Alternating Series

An alternating series is a series whose terms
are alternatively positive and negative. Here are two

examples:
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We see that the nth term of an alternating series

can be written as

an = (—=1)""'b, or a,=(—1)"b,,

where b, = |a,| > 0.



The Alternating Series Test

Theorem. The series
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converges if all three of the following three conditions
are satisfied:

(1) b, > 0 for all n;

(2) bpy1 < by, for all n;

(3) lim, o0 by = 0.



Example. The alternating harmonic series
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converges. Indeed, let b, := 1/n for n = 1,2,....

Then b, > 0 and b, > b,41 for all n. Moreover,
lim,, .~ b, = 0. Thus, by the alternating series test,
the series converges.

Example. The alternating series
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diverges. In this case, b, = —5. We have

lim b, =1#0.
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By the test for divergence, the series diverges.



Alternating Series Estimation

Theorem. Let s be the sum of the alternating se-
ries > .° (=1)""'b, and let s, be its nth partial
sum. Suppose that 0 < b,+1 < b, for all n and

lim,, .o b, = 0. Then
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Proof. We have

s —sp = (=1)"bpp1 4+ (=1)" T bppo
+ (=1)"Pbpys + (=1)" T bpya + - -

— (_1)n(bn—|—1 — bn—|—2 + bn—|—3 — bn—|—4 + - )

Since 0 < b,11 < b, for all n, we deduce that

|3 — Sn‘ — bn—l—l — bn—i—2 + bn—i—S — bn—|—4 + - < bn—i—l-



For a positive integer n, define the n factorial as
nl=1-2---n.

In particular, 1! =1, 2! = 2, 3! = 6, 4! = 24, and

5! = 120. By convention, 0! =1 (not 0).

Example. Find the sum of the alternating series

S, (—n1!)" correct to three decimal places.

Solution. Let b, = 1/n! for n = 0,1,2,.... Then

by, > by11 > 0 for all n. Since 0 < 1/n! < 1/n, we

have lim,,_,, 1/n! = 0. Thus, the series converges.
We observe that by = 1/7! = 1/5040 < 0.0002.

By the Alternating Series Estimation Theorem we

know that |s — sg| < by < 0.0002. But

ooy b L 368056
6 = 276 24 120 720 |

Hence, s =~ 0.368 correct to three decimal places.



