Chapter 2. Functions of Bounded Variation

§1. Monotone Functions

Let I be an interval in IR. A function f : I — IR is said to be increasing (strictly
increasing) if f(z) < f(y) (f(z) < f(y)) whenever z,y € I and z < y. A function
f: I — IR is said to be decreasing (strictly decreasing) if f(z) > f(y) (f(x) > f(y))
whenever x,y € I and z < y. A function f : I — IR is said to be monotone if f is either
increasing or decreasing.

In this section we will show that a monotone function is differentiable almost every-
where. For this purpose, we first establish Vitali covering lemma.

Let FE be a subset of IR, and let I be a collection of closed intervals in IR. We say
that I" covers E in the sense of Vitali if for each § > 0 and each = € E, there exists an
interval I € I such that z € I and ¢(I) < 6.

Theorem 1.1. Let E be a subset of IR with \*(E) < oo and I' a collection of closed
intervals that cover E in the sense of Vitali. Then, for given € > 0, there exists a finite

disjoint collection {I1,...,IN} of intervals in I" such that
N (B\UNLI,) <e.

Proof. Let G be an open set containing E such that A(G) < oco. Since I' is a Vitali
covering of F/, we may assume that each I € I is contained in G.

We choose a sequence (I,)n—=12,.. of disjoint intervals from I' recursively as follows.
Let I; be any interval in I'. Suppose I, ..., I, have been chosen. Let k, be the supremum
of the lengths of the intervals in I' that do not meet any of the intervals I1, ..., I,,. Choose
I, 41 such that (I, +1) > ky,/2 and I, is disjoint from Iy, ..., I,. We have

oo

> UI,) < MG) < 0.

n=1
Hence, lim,,_, k, = 0. Moreover, for given € > 0, we can find an integer N > 0 such that

oo

Yol < %

n=N+1

Let R:= E\UY_,I,. The theorem will be proved if we can show that A*(R) < e. For this
purpose, let
Jn =1, +20(I,)[-1,1], n=1,2,....
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Then \*(R) < ¢ if we can prove R C Up2 n 1 Jn.

To prove R C U2 1 Jn, let € R = B\ U)_,I,. Since I covers E in the sense of
Vitali, we can find an interval I € T such that z € I and I C G\ U)_,I,,. Then IN 1T, # ()
for some n € IN, for otherwise we would have ¢(I) < k,, for all n € IN, which contradicts
the fact that lim, . k, = 0. Let ng be the smallest integer such that I N I,, # (. Then
no > N and ¢(I) < 2((1,,). It follows that I C J,,, as desired. ]

Let f be a function from an interval I to IR. For x € I, we define the four derivatives
of f at x in the following way:

D7 f(x) := limsup fleth - /(@) and D~ f(z) := limsup flzth) ~ /()
h—0+ h h—0— h

Dy f(z):= l}zni%&f o+ hf)L — /@) and D_f(z):= lirg(i)rif flo+ h})b — f(x)

’

Suppose f is a real-valued function defined on [a, b], where a,b € IR and a < b. Let
A:={x€a,b]: DT f(x) > D_f(z)} and B :={x € [a,b]: D™ f(z) > Dy f(x)}.

It is easily seen that f is differentiable at each point x € [a,b] \ (AU B).

Theorem 1.2. An increasing real-valued function f on an interval |a,b] is differentiable

almost everywhere. The derivative f' is measurable and

/ f(x)de < f(b) — f(a).

Proof. The existence of f’ is proved by showing that A\(4) = 0 and A\(B) = 0. We carry
out the proof for A. The proof for B is similar.

For each pair of rational numbers s and t with s > t, let
Agsi:={z €la,b]: DT f(z) > s>t > D_f(x)}.

Then A = UssAsy, so it suffices to prove that A\*(As ;) = 0 for all s, € Q with s > ¢.
Let a := A\*(As). For given € > 0, there exists an open set O such that A;; C O and
AMO) <a+e.

In light of the definition of D_ f(x), for each x € A, there exists an arbitrary small
interval [x — h, z] contained in O such that f(z) — f(z — h) < th. The collection of such
intervals covers A, in the sense of Vitali. By Theorem 1.1, there exists a finite disjoint

collection of such intervals {11, ..., I/} such that
)\* (As’t \ Uj\illj) < E.
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Itr; = [xj _hjuxj] for j=1,..., M, we have
M M
ST (wg) = flag —hy)] <t hy < IA(O) < t(a+e).
Jj=1 j=1

Let G := Ay N (UM (2 — hj,2;)). In light of the definition of D* f(x), for each
y € G there exists an arbitrary small interval [y,y + k] contained in some I; such that
fly+ k) — f(y) > sk. By Theorem 1.1, there exists a finite disjoint collection of such
intervals {Ji,..., Jx} such that

N (G\UL, ) <e.
It follows that A*(UZ,J;) > A*(G) —e. But Ay \ G = Ay \ UM, (z; — hy,x;). Hence,
AN (Asy) S A(G) + X (A \ G) = X (G) + X (A \UMLL L) < X (G) + &
Consequently,
N (UL ) > A (G) —e > N (Agp) — 26 = a — 2e.

Suppose J; = [y;,y; + ki], i = 1,..., K. Each J; was so chosen to be contained in some

interval I;. If we some over those 4 for which J; C I; we find that

S If i+ ki) = Fwi)] < flay) — flay — hy),

JiCI;
because f is an increasing function. Therefore,

K K M
sla—2e) <sY ki <Y [flyi+k) = Fly)] <D [f(ws) = flag = hy)] <tla+e).
i=1 i=1 j=1
Thus, s(a — 2¢) < t(a + ¢) for every ¢ > 0. It follows that sa < ta. But s > t. So we must
have a = 0, as desired.
We have shown that the limit
et h) (@)

h—0 h

exists for almost every x € [a, b]. Define g(x) to be the value of this limit if it exists and 0
otherwise. Set f(z) := f(b) for > b and define



Then each g, is nonnegative because f is increasing and (g, )n=1,2,... converges to f’ almost

everywhere. Moreover,

jibgn(x)dar::n[JCb+1ﬂlf(x)da:__jCa+1ﬂlf(x)dli < f(b) — f(a).

Hence, by Fatou’s lemma we obtain

n—oo

/f da:<11m1nf/ab n(z)dz < f(b) — f(a).

This completes the proof of the theorem. ]

§2. The Cantor Function

The Cantor set is a subset of the interval [0, 1] constructed as follows. Let I o := [0, 1]
and J1 9 = (1/3,2/3). Forn > 2 and 0 < j < 2"7! — 1, we may express j uniquely as
] = t12”_2 + t22n_3 + -+t 1, where ti,t0,...,th_1 € {0, 1} Set

—1 n—1
2}, Ztk — 2t 1 2, 2
=[BT k] ma = (B35 20 2)
k=1 k=1
It is easily seen that I,, ; is the disjoint union I, 1,9; U Jy, j U Iy 2541. For n € IN, let

L 2r i 27

Then G,, C F,, and F,,41 = F,, \ G, for all n € IN. It follows that F, i = [0,1] \ U}_,G.
Consequently, G,, N G,, = () for m # n. The Cantor set is defined to be

C =2, Fy = [0,1] \ U, G

Theorem 2.1. The Cantor set C' has the following properties:
(a) Cis compact;

(b) A(C) =
(c) zeC 1fand only if there exist tj, € {0,1} for k € IN such that x =Y, 2t /3%;
)

(d

Proof. (a) The Cantor set C' is a closed subset of [0, 1]. Hence, C' is compact.
(b) Since G,, N G,, = for m # n, we have

AC)=M0,1])) = > MGp)=1->" -

n=1

there exists a one-to-one and onto mapping from {0, 1} to C.




(¢) Suppose z € [0,1]. Then z = >~ | s/3%, where s, € {0,1,2} for k € IN. Let z := 0
and @, ==Y ,_, si/3% for n € IN. If s, € {0,2} for all k¥ € IN, then

€ Tp_1,Tpn-1+1/3"|U[xp_1+2/3" 2p_1 + 1/3"_1] C Fhy1-

Consequently, z € N2 F,,41 = C. Now suppose z € C. If s,,, = 1 for some m € IN,
then there exists some n € IN such that s, = 1 and s € {0,2} for all £ < n. It
follows that = € [z,—1 + 1/3™, 21 + 2/3”]. But (z,-1 +1/3", 2,1 +2/3") C G,,.
Therefore, z = x,-1 + 1/3" or © = z,-1 + 2/3™. In the former case, we have
=301 s1/3F 5002 i1 2/3%. In the latter case, we have z = Y, —; Lsn/3% +2/3".
This Verlﬁes our assertion.

(d) Let ¢ be the mapping from {0, 1} to C that sends (t)x=1.2,.. to ey 2t,./3%. By
(c), the mapping ¢ is onto. In order to prove that ¢ is one-to-one, let (s)r=12, .. and
(tk)k=1,2,... be two different elements in {0, 1}N. Then there exists some n € IN such
that s,, # t,, and s = t for all k£ < n. Without loss of any generality, we may assume
that s,, < t,, t.e., s, =0 and t,, = 1. Then we have

o) 1 nl 0
Z kg 3k 3_n< 3k 3_ Z 3k
k=1 1 1 k=1

3
I

By
I
>
I

This shows that ¢ is a one-to-one mapping. ]

We are in a position to define the Cantor-Lebesgue function f on [0,1]. For each
x =23, 2t;/3F € C, where t), € {0,1} for k € IN, define

For z € [0,1] \ C, we have x € J,, ; for some n € N and j € {0,...,2""! — 1}. Suppose
Jnj = (cn;+1/3", ¢cn;j+2/3"), where ¢, ; = Z’;ll 2t /3% with tp € {0,1}, 1 <k <n—1.
Then both ¢, ; +1/3" and ¢, ; + 2/3" belong to C. For x € J, ;, we define

1
F(@) = flen; +1/3") = flen; +2/3") = ;_k n QLn
1

3
|

e
Il

Theorem 2.2. The Cantor-Lebesgue function f is a continuous and increasing function
from [0, 1] onto [0, 1]. Moreover, f'(x) =0 for each = € [0,1]\ C.

Proof. Suppose z,y € [0,1] and x < y. Then there exist a,b € C such that a <z <y < b,
f(a) = f(x) and f(y) = f(b). For a,b € C and a < b, we have f(a) < f(b). It follows that
f(x) < f(y). This shows that f is increasing.
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Let us show that f is continuous on [0,1]. Suppose a € [0,1]. If a € [0,1] \ C, then
a lies in some open interval J, ; and f is a constant on J,, ;. Hence, f is continuous at a.
Suppose a € C. For 0 < € < 1, let n be the least integer such that 0 < 1/2" < e. Let
d :=1/3"™. Suppose x € C N (a — d,a+ §). Then a and = have the following ternary

expansions:
00 00
2t 25y,
a = E 3_k and z = E 3_.1€’

where s, t; € {0,1} for all £ € IN. Since |[x —a| < § =1/3", s =t for k=1,...,n. It

follows that - -
k=n+1 k=n+1
Now suppose y € [0,1] N (a — J,a + ). Then there exists some z € C' N (a — d,a + ) such
that f(y) = f(z). Consequently, |f(y) — f(a)| < e. This shows that f is continuous on
[0, 1].

Note that f(0) =0 and f(1) = 1. Since f is a continuous and increasing function on
[0, 1], we have f([0,1]) = [0, 1].

Finally, if x € [0,1] \ C, then = € J,,; for some n € IN and j € {0,...,2""! — 1},

Since f is a constant on the open interval J,, ;, we have f’(z) = 0. ]

[f(z) = fla)| =

§3. Functions of Bounded Variation

Let f be a function from a closed interval I = [a,b] to IR. The total variation of f

over I, denoted V® f, is the quantity

\:/f = Sup{znyf(fﬁi) - f(%q)\},

1=
where the supremum is taken over all possible partitions a = xp <1 < --- < x,, = b of I.
If VP f is finite, we say that f is of bounded variation.

We see that a function of bounded variation is bounded. A monotone function on a
closed interval is of bounded variation. Let f and g be two functions of bounded variation
on a closed interval I. Then f + g, f — g, and fg are of bounded variation on I. If, in
addition, there exists a constant C' > 0 such that |g(x)| > C for all z € I, then f/g is of
bounded variation on I.

If a < ¢ < b, then it is easily verified that

b c b
Vi=ViVe
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Theorem 3.1. A function f : [a,b] — IR is of bounded variation if and only if f is the
difference of two monotone functions on [a, b]. Consequently, if f is a function of bounded

variation on [a,b|, then f'(x) exists for almost all x € [a, b].

Proof. Any monotone function on [a, b] is of bounded variation, so the sufficiency part is
obvious.

To prove the necessity, we let f be a function of bounded variation on [a, b] and set

g(x)::\/f for a <z <b.

Then for a < x < y < b, we have

Y

g(y) —g(x) = \/ f = 0.

xT

Hence, ¢ is an increasing function on [a, b]. Moreover,

9(y) —g(x) > |f(y) — f(@)] = fy) — f(z).

Let h:=g— f. Then h(y) > h(x) for a < x <y < b. Thus, h is also an increasing function
on [a,b]. This shows that f = g — h is the difference of two increasing functions on |[a, b].
By Theorem 1.2, ¢’(z) and h/(z) exist for almost all x € [a,b]. Consequently, f'(x) exists
for almost all x € [a, b]. []

Theorem 3.2. Let f : [a,b] — IR be a function of bounded variation, and let g(z) := V& f
for a < x < b. If f is continuous at some point xg € [a,b|, then g is also continuous
at xg. Consequently, a continuous function of bounded variation is the difference of two

continuous monotone functions.

Proof. Suppose that f is continuous at =y € [a, b]. For given € > 0, there exists a partition
xo <1 <...<xy=>bof [xg,b] such that |f(z1) — f(z0)| < € and

b n
V< |i@) — @) +e.

It follows that

b b

\ <) = Fleo)l + D[ f(@i) = flmi)| +e <26+ \/ [
=2

xo 1
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Hence,
T b b
g(x1) —g(zo) =\ f=\/F-\ <2

But g is an increasing function. Thus, 0 < g(z) — g(z¢) < 2¢ for all x € (xg,x1). This
shows that ¢ is right-continuous at zy. A similar argument shows that g is left-continuous
at xg.

If f is a continuous function of bounded variation on [a, b], then both g and h := g— f
are continuous increasing functions. Therefore, f = g—h is the difference of two continuous

increasing functions. [

A function f : [a,b] — TR is said to be Lipschitz continuous if there exists a positive
constant M such that |f(x) — f(y)| < M|z — y| for all z,y € [a,b]. Clearly, a Lipschitz
continuous function on [a, b] is of bounded variation.

If f is a continuous function from [a, b] to IR, and if f is differentiable on (a,b) with
|f'(z)] < M for all x € (a,b), then |f(x) — f(y)| < M|z — y| for all z,y € [a,b], by the

mean-value theorem. Hence, in this case, f is a Lipschitz continuous function on [a, b].

§4. Curve Length

A curve in the Euclidean plane IR? is represented by a continuous mapping v from a
closed interval [a, b] to IR?. Suppose ¥(t) = (y1(t),Y2(t)) for t € [a,b], where 71 and 7y, are
real-valued continuous functions on [a,b]. Let P := {to,t1,...,t,} be a partition of [a, D],
that is,a =tyg <t;1 <---<t, =0b. Let

L P) =3 3 nlt) = n(t-0) + balty) = alty-)]2

The length of the curve v is defined to be
L(y) :=sup{L(v, P) : P is a partition of [a, b]}.
If L(vy) < oo, then 7 is said to be rectifiable.

Theorem 4.1. A continuous curve v = (y1,%2) : [a,b] — IR? is rectifiable if and only if

~1 and 2 are of bounded variation on |a, b].

Proof. Suppose that «; and 7, are real-valued functions of bounded variation on [a, b].
Let P := {tg,t1,...,t,} be a partition of [a,b]. Then

L P) = Yo/ bnlty) = (t-0)? + Dalty) = alty-)P?

<Y ) = nt—)] + D |relt) = nti-1)| < Vim + Ve,
i=1 j=1
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Hence, v is rectifiable.

Conversely, suppose that v is rectifiable. Then for any partition P := {tg,t1,...

of [a, b] we have

Z"Yk(tj) —(tj—1)| < L(v), k=12

Jj=1

Consequently, 71 and 7, are of bounded variation on [a, b|.



