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Abstract

In this essay, Berman’s proof of K-stability of Kahler-Einstein varieties is
explained, assuming only basic knowledge of Kéhler manifolds and algebraic
geometry. After developing the necessary notions of connections and curvature
on complex manifolds, a definition of a K&hler-Einstein form is first given for
the smooth case, which is then generalised to Fano varieties. The Ding func-
tional, which has Kéhler-Einstein metrics as its minima, is also introduced.
Test-configurations, the Donaldson-Futaki invariant and the K-stability con-
dition are then introduced. The essay then proceed by giving an account of
the Yau-Tian-Donaldson conjecture, which in general states that a polarised
variety admits a Kéhler-Einstein metric if and only if it is K-stable. Finally, an
account of the proof of one direction in the Fano variety case, due to Berman,
is given. This proof uses a special metric on the top Deligne pairing of the
relative anticanonical line bundle on a test-configuration, whose weight over 0
is given by the Donaldson-Futaki invariant.
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1 Introduction

1 Introduction

A Fano variety is a normal complex variety such that the anticanonical line bundle
—Kx is ample. A Kéhler metric w on such a variety is called Ké&hler-Einstein if
Ric(w) = w. Equivalently, there exists a metric ¢ on —Kx such that w = dd°p and

(o) e
Jxlddep)r [ eme

This equation is also the Euler-Lagrange equation for a certain functional on the
space of locally bounded metrics on —Kx, called the Ding metric.

However, not all Fano varieties admit a Kahler-Einstein metric. Since the 1970’s,
many have sought to find out exactly when X does admit such a metric. Yau first
proposed that the obstruction could be an algebro-geometric stability condition,
analogous to Hilbert-Mumford stability. Tian found such a condition, called K-
stability, which was later generalised by Donaldson. Thus, the Yau-Tian-Donaldson
conjecture states that a Fano variety admits a Kéhler-Einstein metric if and only if
it is K-stable [12].

The K-stability condition in its current form is described in terms of test-
configurations, i.e. flat families X — C with a C*-action on —Ky,c such that
X1 = X. These test-configurations have a basic invariant, called the Donaldson-
Futaki invariant, and K-stability of a variety is the condition that this invariant be
non-positive for all test-configurations of the variety, being zero only for the trivial
case.

In this paper, a proof of one direction of the Yau-Tian-Donaldson conjecture, i.e.
the following theorem, will be proved.

(1.1)

Theorem 1.1 (Berman). Any Fano variety admitting a Kdhler-Einstein metric is
K-stable.

The proof of this theorem was first given by Berman [2], and we will largely
follow his proof.

In the proof, the given Kéhler-Einstein metric will be extended to a metric on
the test-configuration, which will then induce a Deligne metric on the top Deligne
pairing of — Ky c. This Deligne metric will be modified by adding a certain function,
so that the resulting Ding metric will be related to the Ding functional. This Ding
metric will turn out to behave nicely around 0, which makes it useful in calculating
the weight of the C*-action on the zero fibre of the Deligne pairing. As this weight
is equal to the Donaldson-Futaki invariant by a result of Phong-Ross-Sturm[I0],
we here get a connection from the Kéahler-Einstein metric, via the Ding functional
and its Euler-Lagrange equation, to the Deligne pairing and its Ding metric, and
ultimately to the Donaldson-Futaki invariant, whose sign behaviour then turns out
to agree with K-stability.

Outline of the paper: Section [2 gives an outline of the general basic theory of
Kéhler-Einstein metrics and test-configurations. In subsection [2.1], the notions of
connections and curvature of (smooth) Kéhler manifolds and line bundles will be
developed, after which the three cases of the Kéhler-Einstein existence problem are




2  Definitions and notation

briefly discussed. Subsection explains the Fano variety theory, focusing on the
link between metrics on X and on —Kx. In subsection 2.3 test-configurations,
the Donaldson-Futaki invariant and K-stability are defined. Section |3| gives a brief
outline of the progress on the Yau-Tian-Donaldson conjecture, which is the third
and hardest of the three cases considered in subsection [2.1] In section [4] the actual
proof of theorem is given. Subsection extends the metric on —Kx to a
metric on —Ky,c, which is then ‘pushed down’ to a metric on the Deligne pairing
in subsection [4.2] After a slight modification, we obtain the Ding metric, whose
properties are examined in subsection [4.3] Finally, in subsection all parts of the
proof are combined to give the final result.

I would like to thank Julius Ross, my essay setter, for his help and advise.

2 Definitions and notation

2.1 Background on metrics

This subsection is well-known background on connections and curvature on complex
manifolds. A reference is e.g. Székelyhidi [12].

In this subsection, we will let X be a complex manifold and w a Kéahler form on
X. Just as in the real case, one can define the Levi-Civita connection and curvature:

Definition 2.1. e The Levi-Civita connection, denoted by V, is the unique
connection on the tangent bundle TX (and hence also on the dual bundle
T*X and any of their products) satisfying Vg = 0 and V;X = 0 for all
holomorphic vector fields X.

The Riemannian curvature, R = R;/,7, is then defined by the equation

0 0
(ViVi=ViVi) = =R

o = g 2.1)

The Ricci curvature is R;; = gkl_Rl-jk; = gkl_gijimkj.
The Ricci form is given by Ric(w) = 5= - R;dz" A d.
Finally, the scalar curvature is given by S := g% R;;.

e Let L — X be aline bundle, with a hermitian metric A. The Chern connection,
also denoted by V, is the unique connection on L satisfying VA = 0 and
V;s = 0 for all holomorphic sections s.

The curvature Fjj is then defined by the equation
Fyg = ViVi— ViVy (2.2)
The curvature form is given by F(h) = 3= - Fygdz" A dz.
Lemma 2.2. The Ricci curvature can locally be expressed as

R;; = —0;0;log det(gyg) (2.3)

3



2 Definitions and notation 2.1 Background on metrics

Hence, Ric(w) = 5200 1log det(g).
Similarly, the curvature F(h) of L — X is locally given by

Fk[ = —8k8;10g h(S) (2.4)

where s is a local holomorphic section of L and h(s) = |s|3.

Hence, F(h) = 5200 1log h(s).

By recalling that d = @ + 0 and defining d° := —ﬁ(@ — 0), we can rewrite this
as Ric(w) = —dd®logdet(g) and F(h) = —dd°log h(s).
Definition 2.3. The first Chern class of X is defined as ¢;(X) = [Ric(g)] €
H2(M,R).

The first Chern class of a line bundle L — X is defined as ¢;(L) = [F(h)] €
H?*(M,R).

This is well-defined, as given two Ké&hler metrics g, h on X, Ric(g) — Ric(h) =
—dd®log 7 is an exact form, with a similar argument for ¢;(L). Note that ¢;(X) =
¢1(—Kx), where Kx — X is the canonical line bundle.

An elemental lemma which will be instrumental throughout the essay is the
following:

Lemma 2.4 (90-lemma). For any two real cohomologous (1,1)-forms T and n on a
compact Kahler manifold X, there exists a smooth function f : X — R such that

T=n+V—-190f (2.5)
Proof. [12] As 7 and 1 are cohomologous, there exists a real 1-form « such that 7 =

1+ da. We can decompose « in its (1,0) part a? and its (0,1) part o®V, and as

ais real, oY = o109 As 7 and 5 are (1, 1)-forms, we get that 0a"?) = 9a®D =0
and
7 =14 0atY 4+ 9O

Choosing a Kéhler metric g on X, we get

/ (0" aM)dvol = —/ (%0 % a9 . dvol = / (0% a0 . (xdvol)
b X b

:/ 9% a0 =
X

So by Hodge theory, there exists a function f’ such that 0*a = Ay f' = —9*0f".
As 9o =0, we get

A" +0f) =0 (M) +9f) =0

Therefore, 94(1’0) +0 f’_is O-harmonic, and hence also d-harmonic, as g is Kéhler.
This gives 0a(l?) = —90f’. Putting everything together,

7 —n=0a"? + 9oV = §a10) + 9o (1.0)
= 0" + a0 = —90f — DO f’
= 00f — 00f" = 2i003(f")
Choosing f = 23(f’) gives the result. ]
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The next theorem is a fundamental result about the first Chern class of Kéahler
manifolds:

Theorem 2.5 (Calabi-Yau theorem[I5]). Given a compact Kdhler manifold (X, w),
there exists for any real (1,1)-form o € ¢1(X) a unique Kihler metric n, cohomolo-
gous to w, such that Ric(n) = 2ma.

For a proof, see e.g. Tian [13].
Now we can go on to define one of the central concepts of this essay:

Definition 2.6. A Kéhler metric w is called Kéhler-Einstein if for some A € R,
Ric(w) = Aw (2.6)

By rescaling the metric, we can and will always restrict ourselves to one of three
cases: Ric(w) = w, Ric(w) = 0 or Ric(w) = —w. In these cases the first Chern class
is, by definition, positive, zero, or negative respectively.

A main problem in this field has been to find about when a compact Kéhler
manifold admits a Kéhler-Einstein metric. Trivially, the first Chern class should be
definite, i.e. ¢;(X) = Aw] for some Kéhler form w. The answer then turns out to
depend on the sign of this A:

- For the case ¢;(X) < 0, the solution to the problem is given by the following
theorem:

Theorem 2.7 (Aubin-Yau). (1|, [16] Suppose X is a compact Kdihler manifold
such that ¢, (X) < 0. Then there exists a unique Kdhler-FEinstein metric w on
X. This metric must necessarily lie in the cohomology class —2mwei(X).

This case is hence completely solved.

0 For the case ¢;(X) = 0, there is no a priori confinement of Kéhler-Einstein metrics
to certain cohomology classes. It turns out there is no such restriction at all
in this case.

Theorem 2.8 (Yau). Let (X,w) be a compact Kihler manifold with trivial
first Chern class. Then there ezists a unique Kdhler metric W', with [w] = [w'],
such that Ric(w') = 0.

This is an easy corollary of the Calabi-Yau theorem.

So this case is also solved.

+ In the case ¢;(X) > 0, things are more complicated. It turns out not all Kéh-
ler manifolds with positive first Chern class admit a Kéahler-Einstein metric.
According to the Yau-Tian-Donaldson conjecture, the obstruction is algebro-
geometric in nature. This essay will deal with the question which manifolds
with positive first Chern class do admit a Kéhler-Einstein metric, by presenting
a proof of one direction of a version of the Yau-Tian-Donaldson conjecture.
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2.2 The Fano variety setting

From this section onwards we will work with Fano varieties, i.e. X is a normal
compact projective complex variety and the anti-canonical line bundle —Kyx =
det(T'X) on the regular locus X, extends to an ample Q-line bundle on X, i.e.
some power extends to an ample line bundle over X.

First, we fix some notation. Following Berman [2], line bundles and metrics on
them will be written additively from now on, i.e. 2L := L ® L and a metric |-| on
L is locally represented by an upper semicontinuous function ¢y such that for a
certain generating section s, |s|> = e7#Y. Then we can write dd“p for the curvature,
cf. lemma 2.2 We write H,(X, L) for the space of locally bounded metrics on L
with positive curvature current.

A metric ¢ is called (locally) bounded if ¢ — ¢ is a (locally) bounded function
for some (hence, all) smooth metric .

A function v : X — [—00, 00) will be called plurisubharmonic, or psh for short, if
it is upper semicontinuous and for any holomorphic f : A — X, vo f is subharmonic.
Here A C C denotes the (closed) unit disc. If in addition w + ddv > 0 for some
Kaéhler form w, v is said to be w-psh.

If L = —Kx, a metric ¢ € H,(X,—Kyx) induces a measure p, on X: on a
coordinate chart, take local holomorphic coordinates zi, ..., z,, and let ¢y be the
representative of ¢ relative to the dual of dz = dz; A --- Adz,. Then define |y =
e ¥udz Ndz.

Lemma 2.9. The measure fi,|y defined above is independent of coordinates, and
hence defines a measure ji, on all of Xy, which can be extended by zero over all of

X.

Proof. Let (z1,...,2,) and (wy, . .., w,) both be local coordinates on U. Then (dz)~*
and (dw)™! are local sections of —Kx over U and

(d2)~! = det (gz‘;?) (dw)~!

Therefore, we get that

e ¥ = |(d2) ' = ‘det ng);) ‘2 (dw) 7 = ‘det (gtj) ‘2 e

Hence,

dw;
7

= e ?dw A dw

2-6’“”1” -det<82i> -det((?zi)dw/\du_)

~¢:q /\d‘z‘dt(
¢ TazAdz=qde ow, o,

The measure p, will often just be written e™%.

Definition 2.10. A Fano variety X has Kawamata log terminal (klt) singularities
if the total mass of e~ % is finite for some (equivalently any) ¢ € H,(X, —Kx).[2]

6



2 Definitions and notation 2.2 The Fano variety setting

In the presence of singularities, the definition of a Kéhler-Einstein metric must
be adapted slightly:

Definition 2.11. Let X be a Fano variety. A metric w on X is said to be a Kéahler-
Einstein metric if Ric(w) = w and ereg (W= (—Kx)"=V.[2

Note that ¢;(—Kx)" means the top intersection number here.

As proved in [3], this implies that X actually has kit singularities.

There is a different characterisation of Kahler-Einstein metrics in terms of metrics
on — K X-

Lemma 2.12. Let X be a Fano variety. A metric w is Kdhler-Einstein if and only
if it is the curvature of a locally bounded metric p on —Kx satisfying the following

equation:
Jx(ddp)"
Jxe®
Proof. That there exists a ¢ such that w = ddyp is trivial: locally this is just the

00-lemma (note that ¢ need not be smooth, hence we can patch). The main point
of the lemma is to show that holds. This is a simple algebraic exercise.

(dd°p)" =e~% (2.7)

—dd‘log(dd‘p)" = Ric(w) = w = ddp
—log(dd‘p)" = ¢ +c
(dd ) = o

where ¢ is an arbitrary constant of integration. Hence we can choose ¢ such that the
lemma holds.

As the string of equations can also be read from the bottom upwards (the chain
of implications is reversible), this is indeed an equivalent description. O

Remark. The choice of the constant ¢ in the proof might seem a bit arbitrary, but
in lemma [2.15] it will turn out to yield the Euler-Lagrange equation for the Ding
functional, which makes it a logical choice.

To define that functional, we first need the functional

Ep) = —— 3 /X (0 — &) (dd°)" A (ddY 2.8)

n—+1 —

The variation of this functional with respect to the first variable is given as follows:

Lemma 2.13. The variation of € is given by:

a
dt

E((1— t)p+ 1, ) = / (x — ©)(ddg)" (2.9)

t=0 X
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Proof. This is just a computation:

d

dt

1 < d
L0ty = n—HZ/Xa

(1 = t)ddep + tdd*x)" ™ A (ddw)ﬂ}

(@=Det i)

- Z /X [ — @)™ A (ddowy
+ (0= ){p — ) (dd°x — ddp) A (dd“p)" 1 A (dd“DY |
- Z /X [ — Qo)™ A (ddovy

+ (= ) ((x = 9)dd°p = (x = @)ddp) A (dd')" " A (ddep)|

_ ! [Z /X (n—j +1)(x — @)(dd0)" A (dd°p)

n+1
=3 [ =g 6= o) A i

- /X (x — P)(ddp)"

where for the third equality sign, integration by parts has been used, and for the
fourth, part of the summation has been re-indexed. O

We will also need the following function on C (for now knowing that A; = X
and ¢ = ¢ is sufficient).

V,(T) = —log/ e (2.10)

This function will play a very important role later on.

Definition 2.14. The Ding functional is defined as follows:

Dip, ¥) = TE(0, 1) + (1) = (1) (211)

Lemma 2.15. The equation[2.7] is the Euler-Lagrange equation for the first variable
of the Ding functional, keeping the second argument fixed.
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Proof. Using equation [2.9] this is a simple computation:

0= % t:OD((l —t)p +tx, V)
= _71% tzoé’((l — ) +ix,¢) — % . log/X e~ ((1=Dett) _
= W /X(SO — x)(dd°p)" — ﬁ : % . /X e~ (1=)e+tx)
= W /X(w —x)(ddp)" — thﬂ, ‘ /X(so —x)e?

(ddp)" e’
= =X -
/X( )<fX(dng0)” Ix e—<P>
As this must hold for all y € H,(X, —Ky), we conclude that
(ddp)” e®
Jx(ddep)r [ em?

is the Euler-Lagrange equation for the Ding functional. As this is also equation [2.7]
this finishes the proof. O

2.3 Test-configurations and K-stability

As was mentioned before, the obstruction for the existence of a Kéhler-Einstein
metric on a Kéhler manifold with positive first Chern class is algebro-geometric in
nature. This section is devoted to developing this obstruction, called K-stability.

Definition 2.16. A test-configuration for a Fano variety X consists of a flat family
m: X — C, with a relatively ample Q-line bundle £ — X', endowed with a C*-action
p covering the standard action on C such that

o X =X =7 1) and (X, L) = (X,—Kx) ;

e The total space X and the central fibre X := 771(0) are normal Q-Gorenstein
varieties with klt singularities. The latter is reduced and irreducible.|2]

The condition that £ — X be relatively ample means that, for all 7 € C,
L, — X, is an ample line bundle. That X and X, are Q-Gorenstein means that
Ky — 7" K¢ is trivial near all singularities, and hence can be extended over them.

Remark. The definition of test configuration here is often called a special test con-
figuration in the literature. However, we can restrict to using only these, according
to Li-Xu [§] and lemma 2.1 of Berman [2].

Lemma 2.17. If (X, L) is a test configuration for the Fano variety X, then L is
isomorphic to —K = —Ky,c = —(Kx — 71" Kc¢). As X and Xy are Q-Gorenstein,
L is in particular an actual line bundle, not only a Q-line bundle.




3 The Yau-Tian-Donaldson conjecture

Proof. As L1 2 L = —Kx, and (X, L) = (X, L;) for all 7 € C* via the action of
p, the divisors £ and — Ky are linearly equivalent on X* := X'\ Xy. Hence £ + Ky
linearly equivalent to a Weil divisor supported in Xj. But as the central fibre is
irreducible, £+ Ky is equivalent to a multiple of Xy. As Aj is cut out by 7*7, where
7 is the coordinate on C, and this coordinate, inducing the action on L, vanishes
with order one there, £ is indeed isomorphic to —Ky + 7" K¢ = —Kx/c. O

Hence we will often just write X for a test-configuration, in stead of (X, L).

Test-configurations have an associated numerical invariant, called the Futaki or
Donaldson-Futaki invariant. To define it, consider for all £ > 1 the vector space
H°(X,, —kKjy), having a C*-action induced by that of K, whose dimension will be
called dj. The total weight of the action (or, equivalently, the weight of the action
on the determinant bundle) will be denoted wy. By Hilbert function theory, it can
be shown that dj and wy, for large k, become polynomials of degree n and n + 1,
respectively.[5] Hence, the following definition makes sense.

Definition 2.18. The Donaldson-Futaki invariant DF(X) of a test-configuration X
is given by the following expansion:
1
Bh e+ ZDF(X)E + O(k72) (2.12)
kdy, 2
Note that different authors use different signs and normalisations. This definition
follows Berman [2].

Definition 2.19. The Fano variety X is called K-semistable if DF(X) < 0 for all
test-configurations X', and K-(poly)stable if furthermore equality implies that X is
isomorphic X x C. If X is not K-semistable, it is said to be K-unstable.

The condition of K-stability is the one that will turn out to be equivalent to
admitting a Kéhler-Einstein metric in the Fano variety case.

3 The Yau-Tian-Donaldson conjecture

The notion of Kahler-Einstein metrics has been generalised to that of constant scalar
curvature Kéhler (cscK) metrics, which have, as the name implies, constant scalar
curvature, and even further to extremal metrics, which are extrema of the Calabi
functional

Ca(w) ::/XS(w)Qw”

There exist several theorems and conjectures giving necessary and /or sufficient con-
ditions for the existence of a Kéhler-Einstein metric or a cscK metric in ¢;(X) on
different classes of manifolds or varieties with positive first Chern class.

It was noted the scalar curvature can be interpreted as a moment map, with the
Calabi functional as the norm squared of this map. This gave a link between the
existence of these special metrics and certain Mumford stability conditions, in the
field of Geometric Invariance Theory.[12]

10
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Hence, Yau proposed that the existence of Kéahler-Einstein metrics could be
equivalent to a certain such stability condition. This conjecture has been developed
by looking for the right stability condition, and now exists in various degrees of
generality. A general version is the following:

Conjecture 3.1 (Yau-Tian-Donaldson, v.1). Let (X, L) be a polarised manifold (i.e.
a manifold X with an ample line bundle L — X ). Then M admits a cscK metric
in c1(L) if and only if (X, L) is K-stable (in a more general version than defined in
this essay).[12]

For smooth Kéhler manifolds (M,w), the existence of a Kéhler-Einstein metric
was shown to be equivalent to the properness (a very specific property) of a certain
functional on the automorphism-invariant functions ¢ such that w+009d¢ > 0, giving
a way point for proving stability conditions.|[T3]

The version of the conjecture most relevant to us is this one:

Conjecture 3.2 (Yau-Tian-Donaldson, v.2). A Fano wvariety admits a Kdhler-
FEinstein metric if and only if it is K-stable.

In fact, this second ‘conjecture’ has now been proven completely. Chen, Donald-
son & Sun [B] proved that K-stable Fano varieties admit Kéahler-Einstein metrics.
Conversely, after partial results proved by Tian [14] (assuming X to be a smooth
manifold) and Stoppa [1I] (assuming X to be smooth and Aut(X) to be discrete,
put allowing for general polarised manifolds), Berman [2] proved that in fact all Fano
varieties admitting Kéahler-Einstein metrics are K-stable, i.e. this paper’s theorem
[I.1] In fact, Berman gave two proofs in his paper. In the rest of this essay, we will
explain one of Berman’s proofs.

4 Proof of theorem [1.1]

The outline of the proof is as follows: given a Kéhler-Einstein metric on X, it will be
extended to a metric on a test configuration (X, —K), restricted to the closed unit
disc A. Then, this metric will induce a metric called the Ding metric on a certain
line bundle n — A defined by Deligne pairings, related to the Ding functional. The
Donaldson-Futaki invariant of (X', —K) will be related to this Ding metric, yielding
the result.

As stated before, this theorem and its proof are due to Berman [2]. The proof,
however, has been expanded upon from its very dense form found in [2], and some
inaccuracies in notation have been resolved.

4.1 Extension of metrics to test configurations

Given a Fano manifold X with a locally bounded metric ¢; on —Ky — X with
positive curvature and a test configuration X for X, we will construct a metric ¢
on —K|y — M, where M = X|a, which is a variety with boundary. Then we will
show this metric has certain desirable properties.

11



4 Proof of theorem Iﬁ' 4.2 Deligne pairings

Denote by ¢y also the C*- invariant metric on —K* — &A™ over A*, the punctured
disc obtained from ¢; on X = &}. Then define

p=sup{y | <, on OIM} (4.1)

where 1) ranges over all (not necessarily continuous) locally bounded metrics on
— K|y — M with positive curvature. This metric ¢ is clearly S'-invariant.

In the following proposition, we will prove some properties of ¢. As most relevant
entities are S'-invariant, we will occasionally use ¢ = —log|7| as a real coordinate.
Also, to compare metrics, we will set ' == p(7)*p, as a metric on (X, —Ky). By
Sl-invariance, this indeed only depends on ¢.

Proposition 4.1. The metric ¢, as defined above, is locally bounded, upper semi-
continuous, and has positive curvature. Furthermore, o, — @1 uniformly as || — 1.

Proof. First, we will construct a continuous metric ¢ on —K that coincides with
1 on OM and converges to it as |7| — 1. Note that as —K is a relatively ample
line bundle, for some r and N we get that the complete linear system | — rK|
embeds X into PY x C. Hence we get a continuous metric %gppg with positive
curvature current on —K by restricting the fibrewise Fubini-Study form. Now set
¢ = max{y;+log ||, 2pps—C}, where C' is chosen such that for small |7, ¢ = Lopg
and for |7] close to 1, @ = ¢1 + log|7|. As ¢ is clearly an admissible ¢ in equation
4.1 we get a lower bound
o = @21+ loglT]

For an upper bound, note that there exists a C such that 1) < %@FS + C on OM for
any 1) considered in the supremum, as ¥ = ¢; there and ¢, is bounded. By general
compactness arguments (see [2]), it follows that there exists a C’ such that for all ¢,
hence also for ¢, ¢ < 2ppg + C” on all of M. Hence ¢ is finite and it has positive
curvature as all 1 do. By the upper bound, the upper semicontinuous regularisation
of ¢ is a candidate for ¢, hence ¢ is upper semicontinuous.

Finally, the uniform convergence statement. As ¢ is positively curved, ¢’ is
convex. Hence, it admits a right derivative ¢ at 0 and so for any positive ¢, we get
¢ < (¢' — ¢")/t. Furthermore, as the upper bound is independent of ¢, and ¢t is
unbounded, convexity gives ¢! < ¢ = ;. Therefore, ¢t < ' — ©° < 0 for all ¢,
yielding the result. O]

4.2 Deligne pairings

Suppose 7 : X — B is a flat projective morphism of integral schemes of pure relative
dimension n, and Ly, ..., L, are line bundles over X. These determine a line bundle
(Lo, ...,L,)(X/B) over B, called the Deligne pairing, as follows. Let s; be rational
sections of L;, whose divisors have empty intersection. Then (Lo, ..., L,)(X/B) is
locally generated by symbols (so, ..., s,), satisfying the relations

(S0y - [Siy-voySn) = fIY](s0,---,5n) (4.2)

where f is a rational function, Y = [, div(s;) = >_, n;Y¥; is a flat divisor over B
which has empty intersection with div(f), and f[Y](b) = [[; [1,ey:nx, f(2)™"

12



4 Proof of theorem |ﬁ| 4.2 Deligne pairings

Given smooth metrics ¢, on Lj;, there exists an induced metric ¢p = (po, - - ., @n)
on (Lg,...,L,), defined by induction on n:

log ’

,,,,,,,,,, Pn—1)
n—l (4.3)
+ . (10g]lsullo, A\ ddlog i)
i=0
where m,(f)(b) = [y, f.JL7]
This pairing has some useful properties|10], [2]:
e it is multilinear in its arguments;
e its curvature is given by
dd°op = m (dd°po N -+ - N ddpy,) (4.4)

o if p, 1) € Hp(L) and ¢p,1yp are the Deligne pairings on (L, ... L) in case B is
a point, then

¢p —¥p = (n+1)E(p,¢) (4.5)

The importance of Deligne pairings in our current setting comes from the following
corollary to the main result of Phong-Ross-Sturm.[10]

Proposition 4.2. The Donaldson-Futaki invariant of a test configuration X for a
Fano variety X is minus the weight over 0 of the line bundle over C given by

n=v(—-Kx,...,—Kxc) (4.6)

-1
(n+1)V -

where v =

Proof. This proof is due to Berman [2].
By proposition 6 of Li-Xu [§], we get the following formula for the Donaldson-
Futaki invariant (remembering our different sign and normalisation):

-1
(n+ 1) (=Kx)"
where X is the compactification of X over P!, and £ the C*-compatible extension
of £ over X. The products are intersection numbers. Using that £ = —Ky/c, so

L=—-Ky sp1, and that intersection numbers can be computed as integrals of Chern
classes, this gives

1
PR = o D Tram A

1 1
g RECEERR

DF(X, L) = (nc‘"“ +(n+ 1)K Z")

C1 (_KX’/IP’I )nH

Hence, by equation [4.4
DF(X) = —")//1 C1 << — K)?/]P’lv cey _K)?/]P’1>> = /1 Cl(—ﬁ)
P P

This is the degree of —7 over P!, which is exactly minus the weight over zero of the
C*-action on 7, as the extension to P! is given by this action. O]
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4 Proof of theorem |ﬁ| 4.2 Deligne pairings

Now, we will define a metric on 7n|a. Given a metric ¢; on —Kyx, we already
have the metric y¢p on 1|, defined via the metric ¢ on —K — M. However, it will
be convenient to modify this metric by adding the function v, defined just before

definition [2.141

Definition 4.3. The Ding metric ® on 7 related to the metric ¢ on —Kx is defined
as
Q= ypp + v, (4.7)

This metric has been chosen so that in the case where C is replaced by a point,
and choosing two metrics ¢, 1), & — U = D(p, 1), as is obvious from the definition
of D.

Via the Ding functional and lemma [2.T5] this metric is linked to the existence
of Kéhler-Einstein metrics on X. In order to link this Ding metric to K-stability as
well, via proposition [£.2], the next lemma will be useful. However, we first need a
definition.

Definition 4.4. Given a subharmonic function ¢ on C, the Lelong number of ¢ at
a point x € C is defined to be

_pming 27
lo(x) = llgilf og |7 — 22 (4.8)

Equivalently, l,(z) = sup{l | p(7) < llog |7 — z|? close to z}

Lemma 4.5. Let L — C be a line bundle with a C*-action p covering the standard
action on C and let © be an S'-invariant metric on L with positive curvature current.
Then

. d 9
— Jim - log |p(r)s]2 = 2w — 21,0 (4.9)
where t = —log|T|, s is a holomorphic section of L and w is the weight of p on Ly.

Proof. We can assume that around 7 = 0, taking s to be our frame, |[p(7)s| =
|7%s| = e~"]s|, by definition of w and ¢. Hence we get, using upper semicontinuity
and S'-invariance of ¢,

—2tw—(T)

= lim — log|lp(7)s]|, = — lim — loge

= lim 4 (2tw + (7))

t—o0 dt
. d 9
= 2w + tlg(r)lo EZW(O) log | 7|
. d
= 2w + lim E( —21,(0)t)
= 2w — 21,(0)

O

An alternative characterisation of the Lelong number would be the following
(where we assume for simplicity that x = 0, as that is the only relevant case for us):

14



4 Proof of theorem Iﬁ' 4.3 Properties of the Ding metric

Lemma 4.6. The Lelong number of a subharmonic function ¢ at 0 can be calculated
by
1,(0) = inf {l > o‘ / e~ (e+A=DloglT®) gr A 47 < oo} (4.10)
v

where V- C C s a suitably small bounded neighbourhood of 0.

Proof. The main point here is that [, [7|~*dr AdT < oo if and only if @ < 2. So for
the integral in the lemma to converge, we need that

— lim e~ (P(MD+1=Dlog|r?) |12
0= liye i
i e~ @)1 log [r[2 +og 2
T—0
— lim e P+ log|r?
7—0

This is equivalent to
lim (¢(7) — llog |7]*) = o0
T7—0

Hence, using that the sets of [ such that this limit is or is not equal to co are both
connected (such that the infimum of one is the supremum of the other),

=sup {l | p(7) < llog|7|* close to 0}

= sup {l | lim (1) — llog |7|* < oo}
70

. . . 2 _

= inf {l | llg(l) (1) —llog |7 oo}

v

4.3 Properties of the Ding metric

In this section, we will first establish some properties of v,(7), using them to obtain
certain properties for the Ding metric that will be used in the proof via lemma [4.5

Theorem 4.7. [J] For a special test configuration X and an S*-invariant locally
bounded metric ¢ on —Kxc with positive curvature current, v,(7) has the following
properties on A*:

o v,(7T) is subharmonic in T (convex in t);
o Ifv,(7) is actually harmonic (affine int), then X is a trivial test configuration.

Proof. We will follow Berndtsson [4] in this proof in case X is smooth. It is extended
to X with klt singularities in [3].

15



4 Proof of theorem |ﬁ| 4.3 Properties of the Ding metric

Consider the trivial line bundle F — A with fibre H*(X, Kx + L) (as L = — Ky,
this is indeed trivial). This bundle has a natural metric

Jul2 = / fufPe" (4.11)
X,

Notice that for u = 1, v,(7) = —log |Jul|2. Hence v,(7) is subharmonic if and only
if dd“v,(7) > 0 if and only if £ has non-negative curvature, and it is harmonic if
and only if dd®v,(7) = 0 if and only if F is has zero curvature.

Define the operator

0% = e¥"0e %" =0 — dp, N\

Then for any L-valued (n,0)-form 1 orthogonal to the space of holomorphic forms,
the equation
0 w =n

has a solution. Moreover, if we assume Ow A w = 0 for a certain fixed Kéhler form
w, w is unique, as was shown in [4].

Now, if 7, is the projection on the orthogonal complement of the space of holo-
morphic forms, we solve for a holomorphic section u, of E the equation

rw, =y (Hruy) (4.12)
where ¢, = %ﬁ—*. Also set ) ]
U= Uy — dT N Wy

Then the following formula for the curvature form © on E, due to Berndtsson [4],
can be used.

(Ouy, u), = m(2rddo AN Ate ?) + |Ow, |Pe”?7idT A dT (4.13)
X,

As both terms on the right hand side are non-negative, and taking u, = 1, we get
ddv, = %(@uﬁ u,) > 0, so the first point follows.
For the second point, assume ddv, = 0. Then both terms on the right hand side
of equation must vanish, so in particular w, is a holomorphic form. Taking 0
of equation [4.12] we get
009w, = 0P, A uy

And since
90%" + 970 = 0 — Dp; N —Op, A O+ D + Dp, A D = 0, A

we get - - - -
000, Nw, = 007w, + 0¥ 0w, = 0, A u,

Now, defining the gradient vector field V, of i¢, by

lv, (Zaéng) = 25907'

16



4 Proof of theorem |ﬁ| 4.3 Properties of the Ding metric

where ¢y, denotes contraction, and noting 9y, Au, = 0 as it should be an (n+1,1)-
form,

00¢, Nwy = 0pr Ay = 1y, (00p,:) A uy = —000; Aty (uy)

As we assumed 90, > 0, we hence deduce

_wT = LVT (u7->

This proves V; is a holomorphic vector field for all 7.
From the vanishing of the first term of equation it follows that i00p AaATG =

0. As this is a semidefinite form in @, we get 00p A4 = 0. The dr A d7 term of this
expression reads ,

Py I

droT 8X<6%>(VT) =0
By equation 4.12] 0¥7w; = ¢ A u+ h,, where h, is some holomorphic form on X for
all 7. From this it follows that

ow, 0 Oy
Pr — _ ___AQPT _
? or afa wr aaf Awr
0, dp
= —E(gp/\u—i-hf) —{—6% Ay, (u)
02 ) Oh.,
- (8787" B aX(E)(m) A
_ Oh,
o7

which is holomorphic. But as the left hand side is orthogonal to the holomorphic
forms, 8@786% = 0. By injectivity of 0¥ (see [4]), w, is holomorphic in 7, hence V;
is holomorphic on X x A* = X'*.

Now define the holomorphic vector field W =V, — a% on X*. Then, as

Ly, 000, = 01y, 00p, = 00p, = %85(,07
we get Lw00p, = 0. Hence 00¢, moves by the flow a holomorphic family of
automorphisms F, : X* — X",
The family F |y, : X1 — X, can also be considered as a family of embeddings of
X into PV, using the embedding in the proof of proposition . As FXp, = ¢ and
v is locally bounded, we get

Sl)l(p |Frops — 1] < C

where C' is independent of 7. Hence F, converges to a holomorphic map Fp : Xy —
(Xo)rea = Xo. As it pulls back an ample line bundle to an ample line bundle,
Fy is finite. Furthermore, is is generically one-to-one, so the map X x C — X :
(1,2) — (7, Fy(x)) is a biholomorphism away form a codimension two subvariety.
By normality of X, it then is a biholomorphism, proving the second point. O

For the next proposition, we need the Ohsawa-Takegoshi theorem (formulation

from [6]).

17



4 Proof of theorem |ﬁ| 4.3 Properties of the Ding metric

Theorem 4.8 (Ohsawa-Takegoshi). Let Q C C" be a bounded pseudoconvex domain,
and let L be an affine linear subspace of C" of codimension p > 1 given by an
orthonormal system s of affine linear equations s; = --- = s, = 0. For every
B < p, there exists a constant Cg,, o depending only on 3, n and the diameter of €1,
satisfying the following property. For every ¢ € PSH(Q) and f € O(w N L) with
Jonz | fIPe7#dVL, < +o0, there exists an extension F € O(Q) of f such that

LI e Ve < o [ 1P vav, o
Q QNL

where dVen and dVy, are the Lebesgue volume elements in C" and L respectively.
Proposition 4.9. The Lelong number of v,(7) at 0 vanishes.

Proof. Let s = 1 be the standard trivialising section of the trivial line bundle £ +
Kx/c — X|a. This corresponds to the trivial section over 7,(£L+ Kx/c) — A. Then
v,(7) = —log ||s]|%. Using lemma [4.6] write the Lelong number as

ly,(0) = inf {z‘ / e~ (e (M+A=DIogI) g A gf < oo}
A

By writing out the definition of v,(7) in this integral, we get

/ e~ (e (M+0=Dlog|71*) 1o A dF — / e~ (log [y e7?7+(1=Dlog|1) 1o A qF
A A

:/ / |s2e#re (D108 IT®) @ dr A df
aJx,

— / 5|2~ 7| 720D @ dr A dE
X|a

Now, as X is projective, it is compact (as a manifold). Hence X|p is as well.
We may therefore cover X'|a by a finite family of trivialising open neighbourhoods
U ={U;} ;. On such a U;, complement the coordinate 7 with a coordinate z € C"
such that (7, z) trivialise U; (refine Y if necessary for this). We may then write the
measure |s|?’e"? @dr Adt = |s|?e”?dz Adz NdT AdT, where ¢ becomes a psh function.
By definition of 7, it is an affine function which vanishes exactly at A,. Hence, by
the Ohsawa-Takegoshi theorem, setting Q =U;, s=7,8=1—-1<1, f =1, there
exists an F; € O(U;) extending f such that

/ |Eys?e=#7| 7| 20D @ dr A dt = / |Fy2e =2 7| 2D dVen
Ui Ui

S C eide(Cn—l < o0
Uiﬁ{‘l':()}

As F; extends f, it is equal to 1 on {7 = 0}. Hence, we can refine 4 such that F;
is bounded below by some ; > 0 for all 7 such that U; N Xy # (). On such a U; we
then get

_ 1 _
/ |s]2e™27 7| 27D @ dr A dE < —/ |Fys?e=#7| 7| 20D @ dr A dE < 00
U; & Ju;
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4 Proof of theorem |ﬁ| 4.3 Properties of the Ding metric

As the finiteness of the integral is clear if U; N Xy = (), and the cover is finite, it
follows that

/ |s|2e=#7|7| 720D @ dr A dt < oo
Xla

for all [ € (0,00). Hence [,,(0) = 0. O

Corollary 4.10. Let X be a test configuration for a Fano manifold X. Suppose @
is a bounded S*-invariant metric on —K with positive curvature current and let ®
be its Ding metric on n. Then

e ® has positive curvature current on A;
e if the curvature on A* vanishes, X is a trivial test configuration;

o O is locally bounded and continuous on A* (including the boundary) and we

have 15(0) = 0.

Remark. There is some unclarity in Berman’s sign conventions here. His proof of
the first and second point is as follows:

By equation @, we have that ¢p is positively curved. By theorem , Vy
is subharmonic, i.e. ddvy > 0. It follows that ® = y¢p + v, also has positive
curvature.

Similarly, if the curvature is zero, in particular dd‘v, = 0, so again by theo-
rem [£.7, X is trivial.

However, as v < 0, this conclusion does not seem to follow.

Proof (of point three). By a result of Moriwaki [9], for any smooth metric ¢, 1p is
continuous. As ¢ is bounded, u == ¢ — 1 is a bounded function on X. Hence, by
the change of metrics formula (equation ,

lop —¥p| < (n+ 1)(81;19 Jul)er (X)"

SO
1v(ep —¥p)| < sup [u|

As continuous metric are locally bounded (they can be approximated by smooth
metrics), y¢p is locally bounded.

As ¢, — 1 uniformly as |7| — 1 by proposition , again by the change of
metric formula,

’7<(P(7)*907)D - (901)17)‘ < Cs;(lp ‘p(T)*ng — Spl‘ =0

as || — 1. For vy, it is clear that v,(7) = v,(1) as || — 1, hence ® is continuous
on OA. As it is also subharmonic, S'-invariant and bounded, it is convex in ¢,
and hence continuous on A*. As ¢p is bounded around 0, l$(0) = 1,,(0) = 0, by
proposition [£.9] concluding the proof. ]
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4 Proof of theorem |ﬁ| 4.4 Putting the pieces together

4.4 Putting the pieces together

Theorem 4.11. Let X be a Fano variety admitting a Kdhler-Einstein metric ;.
Then X is K-stable.

Proof. Let (X, L) be a test configuration for X. By lemma , we have £ =
—Kx,c. The metric ¢; can be extended to a locally bounded, upper semicontin-
uous S'-invariant metric ¢ with positive curvature on —K — X|a according to
equation [£.1} This metric in turn induces a Ding metric ® on n — A according to
definition [£.3] By corollary [4.10] ® has positive curvature and is locally bounded on
A*. Tt also has vanishing Lelong number at 0.

By proposition .2 the Donaldson-Futaki invariant of X is minus the weight
of the C*-action on 7 over 0. The weight of this action can be computed, using
lemma and the fact that for two metrics ¢, we have ® — ¥ = D(¢, 1) on a
point, by the formula

1 d
DF(X) = —w = 3 lim — log||p(7)s][5 — la(0)

2 t—oo dt
1. d .
= _§tlif?o£((p(7-) q))‘xl - (I)l‘xl)
1. d . 1. d
= —5 lim = D(p(r) s, 1) = —3 lim - D(1)

As pq is a Kéhler-Einstein metric, it is a minimum of the Donaldson-Futaki invariant,
soat t = 0, £D(t) = 0. As D(t) is convex by corollary [4.10] its derivative is
nondecreasing, so DF(X) = — lim;_,o, £D(t) < 0. Hence X is semi-stable.
Convexity also implies that if DF(X’) = 0, then ® must have vanishing curvature,
so by corollary again, X must be a trivial test configuration, i.e. X is actually

K-stable. O
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