The Cross Product
If u= (u1,us,u3) and v = (vy, v, v3), then the

cross product of u and v is the vector

uxXv=|u Uz usjl,

where 1, j, and k are the unit coordinate vectors.
Expanding the above determinant in terms of the

first row, we obtain

uz2 U3
Vo2 V3

up U3
V1 U3

Uy U2
V1 V2

k.

uxv= — J+

Notice the minus sign in the second term. Further,

U X V= (ugV3 — U3z, U3V — ULV3, U1V — U2V1 ).



Example. Let u =2i —j+ 2k and v = 3i+4j — k.

Finduxv,vxu, (uxv)-u,and (uxv)-v.

Solution. We have

u X v =

and

vV X U=

Moreover,

— —7i+8j+ 11k

—7i-8j— 11k

(uxv)u=(=7)24+8(-1)+11(2) = -14—-8+422 =0

and

(uxv)v = (—=7)3+8(4)+11(—1) = —21432—-11 = 0.



Properties of the Cross Product
Let u, v, and w be three vectors and let c be a

real number. Then
uxv=-vxu,
(U+V)XW=UuXw+VXW,
WX (U+VvV)=wXxXu+w XV,
(cu) X v =c(u X v).

Further, u x v is orthogonal to both u and v, and
ux v = Juf*lv]* - (u-v)%
This is valid, because |u x v|? is equal to
(ugvs — ugva)® + (uzvr — ugvs)® + (wgve — ugwy)?

and |ul?|v]? — (u-v)? is equal to

(12 4+ us +u3) (v +v3 +0v3) — (U101 + ugvy + uzvs)?.



Let 6 be the angle between u and v. Then we

have u-v = |ul||v|cos 6. Hence,

2 2

ux v|? = [uflv]* = (u-v)?

= [ul?|v]* = (Jul|v|cos 0)*

= [ul?|v[*(1 — cos* 0)

— |[ul?|v|?sin? 6.

Since sinf > 0, it follows that
lu X v| = |ul|v]|sin6.
In other words, the length of u x v is equal to the

area of the parallelogram formed by u and v.



The Geometric Meaning of the Cross Product
1. u X v is a vector perpendicular to both u and v.
2. Its length is equal to the area of the parallelogram

formed by u and v.
3. Its direction is given by the right-hand rule: If the

fingers of the right hand curl in the direction of a

rotation (through an angle less than 180°) from u to

v, then the thumb points in the direction of u x v.




Example. Find the area of the triangle with ver-
tices A(2,-1,3), B(1,1,1), and C(5,—2,1).
Solution. We have

u=AB=(-1,2,-2) and v = AC = (3,—1,-2).

The cross product of u and v is

i ] k
uxv=|—-1 2 =-2|=-6i—8j—5k.
3 -1 =2

It follows that

u x v| = /(=6)2 + (=8)2 + (=5)2 = V125 = 5V/5.
Therefore, the area of AABC' is

1 5v/5

—|uxv|=
2 2



Example. Find two unit vectors orthogonal to both
u=—-4i+2j—kand v=3i—j+ k.

Solution. The cross product of u and v is

uxv=|-4 2 —1|=it+j-2k

It follows that

uxv|=+124+12 4+ (=2)2 = V6.

Thus,
uXxXv 1 . 1 . 2
T T T T
and
e L2

V6 V6T V6

are two unit vectors orthogonal to both u and v.
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