Chapter 4. Measure Theory

§1. Measure Spaces

Let X be a nonempty set. A collection S of subsets of X is said to be an algebra on
X if S has the following properties:
1. X €5,
2. if A€ S, then A° € S,
3. it Ay,..., A, €S, then U}_; A, € 5.

An algebra S on X is called a og-algebra provided it is closed under countable unions,
that is, if Ay € S for k € IN, then UZ2 A, € S.

It is easily seen that an algebra is closed under finite intersections and a o-algebra is
closed under countable intersections. Moreover, an algebra is a o-algebra provided it is
closed under countable disjioint unions. Indeed, suppose that (A, )n=12.. is a sequence
of subsets of X. Let B; := A; and B, = A, \ U?:_fAi for n > 1. Then B,, N B,, = 0
whenever m # n and U2 A, = U2 B,. If A, belongs to an algebra S for every n € N,
then B,, € S for every n € IN.

For example, the power set P(X) is a o-algebra on X. It is the largest o-algebra on
X. The smallest o-algebra on X is the collection {X, 0}.

If X is a nonempty set and S is a o-algebra on X, then (X, 5) is called a measurable
space and the sets in S are called measurable sets.

Let (X, S) be a measurable space. A function p from S to [0, o00] is called a measure
if u(0) = 0 and p has the o-additivity, that is, if (Ag)k=1,2,.. is a sequence of disjoint sets
in S, then

oo
p(Upe Ay) :ZM
k=1

These two properties imply finite additivity of u, that is, if Aq,..., A,, are disjoint sets in
S, then

Uk 1Ak ZIUJ (Ag),

because one can take A = () for k& > n.

The triple (X, S, 1) is called a measure space. If u(X) = 1, then p is called a
probability measure and (X, S, i) is called a probability space. If u(X) < oo, then i
is called a finite measure. A measure p is said to be o-finite if there exists a sequence
(Xk)k=1,2,... of sets in § such that X = U2, X}, and p(Xj) < oo for every k € IN.
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Example 1. Let X be a nonempty set, and let S := P(X). Define p: S — [0, o0] by

(A) = oo if A is an infinite subset of X,
H #A if Ais a finite subset of X.

Then 1 is a measure on (X, 5). It is called the counting measure.

Example 2. Let X be a nonempty set, and let S := P(X). For a fixed element a of X,

define p — [0, 00| by
1 ifa€A,
n(4) '_{0 if a ¢ A.

Then p is a measure on (X, S). It is called the Dirac measure.

Example 3. Let X be a (nonempty) countable set. There is a bijection ¢ — z; from a
subset I of IN to X. Thus, we write X = {x; : ¢ € I}. Suppose that a real number p; > 0
is associated to each 7 € I . Moreover, ) . ;p; = 1. For A € S :="P(X), define

= Zpi-

T, EA

Then p is a probability measure and (X, .S, 1) is a discrete probability space.

The following are some elementary properties of measures.

Theorem 1.1. Let (X, S, 1) be a measure space. Then the following statements are true:
(1) (monotonicity) If A, B € S and A C B, then u(A) < u(B).
(2) (o-subadditivity) If Ay, € S for all k € IN, then

Uk 1Ak < Z,U
k=1
(3) (Continuity from below) If Ay € S and Ay C Agyq for all k € IN, then

(U, Ay) = lim pu(Ay).

(4) (Continuity from above) If A, € S and Ay, O Ay for all k € IN, and if u(A4;) < oo,
then

p(MPs Ak) = lim p(Ay).

n—oo

Proof. (1) Since B is the union of two disjoint sets A and B\ A, we have

n(B) = n(A) + p(B\ A) = p(A).
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(2) Let By := Ay and By := Ay \ Ufz_llAi for k > 1. Then (By)k=1,2,.. is a sequence
of mutually disjoint sets, By, C Ay, for every k € IN, and U72 B, = Uz2 ; Ay. Hence,

n(URs  Ar) = (U2, By) ZM By) SZ
k=1 k=1
(3) Let Ag := () and By := Ay \ Ax_1 for k € IN. Then we have

u(UZ‘;lAk) :M(UZO:1BI<: ZM (Bk) = hm Z,u Ap \ Ag—1) = hm w(Ay).
k=1

(4) Let By, := A1\ Ap for ke N, E:= U2 B and A =N A;. Then E=A; \ A
and Ej C Ejy; for every k € IN. By (3) we have
p(Ar) = p(A) = p(A\ A) = w(B) = lim u(E,) = lim [u(Ar) — p(An)].

n—oo n—oo

It follows that lim,, o p(Ay) = u(A). [

The last statement in the above theorem is still true if u(Ag,) < oo for some kg € IN.
This condition is necessary. For example, consider the measure space (IN, S, i), where S is
the power set of IN, and p is the counting measure. For k € IN, let Ay :={n € IN:n > k}.
Then A :=Ng2 ; Ay is the empty set. But p(Ay) = oo for every k € IN.

§2. Outer Measure

Let X be a set, and let P(X) denote its power set. A function p* from P(X) to [0, 0]
is called an outer measure on X if it has the following properties:
L p*(0) = 0;
2. p* is monotone, that is, u*(A) < p*(B) whenever A C B C X
3. p* is o-subadditive, that is, p*(US21A,) < > 0% p*(A,) holds for every sequence
(Ap)n=12,.. of subsets of X.
A subset F of X is called p*-measurable if

i(A) = w' (AN B) + ' (AN E°)

holds for all A C X.

If u*(E) =0, then E is p*-measurable, by the above definition.

The inequality p*(A) < p*(ANE) + p* (AN E°) holds for any subsets A and E of X.
Hence, in order to prove that F is u*-measurable, it suffices to prove the reverse inequality.

But the reverse inequality is trivial if 4*(A) = co. Thus, E' is p*-measurable if and only if
p(A) = p (ANE)+ p (AN E°)
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holds for every subset A of X with u*(A4) < oc.
Suppose that Fq,..., E, are disjoint u*-measurable sets. Then

(AN (UL E)) = D u' (AN By

holds for every A C X. The proof of this assertion proceeds by induction on n. It is
obviously true for n = 1. Suppose that the statement is true for n € IN. We wish to prove

it is true for n + 1. Since E,41 is u*-measurable, we have
p (AN (UMHE)) = p* (AN (UM E) N Epp) + " (AN (UM E) N ES ).
It follows that
(AN (UM E)) = 1t (AN Epgr) + 5 (AN (UL E)).

By the induction hypothesis, p* (AN (U, E;)) = Y1, w* (AN E;). Hence,

n n+1
(AN (U E)) = (AN Engr) + ) p (ANE) Z“ (ANE)

i=1
This completes the induction procedure.
Theorem 2.1. The collection A of all u*-measurable sets is a o-algebra on X.

Proof. By the definition of p*-measurability, we see that X € A and () € A. Moreover,
E € A implies E¢ € A. Let us show that A is closed under finite unions. Suppose that
E1,E; € A. We wish to show E := F; U Ey € A. Note that E = FE; U (E$ N Es) and
E°¢ = E{N ES. Hence, for any subset A of X, we have

A

p(A) < p (AN E) 4+ p (AN ES)
S (ANE)) +p (ANE{NEy) +p* (AN E{NES)
< (AN By + (AN ES) = p(A).
This shows F = F; U E5 € A.
It remains to show that A is closed under countable unions. Suppose that (E,,)n=12,.
is a sequence of sets in A. We wish to show E := U2 E,, € A. Without loss of any

generality, we may assume that E,, N E,, = 0 for m # n. For each n, let F,, := > | E;.
Then F,, € A for every n € IN. For every subset A of X and every n € IN we have

1H(A) = W (ANE,) + i (ANFS) > @7 (ANE,) +p*(ANE®) = 3w (ANE,) + 1" (AN E°).
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Letting n — oo, we obtain
Z (ANE;) 4+ p*(ANE®) > p*(ANE) + p* (AN E®) > p*(A).

This shows E € A. Therefore, A is a o-algebra. ]

Theorem 2.2. Let u* be an outer measure on a set X, and let A be the collection of all

w*-measurable subsets of X. Then A is a o-algebra and (X, A, u*|z) is a measure space.

Proof. By Theorem 2.1, A is a o-algebra. Moreover, u*() = 0. Suppose that (Ex)g=12....

is a sequence of disjoint sets in A. Let E := U2, Fj,. By the o-subadditivity of p* we have
p*(E) < 3 p, 1" (E)). On the other hand, for every n € IN we have

ZM (Ek) = p*(Ui=1 Bx) < p" (E).

Letting n — oo in the above inequality, we obtain Y ;- u*(Ex) < p*(E). Therefore,
p*(E) = pey " (E)). This shows that p*|, is a measure. Il

§3. Lebesgue Measure

Suppose that a,b € IR and a < b. Let I be one of the intervals (a,b), [a,b], [a,b), and
(a,b]. The length of I is defined to be ¢(I) := b — a.

For a subset A of IR, consider all possible sequences (I;)x=1,2,... of open intervals such
that A C U2, 1. Define

A (A) == inf{z ((Ip): AC u;ozlfk}.

k=1
It is easily seen that A\*(0) = 0 and A\*(A) < A*(B) whenever A C B C IR. Moreover, if A

is a countable subset of IR, then A\*(A) = 0.
Let us show that A*(I) = £(I) for every bounded interval I. For this purpose, it suffices
to consider a closed interval I. Clearly, \*(I) < ¢(I). In order to show ¢(I) < A\*(I),
we shall first prove that if I is covered by the union of open intervals Iy,...,I,, then
0(I) < >op_, ¢(I;). This statement is obviously true for n = 1. Assuming that it is true
for n, we wish to show that it is also valid for n+1. Let I}, = (a,bx) (k=1,...,n,n+1) be
open intervals such that I C U"“I k- Without loss of any generality, we may assume that

b, < bgyqfork=1,...,n. Suppose I = [a,b]. Then b < b, ;1. There are three possibilities:
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apt1 < @, Gp1 > b, or a < apeq < b In the first case, I C I,,41 and £(I) < £([41).
In the second case, I = [a,b] C U}_, Ey, and hence ((I) < Y ,_, ¢(I;), by the induction
hypothesis. In the third case, b—a, 11 < £(I,+1). Moreover, [a, an+1]N 1,11 = 0. Tt follows
that [a, ant1] € UP_, Ij. By the induction hypothesis, an+1 —a < Y ,_; ¢(I}). Therefore,

n n+1
(D) =b—a=(ant1—a)+ (b—anp1) > UIx) +L(In1) = Y _U(I).
k=1 k=1

This completes the induction procedure.

Now suppose that (Ix)g=12,... is a sequence of open intervals such that I C U2, I}.
Since I is compact, there exists some positive integer n such that I C Uy_,I. By what
has been proved we have . .

U1 <> UI) <Y (T,
k=1 k=1
Since £(I) < > 0(I;) as long as I C U | I, we conclude that £(I) < \*(I). The proof
for A*(I) = £(I) is complete.
For a subset F of IR and r, s € IR, define

E+4+r:={z+r:x€E} and sE:={sx:x¢€ E}.

Theorem 3.1. The set function \* from P(IR) to [0,00] is an outer measure on IR. It
has the following properties:

1. M ([a,b]) =b—a for all a,b € IR with a < b;

2. X*(E +r) = \*(E) for every subset E of IR and r € IR.

3. X*(sE) = |s|\*(FE) for every subset E of R and s € R.

Proof. In order to prove that \* is an outer measure, it remains to show that \* is
o-subadditive.

Let (A;);=1,2,.. be a sequence of subsets of IR. We wish to show
(U321 45) < ) ONT(4)).
j=1
If \*(A;) = oo for some j, then the inequality holds trivially. Thus, we may assume that
A*(A;) < oo for all j € IN. Let € > 0 be given. For each j € IN, we can find a sequence
(Ijk)k=1,2,... of open intervals such that A; C U, I;; and

o0 . c
D UIik) < AT(A) + %
k=1
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Thus, (Zjk)jken is a countable family of open intervals and it covers U372 A;. Hence,

N (U320 A5) < DD 0 A) <Y TN (A)) +2/27) =D N (4)) +

j=1k=1 j=1 j=1

Since the inequality A*(US2 ) A;) < Zj’;l A*(A;) + ¢ holds for all € > 0, we obtain
A (U;’O i) < Z — 1 A*(A;), as desired.

Let us show that A\* has the three properties as stated in the theorem. Property 1

was established before. As to properties 2 and 3, we let E be a subset of IR. For any

e > 0, there exists a sequence (Ij)g=1,2,.. of open intervals such that £ C U2 ,I; and

gooe

Sore (1) < X*(E)+e. We have E+r C U2, (I, +7), where each Iy, + 7 is also an open
interval and ¢(I + r) = £(Iy). It follows that

N(E+71) < iwk +7) = iz(lk) <A (E) +e.
k=1 k=1

Thus, \*(E +r) < A*(F) + € for every ¢ > 0. Consequently, \*(E + r) < \*(E). For
the same reason, A\*(F) = A*(E +r —r) < X*(E + r). This shows \*(E) = \*(E +r).
Furthermore, for s # 0 we have sE C U2, (sl)), where each sl is also an open interval
and ((sly) = |s|¢(I}). It follows that

o0

Z (sIx) = Y Is|t(Ix) < |s|(A*(E) +¢).

k=1 k=1
Thus, \*(sE) < [s|]\*(E) + |s|e for every € > 0. Consequently, \*(sE) < |[s|\*(F). For
the same reason, \*(E) = \*(s71(sE)) < |s|71A\*(sE). This shows \*(sE) = [s|\*(E).
Finally, if s = 0 and E is nonempty, then sE = {0} and \*(sE) = 0. L]

The set function A\* is called the Lebesgue outer measure. A subset E of IR is
said to be Lebesgue measurable if it is A*-measurable. Let A be the collection of all
Lebesgue measurable sets. By Theorem 2.2, A is a o-algebra on IR. Moreover, A := \*|, is
a measure, called the Lebesgue measure. The following theorem shows that A contains

all open sets and closed sets.
Theorem 3.2. Open sets and closed sets in the real line IR, are Lebesgue measurable.

Proof. First, we show that (a,c0) is Lebesgue measurable for each a € IR. For this

purpose, it suffices to prove that, for any subset A of IR with A*(A) < oo,
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where A" := AN (a,00) and A” := AN (—o0,a]. For given € > 0, there exists a sequence
(Ix)k=1,2,... of open intervals such that A C U° I}, and Y o, 4(Iz) < A*(A) +e. For
k € N, let I}, := I;; N (a,00) and I} := I;; N (—o0,a]. Then I; and I; are intervals and

C(Ik) = £(I) + £(I) = A" (I,) + A"(I5).

Moreover, A" C U2, I} and A” C U2 I}, It follows that

oo

A(A') + A5 (A7) Z (I}) +Z)\* (I) =Y XN (I) <A (A) +e
= k=1

Thus, A*(A") + A*(A”) < XM*(A) + ¢ for all € > 0. Hence, A\*(A") + A*(4") < A*(A), as
desired.

Second, we show that (a,b) is Lebesgue measurable for a,b € IR with a < b. Indeed,
the above proof also shows (—o0, b] is Lebesgue measurable. Then (—o0,b) = (—o0, ]\ {b}
is Lebesgue measurable. Consequently, (a,b) = (—o0,b) N (a, c0) is Lebesgue measurable.

Third, we show that open sets are Lebesgue measurable. Let G be an open subset of
IR. Consider all open intervals (a,b) C G with a,b € Q. The collection of these intervals
is a countable set. But G = U{(a,b) C G : a,b € Q}. As a countable union of Lebesgue
measurable sets, GG itself is Lebesgue measurable.

Finally, if F' is a closed subset of IR, then the set G := F is open, and hence G is

Lebesgue measurable. Consequently, F' = G°¢ is Lebesgue measurable. ]

Let B denote the smallest o-algebra that contains all open subsets of IR. Then B is
called the Borel o-algebra. The members in B are called Borel sets. Theorem 3.2 tells
us that every Borel set is Lebesgue measurable.

A countable intersection of open sets is called a G5 set, and a countable union of

closed sets is called a F, set. Clearly, G sets and F), sets are Lebesgue measurable.

Theorem 3.3. Let \* denote the Lebesgue outer measure on IR. The following conditions
are equivalent for a subset E of R:

(1) E is \*-measurable;

(2) for every € > 0, there exists an open set G 2O FE such that \*(G\ E) < e

(3) there is a Gs set U O E such that \*(U \ F) = 0;

(4) for every € > 0, there exists a closed set F' C E such that \*(E\ F) < ¢

(5) there is a F, set V. C E such that \*(E'\ V) = 0.

Proof. (1) = (2): First, consider the case A\*(E) < oo. For any ¢ > 0, there exists a
sequence (I)g=12,.. of open intervals such that £ C U2 Ij, and >, €(I) < \*(E) +e.
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Let G := U2 1. Then G is an open set, G O E, and \*(G) < oco. Since both G and E
are A*-measurable, we have A\*(G) = A*(E) + A*(G \ E). It follows that

MG\ E) = \(G) i ) < e.

Next, consider the case \*(E) = oo. We express E as a disjoint union U2 Ej, where
each F; is Lebesgue measurable and \*(E;) < oo. Let € > 0 be given. For each j € N,
there exists an open set Gj D Ej such that \*(G; \ Ej) < &/27. Let G := Uj2,G;. Then
G is an open set, G O F, and

A (G\ E) < f: (G, \ E)

(2) = (3): For each n € IN, there exists an open set G,, such that G,, O E and
N(Gp \E) < 1/n. Let U := NY2,G,,. Then U is a G5 set and G O E. Moreover,
U\ECG,\FE for all n. Hence, \*(U \ E) < 1/n for all n. This shows \*(U \ E) = 0.

(3) = (1): In this case, both U and U \ E' are A* measurable. Hence, E =U \ (U \ E)
is A* measurable.

(2) < (4): For any € > 0, there is an open set G such that G O E° and \*(G\ E°) < e.
Let F' := G°. Then F isaclosed set and F' C E. Moreover, E\F = ENF¢ = ENG = G\ E°.
Hence, \*(E'\ F) = \*(G \ E°) < . Thus, (2) implies (4). The proof for (4) = (2) is
similar.

(3) & (5): There is a G5 set U O E° such that A*(U \ E€) = 0. Let V := U¢. Then
V is an F, set and V C E. Moreover, U\ E¢ = UNE = E\U°® = E\ V. Hence,
A*(E\ V) =0. Thus, (3) implies (5). The proof for (5) = (3) is similar. ]

If F is Lebesgue measurable, then E + r is Lebesgue measurable for r € IR. Indeed,
by Theorem 3.3, there exists a Gs set U such that U O E and \*(U \ E) = 0. Clearly,
U+risaGgsset and U+ 1r DO E + r. Moreover, by Theorem 3.1 we have

M((U+r)\(E+71)=X(U\E)=0.

Hence, E + r is Lebesgue measurable. Similarly, for s € IR, sE is Lebesgue measurable.



