a€el’

For || = k, applying the differential operator g, (D) to both sides of the above equation,
we obtain

Gu(D)(QpW) =" (an * v)(@)5"" G, (D) f(M"- — ).
aeZ’
Since f is supported on [0, 1]°, there exists a positive constant C independent of n such
that
m " m P ay 5 vy < CllGu(D)(QRW) - (4.3)

Combining (4.2) and (4.3), we obtain

lim m"*5=YP) g, xvl|, =0  Vve W,
n— o0

as desired. H

Proof of Theorem 4.1.  'We first establish the necessity part of the theorem. Suppose the
subdivision scheme associated with mask a converges to ® in the Sobolev space W’; (R*).
It was proved in Theorem 3.2 that Vj is invariant under the transition operator 7, = Ag.
Lete € E and v € V. We have

Acv@) =) ale+Ma—pp)= ) a(Ma— BB +e)=Ta(v(e +)).

BeZs Bezs

Since V} is shift-invariant, we have v(e + -) € V. Hence, A;v = T, (v(e 4+ -)) is in Vj. This
shows that V} is invariant under A, for each ¢ € E.

We write A for {A;: & € E}. Suppose X is a basis for the vector space V. There exists a
positive constant C independent of n such that

A" vl < Cmax || A"v]|,.
veX

By Lemma 4.3 we have

lim m"®=1VPg, x v, =0  YveV.
n—0o0

But | A"v||, = |lan * ||, by (4.1). Therefore,

lim (m*s=1P 47|y ),/ = 0. (4.4)
n—o0
Note that

. 1/r . 1
pp((AIv) = lim A" |y Il = inf A",
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Thus, for (4.4) to hold we must have
m P, ((AlvVY) < 1

In other words, p,({Alv}) < m~k/5+1/P_This finishes the proof for the necessity part.

Next, we establish the sufficiency part of the theorem. Suppose Vi is invariant under
A, for each ¢ € E and p,({Alv}) < m~k/SH1/P_ Let ®y be an element in Y. Then
Qg“d)o — 0'dy = Q8 W, where Wg := Q,Po — Py. We have

Qo= an(@)Wo(M"- — ),

ael’

For || = k, applying the differential operator g, (D) to both sides of the above equation,
we obtain

Gu(D)(Q;Wo) = Z an(@)o"" G, (D)Wo(M"- — o). 4.5)
aeZs
We observe that

||67,L(D><Q’;\I/o)||,’§=/HAg |G (D)(QEW0) (WP dy

=y f 131 (D)(QL W) ()” dy.
fezs M0 +B)

By making the substitution y = M ~"(x + B) in the above integral and using (4.5), we

obtain

p
@) fulx +B—a)| dx, (4.6)

oael’

G, (D)(QE %)% :mpn<k/s—1/p>/ )3

[0.1° gz

where f, := g, (D)W lies in L, (RY). Let vy (o) := fu(x +a) fora € Z° and x € [0, 1)°.
Since f, € L,(R%), we have v, € £,(Z*) for almost every x € [0, 1)* and

[ owetbar=[ S iperarar= [ 1feord=igig. @0
[0.1)¢ 0.1 S5 RS

Thus, (4.6) can be rewritten as

G, (D)(QEW) ||y = mPr&k/s=1/P) / llan * vy |l dx. (4.8)
[0,1)s

We claim that v, lies in Vi for almost every x € [0, 1)*. Since both ®g and Q,®g belong
to Y%, in light of (2.10) and (2.14) we have

D up@Wo-—a) =Y uu(@)(Qa®o — o)(- — @) € M.

ael’ ael’

By definition Uy is spanned by u,, || < k. Therefore,

Z u(@)Wo(- — ) € Ti_ Yu € Uy.

ael’
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Consequently, for || = k and u € Uy we have
> u@) fu(x —a) =G (D) ( > ul@)Wolx — oe)) =0.
aeZs aeZ
In other words, for almost every x € [0, 1),
(u, vy) = Zu(a)vx(—a)z Zu(a)fﬂ(x—a)zO Yu € Uy.
aeZs aeZs

This shows v, € Vi for almost every x € [0, 1)*.
Write p for p,(Alv). Each v, is supported in the compact set K¢ := supp f;, — [0, 1]°.
Therefore, by Lemma 4.2, for ¢ > 0 and all sufficiently large n, we have

lan * villp = ||-Anvx||p <C(p +8)n||vx||p,
where C is a constant independent of n and x. This, together with (4.7) and (4.8), gives
1G, (DY@ W)l < CPmP" & =P (p 4 )P || f |17

It follows that
17, (DY(QL¥D) I p < Ct" |l frll p,

where ¢ := m*/S=1/P(p + ¢). Since p < m~*/5+1/P_for sufficiently small ¢ > 0, we have
t < 1. Therefore, for |u| = k, the sequence (g, (D) Q) Wo)n=1,2,... convergesin L, (R*).

We observe that there exists a compact subset of R® such that Q"W are supported in it
for all n. Thus, for |v| < k, by Poincare’s inequality (see, e.g., [7, p. 276]), there exists a
constant C > 0 such that

Igv(D)(Qz Vo), =C max IG,.(D)(Qg¥o)llp

holds for all n. This shows that the sequence (g,(D)(Q5Wo))n=1,2,... converges in
L,(R®). Let g, be the corresponding limit function. In particular, ® = go. It follows that
qv(D)® = g, in the distributional sense. Hence, ® € (W’; (R*))". Moreover,

. n —_ =
nll)néo”Q“% q’||(W§(RS))’ 0.

The proof of the theorem is complete. W
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