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0.1. INTRODUCTION 

. — Introduction

These are the lecture notes for MA PH : Group theory in physics, as given at the University of Alberta
during the Winter  term. They may be updated during the course.

Group theory is a beautiful subject which on the one hand serves as a natural introduction into abstract
algebra, and on the other hand has many important applications, especially in physics. This course will
attempt to introduce both of these aspects. As such, there will be a formal aspect – developing the theory
from the ground up, via definitions, theorems, and the like – and a more informal part – focusing on
examples and applications.

One particular reason symmetries are important for physics, is Noether’s theorem, which tells us that
continuous symmetries of a system give rise to conserved quantities. At the end of the course, we will see
some particular instances of this.

.. — Acknowledgments

None of this material is new. These lecture notes, an updated version of the ones fromWinter , are
largely inspired by  lecture noted for the same course, written by Vincent Bouchard, and located
at https://sites.ualberta.ca/~vbouchar/MAPH464/notes.html, and by (Dutch) lecture
notes by Hendrik Lenstra and Frans Oort, updated by Ben Moonen, and with an appendix by Raf
Bocklandt, which can be found at https://staff.fnwi.uva.nl/r.r.j.bocklandt/algebra1.
pdf. Other sources include the books Introduction to Lie Algebras and Representation Theory, by James
E. Humphreys (Springer ) and Linear Representations of Finite Groups, by Jean-Pierre Serre (Springer
).

I would also like to thank Gurkanwal Sedha for sending me numerous typographical corrections on
the text.

https://sites.ualberta.ca/~vbouchar/MAPH464/notes.html
https://staff.fnwi.uva.nl/r.r.j.bocklandt/algebra1.pdf
https://staff.fnwi.uva.nl/r.r.j.bocklandt/algebra1.pdf


Chapter  — Abstract groups

Group theory is a branch of what is called abstract algebra. This broader subject deals with objects and
relations, regardless of setting, and tries to find common structures between them. In a sense, it is the
formalisation of the term ‘symmetry’.

If the previous sentence sounds too abstract for you, do not worry. Groups may be part of this broad
setting, but they are relatively accessible, and in particular, you already know quite a few examples! This
chapter will study in more (or different) detail some groups that should already be familiar to you, and will
also introduce new examples. Furthermore, it will give you tools for dealing with them.

. — Groups: definition and examples

When talking about group theory (or any mathematical theory really), it is of the utmost importance to
specify exactly what you talk about. Hence, we should start with the main definition of the course.

Definition ... A group consists of a setG, together with a binary operation, often calledmultiplication
or product, m : G × G → G : (g, h) 7→ g · h, a unit element e ∈ G, and a unary operation called inverse
i : G→ G : g 7→ g−1. These are required to satisfy the following axioms:

G Associativity: for any three elements g, h, k ∈ G, we have (g · h) · k = g · (h · k);

G Unit: for any element g ∈ G, we have e · g = g = g · e;

G Inverse: for any element g ∈ G, we have g · g−1 = e = g−1 · g.

Often we denote the group with the same symbol as the underlying set. We also often drop the dot
from the notation of multiplication, i.e. we will write ab in stead of a · b.

Definition ... A group G is a abelian if the following extra axiom holds:

G Commutativity: for any g, h ∈ G, we have g · h = h · g.

For an abelian group, we often (but not always) use additive notation, i.e. we write +, 0, and − in stead
of ·, e, and ()−1 for the operations. The language will then also reflect this, e.g. we would use ‘term’ in
stead of ‘factor’.

Example ... The trivial group, G = {e}, is an abelian group under the only possible multiplication.
The empty set is not a group: it has no unit. �

Example ... The integers, Z, are an abelian group under addition. The unit is 0, and the inverse of an
integer n is −n.

It is not a group under multiplication: while G and G hold, with unit 1, not every element has an
inverse. E.g., there is no integer n such that n · 0 = 1, so 0 has no inverse. �

Example ... In a similar way, the rational numbers Q, the real numbers R, and the complex numbers
C, are all abelian groups under addition. In fact, any field, even any ring is, if you happen to have seen
these notions. �


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Example ... The natural numbers, N = {0, 1, 2, . . . }, are not a group under addition. Indeed, while G
and G are satisfied (with 0 being the unit), there is no inverse of, say, 1. �

Example ... The cyclic group Z/nZ is the set of integers modulo n. Its elements arem = m (mod n) =
{m + kn | k ∈ Z}, so in particular m = m+ n, and we may choose representatives 0, . . . , n− 1. Then
m+ l = m+ l gives a well-defined group structure on this set, with unit 0, and the inverse ofm is −m.
These groups are all abelian.

These groups are also denoted by Cn, Z/n, Z/(n), or Zn. The last notation is ambiguous, as it is also
used for other groups, so we will refrain from using it.

For the case n = 2, Z/2Z has two elements: 0̄ = {. . . ,−2, 0, 2, 4, . . . } is the set of even numbers, and
1̄ = {. . . ,−3,−1, 1, 3, 5, . . . } the set of odd numbers. We know that the sum of two even numbers is even,
the sum of two odd numbers is even, and the sum of an even and an odd number is odd. This is the addition
of Z/2Z. �

Example ... Any vector space (over any field) is an abelian group with respect to the addition. This is
part of the definition of a vector space. �

Example ... Given a vector space V , the set of invertible linear transformations f : V → V is a group
under composition of transformations, called the general linear group, and denoted GL(V ). The unit is the
identity map IdV : v 7→ v.

If V = Rn, this group may be identified with the set of n × n real matrices with non-vanishing
determinant. In this case, we write GL(n,R). Similarly, if V = Cn, we write GL(n,C). The unit is the
identity matrix. For n = 1, we see GL(1,R) = R× = R \ {0} (with multiplication), and similarly for C. If
n ≥ 2, this group is not abelian. �

Example ... The unit circle in C, i.e. the set {z ∈ C | ‖z‖ = 1}, is also a group under multiplication.
The unit is 1, and multiplication and inverse are the same as for the complex numbers. Any element of this
group can be written eiϑ for some ϑ ∈ R, and eiϑeiϕ = ei(ϑ+ϕ). The inverse of eiϑ is e−iϑ. �

Example ... There exists a particular four-dimensional R-vector space which also has a multiplication
(just like the two-dimensional R-vector space C). It is called the space of quaternions and denoted H (the
letter is chosen because they were discovered by Hamilton, also known for the Hamiltonian in physics).

The quaternions have a basis {1, i, j, k}, with 1 as a unit, and further multiplication rules

i2 = j2 = k2 = −1 ,

ij = k ji = −k ,
jk = i kj = −i
ki = j ik = −j .

(.)

You can think of the vectors i, j, k as the basis vectors of Euclidean three-space, and 1 as a scalar. Then the
above multiplication encodes the scalar product, the cross product, and the dot product!

For general elements, the multiplication is

(a+ bi+ cj + dk)(a′ + b′i+ c′j + d′k) =(aa′ − bb′ − cc′ − dd′)

+ (ab′ + ba′ + cd′ − dc′)i

+ (ac′ + ca′ + db′ − bd′)j

+ (ad′ + da′ + bc′ − cb′)k .

This multiplication is associative. Try to check this yourself! It helps to write a+ bi+ cj + dk = α+ βj,
where α = a+ bi and β = c+ di are complex. Then

(α+ βj)(γ + δj) = (αγ − βδ̄) + (αδ + βγ̄)j .
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Moreover, any element a+ bi+ cj + dk 6= 0 has an inverse (again, check this!)

a

n
− b

n
i− c

n
j − d

n
k , where n = a2 + b2 + c2 + d2 6= 0 .

With this multiplication, H× = H \ {0} is a non-commutative group. �

The way we defined groups, we assume there is such a thing as a unit and an inverse. But could there
be another one of either? The next proposition shows this is not the case. Furthermore, it gives some rules
on using the inverse.

Proposition ... The unit of a group is unique: there is no other element satisfying G2.
The inverse of an element is unique: there is no other element satisfying G3.
For any elements g, h ∈ G, we have that (g−1)−1 = g and (gh)−1 = h−1g−1.

Proof. Suppose e′ is another unit. Then e = e · e′ = e′.
Let g ∈ G, and suppose it has two inverses, g′ and g∗. Then

g′ = g′ · e = g′ · (g · g∗) = (g′ · g) · g∗ = e · g∗ = g∗ .

The element g satisfies the definition of being an inverse of g−1, because g ·g−1 = e = g−1 ·g. By uniqueness
of the inverse for g−1, it must be g. For the final point,

(gh) · (h−1g−1) = g · (h · (h−1g−1)) = g · ((hh−1) · g−1) = g · (e · g−1) = gg−1 = e ,

and similarly for the other relation. So by uniqueness of the inverse for gh, it must be h−1g−1. �

As you may have noticed in the proof above, writing out identities becomes lengthy quite quickly.
However, using associativity, one may prove by induction (try to do this carefully yourself!) that any way
of inserting parentheses inside the expression a1a2 · · · an, without shuffling the factors, will give the same
result. Hence, we will not write these parentheses from now on.

Let us also introduce some more shorthand notation: for g ∈ G and n ∈ Z, we mean by gn the element

gn =



e n = 0 ;

g · g · · · g︸ ︷︷ ︸
n times

n > 0 ;

g−1 · · · g−1︸ ︷︷ ︸
−n times

n < 0 .

(.)

For an additively written group, this becomes

n · g =



0 n = 0 ;

g + g + · · ·+ g︸ ︷︷ ︸
n times

n > 0 ;

(−g) + · · ·+ (−g)︸ ︷︷ ︸
−n times

n < 0 .

(.)

Lemma ... For any group G, any g ∈ G, and any n,m ∈ Z, we have gn · gm = gn+m.

Proof. If n = 0, then
gn · gm = e · gm = gm = g0+m .



1.1. GROUPS: DEFINITION AND EXAMPLES 

If n = 1, then

gn · gm =



g · e = g = g1+m m = 0 ;

g · g · · · g︸ ︷︷ ︸
1+m times

= g1+m m > 0 ;

g · g−1 · · · g−1︸ ︷︷ ︸
−m times

= g−1 · · · g−1︸ ︷︷ ︸
−m−1 times

= g1+m m < 0 .

By induction, the assertion hold for all n > 0. The case n < 0 is similar. �

Looking at the examples we gave, you may notice that most of them have one of two flavours: they are
either discrete, meaning that all elements are somehow isolated, or continuous. Some discrete groups are
Z or Z/nZ, while GL(n,R) is continuous. This is not quite a mathematically formal distinction, but it is
useful nonetheless. In the first two parts of this course, we will mostly focus on discrete groups, while the
third part deals with certain continuous groups called Lie groups. Note that e.g. Q is neither discrete nor
continuous.

Definition ... A group is finite if its underlying set is. We call the number of elements of a finite
group G its order, and denote it |G| or#G. If G is not finite, we may write |G| = ∞.

The order of an element g ∈ G is the smallest positive integer n such that gn = e. If no such n exists,
the order is infinity.

Lemma ... In a finite group, all elements have finite order, bounded by the order of the group.

Proof. Let G be a finite group and g ∈ G. Because G is finite, not all gn for n > 0 can be distinct. So let us
say gn = gm, for some n < m. Then gm−n = gmg−n = gng−n = gn−n = g0 = e. Hence, the order of g is
at mostm− n.

If we takem to be the smallest positive integer such that gm equals some gn for 0 ≤ n < m, then the
elements gn+1, gn+2, . . . , gm, must all be distinct, and therefore their number,m− n is bounded by the
number of distinct elements in G, which is its order. �

Example ... The order of Z/nZ is n. The order of an element m ∈ Z/nZ need not be n, it may be
smaller. In fact, it is n/ gcd(n,m).

For example, in Z/4Z, the order of 2̄ is 2, because 2 · 2̄ = 4̄ = 0̄ (recall that this group uses additive
notation, so 2 · 2̄ means 2̄ + 2̄). �

Example ... In the group GL(n,R), the element(
1 0
0 −1

)
has order 2, as it squares to the identity.

On the other hand, (
1 1
0 1

)n

=

(
1 n
0 1

)
will never be the identity for n > 0, so (

1 1
0 1

)
has infinite order. �
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Example ... The symmetric group Sn is the set of permutations (i.e. bijections to itself) of a set of n
elements, usually chosen as {1, . . . , n}. The multiplication is composition of maps (read from right to left
as usual). The first two are abelian, but for n ≥ 3, Sn is not abelian.

The order of Sn is n!: to specify an element σ ∈ Sn, we have n choices for σ(1), then n− 1 choices for
σ(2), and so on, until σ(n) is the unique element that has not been picked yet.

These groups are important, so let us give some more details.
One way of writing an element σ ∈ Sn is as an n× 2matrix, where the top row records all elements

1, . . . n, and the bottom row their images, so

σ =

(
1 2 · · · n

σ(1) σ(2) · · · σ(n)

)
.

In this notation, one can permute columns and keep the same permutation, which is useful for calculating
the composition: στ is found by stacking the matrix of τ on top of that of σ such that the two middle rows
agree. Then the composition is given by the top and bottom row.

A specific kind of permutations are called cycles. A cycle σ ∈ Sn is a permutation such that there exists
some elements 1 ≤ a1, . . . ak ≤ n such that σ(ai) = ai+1, σ(ak) = a1, and σ(x) = x if x is not among the
ai. We write such a cycle as σ = (a1 a2 · · · ak).

For example, the cycle (2 5 4) ∈ S5 is given by

(2 5 4) =

(
1 2 3 4 5
1 5 3 2 4

)
.

Cycles of length 2 are called transpositions.
Any permutation σ is a product of disjoint cycles: starting from 1, we obtain a cycle (1σ(1)σ(σ(1)) · · · ),

which eventually returns to 1. Then, picking any x not in this cycle, we record its iterated images under σ
in another cycle. Continuing until there are no elements left, we have a number of cycles that are disjoint,
and σ is the product of these.

This way of writing is unique up to reordering of the cycles, cyclic reordering withing the cycles, and
cycles of order one. For example, (1 5 4)(2 6) ∈ S6 is equal to (6 2)(3)(5 4 1). In particular, the unit can be
represented by any number of order one cycles, although we may also write e = ().

Now we have another way to write elements of Sn, how do we multiply them? Let us try to multiply
two cycles in S4, namely (2 4 3) and (2 3). So we want to calculate (2 4 3)(3 4) and write it as a product of
disjoint cycles. Note that we are talking about maps acting on the set {1, 2, 3, 4}, so we first act with the
right-most element.

Let us start writing down the answer (even if we do not know it yet). We know that 1 will be in some
cycle, so our first start is

(1

I have not closed the parenthesis, as we do not know the rest of the cycle yet, but we will find that now:
First we act by (3 4). This leaves 1 alone. Similarly for (2 4 3). So our first cycle is

(1)

Now we start a new cycle, by 2:
(1)(2

Again, no closing of the parenthesis. We find that 2 gets mapped to itself by (3 4) and then to 4:

(1)(2 4

Now we cannot yet close the parenthesis; we need to continue with 4. This gets mapped to 3 and then to 2,
so it closes the cycle:

(1)(2 4)
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There is no space left for 3 to go, and indeed, it gets mapped to 4 and back, so in the end we find that

(2 4 3)(3 4) = (1)(2 4)(3) = (2 4) . �

For any group element, we can consider what happens if we multiply by that element. The theorem
below tells us that this is quite a well-behaved operation – in fact we will use this a lot later.

Theorem .. (Rearrangement theorem). Let G be a group, and g, h ∈ G. Then there exists exactly
one solution x ∈ G to gx = h, namely x = g−1h. Similarly, there is one solution y to yg = h, namely
y = hg−1.

Hence, for any g ∈ G, the maps λg : G→ G : h 7→ gh and ρg : G→ G : h 7→ hg are bijections. We call
these maps left multiplication by g and right multiplication by g, respectively.

Proof. We first see that x = g−1h is a solution, as

g(g−1h) = e · h = h .

On the other hand, from gx = h, we find that

x = e · x = g−1gx = g−1h .

The proof for y is similar. �

. — Subgroups, cosets, direct products

.. — Subgroups

Often, groups have natural subsets which are groups themselves.

Definition ... Let G be a group. A subset H ⊆ G is called a subgroup if it contains the unit of G and
for all g, h ∈ H , both gh and g−1 lie in H .

This definition means exactly that H is a group itself with the same operations.

Definition ... Every group has two trivial subgroups, namely {e} and the group itself. Any other
subgroup is called a proper subgroup.

Example ... The chain Z ⊂ Q ⊂ R ⊂ C ⊂ H is a chain of (additive) subgroups.
Similarly, Q× = Q \ {0} ⊂ R× ⊂ C× ⊂ H× is a chain of multiplicative subgroups. �

Example ... The inclusion R× ⊂ R is not a subgroup, even though both sets are groups. However,
they are groups under different group structures: multiplication for R× and addition for R. �

Example ... In GL(n,R) there are a number of well-known subgroups:
The special linear group SL(n,R) is the subgroup of matricesM such that detM = 1.
The orthogonal group O(n) is the subgroup of matricesM such thatMTM = I .
We may intersect these to obtain the special orthogonal group SO(n) of matricesM such that detM = 1

andMTM = I .
If n = 2m is even, we may define a non-singular skew-symmetric matrix, e.g.

Ω =

(
0 I
−I 0

)
, (.)

and consider the symplectic group Sp(n,R) to be the subgroup of matrices such thatMTΩM = Ω. The
symplectic group is a subgroup of the special linear group, as all symplectic matrices have determinant 1.�
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Example ... Similarly, in GL(n,C) there are a number of well-known subgroups:
The special linear group SL(n,C) is again the subgroup of matricesM such that detM = 1.
The unitary group U(n) is the subgroup of matricesM such thatM†M = I . Here byM†, we mean

(MT )∗, i.e. the complex conjugate transpose, also called adjoint.
Specifically, if n = 1, U(1) is the subgroup of 1× 1matrices, i.e. complex numbers, such that z† = z−1.

These are exactly the complex numbers of unit norm, cf. example ...
Again, if n = 2m is even, the symplectic group Sp(n,C) is the subgroup of matrices such thatMTΩM =

Ω. We may intersect these to obtain the special unitary group SU(n) of matricesM such that detM = 1
andM†M = I or the compact symplectic group Sp(n) = Sp(n,C) ∩U(n). �

The previous two examples will be studied more in chapter , as they are examples of Lie groups.

Example ... Consider a regular n-gon in the complex plane, with vertices {e2πik/n | k = 0, . . . , n− 1}.
E.g., for n = 3 this is an equilateral triangle, for n = 4 it is a square, &c. If we consider C as a two-
dimensional vector space over R, we can consider the subgroup of GL(2,R) that preserves this n-gon.
This group, D2n, is called the dihedral group and has 2n elements, of two kinds. There are pure rotations,
which can be considered as multiplication by e2πik/n for some k, and reflections about axes of symmetry,
of which one is the conjugation σ : z 7→ z̄. If we write ρ for the rotation by 2πi/n, then

D2n = {ρk | 0 ≤ k < n} ∪ {ρkσ | 0 ≤ k < n} , (.)

and multiplication is given by the rules

ρn = e

σ2 = e

σρk = ρn−kσ .

(.)

For n > 2, this group is not abelian. �

Example ... The setQ = {1,−1, i,−i, j,−j, k,−k} ⊂ H× is a subgroup, as follows from equation (.).
We will call this the quaternion group. It is still not abelian. �

There are several ways to construct subgroups of a given group.

Definition ... Let G be a group and S ⊆ G be a subset. The subgroup of G generated by S, written
〈S〉, is the smallest subgroup of G that contains S. It contains all products of elements of S and their
inverses.

If S = {s}, then 〈s〉 = 〈S〉 is the cyclic subgroup generated by s.
We also say a group is cyclic if it can be generated (as a subgroup of itself) by a single element.

This definition may sound a bit vague: it does not give an explicit way to construct 〈S〉. However, we
can actually construct it.

First of all, 〈S〉 contains S by definition. But, because it is a subgroup, it must contain the unit and
products and inverses of all elements in S as well. So we may construct 〈S〉 by starting from S, taking all
products and inverses and adding them, along with the unit, to obtain some set S1, adding all products
and inverses of elements of S1 to obtain some S2, &c. All of these Si must be subsets of 〈S〉, and hence⋃∞

i=1 S1 ⊆ 〈S〉. But this union is closed under multiplication and inverses, hence is a group containing S.
Therefore, it must equal 〈S〉.

Definition ... Given a group G and a subgroup H ⊂ G, we define its centraliser CG(H) = {g ∈ G |
gh = hg for all h ∈ H}, so the group of all elements of G which commute with all elements of H .

In case H = G, we write Z(G) = CG(G) and call it the centre of G.
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Definition ... Let G be a group and g, h ∈ G. The commutator of g and h is [g, h] = ghg−1h−1.
The commutator subgroup of G, written [G,G] is the subgroup generated by all [g, h].

The commutator of two elements is equal to the identity if and only if the two elements commute. This
is where the name comes from.

The commutator subgroup [G,G] = {e} if and only if G is abelian if and only if G = Z(G).

Example ... The centre of GL(n,R) is Z(GL(n,R)) = R× · Id, the subgroup of non-zero multiples
of the identity. �

Example ... The centre of the quaternion group Q of example .. is {1,−1}. �

.. — Cosets

Now we know that groups may have subgroups, we can try and think about the relation between the two.
For this, the notion of cosets is very useful.

Definition ... Let G be a group with a subgroup H ⊂ G and an element g ∈ G. Then

gH = {gh | h ∈ H} (.)

is a left coset of H , while
Hg = {hg | h ∈ H} (.)

is a right coset of H .

Example ... Consider the group G = S3 with subgroup H = {e, (1 2)}. Then its left and right cosets
are

eH = (1 2)H = {e, (1 2)} He =H(1 2) = {e, (1 2)}
(1 3)H =(1 2 3)H = {(1 3), (1 2 3)} H(1 3)=H(1 3 2)= {(1 3), (1 3 2)
(2 3)H =(1 3 2)H = {(2 3), (1 3 2)} H(2 3)=H(1 2 3)= {(2 3), (1 2 3)}

Note any two left (or two right) cosets are either identical or disjoint, and they partition the entire group.
This will turn out to be a general phenomenon.

The collections of left cosets and right cosets are different. This is not always the case – for an abelian
group, they will clearly be identical, but even for a non-abelian group, they may be. �

The non-trivial cosets of a subgroup, i.e. those that are not the subgroup itself, are not groups, but only
sets. However, they are still useful in studying the subgroup. First, let us prove an observation we made in
the previous example.

Proposition ... Let G be a group and H ⊆ G a subgroup.

1. If a, b ∈ G, then aH = bH if and only if a−1b ∈ H . Similarly,Ha = Hb if and only if ba−1 ∈ H .

2. Two left cosets of H are either disjoint or identical, and similar for right cosets.

3. Every element g ∈ G is contained in exactly one left and one right coset of H .

Proof. We give the proof only for left cosets.

. If aH = bH , then b = be ∈ bH = aH , so ah = b for some h ∈ H . Hence, a−1b = a−1ah = h ∈ H .
Vice versa, if a−1b = h ∈ H , then for any h′ ∈ H , bh′ = aa−1bh′ = ahh′ ∈ aH and similarly
ah′ = b(a−1b)−1h′ = bh−1h′ ∈ bH .
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. Suppose aH and bH are not disjoint. Then they have a common element x, so x = ah1 = bh2 for
some h1, h2,∈ H . But then a−1b = h1h

−1
2 ∈ H , so by part ., aH = bH .

. Certainly g ∈ gH . As any other coset must be disjoint from gH , it cannot contain g. �

What this proposition tells us, is that cosets give an equivalence relation:

Definition ... An equivalence relation on a set S (hence also on a group) is a relation a ∼ b between
some of the elements of S which is

• Reflexive: for each a ∈ S, a ∼ a;

• Symmetric: if a ∼ b, then b ∼ a;

• Transitive: if a ∼ b and b ∼ c, then a ∼ c.

Given an equivalence relation on S, it partitions S into disjoint subsets, called equivalence classes, of
elements that are all equivalent.

By proposition .., we can define an equivalence relation on G by g ∼ h if and only if they lie in the
same (left) H-coset. The cosets are then the equivalence classes.

Using proposition .., we find the following very useful theorem.

Theorem .. (Lagrange’s theorem). Let G be a group andH ⊆ G a subgroup. Then, for any g ∈ G,
|gH| = |H|. In particular, if G is a finite group, |H| divides |G|.

Proof. The map f : H → gH : h 7→ gh is a bijection with inverse f−1 : gH → H : gh 7→ g−1gh = h. So
certainly |H| = |gH|.

Now, if G is finite, by the previous proposition we can find some g1, . . . gk ∈ G such that G =

g1H t g2H t · · · t gkH . Then |G| =
∑k

i=1 |giH| =
∑k

i=1 |H| = k|H|. �

The collection gi in the above proof is called a system of representatives for the left cosets of H in G.

Definition ... LetG be a group andH ⊆ G a subgroup. Then the index ofH inG, written as [G : H],
is the number of left (or right) cosets of H in G.

If G is of finite order, [G : H] = |G|/|H|. But the index may be finite even if |G| = ∞.

Corollary ... Let G be a group of prime order. Then G is cyclic and has no proper subgroups.

Proof. By Lagrange’s theorem, any subgroup of G must have an order dividing the order of G. But this is
prime, so the only possible divisors are 1 and |G|, corresponding to the trivial subgroups.

Pick a non-identity element g ∈ G (this is possible as 1 is not prime). Then the subgroup 〈g〉 is cyclic
and not trivial, so it must be G itself. Hence, G = 〈g〉 is cyclic. �

.. — Direct products

Both subgroups and cosets are ways to make smaller groups or sets out of a given group. We could also
combine several groups into one to make a larger group.

Definition ... Let G and H be two groups. Then the direct product of G and H is given as a set by
the Cartesian product

G×H = {(g, h) | g ∈ G,h ∈ H} . (.)
Its product is given component-wise:

(g1, h1) · (g2, h2) = (g1g2, h1h2) . (.)

Similarly, its unit is (eG, eH), where eG is the unit of G and eH the unit of H , and the inverse is given by

(g, h)−1 = (g−1, h−1) . (.)
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Example ... The vector space Rn, viewed as a group under addition, is the n-fold direct product of
the group R with itself. So R2 = R× R, R3 = R× R× R, &c. �

Example ... The Klein four-group is the simplest non-cyclic group. It is Z/2× Z/2, so its elements
are (0̄, 0̄), (1̄, 0̄), (0̄, 1̄), (1̄, 1̄). Its unit is (0̄, 0̄), and all three other elements are of order two.

This shows it is not cyclic, as any cyclic group has an element whose order is the order of the group.
Let us use this example to give a different way of giving the multiplication of a group: by amultiplication

table. If we write {e, a, b, c} for the elements of the Klein four-group (it does not matter how you label
them, as long as e is the unit), then the multiplication table is given by

· e a b c
e e a b c
a a e c b
b b c e a
c c b a e

In other words, it is a table where both rows and columns are indexed by elements ofG and the (g, h)-th
entry is the product gh. Needless to say, this becomes very bothersome for groups of order larger than,
say, 10. �

Example ... By contrast, Z/2 × Z/3 is cyclic: the element (1̄, 1̄) generates it. (Note here that this
element may be written (1 mod 2, 1 mod 3).) Its powers – or rather multiples in additive terminology – are

0(1̄, 1̄) = (0̄, 0̄) 3(1̄, 1̄) = (1̄, 0̄)

1(1̄, 1̄) = (1̄, 1̄) 4(1̄, 1̄) = (0̄, 1̄)

2(1̄, 1̄) = (0̄, 2̄) 5(1̄, 1̄) = (1̄, 2̄) . �

. — Homomorphisms

In the previous section, we saw a way of relating two groups: one may be a subgroup of the other. There is
a more general way of doing this, by mapping one to the other. However, not every map (of sets) between
groups is meaningful, we would like the map to say something about the actual groups. Think of the same
situation in linear algebra: we do not want to consider all maps from one vector space to another, but
only the linear transformations. In mathematical terms, we would like our maps to “preserve the group
structure”. This is formalised by the following definition.

Definition ... Let G,H be two groups. A group homomorphism from G to H is a map f : G → H
such that for any g, g′ ∈ G,

f(gg′) = f(g)f(g′) . (.)

Here the product on the left-hand side is taken in G and the product on the right-hand side in H .
An endomorphism of G is a homomorphism of G to itself. An automorphism of G is an isomorphism

of G to itself.

Example ... If G is a group and H ⊆ G is a subgroup, then the inclusion i : H → G : h 7→ h is a
homomorphism. �

Example ... Any linear transformation is a homomorphism of the underlying abelian groups. �

Example ... The determinant is a group homomorphism det : GL(n,R) → R×, because det(AB) =
det(A) det(B). Of course, this also holds over C. �
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Proposition ... Let G and H be groups and f : G→ H a homomorphism. Then f(eG) = eH , where
eG is the unit of G and eH the unit of H .

For any g ∈ G, f(g−1) = f(g)−1.

Proof. We have f(eG)f(eG) = f(eG · eG) = f(eG), but also eHf(eG) = f(eG). But by theorem ..,
the equation xf(eG) = f(eG) has a unique solution, so f(eG) = eH .

Similarly, we find that both f(g−1) and f(g)−1 solve xf(g) = eH , so they must be equal as well. �

Definition ... Let G and H be groups and f : G → H a homomorphism. The kernel of f , written
Ker(f) is the set

Ker(f) = {g ∈ G | f(g) = eH} . (.)

The image of f , written Im(f) is the set

Im(f) = {f(g) | g ∈ G} . (.)

Example ... There is a well-known homomorphism fromR (with addition) toR× (with multiplication).
It is given by the exponential function exp: R → R× : x 7→ ex. This is a homomorphism, because of the
rule ex+y = exey . Its image is R>0, the subgroup of positive reals.

In fact, the map exp: R → R>0 is an isomorphism, with inverse given by the logarithm. �

Example ... For the group Z, multiplication by any n ∈ Z is an endomorphism fn, because n(x+ y) =
nx + ny for any n, x, y ∈ Z. If n = ±1, this is an automorphism, but otherwise the image is a strict
subgroup – in case n = 0, it is even the trivial group. We write nZ for this subgroup.

On the other hand, the kernel of fn is {0} unless n = 0, in which case it is Z. �

Proposition ... Let G and H be groups and f : G→ H a homomorphism. Then Ker(f) is a subgroup
of G.

Proof. We have already seen that eG ∈ Ker(f), so we still have to check that if a, b ∈ Ker(f), then both ab
and a−1 are in Ker(f) as well. For the first, we see

f(ab) = f(a)f(b) = eH · eH = eH ,

so this is indeed in the kernel. For the second,

f(a−1) = f(a)−1 = e−1
H = eH ,

so this is in the kernel as well. �

Proposition ... Let G and H be groups and f : G→ H a homomorphism. Then f is injective if and
only if Ker(f) = {eG}.

Proof. If f is injective, there can be at most one element mapping to eH . We already know that f(eG) = eH ,
so this must be the only element.

If Ker(f) = {eG}, let a, b ∈ G be such that f(a) = f(b). Then

f(ab−1) = f(a)f(b)−1 = f(a)f(a)−1 = eH ,

so ab−1 = eG. But then a = b by proposition ... �

Proposition ... Let G and H be groups and f : G→ H a homomorphism. Then Im(f) is a subgroup
of H .
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Proof. We have seen that eH ∈ Im(f), so we have to check that if x, y ∈ Im(f), then both xy and x−1 are
in Im(f) as well. Let x = f(a) and y = f(b) for some a, b ∈ G. Then

xy = f(a)f(b) = f(ab) ∈ Im(f)

and
x−1 = f(a)−1 = f(a−1) ∈ Im(f) . �

Proposition ... Let G,H,K be groups and f : G→ H and g : H → K group homomorphisms. Then
their composition g ◦ f : G → K : a 7→ g(f(a)) is a group homomorphism as well. If both f and g are
isomorphisms, so is g ◦ f .
Proof. Let a, b ∈ G. Then

(g ◦ f)(ab) = g
(
f(ab)

)
= g

(
f(a)f(b)

)
= g

(
f(a)

)
· g

(
f(b)

)
= (g ◦ f)(a)(g ◦ f)(b) ,

and this proves that g ◦ f is a homomorphism.
As we know that a composition of bijections is a bijection, the statement for isomorphisms follows.�

Proposition ... Let f : G→ H be a group isomorphism. Then f−1 : H → G exists and is also a group
isomorphism.

Proof. The inverse of f exists (and is bijective) as a map of sets because f is bijective. So we still need to
prove that f−1 is a homomorphism. For this, let a, b ∈ H . Then

f
(
f−1(ab)

)
= ab = f

(
f−1(a)

)
· f

(
f−1(b)

)
= f

(
f−1(a) · f−1(b)

)
,

because f is a group homomorphism.
Because f is injective, if f(x) = f(y), then x = y. Applying this, we get f−1(ab) = f−1(a) · f−1(b),

which is what we had to prove. �

Example ... We have seen in example .. that Z/2× Z/3 is cyclic, generated by (1̄, 1̄). This means
that there is an isomorphism f : Z/6 → Z/2 × Z/3: n 7→ n(1̄, 1̄). From example .. we see that this
map is well-defined, as f(n+ 6) = f(n).

We also see that f(n+m) = (n+m)(1̄, 1̄) = n(1̄, 1̄)+m(1̄, 1̄) = f(n)+f(m), so f is a homomorphism.
Finally, it is straightforward to check that f is a bijection: it is a map between two groups of order six,

and is surjective by example ... �
Example ... Let us now consider the groups S3 and D6, the symmetric group and dihedral group.
Both are of order six, as |Sn| = n! and |D2n| = 2n. They are also both non-abelian, so they cannot be
isomorphic to Z/6 ∼= Z/2× Z/3 from the previous example. However, they are isomorphic to each other.

We can construct a map f : D6 → S3 as follows. Recall that D3 is the group of symmetries of a regular
triangle. Therefore, any element ofD6 will map the vertices of this triangle to vertices, giving a permutation
of these three vertices. If we label these vertices by 1, 2, 3, such a permutation is an element of S3. This
gives the map f . Check yourself that this is an isomorphism. �

Before, in section .., we have seen how to construct, from two groups G andH , their direct product
G×H . Now, we could wonder if there are any maps between this product and the two individual factors.
It turns out there are some natural maps, in both directions, as is shown in the following proposition.

Proposition ... Let G and H be two groups and G×H their direct product. Then there are natural
inclusion and projection homomorphisms, which are given as follows:

ι1 : G→ G×H : g 7→ (g, eH) , ι2 : H → G×H : h 7→ (eG, h) , (.)
π1 : G×H → G : (g, h) 7→ g , π2 : G×H → H : (g, h) 7→ h . (.)

Furthermore, there is a natural isomorphism

τ : G×H → H ×G : (g, h) 7→ (h, g) . (.)

Proof. Verify this for yourself. �
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. — Actions

Recall that we introduced the symmetric groups Sn in example ... We will now see why these groups
are so important: they give rise to actions. In particular, this paves the way to Cayley’s theorem.

Definition ... Let G be a group and X a set. Write SX for the symmetric group on X , i.e. the group
of bijections X → X . An action of G on X is a homomorphism ρ : G→ SX . Equivalently, it is a map

ρ̄ : G×X → X : (g, x) 7→ g.x (.)

such that for all g, h ∈ G and x ∈ X ,
(gh).x = g.(h.x) . (.)

In some sense actions are the reason that groups are interesting at all: groups encode symmetries, and
these symmetries are given exactly by the action of the group on whatever is symmetric.

Example ... The dihedral groups are defined via an action on a regular n-gon. Example .. is an
example of the restricted action of D3 on the vertices of the regular triangle, and can be extended to an
action of Dn on the vertices of the n-gon. �

One specific kind of action is called a representation. We will not define these here, but they will be the
main focus point of the second part of the course.

Definition ... LetG be a group,X a set, and ρ : G→ SX an action. For an element x ∈ X , itsG-orbit
is

Gx = {g.x | g ∈ G} . (.)

Proposition ... LetG be a group,X a set, and ρ : G→ SX an action. If x, y ∈ X , then eitherGx = Gy
or Gx and Gy are disjoint.

The proof is similar to that of proposition .. – in fact that is a special case.

Proof. Suppose Gx ∩ Gy 6= ∅. Then there is a z ∈ Gx ∩ Gy, so there are g, h ∈ G with z = g.x and
z = h.y. But then, x = g−1.z = (g−1h).y, and similarly y = (h−1g).x. So if w = g′.x ∈ Gx, then
w = (g′g−1h).y ∈ Gy and so Gx ⊆ Gy. The other inclusion is the same. �

Corollary ... The orbits of an action give equivalence classes for an equivalence relation (cf. defini-
tion 1.2.17) written as x ∼G y. So x ∼G y if x ∈ Gy.

Example ... Let X = R2 and G = O(2) ⊆ GL(2,R). There is a natural action of G on X – this is the
way G is defined. As G consists of rotations and reflections, the orbits are circles centred at the origin. �

Example ... Let G be a group and H ⊆ G a subgroup. Then H acts on G by H ×G → G : (h, g) 7→
h.g = hg, i.e. the action is the multiplication in G. The orbits under this action are exactly the right cosets,
and this is convenient, as both would be written as Hg anyway. �

We will use actions in two main examples in this part of the course: for Cayley’s theorem and for the
conjugation action, see section ...

Theorem .. (Cayley’s theorem). LetG be a group of finite ordern. ThenG is isomorphic to a subgroup
of Sn.
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Proof. The idea of the proof is that we let G act on itself via the left multiplication maps λg given in the
rearrangement theorem ... These maps were given by

λg : G→ G : h 7→ gh .

They permute all the elements of G by theorem .., so we can interpret them as elements of SG, the
symmetric group on the set G. So we get a map

Λ: G→ SG : g 7→ λg .

This is an action: Λ(gh)k = λgh(k) = ghk = λg ◦ λh(k) = Λ(g)Λ(h)k for any g, h, k ∈ G. It is injective,
because λg(e) = e implies g = e. Therefore, it is a bijection on its image, hence an isomorphism.

As SX
∼= SY for any two sets which are in bijection, we also see SG

∼= Sn = S{1,...,n}. �

Example ... From Cayley’s theorem, we can see that symmetric groups are quite important, so let us
study them a bit more. We have seen that any permutation σ ∈ Sn can be decomposed into disjoint cycles.
But there are more ways to decompose permutations.

Lemma ... Any cycle (and hence any permutation) is a product of transpositions.

Proof. Indeed, (i1 i2 i3 · · · ir) = (i1 ir)(i1 ir−1) · · · (i1 i2), as can be checked by seeing how both act. �

This decomposition is very far from unique: for example, one could add the square of any transposition
anywhere. However, the parity (even or odd) of the number of transpositions in such a decomposition is
unique (a fact we will not prove).

Definition ... The parity of a permutation is the parity of the length of any decomposition into
transpositions. This gives a homomorphism ε : Sn → Z/2Z.

The kernel of ε is called the alternating group: An = Ker(ε). It is a subgroup by proposition ...

The alternating group is generated by three-cycles: any even permutation can be decomposed into pairs
of transpositions, and for these there are three cases:

(a b)(a b) = () ,

(a b)(a c) = (a c b) ,

(a b)(c d) = (a b)(a c)(a c)(c d) = (a c b)(a c d) .

In general, the parity of an r-cycle is r − 1 ∈ Z/2Z, by counting the transpositions in the formula in the
proof of lemma ... �

.. — Conjugacy classes

There is an interesting action of groups on themselves, given by conjugation.

Definition ... Let G be a group and g, h ∈ G. Then the conjugation of h by g is ghg−1.

We may this of this conjugation from two perspectives: from the viewpoint of g or that of h. Both are
useful, so let us take a look at them.

Proposition ... Let G be a group and g ∈ G. Then conjugation by g defines an isomorphism

cg : G→ G : h 7→ ghg−1 , (.)

Hence cg ∈ SG, and in fact c : G→ SG : g 7→ cg is an action.
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Proof. The map cg is a homomorphism because

cg(hk) = g(hk)g−1 = gh · e · kg−1 = gh · g−1g · kg−1 = cg(h)cg(k) .

It is a bijection, because it has an inverse: cg−1 . So indeed cg ∈ SG.
To prove c : S → SG is an action, we need to show that cgh = cg ◦ ch. So let us have this act on a third

element k:

cgh(k) = (gh)k(gh)−1 = ghkh−1g−1 = cg(hkh
−1) = cg(ch(k)) = cg ◦ ch(k) . �

Definition ... Two elements h, k ofG are called conjugate if there exists a g ∈ G such that ghg−1 = k.
This is an equivalence relation, and the equivalence classes (the orbits for the conjugation action) are called
conjugacy classes.

Conjugate elements behave similarly from a group-theoretic perspective. We will see some examples
here, but many more will follow later, when talking about representation theory.

Lemma ... All elements of a conjugacy class have the same order.

Proof. Let h and k be conjugate, say cg(h) = k. By proposition .., cg is a homomorphism, so if hn = e
for some n, then

kn = cg(h)
n = cg(h

n) = cg(e) = e

as well. Vice versa, if km = e for somem, then

hm = cg−1(k)m = cg−1(km) = cg−1(e) = e

as well. �

Lemma ... Any element in the centre of a group forms a one-element conjugacy class. In particular, the
unit is always a one-element class, and in an abelian group, all conjugacy classes have one element.

Proof. If c ∈ Z(G), then for any g ∈ G, gc = cg by definition. Therefore, gcg−1 = cgg−1 = c. �

Example ... The quaternion group Q from example .. has five conjugacy classes: the centre is
{1,−1}, by example .., so this gives two classes {1} and {−1}. The other three classes are {i,−i},
{j,−j}, and {k,−k}. This can be seen because any two elements of Q commute up to a sign (by the
defining relations) and e.g. cj(i) = jij−1 = ji(−j) = −k · −j = kj = −i. �

.. — Conjugacy classes in the symmetric group

Lemma ... Let σ, τ ∈ Sn. Then cσ(τ) can be described as follows: when writing τ as a product of
disjoint cycles, replace each number i by σ(i).

As an example, if τ = (1 4 3)(2 5), then cσ(τ) =
(
σ(1)σ(4)σ(3)

)(
σ(2)σ(5)

)
.

Proof. By definition, cσ(τ) = στσ−1 sends σ(i) to σ(τ(i)). So, either τ(i) = i, in which case (i) is a
one-cycle in τ and (σ(i)) is a one-cycle in cσ(τ), or i τ(i) is part of a cycle of τ and σ(i)σ(τ(i)) is part of a
cycle of cσ(τ). �

Theorem ... The conjugacy classes of Sn are given exactly by all elements of the same cycle type, i.e.
the same number of cycles of any length.

Proof. By lemma .., two conjugate elements will have the same cycle type.
On the other hand, if two elements have the same cycle type, we can match all of these cycles, and this

gives us a possible element to conjugate by, with the same lemma. �

We will go into this example a bit deeper in exercises.
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. — Normal subgroups and quotients

In this section, we will return to the idea of cosets we introduced in section ... We found there that all
cosets of a subgroup have the same size, and that the collection of cosets partitions the original group. We
will now take a better look at this collection of cosets: it turns out that under certain conditions this is a
group itself.

The first question you may now ask yourself is: how do we multiply two cosets? In fact, we may
multiply any two subsets.

Definition ... Let G be a group and let S, T ⊆ G be two subsets. Then we define their product to be

ST = {st | s ∈ S, t ∈ T} . (.)

Remark ... This product is in general not the same as the cartesian product of sets (or the direct product
of groups if both S and T happen to be groups). For example, |ST | ≤ |S||T |, but there is no guarantee that
|ST | = |S||T |: if we take S = T = G, then ST = G as well.

This notion of product subsumes certain notation we have used before. For example, if S = {g}
contains a single element and T = H is a subgroup, then ST = {g}H = gH is a coset. If S = {g} and
T = {h} both contain a single element, then ST = {g}{h} = {gh}, so this is just the product of the group.

Lemma ... Let G be a group and H ⊆ G a subgroup. Then H ·H = H .

Proof. Because H is a group, for any h, k ∈ H , hk ∈ H . This proves H ·H ⊆ H . On the other hand, for
each h, h = e · h ∈ H ·H , so H ·H ⊇ H . This proves equality. �

Lemma ... The multiplication of sets is associative: for any three subsets S, T, U ⊆ G, (ST )U = S(TU).

What do we mean by these triple products? Well, if S and T are subsets of G, then ST is as well. So we
can take the product of ST with a third subset U to obtain (ST )U .

Proof. The set (ST )U is defined by

(ST )U = {au | a ∈ ST, u ∈ U} .

If we now plug in the definition of ST , we find that

(ST )U = {(st)u | s ∈ S, t ∈ T, u ∈ U} .

We know we can get rid of parentheses for products of elements, so doing this similarly on the other side,
we find

(ST )U = {stu | s ∈ S, t ∈ T, u ∈ U} = S(TU) . �

Hence, we may write STU = S(TU) and similarly for more factors.

.. — Normal subgroups

Even though we have now defined a product of subsets of a group, and hence also of cosets, this is not
quite good enough. The problem is that we do not know if the product of two cosets is again a coset.
Indeed, this is generally not the case, unless the left cosets and right cosets of the subgroup agree.

Definition ... Let G be a group. A subgroup N ⊆ G is normal if for any g ∈ G, gN = Ng, or
equivalently gNg−1 = N .
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A subgroup N ⊆ G is normal exactly if all conjugates gng−1 of elements n ∈ N are again in N . This
last statement is gNg−1 ⊆ N , but this is sufficient, as we require it for all g ∈ G.

Proposition ... A subgroup N ⊆ G is normal if and only if it is the union of conjugacy classes.

Proof. If N is normal, then all conjugates of elements of N are in N , so it is the union of all the conjugacy
classes of its elements.

If N is a union of conjugacy classes, then for any g ∈ G, gNg−1 = N , as this holds by definition for
any conjugacy class. �

Example ... Any subgroup of the centre of a group is normal, as all elements of the centre are one-
element conjugacy classes by lemma ... In particular, the centre itself is normal. Also, all subgroups of
abelian groups are normal, as for abelian groups the centre is the entire group. �

Example ... If G and H are two groups, the subgroups G× {eH} and {eG} ×H of G×H , which are
the kernels of the maps π2 and π1 (or the images of the maps ι1 and ι2) of proposition .., are normal.�

Example ... The subgroup R of the dihedral group D2n given by rotations (so no reflections) is a
normal subgroup, isomorphic to Z/nZ. It must be normal, as it has index 2, and hence both its left and
right cosets must be R and D2n \R. �

Proposition ... Let f : G→ H be a homomorphism. Then Ker f is a normal subgroup of G.

Proof. Let h ∈ Ker f and g ∈ G. We need to prove that ghg−1 ∈ Ker f . This follows from the following
calculation:

f(ghg−1) = f(g)f(h)f(g−1) = f(g)eHf(g)
−1 = eH . �

Example ... The alternating group An ⊂ Sn is normal: it is the kernel of the parity homomorphism
ε. �

Example ... Consider the Klein four-group from example ... By Cayley’s theorem .., it can be
seen as a subgroup of S4, and in fact it is realised as the subgroup V4 = {(), (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}.
It follows from theorem .. that this subgroup is the union of two conjugacy classes: the unit one, and
the class with two cycles of length two. Then it is a normal subgroup by proposition ... �

Example ... The special linear group SL(n,R) is a normal subgroup of GL(n,R): it is the kernel of
the determinant det : GL(n,R) → R×. �

.. — Quotients

We claimed before that we introduced normal subgroups in order to have the collection of cosets be a
group. This is the content of the next theorem.

Theorem ... Let G be a group and N ⊆ G a normal subgroup. Then the set of cosets G/N = {gN |
g ∈ G} is a group under multiplication of subsets from definition 1.5.1, called the quotient group. Its order
is [G : N ].

Proof. First, we need to show that the multiplication is well-defined, e.g. the product of two cosets is again
a coset. Let g, h ∈ G. Then, using that N is normal, we have

gN · hN = {g}N{h}N = {g}{h}N ·N = {gh}N = ghN ,

so this is again a coset. We have also found that the multiplication can be written gN · hN = ghN . From
this, it follows that the unit of G/N is N = eN , the inverse of gN is g−1N , and that all axioms hold. We
write out the case of associativity:

(gN · hN) · kN = ghN · kN = ghkN = gN · hkN = gN · (hN · kN) . �
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There is a natural quotient map q : G→ G/N : g 7→ gN , and this is a surjective homomorphism.

Proposition ... Let G be a group and N ⊆ G a normal subgroup. If q : G → G/N is the quotient
map, then Ker q = N .

This proposition is the main ‘point’ of the quotient construction. We know from proposition .. that
all kernels are normal subgroups, and this gives the converse: any normal subgroup is a kernel – namely, it
is the kernel of the associated quotient map.

Proof. We have to prove two things: Ker q ⊆ N and Ker q ⊇ N . We will start with the second.
Let g ∈ Ker q. Then, by definition of the kernel, q(g) = gN is the unit in G/N , which is eN = N . But

gN = N exactly if g ∈ N , because otherwise g ∈ gN but g /∈ N . So g ∈ N , and hence Ker q ⊆ N .
Conversely, pick n ∈ N . Then q(n) = nN = N = eN , by the rearrangement theorem ... So

n ∈ Ker q, and hence N ⊆ Ker q. �

On a heuristic meta level, this proposition is ‘obvious’ (although it really is not first time you see it, as
you first have to learn to think on such a level – this is partially what this course will do). Namely, the
kernel of q has to be some normal subgroup of G, and apart from the trivial normal subgroups {e} and G,
we are given exactly one other normal subgroup by the assumption of the proposition. So this ‘must’ be
the answer, as it is the only ‘natural’ choice.

On a more concrete level, how should you think about the quotient group and the quotient map? Well,
in proposition .., we have seen that cosets (left or right, it does not matter as we are looking at a normal
subgroup) form equivalence classes, and the definition of equivalence relations, definition .., was set
up in such a way that it mimics equality. The quotient group is the result of considering the equivalence
relation are an actual equality. And the quotient map sends an element g of G to its equivalence class. As
these partition G, this is a nicely well-defined map. You can thin of the quotient map of ‘forgetting’ the
element g and only remembering in what class it lies.

Example ... The two trivial subgroups of a group G are always normal, and G/{e} ∼= G and G/G ∼=
{e}. �

Example ... In example .. we found subgroups of Z of the form nZ = {nk | k ∈ Z}. As Z is
abelian, these are automatically normal. Because this group uses additive notation, the cosets look like
m+nZ = {m+nk | k ∈ Z}. But we have seen these before, back in example .., where we denoted them
m orm (mod n). So we see that the cyclic groups, which we already denoted Z/nZ, are in fact quotients
of Z with respect to the subgroups nZ.

In the particular case of n = 2, the quotient map is the map which for every element m ∈ Z only
remembers whether it is even or odd. This is not really different from other cases, except that English has
words for the cosets of 2Z and not for the cosets of nZ withm > 2. �

Example ... Another interesting example is the subgroup Z ⊂ R. Again, this is normal as the groups
are abelian. One abstract way of think about the quotient group R/Z is to only look ‘after the period’, but
there is a better way.

We can define themap f : R/Z → U(1) : x+Z 7→ e2πix (recall thatU(1) is the group of complex numbers
of unit norm, cf. example ..), which is well-defined as e2πik = 1 for any integer k. Furthermore, this
map is bijective, and even an isomorphism, as

f(x+ y + Z) = e2πi(x+y) = e2πixe2πiy = f(x+ Z)f(y + Z) .

Cf. also example .., where we used the real exponent.
We can also interpret these complex numbers – or really complex 1× 1matrices – as real 2× 2matrices.

This gives a map

g : U(1) → GL(2,R) : e2πix 7→
(
cos(2πx) − sin(2πx)
sin(2πx) cos(2πx)

)
,
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whose image is exactly SO(2), the group of orthogonal 2 × 2 matrices with unit determinant. As g is
injective, ḡ : U(1) → SO(2) is an isomorphism.

So we have found that R/Z ∼= U(1) ∼= SO(2). �

Example ... In example .., we found a normal subgroup V4 of order 4 in S4. Its index is [S4 :

V4] =
|S4|
|V4| =

24
4 = 6, so that is also the order of the quotient group S4/V4. What is this group?

Well, there is another subgroup (not normal this time) in S4, which is just S3 seen as acting on {1, 2, 3, 4}
by leaving 4 invariant. We claim that each coset of V4 contains exactly one element of this S3.

We see this as follows: from the definition of V4, each element sends 4 to a different element of {1, 2, 3, 4}.
Namely,

()4 = 4 (1 2)(3 4)4 = 3

(1 3)(2 4)4 = 2 (1 4)(2 3)4 = 1 .

So for each coset V4σ, there is exactly one element leaving 4 invariant, namely the element τσ such that
τ ∈ V4 and τ

(
σ(4)

)
= 4. And this then is the unique element of S3 in V4σ.

Because of this, we find that the map

i : S3 → S4/V4 : σ 7→ V4σ = σV4

is a bijection, and as it is also a homomorphism by construction (it is the composition of a subgroup
inclusion and a quotient map), it is an isomorphism. �

Example ... We have seen in example .. that the centre of the quaternion groupQ is {±1}. As the
centre is a always a normal subgroup, we may calculate the quotient Q/{±1}. The cosets here are {±1},
{±i}, {±j}, and {±k}, and every non-trivial coset squares to the identity. This is enough to conclude that
Q/{±1} is isomorphic to the Klein four-group of example ... �

Example ... The commutator subgroup [G,G] of a group G, defined in definition .., is normal.
Recall that [G,G] is the group generated by all commutators [g, h] = ghg−1h−1 inG. If k is a third element
in G, then

k[g, h]k−1 = kghg−1h−1k−1 = (kgk−1)(khk−1)(kgk−1)−1(khk−1)−1 = [kgk−1, khk−1] .

Because [G,G] is generated by commutators, this is not quite enough, but the argument can be completed
by using that conjugation is a homomorphism (try to do this yourself).

The quotient G/[G,G] is abelian, and in a specific sense the largest quotient of G which is abelian.
Hence, it is called the abelianisation of G and written Gab. (We will not go into this deeper.) �

Quotients of groups give us a useful way of encoding the data of an abstract group in what is called a
presentation. A presentation should be thought of as analogous to a basis of a vector space in linear algebra:
it gives a couple of elements that generate the entire vector space. This choice is far from unique, but it is
very useful for doing actual calculations.

Definition ... LetG be a group. A subset S ⊆ G is said to generateG if 〈S〉 = G, i.e. if the subgroup
generated by S is equal to all of G.

A presentation of G is a pair 〈S |R〉 of a generating set S and a generating set of relations R between
elements of S.

This definition may seem quite abstract, so let us look at a few examples.

Example ... The integers Z can be generated by a single element 1, with no relation, so Z = 〈1 | 〉. �
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Example ... If R = ∅, we call 〈S | 〉 the free group on S. These groups are very large in general: they
contain all ‘words’ sn1

1 sn2
2 sn3

3 · · · snk

k , for si ∈ S and ni ∈ Z, only with the condition that si 6= si+1.
In general, we can view 〈S |R〉 as the quotient of the free group 〈S〉 by the normal subgroup generated

by R. You do not have to know this, but it may give you some more insight. �

Example ... The cyclic group Z/nZ can also be generated by a single element 1̄, but this has the
relation n · 1̄ = 0. We would write this as Z/nZ = 〈1̄ |n · 1̄ = 0〉.

More abstractly, and using multiplicative notation, we may write Z/nZ ∼= 〈g | gn = e〉. �

Often, when writing relations, we write them in the form f(g, h, . . . ) = e. In that case we usually only
write f(g, h, . . . ) , and forget the = e part in the notation, so Z/nZ ∼= 〈g | gn〉. Think of this as analogous
to talking about a root of a polynomial P (x) in stead of talking about a root of the equation P (x) = 0.

Example ... When introducing the dihedral group in example .., we essentially saw a presentation
for it, namely Dn = 〈ρ, σ | ρn, σ2, (σρ)2〉. This last relation may be rewritten as σρ = ρ−1σ (using the
second relation), and this tells us that we may write every element as ρkσl: every time we have a σ to the
left of a ρ, we may commute it past. Then the other two relations tell us that we may restrict to 0 ≤ k < n
and 0 ≤ l < 2. �

Example ... An extreme case of a presentation would be to take S = G, i.e. take all elements of the
group as generators, and let the relations be the entire multiplication table, i.e. for each g, h ∈ G, take the
relation g · h = gh. This is of course very inefficient. �

Example ... The modular group is the group

PSL(2,Z) = SL(2,Z)/{±Id} =
{(

a b
c d

) ∣∣∣ a, b, c, d ∈ Z, ad− bc = 1
}
/{±Id} .

This group has a faithful action on the upper half-planeH = {z ∈ C | =(z) > 0} byMöbius transformations:(
a b
c d

)
.z =

az + b

cz + d
.

This group can be generated by two elements

S =

(
0 1
−1 0

)
, T =

(
1 1
0 1

)
,

which act as S.z = − 1
z , and T.z = z + 1, and in fact PSL(2,Z) = 〈S, T |S2, (ST )3〉. �

One reason that presentations are useful is because it is easy to give a homomorphism from a presented
group. This following proposition is not part of the course material, but may help your understanding.

Proposition ... Let G be a group, presented as G = 〈S |R〉, and H be another group. Giving
a homomorphism f : G → H is equivalent to giving a collection of elements {f(s) | s ∈ S} such that
f(r) = eH for all r ∈ R.

If this looks very abstract to you, think of vector spaces. To give a linear map from a vector space V
to a vector spaceW , it is sufficient to give the images of a basis of V , and extend linearly. If we have a
spanning set of V (not necessarily linearly independent), to give a map toW , we must give the images of
all elements of the spanning set, and check that the linear relations still hold.
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Proof. If we have a homomorphism f : G→ H , then we know f(g) for all g ∈ G, so certainly we know
f(s) for s ∈ S. Furthermore, r = eG in G, so f(r) = f(eG) = eH in H .

Vice versa, if we have all f(s) for s ∈ S, we can construct f(g), because g is a word in the elements of S
and their inverses, and we can use f(st) = f(s)f(t) and f(s−1) = f(s)−1. However, g may be a word in
elements of S in different ways. If f(r) = e for all r ∈ R, this cannot happen, as R generated all relations
in G.

More abstractly, giving f(s) for all s ∈ S gives a map f̃ : 〈S | 〉 → H , and enforcing f(r) = eH for all
r ∈ R, ensures that R ⊆ Ker f̃ , so f̃ descends to f : 〈S | 〉/〈R〉 = 〈S | R〉 → H . �

While a presentation gives us all information to determine a group in general, it is not easy to actually
see what kind of group you are dealing with just from the presentation. It is even not easy to see if the
group is finite or not.

Furthermore, given two presentations of groups, it is in general hard to find out whether the groups
are isomorphic or not.

. — The isomorphism theorems

A cornerstone of group theory – in fact of all abstract algebraic theories – are the isomorphism theorems.
There are several of them (three by most counts), but we will mostly focus on the most important one here:
the first isomorphism theorem.

Theorem .. (First isomorphism theorem). Let f : G→ H be a group homomorphism. Then Im(f) ∼=
G/Ker(f).

Proof. Let us write K = Ker(f). By propositions .. and .., we know that both K ⊆ G and
Im(f) ⊆ H are subgroups. By proposition ..,K is a normal subgroup.

Now, we define the map
f̄ : G/K → Im(f) : gK 7→ f(g) .

This map is well-defined, because if gK = g′K, then g = g′n for some n ∈ K, and hence

f̄(gK) = f(g) = f(g′n) = f(g′)f(n) = f̄(g′K) .

It is a homomorphism, because

f̄(gg′K) = f(gg′) = f(g)f(g′) = f̄(gK)f̄(g′K) .

It is injective, because if f̄(gK) = eH , then f(g) = eH , so g ∈ K, and gK = K is the unit of G/K. It is
surjective by constuction, hence bijective. This proves it is an isomorphism. �

This theorem can be used to give easier proofs of results we found before.

Example ... Let us look back at example ... With the first isomorphism theorem, we can look
at the homomorphism f : R → C× : x 7→ e2πix. Then Ker(f) = Z and Im(f) = U(1), so we recover
R/Z ∼= U(1). �

Example ... Let G be a group and g ∈ G. Then we can define a homomorphism f : Z → G : n 7→ gn.
The image of this map is 〈g〉, and the kernel depends on the order of g:

• If the order of g is infinite, then Ker(f) = {e}, so we find 〈g〉 ∼= Z.

• If the order of g is finite, say n, then Ker(f) = nZ, so 〈g〉 ∼= Z/nZ.
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This explains the name cyclic subgroup for 〈g〉. �

For completeness, let us also give the other two isomorphism theorems, without proof. (You can try
yourself if you like, or find them somewhere.) They are non-examinable.

Theorem .. (Second isomorphism theorem). Let G be a group, H ⊆ G a subgroup, and N ⊆ G a
normal subgroup. Then

1. H ∩N is a normal subgroup of H ;

2. HN is a subgroup of G;

3. H/(H ∩N) ∼= HN/N .

Note that example .. is a particular example of the second isomorphism theorem, with G = S4,
N = V4, and H = S3. In this case H ∩N = {e}, so the statement simplifies.

Theorem .. (Third isomorphism theorem). LetG be a group, andN,M ⊆ G two normal subgroups
of G such that N ⊆ M . ThenM/N is a normal subgroup of G/N . Conversely, any normal subgroup of
G/N is of the form P/N for P ⊆ G a normal subgroup containing N . Moreover, (G/N)/(M/N) ∼= G/M .



Chapter  — Representation theory

In the first part of this course, we introduced group theory, and gave many examples of groups and ways of
constructing new groups from old. We also saw a way groups could ‘interact’ with non-groups, via actions.
In this second part, we will focus on a very specific kind of action, namely by linear transformations on a
vector space. These actions are called representations.

Why whould we do this? There are two main reasons, one mathematical and one physical. The
mathematical reason is that the representations of a group actually tell us a lot about the group itself, so we
can use them to study groups. Besides, linear transformations are just matrices, which we know very well.
So we can use something we know well to study something we do not know quite as well.

The physical reason is quantum mechanics. Quantum mechanics is essentially a linear theory, as
the Schrödinger equation is linear in the wave function. Therefore, symmetries of quantum-mechanical
systems should also be linear. In fact, in the last part of the course, we will actually see that particles are
representations of something called Lie groups, and that their properties (such as spin) can be derived from
representation theory.

However, in this part of the course, we will focus on finite groups, as this is the easiest way to get to
know the theory. Lie groups – which are essentially matrix groups – will be introduced later.

. — Definitions and examples

.. — Review: vector spaces

We will work with complex vector spaces in this part of the course. Recall that abstractly a complex vector
space can given by the following definition (which is different from what you have seen before).

Definition ... A complex vector space is an additively written abelian group V with a scalar multipli-
cation λ : C× V → V : (z, v) 7→ zv such that

. Associativity: for any z, w ∈ C and v ∈ V , we have (zw)v = z(wv);

. Identity: for any v ∈ V , we have 1v = v;

. Left distributivity: for any z, w ∈ C and v ∈ V , we have (z + w)v = zv + wv;

. Right distributivity: for any z ∈ C and u, v ∈ V , we have z(u+ v) = zu+ zv.

Elements of a vector space are called vectors.

An important tool for talking about vector spaces is a basis.

Definition ... Let V be a complex vector space. A basis is a set of basis vectors {ei ∈ V | i ∈ I} for
some set I such that any vector v ∈ V can be written as v =

∑
i∈I ciei in a unique way, where ci ∈ C.

If V has a finite basis, we call its size the dimension of V .


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From linear algebra, we know that every vector space has a basis, and that all bases of a vector space
have the same size, so the dimension is well-defined. However, it should be noted that a vector space
generally has no distinguished basis. So when given a vector space, there is no given basis which is natural
to work in.

However, we can go the other way. Given a finite set S, we may define a vector space which has S as
its basis; it is by definition {

∑
s∈S css | cs ∈ C for all s}.

This sounds very abstract, but it is not. The space Cn is constructed this way: we take a set {e1, . . . , en}
and let Cn be the vector space on this set.

The second important notion from linear algebra is a linear transformation.

Definition ... LetV andW be vector spaces. A linear transformation fromV toW is amapL : V →W
which

. is a homomorphism of abelian groups;

. satisfies L(zv) = zL(v) for all z ∈ C and v ∈ V .

A linear transformation is called invertible if it is bijective. Then the inverse map is also a linear transfor-
mation.

Given linearly ordered bases {ej} of V and {fk} ofW , we may represent a linear transformation T
as a matrix, namely a block of matrix coefficients Tjk such that T (ej) =

∑dimW
k=1 Tjkfk. As any finite-

dimensional vector space (which is what we are mostly interested in) has a basis, and we can always just
pick some order, any linear transformation can be given as a matrix. However, this depends on the basis.

In what follows, we will often have a distinguished basis for our vector spaces, or we will just choose
one, but be aware that these are actual choices.

.. — Actual definitions and examples

As usual, let us start with the main definition of this part of the course.

Definition ... Let G be a group. A (complex, linear) representation of G is a complex vector space
V along with a homomorphism ρ : G → GL(V ). In other words, it is an action of G on V by linear
transformations.

IfV is finite-dimensional (whichwewill always assume, unless explictly stated otherwise), the dimension
of V is called the dimension of the representation.

A representation is called faithful if ρ is injective. It is called unfaithful otherwise.

Choosing a basis, we may consider a representation as giving a collection of n× nmatrices, one for
each g ∈ G.

Remark ... Quite often, a representation is given by only naming the vector spaceV . This is unfortunate,
as a group may have several different representations on one vector space, but it is common practice. I will
try to always be explicit about the actual map ρ.

Of course, we could define a representation over any base field in stead of C, but we will restrict to this
case. One reason for this is that this is the natural setting for quantum mechanics. The other is that we
need the base field to be algebraically closed and/or of characteristic zero for some of the nice results to
hold. (If you do not know what algebraically closed or characteristic zero means, do not worry, this will
not be important.)

Example ... For any group G, the trivial representation is given by V = C, and ρ(g) = 1 for all g ∈ G.
This is unfaithful, unless G = {e}. �
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Example ... Consider the symmetric group Sn, and let V be an n-dimensional vector space with basis
{e1, . . . , en}. The permutation representation of Sn on V is given by π(σ)ei = eσ(i). For an explicit
example, take n = 3, and let σ = (1 2 3). Then π(σ)e1 = e2, π(σ)e2 = e3, and π(σ)e3 = e1, so in this basis,

π(σ) =

0 0 1
1 0 0
0 1 0

 .

It is a faithful representation.
Matrices with only zeroes and ones and a single one in each row and column are called permutation

matrices because of this. �

Example ... Recall that in the proof of Cayley’s theorem .., we found a homomorphismΛ: G→ SG

for any finite group G. We may compose this with the permutation representation of example .. to
get what is called the regular representation rG = π ◦ Λ. Explicitly, we construct a vector space V with
basis {eg | g ∈ G}, and we define the representation by rG(h)eg = ehg, extending linearly. Again, this
representation is faithful.

When choosing an order of a basis elements, we see that this representation is also given by permutation
matrices.

This representation is the most important one from a mathematical point of view; we will see why
later. Intuitively, it contains all information of the group – the elements are the basis vectors, and the
mutliplication is encoded in the representation – and it gives us the extra tools from linear algebra to study
it. �

Example ... The dihedral groups D2n are defined in example .. as a subgroup of GL(2,R). As
GL(2,R) is naturally a subgroup ofGL(2,C), this gives a complex 2-dimensional representation δ : D2n →
GL(2,C), called the defining representation. Explicitly, it is given on generators by

ρ 7→
(
cos(2π/n) − sin(2π/n)
sin(2π/n) cos(2π/n)

)
, σ 7→

(
1 0
0 −1

)
.

Because this representation defines D2n as a subgroup of GL(2,R), it is faithful.
Note that, although we actually described the dihedral groups as acting on C by ρ : z 7→ e2πi/nz and

σ : z 7→ z̄, this is not a one-dimensional complex representation, as conjugation is not C-linear. �

Example ... Consider the cyclic groups Z/nZ. Because these are generated by one element 1̄, any
representation ρ is determined by ρ(1̄), as ρ(k̄) = ρ(k · 1̄) = ρ(1̄)k. Moreover, we will need that ρ(1̄)n =
ρ(n̄) = ρ(0̄) = Id.

Let us use this to find the one-dimensional representations of Z/nZ. We need to find elements ρ(1̄) of
GL(1,C) = C× whose n-th power is 1. But these are the n-th roots of unity, which we know are e2πij/n
for j = 0, . . . , n− 1.

So we get n one-dimensional representations ρj : Z/nZ → GL(1,C) : k̄ 7→ e2πijk/n.
When are these faithful? Exactly if e2πijk/n 6= 1 for k = 1, . . . , n− 1, so if jk /∈ nZ for k = 1, . . . , n− 1.

This is the case if and only if j and n are coprime, i.e. gcd(j, n) = 1.
For example, ρ0 is the trivial representation, and will not be faithful for n > 1.
On the other hand, ρ1 is always faithful.
For n = 3, ρ1 and ρ2 are faithful.
For n = 4, ρ1 and ρ3 are faithful, but ρ2 is not: ρ2(2̄) = e2πi·2·2/4 = 1. �

Example ... We can combine the previous example with the parity homomorphism ε : Sn → Z/2Z.
Taking the non-trivial representation ρ1 for Z/2Z, we then get a one-dimensional representation for Sn

which is called the sign representation. It sends all elements of the alternating group An to 1 and all other
elements to −1. �
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In view of proposition .., if we have a presentation of a group, G = 〈S |R〉, then a representation
of G is given by a matrix for each element in S, subject to the relations in R.

Example ... Let us now look at the group of integers, Z. Because we have quotient maps Z → Z/nZ,
we get a lot of one-dimensional representations from the previous examples. In fact, these are only the tip
of the iceberg: for every z ∈ C×, we get a representation ρz : Z → GL(1,C) : k 7→ zk.

There is nothing special about dimension one here. In fact, for any vector space V , and any element
A ∈ GL(V ), we get a representation ρA : Z → GL(V ) : k 7→ Ak. �

This example of the integers tells us that Z has a lot of representations, far more than we found for
Z/nZ. This is a general issue with infinite (or rather non-compact) groups. By contrast, for finite groups,
representations are quite well-behaved. From now on, we will focus on representations of finite groups, to
show that this theory is already very rich and useful.

. — First properties of representations

As stated at the end of the previous section, we will restrict our attention to representation theory of finite
groups for this part of the course.

.. — Transformations of representations

In order to understand the representation theory of a given finite group G, we would like to be able to, for
example, list all of its different representations. But what do we mean by ‘different’ here? Or rather, when
can we call two representations ‘the same’? For groups, we had the notion of isomorphism, which told
us when two groups are ‘the same’. Now, if we have two representations (V, ρ) and (W,π) of the same
dimension, and they have bases in which the matrices of the representations are equal, should we not want
to call these the same?

More generally, in group theory, we had the notion of homomorphism, which were maps that are
compatible with the group structure. We could try to find something similar for representations, and then
later restrict to the case of isomorphisms.

Let us try to make this more precise. In the case of groups, a homomorphism f : G→ H was a map
such that f(gh) = f(g)f(h). In other words, one may either first multiply in G and then use f , or first use
f and then multiply in H .

For two representations (V, ρ) and (W,π) of G, and a transformation T between them, we want to do
something similar: either first use the representation ρ, and then T , or first use T , and then the representation
π. We will need T to be a linear transformation from T : V →W as vector spaces. Then let us pick a g ∈ G,
and consider the following diagram

V W

V W

ρ(g) π(g)

T

T

What does this mean? Coming from the upper left corner, we can either first use ρ(g) (go down) and
then use T (go right). Or we can first use T (go right) and then π(g) (go down). We want these to be the
same. This gives the following definition.

Definition ... Let G ba a finite group, and (V, ρ) and (W,π) two representations of G. A transfor-
mation or intertwiner from (V, ρ) to (W,π) is a linear transformation T : V →W such that for all g ∈ G,
T ◦ ρ(g) = π(g) ◦ T as linear maps V →W .
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If T is an invertible linear transformation, it is called an equivalence. In this case, we have ρ(g) =
T−1π(g)T .

If such an equivalence T exists, then (V, ρ) and (W,π) are called equivalent.

Another way of thinking about equivalences: if we have a linear transformation α : V → V , but
expressed in two different bases E and F , the associated matrices αE and αF will in general be different.
However, they are related by the change of basis matrix B: αE = B−1αFB. The two matrices are then
similar (or conjugate, in terms of section ..). Then equivalence of representations means that we have
one change of basis that transforms all matrices ρ(g) to the matrices π(g) at the same time.

Example ... Let G be a finite group, and take V = C. Then two representations ρ, π of G on V are
equivalent if and only if they are equal: because GL(V ) = GL(1,C) = C× is abelian, T−1π(g)T = π(g)
for all g.

So in particular, we can already see that the representations ρj we found in example .. are not
equivalent for different j. �

Example ... We could restrict the defining representation of the dihedral group example .. to the
cyclic subgroup 〈ρ〉 ∼= Z/nZ. Writing j : Z/nZ → D2n : k̄ 7→ ρk, this is given by

δ ◦ j(k̄) =
(
cos(2πk/n) − sin(2πk/n)
sin(2πk/n) cos(2πk/n)

)
.

These matrices all commute (as they form an image of an abelian group) and are unitary, which means they
can be simultaneously diagonalised over the complex numbers. (We will talk about this more later on.) In
this particular case, we may take

T =

(
1 1
−i i

)
,

such that

T−1(δ ◦ j)(k̄)T =

(
e2πik/n 0

0 e−2πik/n

)
.

This idea, of simultaneous diagonalisation, will be useful later. We cannot quite do this in general, but we
can do something like it. �

.. — New representations from old

In the previous chapter, we discussed a few ways of constructing new groups from ones we already had,
such as taking subgroups or direct products of groups. we can do similar things for representations. For
example, when is a subspace of a representation again a representation?

Definition ... Let G be a group, and (V, ρ) a representation. A subrepresentation of (V, ρ) is a linear
subspaceW ⊆ V such that for all g ∈ G and w ∈W , ρ(g)(w) ∈W , i.e. ρ(G)W =W . We also say thatW
is an invariant subspace.

In other words, a subspace of a representation is a subspace which is preserved under the action of ρ.

Example ... For any group G and representation (V, ρ) the subspaces {0}, V ⊆ V are subrepresenta-
tions. They are the trivial subrepresentations. �

Definition ... A representation is called irreducible or simple if it is non-trivial and has no non-trivial
subrepresentations. Otherwise, it is called reducible.
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Irreducible representations are in a way the building blocks of representations. They are the simplest
examples (hence that name), and we can contruct others out of them, as we will see below. Irreducible
represenations are usuful in physics as well: elementary particles behave in many respects as the irreducible
representations of certain Lie groups.

The term ‘irreducible representation’ is central to representation theory, but it is also very long and
cumbersome. Hence, it is often abbreviated, both in speech and in writing, to ‘irrep’. I will not do this in
these notes, but I will in the lectures.

Example ... The two-dimensional representation of D2n given in example .. is irreducible if n ≥ 3:
a non-trivial subrepresentationW ⊂ V must be one-dimensional. That means it must be an eigenspace for
both the actions of ρ and of σ, but these matrices do not have common eigenvectors.

However, if we consider the subgroup {e, σ} ⊆ D2n, then we get a representation δ ◦ i : {e, σ} →

GL(2,C) which does have a subrepresentation: the vectors
(
1
0

)
and

(
0
1

)
are eigenvectors of δ(σ), so their

eigenspaces are subrepresentations.
We have also seen in example .. that the subgroup generated by ρ also has two non-trivial subrepre-

sentations, the lines given by the basis vectors
(
1
i

)
and

(
1
−i

)
.

So these latter two representations are reducible. �

In this previous example, we saw a few reducible representations which actually decomposed completely,
in the sense that we found two different one-dimensional representations that together formed the two-
dimensional one. This is a bit analogous to the direct product we saw for groups. Here, we call it the direct
sum.

Definition ... Let G be a finite group and let (V, ρ) and (W,π) be two representations of G. Then
their direct sum has the underlying vector space V ⊕W = V ×W , and the representation is given by

(ρ⊕ π)(g)(v, w) = (ρ(g)v, π(g)w) . (.)

In terms of matrices, this means that the representation is block-diagonal:

(ρ⊕ π)(g) =

(
ρ(g) 0
0 π(g)

)
. (.)

Direct sum representations are somehow the obvious reducible representations: by definition the
break apart in two subrepresentations, given by the inclusions of V and W in V ⊕W . We could now
ask the question: can we always do this for a reducible representation? In other words, if we have a
subrepresentationW of a representation (V, ρ), can we always find a complement? This question is not
quite as simple as it looks at first sight: yes, we can find a complement toW as a vector space by completing
the basis ofW to a basis of V , but this will in general not be an invariant subspace. How do we even find
an invariant complement, if it exists?

First, let us give a definition for the nice situation. We will return to this question later.

Definition ... A representation is called semisimple or completely reducible if it is the direct sum of
irreducible subrepresentations.

Returning to our question at the start of this section, of trying to list all different representations of a
group G, we now see that there will be infinitely many: given any two representations, we can take their
direct sum. In this sense, maybe we should restrict to only the simple representations, at least is we can
show that all representations are semisimple.

This makes sense from a classification standpoint. But semisimple representations do appear quite
often even when studying irreducible representations. We saw an example of this in example ..: when
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restricting an irreducible representation to a subgroup, it became reducible. We will see more applications
both in physics and in mathematics.

There exists another way to combine representations. If the direct sum acts like a sum (indeed the
dimensions add), there is also an operation which behave more as a product. This is called the tensor
product. The definition of tensor products is quite complicated, but it turns out to be very useful in
quantum physics: particles are representations of certain groups, and if we put two particles together,
we do this mathematically by taking the tensor product of representations. I will not give the complete
abstract definition of tensor products here, but give a good working definition.

Definition ... Let V andW be two vector spaces, with dimensions dimV = n and dimW = m and
given bases {ei | 1 ≤ i ≤ n} and {fk | 1 ≤ k ≤ m}, respectively. The tensor product of V andW , written
as V ⊗W , is the vector space with basis {ei ⊗ fk | 1 ≤ i ≤ n, 1 ≤ k ≤ m}. The number of basis elements,
and hence the dimension of V ⊗W , is dim(V ⊗W ) = nm.

Now, let G be a finite group, and (V, ρ) and (W,π) to representations, with the same given bases. Let
us write ρ(g)i,j for the matrix coefficients of ρ(g) in the basis {ei} and π(g)k,l for the matrix coefficients of
π(g) in the basis {fk}. Then the tensor product representation is (V ⊗W,ρ⊗ π), where ρ⊗ π has the block
matrix form

(ρ⊗ π)(g) =

ρ(g)1,1π(g) · · · ρ(g)1,nπ(g)
...

. . .
...

ρ(g)n,1π(g) · · · ρ(g)n,nπ(g)

 . (.)

Here, every entry is anm×m block, given by expanding π(g) in coefficients as well.

For two elements v =
∑n

i=1 viei ∈ V and w =
∑m

k=1 wkfk, their tensor product is v ⊗ w =∑n
i=1

∑m
k=1 viwk ei ⊗ fk ∈ V ⊗W . Such elements are sometimes called pure tensors. But not all ele-

ments of V ⊗W are of this form, e.g. e1 ⊗ f1 + e2 ⊗ f2 is not. In quantum physics, if V andW are the
state spaces of two particles, these non-pure tensors correspond to entangled particle states.

On a pure state, the tensor product representation acts as

(ρ⊗ π)(g)(v ⊗ w) = (ρ(g)v)⊗ (π(g)w) . (.)

The definition may be hard to unpack. Let us look at an example:

Example ... In the above definition, let n = m = 2. Then both ρ(g) and π(g) are 2× 2 matrices, and
(ρ⊗ π)(g) will be a 4× 4 matrix. If

ρ(g) =

(
ρ(g)1,1 ρ(g)1,2
ρ(g)2,1 ρ(g)2,2

)
, π(g) =

(
π(g)1,1 π(g)1,2
π(g)2,1 π(g)2,2

)
,

then

(ρ⊗ π)(g) =


ρ(g)1,1π(g)1,1 ρ(g)1,1π(g)1,2 ρ(g)1,2π(g)1,1 ρ(g)1,2π(g)1,2
ρ(g)1,1π(g)2,1 ρ(g)1,1π(g)2,2 ρ(g)1,2π(g)2,1 ρ(g)1,2π(g)2,2
ρ(g)2,1π(g)1,1 ρ(g)2,1π(g)1,2 ρ(g)2,2π(g)1,1 ρ(g)2,2π(g)1,2
ρ(g)2,1π(g)2,1 ρ(g)2,1π(g)2,2 ρ(g)2,2π(g)2,1 ρ(g)2,2π(g)2,2

 . �

Note that this tensor product is not a usual matrix product!
We will see that, even if (V, ρ) and (W,π) are irreducible, their tensor product may well be reducible.

This is one of the reasons it may be useful to look at reducible representations.
In the case that dimV = 1 or dimW = 1, the tensor product ρ(g) ⊗ π(g) is just multiplication of a

matrix by a number.
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. — Unitary and irreducible representations

.. — Review: unitary and Hermitian matrices

In order to proceed, we will need some complex linear algebra. This is not part of the course, but you may
not have seen it before, and we do need it.

Definition ... Let A be a complex matrix. Its adjoint A† is its conjugate transpose: if A = (aij), then
A† = (āji). This is often also denoted by A∗.

The complex analogue of symmetric matrices is the following.

Definition ... A square complex matrix A isHermitian or self-adjoint if A = A†.

The fundamental result on Hermitian matrices is the following:

Theorem ... All eigenvalues of a Hermitian matrix are real. Any Hermitian matrix has an orthogonal
basis of eigenvectors.

Because of this, Hermitian matrices are of the utmost importance for quantum mechanics: observables
are given by Hermitian matrices and measurements may return their eigenvalues.

Orthogonal matrices also have a complex analogue.

Definition ... A matrix A ∈ GL(n,C) is unitary if AA† = Id.

Just like orthogonal matrices turn one orthogonal basis into another in the real case, unitary matrices
do the same in the complex case. The reason for the difference is that the standard inner product on Cn is
〈v, w〉 = v†w, i.e. the entries of v have to be conjugated. A matrix U is then unitary if 〈Uv,Uw〉 = 〈v, w〉,
as can be seen by using that U† = U−1.

One important property of unitary matrices is that they are diagonalisable and their eigenvalues lie on
the unit circle, i.e. are of the shape eiϑ for some ϑ ∈ R.

Hermitian and unitary matrices are strongly related: any Hermitian matrix H can be diagonalised by a
unitary matrix U , i.e. U†HU is diagonal.

.. — The unitarity theorem

We will use the above notions for our study of representation theory.

Definition ... A representation (V, ρ) of a group G is unitary if all ρ(g) are, for g ∈ G.

Remark ... Actually, this definition does not quite make sense. We need V to be an inner product
space and all ρ(g) to be unitary with respect to the inner product. We will gloss over this in future, and just
assume all of this to be given.

Example ... For a finite group G, any one-dimensional representation is unitary. Indeed, any g ∈ G
has finite order, say n. Then, writing ρ(g) = reiϑ in polar form, 1 = ρ(g)n = rneinϑ, so r = 1. But then
ρ(g)†ρ(g) = e−iϑeiϑ = 1, so ρ(g) is unitary. �

For higher dimensions, this is not the case:

Example ... Consider the cyclic group of order 3, Z/3Z. It has a non-unitary two-dimensional repre-

sentation, defined by setting ρ(1̄) =
(
0 −1
1 −1

)
. �
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However, we do know that, for a finite group G and a representation (V, ρ) of G, the eigenvalues of
ρ(g) must be roots of unity for any g ∈ G – because the order of g must be finite. In particular, they have
norm 1. As we also know that the eigenvalues of unitary matrices have norm 1, we can expect the matrices
ρ(g) to be similar to unitary matrices, and hopefully we can make this similarity transform uniformly for
all g ∈ G.

This is the content of the following theorem.

Theorem .. (Unitarity theorem). Any finite-dimensional representation (V, ρ) of a finite group G is
equivalent to a unitary representation.

Proof. We will construct a unitary representation equivalent to ρ.
We first introduce a matrix to help us in the proof:

H =
∑
g∈G

ρ(g)†ρ(g) .

Because G is finite, this is well-defined.
This H has the property that for any h ∈ G,

ρ(h)†Hρ(h) =
∑
g∈G

ρ(h)†ρ(g)†ρ(g)ρ(h)

=
∑
g∈G

ρ(gh)†ρ(gh)

=
∑
k∈G

ρ(k)†ρ(k)

= H ,

by using the rearrangement theorem ...
By construction, H† = H , so H is Hermitian. Hence, there exist a unitary matrix U and a diagonal

matrix D with real entries such that D = U†HU . Moreover, we find that if we write A(g) = U†ρ(g)U ,
then

D =
∑
g∈G

A(g)†A(g) .

Therefore, the j-th diagonal entry of D is given by
∑

g∈G

∑dimV
i=1 A(g)ijA(g)ij > 0.

Because of this, we may define D1/2 and D−1/2 by taking the positive square roots of all diagonal
entries. We now define a new representation of G by π(g) = D1/2A(g)D−1/2. This is equivalent to ρ by
construction, and we claim it is also unitary. This follows by using that D1/2 is Hermitian:

π(g)†π(g) = D−1/2U†ρ(g)†UD1/2 ·D1/2U†ρ(g)UD−1/2

= D−1/2U†ρ(g)†UDU†ρ(g)UD−1/2

= D−1/2U†ρ(g)†Hρ(g)UD−1/2

= D−1/2U†HUD−1/2

= D−1/2DD−1/2

= Id . �

This result does not hold for non-finite groups! The problem in the proof is that H cannot be defined.
For the integers Z, the representation given by

τ(k) =

(
1 k
0 1

)
. (.)

is not unitary, and as these matrices are not diagonalisable, they are not similar to unitary matrices either.
However, it does hold for compact groups: there we can replace the sum by an integral.
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.. — Irreducible representations

In this section, we will study the irreducible representations of a finite groupG. We will see on the one hand
that they are all finite-dimensional, and conversely, we will prove that all finite-dimensional representations
are semisimple, i.e. decompose into irreducible representations.

We will start with the first result.

Theorem ... Let G be a finite group. Then any irreducible representation of G is finite-dimensional.

Proof. Wewill consider any representation (V, ρ) ofG and construct a finite-dimensional subrepresentation.
If (V, ρ) is infinite-dimensional, this proves it is reducible.

Let v ∈ V \ {0} be any non-zero vector, and consider the subspaceW spanned by {ρ(h)v | h ∈ G}, the
orbit of v under ρ. Because G is finite,W must be finite-dimensional. We claim this is a subrepresentation
of (V, ρ).

To prove this, take any w ∈W , which we can write as w =
∑

h∈G λhρ(h)v for some λh ∈ C. Then, for
any g ∈ G,

ρ(g)w = ρ(g)
∑
h∈G

λhρ(h)v =
∑
h∈G

λhρ(gh)v .

This is again inW , which proves thatW is a subrepresentation. �

Why did we consider unitary representations in the previous section? Well, it gives us some more
information on representations, and we can hope to use this extra information. Here, we will do just
that: we will prove that all finite-dimensional unitary representations are semisimple, and hence all finite-
dimensional representations are.

Theorem ... Any finite-dimensional unitary representation of any finite group is semisimple.

Proof. Let G be a finite group and (V, ρ) a finite-dimensional unitary representation of G. We want to
prove that V decomposes into irreducible subrepresentations. We will do this by induction: given any
subrepresentationW , we construct a complement which is also a subrepresentation. Because V is finite-
dimensional, we can only decompose it finitely many times, and we will end up with a decomposition into
irreducible subrepresentations.

In general, finding a suitable complement is hard, there are too many options. This is where unitarity
comes in: recall that unitary transformations are ‘complex orthogonal matrices’. In other words, they
preserve orthogonal bases. Therefore, we can look at the orthogonal complementW⊥ ofW . We will show
this is an invariant subspace. Recall that

W⊥ =
{
v ∈ V

∣∣ 〈v, w〉 = 0 for all w ∈W
}
.

Wewant to show that if v ∈W⊥ and g ∈ G, then ρ(g)v ∈W⊥. So we will have to prove that 〈ρ(g)v, w〉 = 0
for all w ∈W . First, we calculate

〈ρ(g)v, w〉 = v†ρ(g)†w = v†ρ(g)−1w = v†ρ(g−1)w = 〈v, ρ(g−1)w〉 .

Butwe know thatW is a subrepresentation, so ρ(g−1)w ∈W , and therefore, 〈ρ(g)v, w〉 = 〈v, ρ(g−1)w〉 = 0.
This proves that ρ(g)v ∈W⊥, and henceW⊥ is a complementary subrepresentation ofW in V . �

Corollary .. (Maschke’s theorem). Any finite-dimensional representation of any finite group is
semisimple.
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Proof. Let G be a finite group, and (V, ρ) a finite-dimensional representation of G. By the unitarity
theorem .., this representation is equivalent to a unitary representation (W,π) by some equivalence
T : V →W , i.e. ρ(g) = T−1π(g)T . But by theorem .., (W,π) is semisimple, so it decomposes as

W =

k⊕
j=1

Wj ,

where allWj are irreducible subrepresentations. Therefore, V decomposes as

V =

k⊕
j=1

T−1Wj ,

where T−1Wj = {T−1w | w ∈Wj} are irreducible subrepresentations, because they are equivalent (by T )
to theWj . Hence, this is also a decomposition into irreducible subrepresentations. �

Actually, this result does not require the unitarity theorem .. – it holds over any field whose
characteristic does not divide the order of the group. An alternative, more general, proof goes as follows.

Proof (of corollary 2.3.12). The setup is the same as for the proof of theorem ..: let G be a finite group,
(V, ρ) a representation of G, andW a subrepresentation. We will find a complementary subrepresentation.

First, pick U0 ⊆ V to be any complementary subspace. This does not have to be a subrepresentation.
Then any v ∈ V can be written in a unique way as v = w + u, with w ∈W and u ∈ U . Define a projection
p0 : V →W : w + u 7→ w. This is linear.

Now, we average over G: we define another projection

p : V →W : v 7→ 1

|G|
∑
g∈G

ρ(g) ◦ p0 ◦ ρ(g)−1(v) . (.)

This is an intertwiner:

p ◦ ρ(g)(v) = 1

|G|
∑
h∈H

ρ(h) ◦ p0 ◦ ρ(h)−1 ◦ ρ(g)(v)

=
1

|G|
∑
h∈H

ρ(h) ◦ p0 ◦ ρ(g−1h)−1(v)

=
1

|G|
∑
k∈H

ρ(gk) ◦ p0 ◦ ρ(k)−1(v)

= ρ(g) ◦ 1

|G|
∑
k∈H

ρ(k) ◦ p0 ◦ ρ(k)−1(v)

= ρ(g) ◦ p(v) ,

where we re-indexed the sum by k = g−1h using the rearrangement theorem ...
Since it is an intertwiner, its kernel Ker p is a subrepresentation of V (this uses lemma .., but there is

no circular reasoning), and this is clearly a complement toW , so it is the complementary subrepresentation
we were looking for. �

Again, this result does not hold for infinite groups. Again using the representation of the integers by

equation (.), this representation is reducible, as
(
0
1

)
is an eigenvector, but the matrix is not diagonalisable,

and therefore this subrepresentation does not have a complement.
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. — Schur’s lemma

In the previous section, we saw that every finite-dimensional representation of a finite group decomposed
into irreducible subrepresentations. So these irreducible representations are the building blocks of all
representation theory of finite groups. In order to understand representation theory, we should then focus
on studying irreducibles.

In other parts of this course, we have found that, to understand something (groups, representations), it
may be useful to also consider maps (homomorphisms, transformations) between these things. Now we
know that all representations decompose into irreducibles, this also tells use there is a block decomposition
of any transformation between representations, where the blocks represent the transformations between
the irreducible components. So we may try to investigate what these blocks look like. Schur’s lemma tells
us essentially that these blocks are as simple as can be: any map between irreducible representations is either
zero, or an equivalence. Moreover, the equivalences are not too complicated either: any transformation
from an irreducible representation to itself is a multiple of the identity.

First, we give an introductory result.

Lemma ... Let G be a group, and let (V, ρ) and (W,π) be two representations of G. Let T : V →W be
a transformation of representations. Then KerT ⊆ V and ImT ⊆W are subrepresentations.

Proof. By definition of a transformation, Tρ(g) = π(g)T for all g ∈ G.
Let us first consider KerT . Let v ∈ KerT and g ∈ G. We have to prove that ρ(g)v ∈ KerT . But we

know that Tρ(g)v = π(g)Tv = π(g)0 = 0, so this is indeed true. Hence, KerT is a subrepresentation.
For ImT , let us now take w ∈ ImT , i.e. w = Tv for some v ∈ V , and let again g ∈ G. Then

π(g)w = π(g)Tv = Tρ(g)v ∈ ImT , so ImT is also a subrepresentation. �

Lemma .. (Schur’s lemma). Let G be a group, and let (V, ρ) and (W,π) be two irreducible representa-
tions of G. Let T : V →W be a transformation of representations. Then either T = 0 or T is invertible.

If (V, ρ) = (W,π) is finite-dimensional (e.g. if G is finite), then T = λId for some λ ∈ C.

Proof. By lemma .., KerT ⊆ V and ImT ⊆W are subrepresentations. But both (V, ρ) and (W,π) are
irreducible, so they only have two subrepresentations: either {0} or the entire space.

If KerT = V , then ImT = {0}, and T = 0.
If KerT = {0}, then T is injective, and moreover ImT 6= {0}, so ImT = W , so T is also surjective.

This means that T is invertible.
If (V, ρ) = (W,π), then T must have an eigenvalue, λ ∈ C. So T − λId is also a transformation, but

this is not injective, as it is zero on the λ eigenspace of T . By the first part of the lemma, T − λId = 0, so
T = λId. �

In this proof, we used that any linear transformation T from a non-trivial space to itself (i.e. any square
matrix) has an eigenvalue. This is because we work over the complex numbers: by the fundamental theorem
of algebra, the characteristic polynomial of T must have a root. This does not work over the real numbers
– there are many real matrices without real eigenvalues. This is one of the main reasons we prefer working
over the complex numbers in this part of the course.

One important direct result of Schur’s lemma is that we have a very good handle on irreducible
representations of abelian groups. For other groups, we will need some more tools, but this is already a
good start.

Corollary ... All irreducible representations of finite abelian groups are one-dimensional.

Proof. Let G be a finite group and (V, ρ) an irreducible representation of G. Because G is abelian, for any
g, h ∈ G, ρ(g)ρ(h) = ρ(h)ρ(g). In other words, ρ(g) is a transformation from (V, ρ) to itself for any g ∈ G.
By Schur’s lemma .., ρ(g) = λgId for some λg . So all ρ(g) are diagonal. This can only be irreducible if
dimV = 1. �
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. — Characters

Characters are certain functions attached to representations. While a representation of a large dimension n
becomes quite unwieldy, as it requires an n× nmatrix for each element of the group, a character is just
a function χ : G → C. Still, they somehow encode all of the information of the original representation.
Moreover, they are quite useful in physical applications as well.

Characters are defined in terms of an important function in linear algebra called the trace. Because you
may not have seen the trace before, this section starts with its definition and basic properties.

.. — Review: trace

The trace is an invariant of matrices very similar to the determinant, but it is often not addressed in a first
course on linear algebra, so I will give the definition and some properties here.

Both the determinant and the trace are the same for similar matrices, and therefore can be expressed in
terms of (generalised) eigenvalues. While the determinant is the product of all eigenvalues, the trace is the
sum. Similarly, while the determinant has the multiplicative property det(AB) = det(A) det(B), the trace
is a linear map, so in particular Tr(A+B) = TrA+TrB.

Definition ... Let A = (Aij) be an n × n matrix. Its trace is the sum of its diagonal entries, i.e.
TrA =

∑n
i=1Aii.

Example ... A particular case, which is surprisingly useful to know, is Tr(Idn×n) =
∑n

i=1 1 = n. �

Lemma ... The trace is a linear map Tr: Matn×n(C) → C. In other words, for A,B ∈ Matn×n(C) and
λ ∈ C, Tr(λA+B) = λTrA+TrB.

Proof. This follows from (λA+B)ij = λAij +Bij . �

Lemma ... Let A be an n×m matrix and B anm× n matrix. Then Tr(AB) = Tr(BA).

This is often called the cyclic property of the trace.

Proof. This is an explicit calculation, using only the definition of the product of matrices and that of the
trace:

Tr(AB) =

n∑
i=1

(AB)ii =

n∑
i=1

m∑
j=1

AijBji =

m∑
j=1

n∑
i=1

BjiAij =

m∑
j=1

(BA)jj = Tr(BA) . �

Corollary ... Similar matrices have equal traces. The trace of a matrix is the sum of its generalised
eigenvalues, counted with multiplicities.

Proof. Two matrices A and A′ are similar if there exists an invertible B such that A = BA′B−1. Then
Tr(A) = Tr(BA′B−1) = Tr(B−1BA′) = TrA′.

In particular, any matrix is similar to its Jordan normal form, which has the generalised eigenvalues on
the diagonal, with multiplicites. �

Definition ... Let V be a finite-dimensional vector space and T : V → V a linear map. Then the trace
of T is the trace of its matrix in any basis. Equivalently, it is the sum of its generalised eigenvalues with
multiplicities.

By the corollary, the definition of the trace of T does not depend on the choice of basis.



2.5. CHARACTERS 

.. — Characters

Definition ... LetG be a group and (V, ρ) a representation ofG. Its character is the function χρ : G→
C given by

χρ(g) = Tr
(
ρ(g)

)
=

dimV∑
i=1

(ρ(g))ii . (.)

In case (V, ρ) is irreducible, we call its character χρ simple.

This is just a function, so it does not have to be a homomorphism.

Lemma ... For a one-dimensional representation (V, ρ), its character is equal to the representation itself,
i.e. χρ = ρ.

Example ... By the above point, one-dimensional characters do not give us too much information
we did not already have. So let us look at a higher-dimensional representation. We take the permutation
representation of Sn of example ... As permutation matrices only have zeroes and ones as entries, the
trace counts the number of ones on the diagonal, i.e. the number of basis vectors that get mapped to
themselves. This is nothing but the number of one-cycles of the permutation. If we look at the particular
case of n = 3, we find

χπ(e) = 3 , χπ((1 2)) = χπ((1 3)) = χπ((2 3)) = 1 , χπ((1 2 3)) = χπ((1 3 2)) = 0 . (.)
�

Example ... Recall also the regular representation of any finite group G, given in example ... This
is a |G|-dimensional representation rG by permutation matrices, and by the rearrangement theorem ..,
we know that if g 6= e, then rG(g) does not fix any basis vector. Therefore, χrG(g) = |G|δg,e. �

Lemma ... The character χρ of any representation (V, ρ) of any group G is a class function, i.e. it is
constant on conjugacy classes. In other words, for any g, h ∈ G, χρ(hgh

−1) = χρ(g).

Proof. This follows from corollary ..:

χρ(hgh
−1) = Tr

(
ρ(hgh−1)

)
= Tr

(
ρ(h)ρ(g)ρ(h)−1

)
= Tr

(
ρ(g)

)
= χρ(g) . �

Example ... Consider the defining representation of the dihedral group Dn given in example ...
We find that

χδ(ρ
k) = 2 cos(2πk/n) , χδ(ρ

kσ) = 0 . (.)
�

Lemma ... Equivalent representations have the same character.

Proof. Let G be a group and (V, ρ) and (W,π) two representations of G, with an equivalence T : (V, ρ) →
(W,π). Then, using corollary .., for any g ∈ G,

χρ(g) = Tr
(
ρ(g)

)
= Tr

(
T−1π(g)T

)
= Tr

(
π(g)

)
= χπ(g) . �

Corollary ... For any character χ of a finite group G and any g ∈ G, χ(g−1) = χ(g). In particular,
if g and g−1 are conjugate in G, then χ(g) ∈ R.

Proof. Pick a representation (V, ρ) for which χ is a character. By the unitarity theorem .. and the
previous lemma, we may choose (V, ρ) to be unitary. Therefore, χ(g−1) = Tr

(
ρ(g−1)

)
= Tr

(
ρ(g)†

)
=

Tr
(
ρ(g)

)
= χ(g). �
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Lemma ... The character is additive with respect to direct sums and multiplicative with respect to tensor
products: if G is a group and (V, ρ) and (W,π) two representations, then

χρ⊕π = χρ + χπ , χρ⊗π = χρ · χπ . (.)

Proof. Let us write n = dimV andm = dimW . For any g ∈ G, the diagonal elements of (ρ⊕ π)(g) are
those of ρ(g) joined with those of π(g), so

χρ⊕π(g) = Tr
(
ρ⊕ π)(g)

)
=

n+m∑
i=1

(
(ρ⊕ π)(g)

)
ii

=

n∑
i=1

(
ρ(g)

)
ii
+

m∑
j=1

(
π(g)

)
jj

= Tr
(
ρ(g)

)
+Tr

(
π(g)

)
= χρ(g) + χπ(g) .

Furthemore, the diagonal elements of (ρ⊗ π)(g) are all products of diagonal elements of ρ(g) and π(g), so

χρ⊗π(g) = Tr
(
(ρ⊗ π)(g)

)
=

n∑
i=1

m∑
j=1

(
(ρ⊗ π)(g)

)
ij,ij

=

n∑
i=1

(
ρ(g)

)
ii

m∑
j=1

(
π(g)

)
jj

= Tr
(
ρ(g)

)
Tr

(
π(g)

)
= χρ(g)χπ(g) .

As the product of functions is defined pointwise, this finishes the proof. �

. — Orthogonality

For this entire part of the course, we have been using linear algebra to talk about groups. In this section,
we will do this as well, but in a different way.

In the previous section, we defined characters as certain functions G→ C. So, in effect, they are just a
collection of numbers, one for each g ∈ G. But a collection of numbers is nothing but a vector, in this case
in a vector space of dimension |G|. This observation is more than just some wisecracking, and is one of the
key points to really understanding representation theory.

Definition ... We define a vector space CG = {f : G→ C}, with addition and scalar multiplication.
It has a Hermitian inner product given by

〈f1, f2〉 =
1

|G|
∑
g∈G

f1(g)f2(g) . (.)

We also define the subspace Cl(G) ⊆ CG of class functions, i.e.

Cl(G) = {f ∈ CG | f(g) = f(hgh−1) for all g, h ∈ G} . (.)

For a class function f , we may write f(C) = f(g) if C ⊆ G is a conjugacy class and g ∈ C.
If we write C(G) for the set of conjugacy classes of G, then the inner product on Cl(G) can also be

written as
〈f1, f2〉 =

1

|G|
∑

C∈C(G)

|C|f1(C)f2(C) . (.)
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Example ... For any representation (V, ρ), we have χρ ∈ Cl(G). But there are more easily-found
elements of CG. In fact, all matrix coefficients of ρ are elements of CG: we define ρij : G → C : g 7→(
ρ(g)

)
ij
. �

The reason this vector space is so interesting is that many of these vectors are orthogonal.

Theorem .. (Great orthogonality theorem). Let G be a finite group and (V, ρ) and (W,π) two
irreducible unitary representations of G. If (V, ρ) and (W,π) are inequivalent, then

〈ρij , πkl〉 = 0 for all 1 ≤ i, j ≤ dimV and 1 ≤ k, l ≤ dimW . (.)

If (V, ρ) = (W,π), then

〈ρij , ρkl〉 =
1

dimV
δikδjl . (.)

Proof. The main ingredient in the proof is Schur’s lemma .., along with a cleverly-picked matrix. We
let X be any dimV × dimW matrix, and define

A =
∑
g∈G

ρ(g)†Xπ(g) =
∑
g∈G

ρ(g−1)Xπ(g) .

We calculate

ρ(h)A = ρ(h)
∑
g∈G

ρ(g−1)Xπ(g)

=
∑
g∈G

ρ(hg−1)Xπ(gh−1)π(h)

=
∑
k∈G

ρ(k−1)Xπ(k)π(h)

= Aπ(h) ,

where we used the rearrangement theorem ... By Schur’s lemma .., if (V, ρ) and (W,π) are inequiv-
alent, A = 0. In particular, taking X = Eik to be the matrix with mostly zeroes and a single one in the ith
row and kth column, we get the first statement.

If (V, ρ) = (W,π), then we find, again by Schur’s lemma .., that A = λXId for some λX . Taking the
trace of this, we find that

λX dimV = Tr(λXId) = Tr(A) =
∑
g∈G

Tr
(
ρ(g−1)Xρ(g)

)
=

∑
g∈G

Tr(X) = |G|TrX .

Taking X to be the same matrix as before, TrEik = δik, so λEik
= |G|

dimV δik and

〈ρij , ρkl〉 =
1

|G|
∑
g∈G

ρij(g)ρkl(g)

=
1

|G|
∑
g∈G

(
ρ(g)†

)
ji

(
ρ(g)

)
kl

=
1

|G|
∑
g∈G

(
ρ(g)†Eikρ(g)

)
jl

=
1

|G|
Ajl

=
λ

|G|
δjl

=
1

dimV
δikδjl .
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This is what we wanted to prove. �

Corollary ... Let G be a finite group. Its simple characters form an orthonormal set in Cl(G). In
particular, the number of inequivalent irreducible representations of G is finite and bounded by the number
of conjugacy classes.

Proof. Let χ and χ′ be two simple characters. They are characters of some irreducible representations
(V, ρ) and (W,π), which we may choose to be unitary by the unitarity theorem .. and by lemma ...
By the great orthogonality theorem .., if χ 6= χ′,

〈χ, χ′〉 =
〈 dimV∑

i=1

ρii,

dimW∑
j=1

πjj

〉
=

dimV∑
i=1

dimW∑
j=1

〈ρii, πjj〉 = 0 ,

while on the other hand

〈χ, χ〉 =
〈 dimV∑

i=1

ρii,

dimV∑
j=1

ρjj

〉
=

dimV∑
i,j=1

〈ρii, ρjj〉 =
dimV∑
i,j=1

1

dimV
δijδij = 1 . �

In fact, we can get more: the simple characters give a basis for the space of class functions.

Theorem .. (Row orthogonality for characters). Let G be a finite group. Its simple characters
span Cl(G), and hence form an orthonormal basis. In particular, the number of inequivalent irreducible
representations of G is equal to the number of its conjugacy classes.

Proof. Given a class function α ∈ Cl(G) and a representation (V, ρ), we will construct a transformation
Tα
ρ : (V, ρ) 7→ (V, ρ). We will show that, if α is orthogonal to all simple characters, Tα

ρ must be zero for
any V . By considering the regular representation of examples .. and .., we find that α must be zero,
and therefore that the characters span Cl(G).

Define
Tα
ρ =

1

|G|
∑
g∈G

α(g)ρ(g) .

Then, for any h ∈ G,

Tα
ρ ρ(h) =

1

|G|
∑
g∈G

α(g)ρ(gh)

= ρ(h)
1

|G|
∑
g∈G

α(g)ρ(h−1gh)

= ρ(h)
1

|G|
∑
k∈G

α(hkh−1)ρ(k)

= ρ(h)
1

|G|
∑
k∈G

α(k)ρ(k)

= ρ(h)Tα
ρ ,

where we used the rearrangement theorem .. for the third equality and the fact that α is a class function
for the fourth.

If (V, ρ) is simple, by Schur’s lemma .., we now know that Tα
ρ = λαρ Id for some λαρ ∈ C. Taking the

trace of this equality, we find that

dimV · λαρ =
1

|G|
∑
g∈G

α(g)χρ(g) = 〈α, χρ〉 .
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Now assume that α is in the orthogonal complement of the span of simple characters. Then 〈α, χρ〉 = 0
for all irreducible ρ, so Tα

ρ = 0. But as all representations are semisimple, this must then hold for all
representations ρ.

In particular, if we take the regular representation, and look at the basis vector associated to the unit of
G (confusingly written as ee), then we find that

0 = Tα
rG(ee) =

1

|G|
∑
g∈G

α(g)rG(g)ee =
1

|G|
∑
g∈G

α(g)eg ,

from which we can conclude that α(g) = 0 for all g ∈ G. �

There is a second orthogonality result, which in a sense goes into the other direction (I guess it is
orthogonal to this one, pun fully intended).

Corollary .. (Column orthogonality for characters). LetG be a finite group, and {χ1, . . . , χk}
its irreducible characters (of which we now know there are finitely many). Let C,C ′ ⊂ G be two conjugacy
classes. Then

k∑
i=1

χi(C)χi(C
′) =

|G|
|C|

δC,C′ . (.)

Proof. Consider the matrix A whose rows are indexed by irreducible representations ρ of G and whose
columns are indexed by conjugacy classes C of G, with coefficients Aρ,C =

√
|C|χρ(C). By theorem ..,

this is a square matrix whose rows are orthonormal for the inner product equation (.). Therefore, its
columns must also be orthonormal, i.e.

1

|G|

k∑
i=1

√
|C|χi(C)

√
|C ′|χi(C

′) = δC,C′ .

Bringing factors to the other side gives the result. �

.. — Character tables

A slightly different variant of the matrix A in the proof of corollary .. is a very important tool for
representation theory, and one of the most concrete ways to study the representations of a group:

Definition ... Let G be a finite group. Its character table is the table (or matrix) whose rows are
indexed by irreducible representations, and whose columns are indexed by conjugacy classes, such that the
(ρ,C) coefficient is χρ(C).

Example ... For the cyclic groups Z/nZ, we saw a lot of one-dimensional representations in exam-
ple ... With all our tools at hand, we now see these are all irreducible representations, as we had n
of them, exactly as many as the number of conjugacy classes/elements of Z/nZ. The character table is
Xρj ,k̄ = e2πijk/n. �

Example ... For symmetric groups Sn with n > 1, we have already found two irreducible representa-
tions: the trivial representation τ and the sign representation ε, cf. examples .. and ... Both are
one-dimensional. We also know that conjugacy classes of the symmetric group are given by cycle types,
by theorem ...

In case n = 3, we know that there are three cycle types, given by the partitions (1, 1, 1), (2, 1), and
(3) (take a look at the exercises for this). Therefore, there must also be a third simple character χ. So the
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character table of S3 looks like
S3 (1, 1, 1) (2, 1) (3)
τ 1 1 1
ε 1 −1 1
χ

This table can be completed by column orthogonality, and because we know χ(e) = dimχ > 0, to give

S3 (1, 1, 1) (2, 1) (3)
τ 1 1 1
ε 1 −1 1
χ 2 0 −1

So we know that χ = χρ for some 2-dimensional representation (U, ρ). Also, comparing to the permutation
character χπ from example .., we see that χπ = τ +χρ. This tells us that the permutation representation
contains two irreducible representations: τ and ρ. You can check that the subspace spanned by e1 + e2 + e3
is indeed equivalent to the trivial representation, and its orthogonal complement U = {v1e1 + v2e2 + v3e3 |
v1 + v2 + v3 = 0} is also a subrepresentation, as π is unitary, by the proof of corollary ... So
(U, π|U ) ∼= ρ. �

Example ... Consider the dihedral group D8. We have the defining character from example ..
of dimension 2. Because of column orthogonality, corollary .. for the class of the identity, all other
irreducible representations must be one-dimensional (as one must be trivial), and there must be four
in total. This means that for such a representation π, π(σρ3) = π(ρσ) = π(ρ)π(σ) = π(σ)π(ρ), so
π(ρ)2 = π(σ)2 = 1, and we can get all four options. Let π±,± denote these possibilities. The character
table looks like

D8 e ρ2 {ρ, ρ3} {σ, ρ2σ} {ρσ, ρ3σ}
π+,+ 1 1 1 1 1
π+,− 1 1 1 −1 −1
π−,+ 1 1 −1 1 −1
π−,− 1 1 −1 −1 1

δ 2 −2 0 0 0

Note that this is the same character table as we would get for the quaternion group Q, of which we found
all irreducible representations in an exercise (we did not show we found them all, but by now that is easy
to check). So, while characters are very useful, they do not retain all information of groups. (However, in
section ., we will find a way of distinguishing between these two tables, using a bit more of the group
structure.) �

.. — Decomposition

Nowwe have a vector space of class functions with an orthonormal basis given by the simple characters, we
can use this to decompose characters. By corollary .., any character is a sum of simple characters, i.e. a
linear combination with non-negative integer coefficients. Because we are working in an inner product
space, we can find these coefficients explicitly.

Proposition ... Let G be a finite group with irreducible representations {(Vi, ρi) | i = 1, . . . , k} with
characters χi. Then any representation (W,π) can be decomposed as

(W,π) ∼=
k⊕

i=1

mi(Vi, ρi) , (.)

where
mi = 〈χπ, χi〉 =

1

|G|
∑

C∈C(G)

|C|χπ(C)χi(C) . (.)
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Proof. This follows directly from roworthogonality, corollary .., and additivity of characters, lemma ...�

Corollary ... Let G be a finite group. Its regular representation contains all of its irreducible repre-
sentations, with multiplicity equal to their dimension. That is,

(CG, rG) ∼=
k⊕

i=1

dim(Vi)(Vi, ρi) . (.)

In particular, taking dimensions,

|G| =
k∑

i=1

(dimVi)
2 .

Proof. By proposition .., we have to calculate inner products 〈χrG , χi〉. But χrG(g) = |G|δg,e by
example .., so

mi = 〈χrG , χi〉 =
1

|G|
∑
g∈G

|G|δe,gχi(g) = χi(e) = dimVi . �

Moreover, because these coefficients are non-negative integers, we can get a criterion for simplicity out
of this.

Proposition ... Let G be a finite group and (V, ρ) representation of G. Then (V, ρ) is irreducible if
and only if

〈χρ, χρ〉 = 1 . (.)

If (V, ρ) is reducible, then
〈χρ, χρ〉 > 1 . (.)

Proof. By proposition .., (V, ρ) ∼=
⊕k

i=1mi(Vi, ρi). Therefore,

〈χρ, χρ〉 =
k∑

i,j=1

mimj〈χi, χj〉 =
k∑

i=1

m2
i .

Clearly, this is equal to 1 if and only if exactly one of themi equals 1 and all other are 0, but this means
exactly that (V, ρ) ∼= (Vi, ρi), so it is irreducible.

In the other case, the sum is strictly larger than 1. �

From the proof, we see we can get some more information. For example, if 〈χρ, χρ〉 = 2, then ρmust
be the sum of two inequivalent irreducible representations.

Example ... Let us consider S4. It has five conjugacy classes, given by the cycle types/partitions (14),
(2, 12), (22), (3, 1), and (4). These have sizes

|C(14)| = 1 , |C(2,12)| = 6 , |C(22)| = 3 , |C(3,1)| = 8 , |C(4)| = 6 .

We know of two one-dimensional representations, which are the trivial representation τ and the sign
representation ε.

We also have the four-dimensional permutation representation π, but this is reducible: it has a subrep-
resentation spanned by e1 + e2 + e3 + e4, which is equivalent to the trivial representation. This subrepre-
sentation has a complement by corollary .., which is the subspace S = {c1e1 + c2e2 + c3e3 + c4e4 |
c1 + c2 + c3 + c4 = 0}. This is called the standard representation (S, s), and it is three-dimensional. If we
denote its character by χs, then χs + τ = χπ , so we can calculate

〈χs, χs〉 = 〈χπ − τ, χπ − τ〉 = 1

|S4|
∑

C∈C(S4)

|C|
(
χπ(C)− τ(C)

)2
.
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We know that χπ(C) equals the number of one-cycles of an element of C by example .., and τ(C) = 1
for any C, so

〈χs, χs〉 =
1

24

(
1 · (4− 1)2 + 6 · (2− 1)2 + 3 · (0− 1)2 + 8 · (1− 1)2 + 6 · (0− 1)2

)
=

1

24

(
9 + 6 + 3 + 0 + 6

)
= 1 ,

and so by proposition .., χs is a simple character.
Then ε · χs must also be simple, as it is the character of ε⊗ s, and any subrepresentation of ε⊗ s yields

a subrepresentation of s by tensoring with ε again. Moreover, it is different from any of the other simple
characters we have found. So we get an incomplete character table

S4 (14) (2, 12) (22) (3, 1) (4)
τ 1 1 1 1 1
ε 1 −1 1 1 −1
χρ

χs 3 1 −1 0 −1
εχs 3 −1 −1 0 1

The one leftover row can be completed by orthogonality, and this gives

S4 (14) (2, 12) (22) (3, 1) (4)
τ 1 1 1 1 1
ε 1 −1 1 1 −1
χρ 2 0 2 −1 0
χs 3 1 −1 0 −1
εχs 3 −1 −1 0 1

Note that χρ is the character given by composing the quotient homomorphism q : S4 → S4/V4 ∼= S3 from
example .. with the two-dimensional simple character χ of S3 found in example .., so we can realise
ρ as π|U ◦ q. More precisely, ρ is only defined up to isomorphism, as we only know its character, and
π|U ◦ q is a representative of this isomorphism class. �

. — Real, complex, quaternionic representations

For this entire part of the course, we have looked at representations over the complex numbers. But you
may wonder (as some students asked this during lectures) what happens if we look at other fields, e.g.
the real numbers. The general answer is quite complicated, but for the reals, we can actually answer it
completely.

Moreover, this is a useful question to ask: any representation has a complex conjugate, and in terms of
elementary particles, an antiparticle transforms as the conjugate representation. So real representations
correspond to particles which are their own antiparticle.

First of all, we should consider carefully what a real representation should be. For a single number
or matrix, we say it is real if its imaginary part vanishes, or better if it equals its complex conjugate. For
representations we want this as well. However, now we come to the question: if a representation is given, is
it equivalent to a real representation? Or even: given a character, is it the character of a real representation?
These are the questions we will answer here.



2.7. REAL, COMPLEX, QUATERNIONIC REPRESENTATIONS 

Definition ... Let G be a group and (V, ρ) a representation (on a complex vector space). Its complex
conjugate representation is the representation (V̄ , ρ̄) given by ρ̄(g) = ρ(g). As a consequence, χρ̄(g) =

χρ(g).
A representation (V, ρ) of a group G is called complex if it is not equivalent to its complex conjugate

representation.

By the above discussion, you may hope that any representation which is not complex is real (i.e.
equivalent to a representation with real entries). This is not quite true, although the converse clearly holds.
Let us study the non-complex representations further.

Lemma ... Let G be a finite group and (V, ρ) a unitary irreducible finite-dimensional representation
which is equivalent to its complex conjugate by some matrix S:

ρ̄(g) = Sρ(g)S−1 . (.)

Then S is either symmetric or antisymmetric.

Proof. If we take the transpose of the relation above, and using unitarity, we get

ρ(g−1) = ρ(g)† = (S−1)T ρ(g)TST .

This holds for any g ∈ G, and therefore also for g−1:

ρ(g) = (S−1)T ρ(g−1)TST .

Substituting ρ(g−1)T = Sρ(g)S−1 into this yields

ρ(g) = (S−1)TSρ(g)S−1ST = (S−1ST )−1ρ(g)(S−1ST ) .

Therefore, S−1ST is a transformation from (V, ρ) to itself, and hence by Schur’s lemma .., it is equal to
λId for some λ ∈ C. In other words, S = λST . But then

S = λST = λ(λST )T = λ2S ,

and as S 6= 0, we find λ = ±1. This means exactly that S is symmetric (λ = 1) or anti-symmetric
(λ = −1). �

Corollary ... Let G be a finite group and (V, ρ) an irreducible representation which is equivalent to
its complex conjugate by some matrix S:

ρ̄(g) = Sρ(g)S−1 . (.)

Then S is either symmetric or antisymmetric.

Proof. The representation (V, ρ) is equivalent to a unitary one by theorem ... Let the equivalence be E.
Then by the theorem, E−1SE is symmetric or anti-symmetric, but then so is S itself. �

We want to distinguish between the two cases in the lemma. But how do we know we can? Maybe
there could be both a symmetric and an anti-symmetric matrix giving the required equivalence. And in
any case, this is quite hard to check. It may also be hard to check if a representation is complex. As usual,
to resolve the questions, we turn to characters.

Definition ... Let G be a finite group and χ a character of G. The Frobenius-Schur indicator of χ is
the number

FS(χ) =
1

|G|
∑
g∈G

χ(g2) . (.)
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Theorem ... Let G be a finite group and (V, ρ) an irreducible representation of G. Then

FS(χρ) =


0 (V, ρ) is complex
1 (V, ρ) ∼= (V̄ , ρ̄) by a symmetric matrix
−1 (V, ρ) ∼= (V̄ , ρ̄) by an anti-symmetric matrix

(.)

Proof. This is just a sketch to give you an idea; this is not part of the course material.
The vector space V ∨ ⊗ V ∨ (where V ∨ is the dual space to V ; a unitary inner product induces an

isomorphism V ∨ ∼= V̄ ) is the space of bilinear forms on V . It has a representation ρ∨ ⊗ ρ∨, where ρ∨ =
(ρ−1)T , and this decomposes into the subspace of symmetric forms (Sym2 V ∨,Sym2 ρ∨) and the subspace
of anti-symmetric forms (

∧2
V ∨,

∧2
ρ∨). Then χρ∨(g2) = χSym2 ρ∨(g)− χ∧2 ρ∨(g). By lemma .. and

Schur’s lemma .., the trivial representation τ occurs at most once in (V ∨ ⊗ V ∨, ρ∨ ⊗ ρ∨) (i.e. there is up
to scaling at most one equivalence S : (V, ρ) → (V ∨, ρ∨)), and this will always be a subrepresentation of
either (Sym2 V ∨,Sym2 ρ∨) or (

∧2
V ∨,

∧2
ρ∨). Then

FS(χ) =
1

|G|
∑
g∈G

χρ∨(g2)

=
1

|G|
∑
g∈G

χSym2 ρ∨(g)− χ∧2 ρ∨(g)

=
〈
Sym2 ρ∨ −

∧2
ρ∨, τ

〉
,

and by the previous discussion and proposition .., this evaluates to the value in the theorem. �

Definition ... Let G be a finite group and (V, ρ) an irreducible representation. We call (V, ρ) real if
FS(χρ) = 1 and quaternionic if FS(χρ) = −1.

Lemma ... An irreducible representation (V, ρ) of a finite group is real if and only if it is equivalent to a
representation by real matrices.

Proof. First, we take (V, ρ) unitary. We want to do the same for S. We see

S†Sρ(g) = S†ρ̄(g)S

= (ρ̄(g)†S)†S

= (ρ̄(g−1)S)†S

= (Sρ(g−1)†S

= ρ(g−1)†S†S

= ρ(g)S†S

By Schur’s lemma .., we then know that S†S = λId for some λ ∈ C.
But S is defined only up to rescaling, so we can choose an appropriate rescaling so that S†S = Id.
Now that we have S unitary, we can prove the lemma. We assume that the representation is real, so

that S is a symmetric unitary matrix. So it is diagonalisable with eigenvalues in U(1). Using this, we find
S = W 2 for some unitary symmetric matrixW . Thus ρ̄(g) = Sρ(g)S−1 becomes ρ̄(g) = W 2ρ(g)W−2.
We conjugate byW to get

W−1ρ̄(g)W =Wρ(g)W−1 .

Using the fact thatW is unitary symmetric, we haveW−1 =W † = W̄ , andW = (W̄−1). So we can write:

Wρ(g)W−1 =W−1ρ̄(g)W = W̄ ρ̄(g)W̄−1 =Wρ(g)W−1.

It thus follows thatWρ(g)W−1 has only real entries, so (V, ρ) is equivalent to a representation with real
entries. �
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Example ... The trivial representation is always real, as it is given by real matrices (1 ∈ R). �

Example ... All irreducible representations of symmetric groups are real. This follows from more
advanced techniques than we have seen, but you can check this for a few cases by calculating Frobenius-
Schur indicators. �

Example ... Many of the irreducible representations ρj of cyclic groups Z/nZ we have seen in exam-
ple .. are complex: they are real if j ∈ {0, n/2}, because then Im ρj ⊆ {±1}, but otherwise they have
at least one strictly complex value. By example .., two representations on C are equivalent if and only if
they are equal, so if ρj has a strictly complex value, it will not be equivalent to its complex conjugate.

Alternatively, we can use that for any k > 1 and kth root of unity ϑ,

k−1∑
i=0

ϑi = 0 , (.)

to show that FS(ρj) = 0. �

Example ... The two-dimensional irreducible representation ofQ found in one of the exercises, which
had matrices

ρ(i) =

(
i 0
0 −i

)
, ρ(j) =

(
0 1
−1 0

)
, ρ(k) =

(
0 i
i 0

)
, (.)

is quaternionic:

FS(ρ) =
1

|Q|
∑
g∈Q

χρ(g
2) =

1

8
(2χρ(1) + 6χρ(−1)) =

1

8
(2 · 2 + 6 · −2) = −1 . (.)

�

Remark ... The names real, complex, and quaternionic come from the analogon of Schur’s lemma ..
over the real numbers. Over the complex numbers it states that the set (in fact the ring, if you know that
term) of transformations from an irreducible representation to itself is isomorphic to C. Over a field k
which is not algebraically closed (such as R), this set is isomorphic to some finite rank division algebra
over k. In case of k = R, by a result called the Frobenius theorem, there are three such division algebras:
R, C, and H. These correspond exactly to the names we have given.

. — Application: crystals

Let us look at an application of representation theory to actual physics, in particular to crystals. Crystals
are solids that have a very geometric shape with large, flat faces. This is because of their microscopic
structure: the atoms – or molecules, or ions – are arranged in a lattice.

Definition ... A (Bravais) lattice Λ is an additive discrete subgroup of a real vector space V which
spans that space.

In other words, a lattice in V is the Z-linear span of a basis {e1, . . . , edimV } of V :

Λ =
{ dimV∑

i=1

λiei

∣∣∣λi ∈ Z
}
. (.)

Of course, for an actual crystal, dimV = 3, although it is possible to create two-dimensional or
one-dimensional crystals as well. Higher dimensions are hard to make in real life, but the theory still exists.
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Lattices have two kinds of symmetries: translations tv : w 7→ v + w by any vector v in the lattice, and
point symmetries, i.e. rotations and reflections which fix a point (we choose this point to be the origin
0 ∈ V ). In our group theoretic language, this means that there is an additive subgroup of translations
Λ ⊂ V and a (multiplicative) subgroup of rotations and reflections R ⊆ O(V ), which together generate
some group of symmetries S which acts on V . This is not a representation, as translations are not linear,
but the action of R is a representation.

As we understand the translational symmetry part pretty well – it is just the lattice itself – we can focus
a bit on the subgroup R. There are a lot of possible subgroups of O(V ), both finite (e.g. dihedral groups)
and infinite (e.g. a circle group), and it would be interesting to know which of these groups can actually
occur as symmetries of a lattice. That would tell us something about the possible lattices, and hence about
the possible crystals we may find in nature. The crystallographic restriction theorem tells us that this group
is actually very restricted (hence the name).

Theorem .. (Crystallographic restriction theorem). Let V be a real vector space of dimension
2 or 3, and Λ ⊂ V a lattice. If r ∈ R is a rotational symmetry of Λ with angle α, then α = 2π/n for
n ∈ {1, 2, 3, 4, 6}.

Proof. In case dimV = 3, we are looking at a three-dimensional representation (V, ρ) of R. Any rotation
in three dimensions is rotation around an axis. In an appropriate orthonormal basis,

ρ(r) =

cosα − sinα 0
sinα cosα 0
0 0 1

 ,

so in particular χρ(r) = 2 cosα+ 1.
However, we also have a basis of lattice vectors, and as the lattice by definition is the Z-linear span, and

ρ(r)must send lattice vectors to lattice vectors, the matrix ρ(r) with respect to this basis has integer entries.
In particular, its trace is integral.

But the trace of a linear transformation is independent of basis, so comparing, 2 cosα ∈ Z. There are
five options, 2 cosα ∈ {2, 1, 0,−1,−2}, and these correspond to α ∈ {2π, 2π/6, 2π/4, 2π/3, 2π/2}.

In case dimV = 2, the argument is similar, but in an orthonormal basis,

ρ(r) =

(
cosα − sinα
sinα cosα

)
,

so χρ(r) = 2 cosα. �

The complete classification of these groups is known, and quite some information can be found on e.g.
Wikipedia: in 2d, the groups are called wallpaper groups. In 3d, they are space groups.

This is not the entire story, though. Quasicrystals may have other symmetries, such as the five-fold
symmetry of Penrose tilings. These may occur as projections of higher-dimensional lattices to a lower-
dimensional subspace by the cut-and-project method, using that rotations in higher order have more
options (although still finitely many for a given dimension).

https://en.wikipedia.org/wiki/Wallpaper_group
https://en.wikipedia.org/wiki/Space_group
https://en.wikipedia.org/wiki/Quasicrystal
https://en.wikipedia.org/wiki/Penrose_tiling
https://en.wikipedia.org/wiki/Aperiodic_tiling#Cut-and-project_method


Chapter  — Lie groups and Lie algebras

Up to now, we have mostly been concerned with finite (or discrete) groups, although we have also seen
examples of what you may call continuous groups. The latter are the focus of this last part of the course.
We will partially repeat the story before, considering representations, in this case.

This part of the course will be less thorough than the previous parts, and is mostly intended to give a
basic overview of Lie theory for physicists.

. — Lie groups

There are several different ways of making sense of the notion of ‘continuous’ groups. The main idea is
that a continuous group is modeled on the continuum, i.e. the real line, or higher-dimensional variants. It
turns out that we get a very nice theory if we import differentiability from R. In fact, we will want to be
able to differentiate infinitely many times, i.e. have smooth, or C∞, functions. We will mostly encounter
polynomial functions, which are always smooth – you know quite well how to differentiate them.

The formal definition is as follows.

Definition ... A Lie group is a real smooth manifoldGwith a smooth multiplication mapm : G×G→
G, a unit e ∈ G, and a smooth inverse map i : G → G satisfying the three axioms of a group, G–G of
definition ...

The dimension of a Lie group is its dimension as a manifold.
A Lie group is compact if its underlying topological space is.

However, in this course we do not assume you know what a manifold is, so this definition may not
make sense to you. The idea is that a smooth manifold is a ‘space’ (a topological one, if you know what
that is), which has smooth coordinates near any point.

Let us look at a few examples.

Example ... Any (countable) group is a zero-dimensional Lie group with the discrete topology. It is
compact if and only if it is finite. �

Example ... The real line R is a Lie group of dimension one: addition R2 → R : (x, y) 7→ x + y is a
smooth map, and inversion R → R : x 7→ −x is as well.

Similarly, any finite-dimensional real vector space is a Lie group under addition, with the same dimen-
sion.

These examples are not compact. �

Example ... The circle group U(1) is a compact one-dimensional Lie group. It has a (local) coordinate
given by an angle ϑ, and in such a coordinate, the operation becomes additionmodulo 1, as in example ...
So this is again smooth. �

Example ... The multiplicative group R× is a non-compact one-dimensional Lie group as well. The
multiplication R× × R× → R× : (x, y) 7→ xy is smooth and the inverse R× → R× : x → 1

x is as well
(because we exclude x = 0). �


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.. — Matrix Lie groups

For this course, and in fact for most applications in physics, we can take a far more concrete approach to
Lie groups: not as a smooth manifold with smooth maps, but as groups of matrices. Let us start with the
most important examples.

Example ... The general linear groups GL(n,R) are smooth Lie groups. To see that they are smooth
manifolds, we first see that Matn×n(R), the space of n by n real matrices, is a real vector space of dimension
n2, so a smooth manifold. Then GL(n,R) is an open subset given by det 6= 0, and therefore also a smooth
manifold of dimension n2. The multiplication is smooth, as we can check in the standard coordinates
(which are just the matrix coefficients). To check that the inverse is also smooth, we need the determinant
det : GL(n,R) → R× to be smooth. This is true, because the determinant is polynomial in all matrix
coefficients, and polynomial functions are smooth.

These Lie groups are not compact. �

Example ... Similarly, the complex general linear groups GL(n,C) are smooth Lie groups, but now of
dimension 2n2: we need two real coordinates for each complex matrix entry. �

If we want to consider other matrix groups, the following theorem, which we will not prove, is essential.

Theorem .. (Closed subgroup theorem). LetG be a Lie group, andH ⊆ G a closed subgroup. Then
H is also a Lie group.

The condition thatH be closed is essential here. For example, Q ⊂ R is a subgroup which is not closed,
and it is certainly not a Lie group.

If you do not quite know what a closed subset is, that is fine. The zero set of any smooth function f ,
i.e. the set {x | f(x) = 0}, is closed, and this is what we will use.

Definition ... A closed subgroup of some GL(n,R) or GL(n,C) is called amatrix Lie group. They
are Lie groups by theorem ...

All groups given in examples .. and .. are matrix Lie groups. Let us give some more details on
them.

Example ... The special linear groups SL(n,R) and SL(n,C) are closed subgroups given by the
condition det = 1. This cuts down the dimension by one, so dimSL(n,R) = n2 − 1 and dimSL(n,C) =
2(n2 − 1) – in the latter case the complex dimension came down by one.

These Lie groups are not compact. �

Example ... The orthogonal group O(n) is a compact Lie group of dimension n(n−1)
2 : specifying an

orthogonal matrix is the same as specifying an orthonormal basis. For the first vector you require the norm
to be 1, which gives n− 1 independent coordinates. For the second, you also require it to be orthogonal to
the first, so you get n− 2 more coordinates. Iterating gives the dimension.

The special orthogonal group SO(n) is a compact sub-Lie group of the same dimension: the determinant
of an orthogonal matrix is already ±1, so enforcing it to be 1 does not reduce the number of coordinates.�

Example ... The unitary group U(n) is a compact Lie group of dimension n2, which can be calculated
in a similar way to example ...

The special unitary group SU(n) is a compact sub-Lie group of dimension n2 − 1: any unitary matrix
U has detU ∈ U(1), so fixing this determinant to be 1 lowers the dimension by 1. �

Example ... The symplectic group Sp(2n,R) is a non-compact Lie group of dimension n(2n + 1),
and similarly, Sp(2n,C) is a non-compact Lie group of dimension 2n(2n+ 1).

The compact symplectic group Sp(2n) is a compact Lie group of dimension n(2n+ 1). It can be seen
as the quaternionic unitary group U(n,H). �
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But there are more examples. Just to name a few:

Example ... The group of upper-triangular matrices T(n,R) ⊆ GL(n,R) is a non-compact sub-Lie
group of dimension n(n+1)

2 . The subgroup of upper-triangular matrices with only ones on the diagonal
N(n,R) ⊂ T(n,R) is a non-compact Lie group of dimension n(n−1)

2 .
Similarly, we get T(n,C) and N(n,C). �

Example ... The groups of diagonal matrices D(n,R) ⊆ GL(n,R) and D(n,C) ⊆ GL(n,C). They
are isomorphic to (R×)n and (C×)n, and have dimensions n and 2n, respectively. �

Example ... The group of affine transformations on the line A(1,R) is the group of maps fa,b : R →
R : x→ ax+ b, with (a, b) ∈ R× ×R, under composition. It is isomorphic to the matrix group of matrices
of the form

Ta,b =

(
a b
0 1

)
. (.)

It has dimension 2 and is not compact. �

As usual, we also have a notion of maps between Lie groups.

Definition ... Let G and H be Lie groups. A Lie group homomorphism is a smooth map f : G→ H
which is also a group homomorphism. A Lie group isomorphism is a bijective Lie group homomorphism.

Remark ... There is some subtlety regarding the definition of a Lie group isomorphism. In general, an
isomorphism of a certain type should be a map with an inverse of the same type. E.g. a group isomorphism
is a group homomorphism with an inverse which is also a group homomorphism.

For abstract groups, the inverse of a bijective homomorphism is always a homomorphism, so our
definition .. is the right definition.

However, the inverse of a bijective smooth map does not have to be smooth (or even continuous). An
example is the map f : [0, 1) → U(1) : x 7→ e2πix, whose inverse is discontinuous at 1 ∈ U(1).

It turns out that for Lie groups, this issue cannot happen, and the definition above is correct, but this is
fairly complicated to prove.

. — Lie algebras

Now we have seen some examples of Lie groups, it is time to study their properties, and see if we can say
something useful about them. The key to this is the interaction between the algebraic aspects – the group
structure – and the analytic aspects – the manifold structure.

In calculus, as well as other analytic or geometric theories, we often look at functions locally, i.e. near a
point. Taylor’s theorem tells us that certain functions can be reconstructed from their derivatives, so from
the local aspects. However, you still need to have the value of all derivatives at a chosen point.

For Lie groups, the situation is much better: we only have to look at first derivatives to understand
nearly everything. Moreover, we only need to know these first derivatives at a special point: the unit of the
Lie group. In more geometric terms, we want to consider the tangent space, the space of tangent vectors, at
the identity. Let us try to understand this with an example.

Example ... Consider the special orthogonal group SO(3), i.e. the group of rotations in R3. Pick an
A ∈ SO(3) very close to the identity. This means we may write A = Id+M , withM very small (a tangent).
The condition that ATA = Id translates to

Id = (Id +MT )(Id +M) ≈ Id +MT +M , (.)
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where we neglected higher-order terms in M . This means that we need MT = −M . We have now
determined that the tangent space of Id ∈ SO(3) is the space of antisymmetric matrices.

This only works forM very small. How do we deal with matrices farther from the identity, so when
M2 cannot be neglected? This is where the group theory starts interacting with the analysis. Any rotation
is a rotation about an axis by a certain angle ϑ. Let us write it as R(ϑ). But then R(ϑ) = R(ϑ/n)n for any
n, and we may take n arbitrarily large to get close to the identity.

Hence, if R(ϑ) = Id + ϑM +O(ϑ2), we find that

R(ϑ) = lim
n→∞

(
1 +

ϑ

n
M +O

(ϑ
n

)2)n

= eϑM . (.)

So we can recover any element of the group by exponentiation!
What we mean by exponentiation is the Taylor series, i.e.

eM =

∞∑
k=0

1

k!
Mk . (.)

This makes sense in the vector space of matrices, and if we start with an antisymmetricM , we do in fact
recover an element eM ∈ SO(3), as (eM )T eM = eM

T

eM = e−MeM = Id and det eM = eTrM = e0 = 1,
using that antisymmetric matrices must have only zeroes on the diagonal, and hence zero trace.

Now we found we can recover the set G (in fact the manifold) from its tangent space, what about the
group operations? Of course, we have the unit, as that is the exponent of 0. IfA = eϑM , thenA−1 = e−ϑM ,
so we also get inverses. Multiplication is a bit more complicated, though. Let us see what happens.

For real (or complex) numbers, we know that exey = ex+y. This also works for matrices A and B, as
long as they commute. But what if they do not? Let us first consider again the case that A = Id +M and
B = Id +N withM,N small. Then we see that

AB = (Id +M)(Id +N) = Id +M +N +MN , (.)

while
BA = (Id +N)(Id +M) = Id +M +N +NM . (.)

So it seems that to understand the multiplication, we need to record the commutator [M,N ] =MN −NM .
and use that for corrections. This is not the same commutator as in definition .., but it is related: it is
in some sense an infinitesimal version of it – a derivative.

This is indeed the right thing to do, for two reasons: the first is that the commutator of two tangent
vectors is again a tangent vector, so we remain in this tangent space we had. The second is that eC = eAeB

can in fact be solved for C in a universal way involving only iterated commutators, by something called
the Baker–Campbell–Hausdorff formula.

All in all, this tells us that all structure of the Lie group SO(3) can be encoded in its linearisation, i.e.
tangent space, if we remember the commutator. This tangent space, so(3), is the space of antisymmetric 3
by 3 matrices. �

The structure we have found in this example is a particular case of a Lie algebra. We will be able to do
this for any Lie group, and then study Lie algebras in their own right. But let us define them first.

Definition ... Let k be a field (we usually take k = R). A Lie algebra g over k is a k-vector space
together with a binary operation [·, ·] : g× g → g, called the Lie bracket, which satisfies

L Bilinearity: for any λ, µ ∈ k, x, x′, y, y′ ∈ g,

[λx+ x′, y] = λ[x, y] + [x′, y] , [x, µy + y′] = µ[x, y] + [x, y′] ; (.)
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L Antisymmetry: for any x, y ∈ g,
[x, y] = −[y, x] ; (.)

L Jacobi identity: for any x, y, z ∈ g,

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 . (.)

A Lie algebra g is abelian if [x, y] = 0 for all x, y ∈ g.
A Lie algebra morphism from a Lie algebra g to a Lie algebra h is a linear map f : g → h such that

f([x, y]) = [f(x), f(y)] for all x, y ∈ g.

Now, the point of this definition is the following result.

Theorem ... For any Lie group G, its tangent space at the origin, Lie(G), is a Lie algebra over R, and
there is an exponential map exp: Lie(G) → G which is a diffeomorphism (smooth bijection) near the origin.

Given aLie group homomorphism f : G→ H , there is a uniqueLie algebra homomorphism df : Lie(G) →
Lie(H) such that edf(x) = f(ex). In particular, closed subgroups correspond to sub-Lie algebras.

Remark ... It is customary to denote Lie algebras by lower case Fraktur letters, e.g. a, b, c, &c. This is
done both for generic Lie algebras and for the Lie algebras associated to concrete Lie groups, in which case
the Lie algebra is denoted by the lower case Fraktur version of the upper case non-Fraktur name of the
group.

These letters are very hard to write on a whiteboard (a blackboard would be better), so during lectures
I will substitute them with Sütterlin.

In the case of matrix Lie groups, the construction works as in example ..: we consider matrices close
to the identity, see what conditions we get to understand the vector space of the Lie algebra, and the Lie
bracket is the commutator. The map df is really the derivative, or linearisation, of f at the identity.

Remark ... The exponential map is a diffeomorphism near the identity, meaning that it sends small
neighbourhoods of the origin of Lie(G) to small neighbourhoods of the identity in G. But it is in general
neither surjective nor injective globally. We will see examples of both.

However, it is surjective in case G is connected and compact. This is an important case, including, e.g.,
SO(n), U(n), SU(n), and Sp(n).

Example ... For the Lie group R from example .., the Lie algebra is R itself, with trivial Lie bracket
(so it is commutative). The exponential map is the identity.

This may sound a bit strange, but recall from example .. that the additive group R is isomorphic to
the multiplicative group R>0 via the exponential. So we could see R>0 as a Lie group with Lie algebra R.�

Example ... For the circle Lie group U(1) from example .., its Lie algebra is also R, and the
exponential map is exp: R → U(1) : x 7→ eix. Here, we see the exponential map is not injective, as
exp(2π) = exp(0). �

So we see that different Lie groups may have the same Lie algebra.

Example ... The Lie algebra associated to GL(n,R) is the vector space of all n by n matrices, with the
commutator [A,B] = AB −BA. It is denoted gl(n,R). The exponential map is given by the power series
expansion

eX =

∞∑
k=0

1

k!
Xk , (.)

which converges for small enough X .
Even in the case n = 1, this shows that the exponential map need not be surjective: ex > 0 for all

x ∈ gl(1,R) ∼= R, so −1 /∈ Im exp.
The Lie algebra gl(n,C) is constructed similarly. �

https://en.wikipedia.org/wiki/Fraktur
https://en.wikipedia.org/wiki/S%C3%BCtterlin
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Example ... For the Lie algebra associated to SL(n,R), we need to check what the relation detA = 1
corresponds to. For this, we use the identity det eM = eTrM , which can be checked directly on upper
triangular matrices and extended to all matrices by conjugation. From this, we see that sl(n,R) is the Lie
algebra of n by n real matrices with trace 0.

Again, the Lie algebra sl(n,C) has a similar construction. �

Example ... We have already seen in example .. that so(3) = Lie(SO(3)) is the space of 3 by 3
antisymmetric matrices. There was nothing particular about the number 3 in that part of the analysis; in
general so(n) = Lie(SO(n)) is the space of n by n antisymmetric matrices.

In a completely analogous way, u(n) = Lie(U(n)) is the space of n by n anti-Hermitian matrices. And
su(n) = Lie(SU(n)) is the space of n by n traceless anti-Hermitian matrices. �

.. — Bases for Lie algebras

Lie algebras are very commonly given by giving an explicit basis, together with an expression of the Lie
bracket in terms of the basis vectors. The basis elements of a Lie algebra are often called the (infinitesimal)
generators of the corresponding Lie group. We will go over a few simple cases here, after we give the
motivation for the name generator.

Proposition ... LetG be a connected Lie group. ThenG is generated (in the sense of definition 1.5.22)
by elements of the form eX with X ∈ Lie(G).

Remark ... The word ‘connected’ means that it is possible to make a continuous path between any
two points in the Lie group. E.g., the circle group SO(2) ∼= U(1) is connected, but the group O(2), which
looks like two disjoint circles, is not.

Examples of connected Lie groups are GL(n,C), SL(n,R), SL(n,C), SO(n), U(n), SU(n), Sp(2n,R),
Sp(2n,C), and Sp(n).

Examples of disconnected Lie groups are GL(n,R) and O(n) – both with two connected components
identified by the sign of the determinant – but also all non-trivial discrete groups, and more generally the
product of any Lie group with a discrete group.

In case of a not necessarily connected Lie group, the elements of the form eX generate a subgroup of G,
which is the connected component containing the identity.

This proposition does not mean that every element of a connected Lie group G can be written as eX

for some X ∈ Lie(G), though! For example,
(
−1 −1
0 −1

)
∈ SL(2,C) cannot be written this way.

There is an important difference in convention between physics and mathematics on bases for Lie
algebras. The most important Lie groups for physics are compact Lie groups, whose Lie algebras naturally
consist of anti-Hermitian matrices (see e.g. example ..). However, physical observables should be
Hermitian, as their eigenvalues – which correspond to the outcomes of measurements – should be real.
Therefore, physicists introduce extra factors of i to force the generators to be Hermitian. This has the
side effect that in the physics convention, factors of i pop up in other places as well, such as in the Lie
bracket. Specifically, physicists multiply their Lie algebras by −i, such that their exponential map becomes
exp: Lie(G) → G : B 7→ eiB .

Mathematicians do not usually introduce these factors of i, as they clutter equations, and make the
generators not lie in the Lie algebra in general. Also, over general fields, i is not even defined.

We will stick to the physics convention from now on, but please keep in mind this difference in
convention when looking for other resources, or in future courses.

Example ... In the case of SO(2) (which is isomorphic to the circle group U(1), cf. example ..),
any matrix is of the form

A =

(
cosϑ − sinϑ
sinϑ cosϑ

)
. (.)
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Writing this up to first order in ϑ and remembering that we use the physics convention, we get A =
Id + iXϑ+O(ϑ2), where

X =

(
0 i
−i 0

)
(.)

is the generator of so(2). The Lie bracket is trivial: [X,X] = 0.
In the picture of U(1), we get A = eiϑ = 1 + iϑ+O(ϑ2), so in this case the generator is 1. (What we

are doing here is viewing different representations of isomorphic Lie groups.) �

Example ... In the case of SO(3), studied in example .., a standard choice of basis for so(3) is

L1 =

0 0 0
0 0 −i
0 i 0

 , L2 =

 0 0 i
0 0 0
−i 0 0

 , L3 =

0 −i 0
i 0 0
0 0 0

 , (.)

and in this basis, the Lie bracket is [Lj , Lk] = i
∑3

l=1 εjklLl, where ε is the Levi-Civita symbol, given by

εjkl =


1 if (j k l) = (1 2 3) ∈ S3;
−1 if (j k l) = (1 3 2) ∈ S3;
0 if an index is repeated.

(.)

Another way of thinking about these generators is in the terms of tangent vectors. A tangent vector is
really a first order differential operator, and looking from this point of view, the basis vectors above can be
represented as follows:

L1 = iz∂y − iy∂z , L2 = ix∂z − iz∂y , L3 = iy∂x − ix∂y . (.)

If you have taken quantum mechanics courses before, you may recognise these as the angular momentum
operators. This is of course no coincidence: angular momentum is nothing more than the speeds of rotation
in different directions. �

Example ... Let us now consider SU(2). We have seen in example .. that su(2) is the space of 2
by 2 traceless anti-Hermitian matrices, and we can take a basis

T1 =
1

2

(
1 0
0 −1

)
, T2 =

1

2

(
0 i
−i 0

)
, T3 =

1

2

(
0 1
1 0

)
. (.)

These matrices are called Pauli matrices, cf. also the exercise on irreducible representations of the quaternion
group. The Lie bracket for these matrices is

[Tj , Tk] = i
3∑

l=1

εjklTl . (.)

This is the exact same as we found for so(3)! So we find that su(2) ∼= so(3). We will see what this means
for the Lie groups in section ... �

Example ... Another fairly small Lie group we could consider is GL(2,R). By example .., gl(2,R)
is the vector space of all real 2 by 2matrices, with the commutator. This is not a compact Lie group, and
does not have any condition of being (anti-)Hermitian, so we will not use the physicists’ convention here.

We could choose the standard basis for the space of matrices, but that is not quite convenient. In
fact, this algebra has a non-trivial centre: the subspace of elements x for which [x, y] = 0 for all elements
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y. In this case, this centre is the one-dimensional space of multiples of the identity matrix, and it has a
complement sl(2,R). So a better basis would be

I =

(
1 0
0 1

)
, E =

(
0 1
0 0

)
, F =

(
0 0
1 0

)
, H =

(
1 0
0 −1

)
, (.)

where the last three elements span sl(2,R). Of course, this is also a basis for gl(2,C) or sl(2,C) as complex
Lie algebras. �

.. — From Lie algebras to Lie groups

We have seen that any Lie group gives rise to a Lie algebra, cf. theorem ... How do we go back? The
answer cannot be quite straightforward, as by examples .. and .. different Lie groups can have
isomorphic algebras. So what is happening?

In fact, we can go in the other direction, but we will not reach all Lie groups. the statement is the
following.

Theorem ... For any real Lie algebra g, there is a simply connected Lie group G such that Lie(G) = g,
and this G is unique up to unique isomorphism.

Moreover, for any morphism f : g → h, there is a unique morphism F : G→ H , where G andH are the
simply connected Lie groups as above, such that dF = f .

Ignoring whatever ‘simply connected’ means, this does tell us that we can go back to Lie groups. But
what does ‘simply connected’ mean? There are two parts to this.

Firstly, the space must be connected. This is the same condition as in proposition ...
Secondly, any loop drawn on the space must be contractable to a point. For some two-dimensional

examples, the sphere S2 is simply connected, but the torus S1 × S1 is not.
From the viewpoint of algebraic topology, simply connected spaces are special because any connected

space has a ‘universal cover’ which is simply connected. In the case of a Lie group, this is what we get if we
take the Lie algebra and go back to a Lie group.

All of this may sound like completely nonsense to you, so let us look at some examples.

Example ... There is exactly one one-dimensional Lie algebra g up to isomorphism, as for any two
element x, y ∈ g, we must have [x, y] = 0, by bilinearity and antisymmetry (which implies that [x, x] = 0).
So this g is abelian.

But we have seen three one-dimensional Lie groups in examples .. to ... These were R, R×,
and U(1). The first of these is the simply connected Lie group reconstructed in theorem .. (and the
exponential map is the identity here, as found in example ..). The second is not connected, as the
components of positive and negative numbers are disjoint. The last is connected, but not simply connected,
as the loop given by the circle itself is not contractible.

And there are in fact maps exp: R → R× and f ◦q : R → R/Z → U(1), which we found in example ..
and example ... �

Example ... Let us consider so(3) ∼= su(2), as in examples .. and ... Wewill use the bases {Lj}
and {Tj} from those examples. On Lie algebras, the isomorphism is given by f : su(2) → so(3) : Tj 7→ Lj .
By remark .., any element in SU(2) or SO(3) is in the image of the relevant exponential map, as both
groups are compact and connected. So the only possible map should have the shape

F : SU(2) → SO(3) : exp
(
i

3∑
j=1

ϑjTj

)
7→ exp

(
i

3∑
j=1

ϑjLj

)
. (.)

This is in fact awell-definedmap, but it is not an isomorphism: it is not injective. For example, exp(2πiT1) =
−Id, while exp(2πiL1) = Id. This is the only issue that may occur, though: the kernel of the map F is
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KerF = {Id,−Id}. This tells us that F is two-to-one, a double cover. We will see this more thoroughly in
example ...

Returning to theorem .., SU(2) is the simply connected Lie group related to su(2) ∼= so(3), and
is the universal cover of SO(3). The fact that this non-trivial cover of SO(3) exists, is what gives rise to
fermions in quantum mechanics: they transform not as a representation of SO(3) under rotations, but as a
representation of SU(2). �

. — Lie representations

We have determined the objects of study for the remainder of the course: these are Lie groups and Lie
algebras. We have seen that we can go from Lie groups to Lie algebras, and we can go back in a restricted
way.

In the first part of the course, we studied abstract groups, and then we studied their representations in
case the groupwas finite. We can do something similar here. Wewill introduce the notions of representations
of Lie groups and Lie algebras, and connect the two.

.. — Lie group representations

As before, we start with the story for Lie groups.

Definition ... LetG be a Lie group. A representation ofG is a pair (V, ρ), where V is a complex vector
space and ρ is a Lie group homomorphism ρ : G→ GL(V ).

Remark ... Even though Lie groups are intrinsically real objects, we define their representations on
complex vector spaces. This is for the same reason as before: we want to be able to use Schur’s lemma ...
Restricting to real representations is possible in the same way as before, cf. section ..

We will give a few basic examples here.

Example ... For any Lie group G, the trivial representation is the same as before, i.e. the map τ : G→
C× : g 7→ 1. �

Example ... For any matrix Lie group G , by definition .. a closed Lie subgroup of GL(n,R) or
GL(n,C), its defining representation is the inclusion j : G→ GL(n,C). Here, if G was defined as a closed
subgroup of GL(n,R) (e.g. G = O(n)), we use the inclusion GL(n,R) ⊂ GL(n,C) to view it as a closed
subgroup of GL(n,C) anyways. �

Example ... Any Lie group G has a representation on its Lie algebra g = Lie(G) by conjugation. This
is called the adjoint representation and is given as

Ad: G→ GL(g) : g 7→ Adg , Adg(x) = gxg−1 . (.)

There are a few things to check here, try and do this yourself.
This representation may remind you of the conjugation action of proposition ... �

Many constructions we had for group representations carry over to representations of Lie groups: there
are still transformations between representations, equivalences, direct sums, tensor products, irreducible
representations, and characters.

For compact Lie groups, many results from the representation theory of finite groups go through. The
main observation is that one should replace the sum 1

|G|
∑

g∈G f(g) by an integral
∫
G
f(g)dg, where dg is

theHaar measure on G, the (left) translation-invariant measure with weight
∫
G
dg = 1. For example, for

the circle group U(1) = {eiϑ | 0 ≤ ϑ < 2π}, the Haar measure is dϑ
2π .

Let us give a list of results that hold in this context:
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• The unitarity theorem ..: any finite-dimensional representation of a compact Lie group is equiva-
lent to a unitary one;

• Theorem ..: any irreducible representation of a compact Lie group is finite-dimensional;

• Maschke’s theorem, corollary ..: any finite-dimensional representation of a compact Lie group
is semisimple;

• Schur’s lemma ..: transformations between irreducible representations are either 0 or invertible.
Transformations from an irreducible representation to itself are multiples of the identity;

• Corollary ..: all irreducible representations of abelian Lie groups are one-dimensional;

• All of the results on characters in section ..;

• Part of corollary .. and all of theorem ..: simple characters of Lie groups are an orthonormal
set, and in fact a basis of the space of square-integrable functions on the Lie group. However, there
are infinitely many conjugacy classes, and infinitely many simple characters as well;

• Propositions .. and ..: representations can be decomposed and the multiplicities calculated
via the inner product.

• Part of corollary ..: the regular representation is the Hilbert space of square-integrable functions
on the Lie group. This is infinite-dimensional, so it has no character, but the multiplicity of any
irreducible representation in it is still equal to its dimension.

In most cases, the proofs go through when replacing sums by integrals.
One of the important changes is the number of irreducible representations: there are infinitely many

for Lie groups. This can already be seen in the very simplest example.

Example ... Consider the circle group U(1). This is abelian, so all its irreducible representations must
be one-dimensional. As we may restrict to unitary representations, an irreducible representation of U(1) is
a Lie group homomorphism ρ : U(1) → U(1). This means we need to have ρ(eiϑ) = einϑ for some n ∈ R.
Moreover, we need ρ(e2πi) = 1, so we need n ∈ Z. But any value of n ∈ Z works, so we get infinitely
many irreducible representations ρn : U(1) → U(1) : eiϑ 7→ einϑ for all n ∈ Z.

As characters form a basis for the space of square-integrable functions on a compact Lie group by the
above, in this case we get a decomposition of square-integrable functions on U(1), i.e. periodic functions
with period 2π, in Fourier modes. �

So writing down a character table is not really achievable for a Lie group.
How do we then find these irreducible representations? This is where Lie algebras come to the rescue.

.. — Lie algebra representations

The definition of a representation of Lie algebras is very similar to that of a Lie group, definition ...

Definition ... Let g be a Lie algebra (over a field k). A representation of g is a pair (V, r) of a k-vector
space V and a homomorphism of Lie algebras r : g → gl(V ).

If g is a real Lie algebra, we often still consider its representations on a complex vector space. These are
then the representations of its complexification, gC = g⊕ ig.

Of course, this definition is made in such a way that it is related to Lie group representations.

Proposition ... Let G be a Lie group, and (V, ρ) a Lie group representation of G. Then dρ : Lie(G) 7→
Lie(GL(V )) = gl(V ) is a Lie algebra representation of Lie(g).

Conversely, if G is simply connected, then for any Lie algebra representation (V, r) of Lie(G), there is a
Lie group representation (V, ρ) of G such that r = dρ, and this ρ is unique up to equivalence.
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Example ... For any Lie algebra g, the trivial representation is t : g → gl(1,C) ∼= C : g 7→ 0. This is
related to the trivial representation τ for Lie groups given in example ..: on the one hand, τ is constant,
so its derivative dτ is indeed equal to 0, i.e. to t. On the other hand, et(g) = e0 = 1 = τ(eg). �

Example ... Applying the construction of proposition .. to example .., the Lie algebra of any
matrix Lie group of definition .. has a defining representation: if G ⊆ GL(n,R) is a matrix Lie group,
and we write j for the inclusion homomorphism, then dj : Lie(G) → gl(n,R) is a homomorphism of Lie
algebras by theorem .., so this is a representation. This is just the natural inclusion map.

For example, if G = SU(n), the defining Lie group representation is j : SU(n) → GL(n,C) : A 7→ A,
and dj : su(n) → gl(n,C) : x 7→ x. �

Example ... Applying the construction of proposition .. to example .., and realising that any
Lie algebra is the Lie algebra of some Lie group by theorem .., we find that any Lie algebra g has a
representation on itself which is called the adjoint representation ad: g → gl(g) : x 7→ adx. Explicitly, it is
given by adx(y) = [x, y]. There are several things to check here:

• This is indeed a map g → gl(g), i.e. adx ∈ gl(g). This holds because the Lie bracket is linear in its
second argument.

• This map is linear. This holds because the Lie bracket is linear in its first argument.

• The map is a homomorphism of Lie algebras, i.e. [adx, adx] = ad[x,y]. Let us check how the left-hand
side acts on a third element z:[

adx, ady
]
(z) = adx

(
ady(z)

)
− ady

(
adx(z)

)
= adx

(
[y, z]

)
− ady

(
[x, z]

)
=

[
x, [y, z]

]
−

[
y, [x, z]

]
.

(.)

On the other hand, the right-hand side gives

ad[x,y](z) =
[
[x, y], z

]
, (.)

and these two are equal by the antisymmetry and the Jacobi identity. Check this yourself, it is a good
exercise!

The adjoint represention in some sense (but not all senses!) is the analogue of the regular representation
for finite groups of example ... �

Example ... Let us consider the adjoint representation of su(2). We can do this in the basis found in
example ... As dim su(2) = 3, we have to associate to each Tj a 3 by 3matrix adTj

such that in terms
of coefficients

adTj
Tk =

3∑
l=1

(adTj
)klTl . (.)

But we know that adTj Tk = [Tj , Tk] by definition, and we have an explicit expression for these Lie brackets
from example .., so (adTj )kl = iεjkl. We find that

adT1
=

0 0 0
0 0 −i
0 i 0

 , adT2
=

 0 0 i
0 0 0
−i 0 0

 , adT3
=

0 −i 0
i 0 0
0 0 0

 , (.)

but these are exactly the matrices Li from example ... So in this case, the adjoint representation of
su(2) ∼= so(3) is equal to the defining representation of the latter. But this is a very special occurence.

Retranslating this to Lie groups, we get a map Ad: SU(2) 7→ SO(3), where we see SO(3) as the space of
special orthogonal transformations of the vector space su(2), and as we know that AdU (X) = UXU−1 =
UXU†, we find that KerAd = {Id,−Id}, so we have constructed a two-to-one map from SU(2) to SO(3),
as anticipated in example ... �
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.. — Representations of sl(2,C)

Let us consider complex representations of a very specific Lie algebra: namely sl(2,C). We can actually
construct all irreducible representations (up to equivalence) explicitly. We do this in several steps.

What is a representation of sl(2,C)? Concretely, we need to find a complex vector space V and three
matrices e = r(E), f = r(F ), and h = r(H) from V to V such that they satisfy the Lie bracket of
example ..

Let us start by assuming that h is diagonal. This is not much of an assumption, as we only look for
representations up to equivalence. As we are looking for finite-dimensional representations, it has finitely
many eigenvalues, which we call weights. Let us pick one, a, such that a+ 2 is not a weight. We write va
for its eigenvector, i.e. hva = ava. For now, we only know a ∈ C.

For convenience, we normalise to |va| = 1.
Because we know that [h, e] = 2e, we see that eva = 0 is also an eigenvector of h, as heva = [h, e]va +

ehva = 2eva + aeva = (a+ 2)eva, but h did not have a+ 2 as an eigenvalue. Because of this, we call a a
highest weight.

On the other hand, because [h, f ] = −2f , we find that fva is an eigenvector of weight a − 2, if it
is non-zero. We may write it as va−2. By iteration, we find that fkva has weight a − 2k. We call it
va−2k = fkva. Because we assumed that V was finite-dimensional, this must stop at some point, i.e. there
must be some k such that va−2k 6= 0, but fva−2k = 0. But what is this k? For this, we need to analyse the
action of e. We can already see that evb = Nbvb+2 for some Nb.

Using that [e, f ] = h, we find that

Nbvb+2 = evb = efvb+2 = (fe+ h)vb+2 = (Nb+2 + b+ 2)vb+2 (.)

Therefore, Nb = Nb+2 + b+ 2.
Also, Na = 0, so Na−2 = a, Na−4 = 2a− 2, and in general,

Na−2s =

s−1∑
k=0

a− 2k = sa− s(s− 1) . (.)

Now, let us consider va−2k again. We chose it such that fva−2k = 0. But then

0 = efva−2k

= (fe+ h)va−2k

= (Na−2k + a− 2k)va−2k .

(.)

This tells us that Na−2k = 2k − a, and solving ka − k(k − 1) = 2k − a for k gives two solutions: either
k = −1, which is impossible as it must be an non-negative integer, or k = a. In particular, this must be an
integer. So the lowest weight state is v−a, and there are a+ 1 states.

Theorem ... For any non-negative integer a, these exists a unique irreducible C-representation ra of
sl(2,C) of dimension a+ 1, as constructed above. These are all irreducible C-representations of sl(2,C).

We have not actually proved that the representations we constructed above are irreducible, and we will
not. It is beyond the scope of this course.

Corollary ... The complex representations of su(2) have the same structure as those of sl(2,C).

Proof. For complex representations, we may complexify su(2), cf. definition ... But su(2)C = su(2)⊕
isu(2) = sl(2,C), as any (traceless) matrix is uniquely the sum of a Hermitian and an anti-Hermitian
matrix. �
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Remark ... For su(2)- or so(3)-representations, the usual choice is to rescale the matrices L+ =
1√
2
(L3 − iL2) = 1√

2
E, L− = 1√

2
(L3 + iL2) = 1√

2
F , and L1 = 1

2H , where the Lk are the basis as in
example ...

In this basis, [L1, L+] = L+, [L1, L−] = −L−, and [L+, L−] = L1. In this context, L+ and L− are
called ladder operators, or raising resp. lowering operator. Note that L+ and L− are actually not in su(2),
but in its complex version su(2) + isu(2) = sl(2,C).

With this normalisation, the weights of L1 are half-integers, and the highest weight is as well. These
representations are called spin representations sj and j = a

2 is called the spin. Notation is |j,m〉 for the
normalised eigenvaluem = b

2 state in the representation with highest weight j. In particular, −j ≤ m ≤ j,
and they are both half-integers such that j −m ∈ Z.

In this normalisation, we get

sj(L1)|j,m〉 = m|j,m〉 ,

sj(L+)|j,m〉 =
√

1

2
(j +m+ 1)(j −m)|j,m+ 1〉 ,

sj(L−)|j,m〉 =
√

1

2
(j +m)(j −m+ 1)|j,m− 1〉 .

(.)

We are using Dirac’s bra-ket notation here. That is, we write vectors as |v〉 (this is called a ket), and their
duals as 〈v| = |v〉† (this is a bra). In this notation, the inner product is 〈u|v〉 =

∑n
i=1 ūivi.

By proposition .., we now know that these are also the irreducible representations of SU(2), as
SU(2) is simply connected. But not all of these are representations of SO(3). Let us investigate what is
going on here.

First of all, how do we get an explicit representation for SU(2) out of this? Well, any elementA ∈ SU(2)
is the exponent A = eX of some X ∈ su(2), so σj(A) = esj(X) as matrices. What we often do, is to write
this out for the basis we have. For example,

eiϑsj(L1)|j,m〉 = eiϑm|j,m〉 . (.)

The others are harder to write, of course, as they are not diagonal. On the other hand, they are nilpotent:
sj(L+)

j+1 = sj(L−)
j+1 = 0. So in the series expansion of the exponential, ex =

∑∞
k=0

1
k!x

k, only finitely
many terms contribute.

This is already sufficient to see what issues we may have in the case of SO(3). We have seen in
example .. that the adjoint representation gave a surjective map Ad: SU(2) → SO(3) with kernel
KerAd = {±Id}. So this is a quotient map, and SU(2)/{±Id} ∼= SO(3). For a representation σj : SU(2) 7→
GL(2j +1,C) to ‘descend’ to one of SO(3), we need it to be trivial on this kernel. In other words, we need
that σj(−Id) = Id ∈ GL(2j + 1,C).

Now, −Id = e2πiL1 , so by equation (.), we find

σj(−Id)|j,m〉 = e2πim|j,m〉 . (.)

If j is an integer, thenm is too, and hence all eigenvalues of σj(−Id) are equal to 1, i.e. σj(−Id) = Id. In
this case, we get a representation of SO(3).

However, if j is a strict half-integer, thenm is too, and the eigenvalues of σj(−Id) are equal to −1. So
these cases do not give representations of SO(3). We have proved the following result.

Proposition ... The irreducible representations of SU(2) are the same as those of su(2). They are
indexed by the maximal weight or spin j, which can be any non-negative half-integer, and dimσj = 2j + 1.

This gives a representation of SO(3) if and only if j is an integer.

This proposition is the reason for the particular choice of L1 ∈ so(3): it is chosen such that its highest
weights are all non-negative integers.
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Remark ... In physics, irreducible representations are mostly denoted by their dimension (often,
but not always, in bold-face), so e.g. 3 is the spin-1 representation. In case there are several irreducible
representations of the same dimension, these numbers may be decorated. E.g. if some 6-dimensional
representation is complex, we could write 6 and 6̄ for that representation and its complex conjugate.

There are several more useful things to remark in this example. The first of these is the existence of a
quadratic Casimir invariant. We can construct an element L2 = L2

1 + L3
2 + L2

3 = L+L− + L−L+ + L2
1.

This is not an element of so(3) (in fact it lies in something called its universal enveloping algebra), but it is
useful to look at anyways: it does naturally act on any representation of so(3). Its most striking feature is
that it commutes with all of so(3), so by Schur’s lemma, it must act by a scalar in any representation sj . By
calculating, we find that

sj(L
2)|j, j〉 = j(j + 1)|j, j〉 , (.)

so we get that sj(L2) = j(j + 1)Id. This scalar, j(j + 1), corresponds to the total angular momentum
squared of a quantum-mechanical system.

Secondly, there is some more structure relating these irreducible representations. In fact, the representa-
tions of SU(2) are the symmetric powers of the defining representation, σj = Sym2j σ1/2. These symmetric
powers are a generalisation of the symmetric square from assignment .

Thirdly, we can come back to the differential operator representation of so(3), given by equation (.).
Written in this way, they act naturally on the space of harmonic functions f : R3 → C (with coordinates
x, y, z), i.e. such that ∆f = ∇2f = 0. By explicit computation, the linear functions form a representa-
tion equivalent to the defining (spin-1) representation of SO(3), and homogeneous degree j harmonic
polynomials form the spin-j representation.

If we change to spherical coordinates (r, ϑ, ϕ), we can ignore the r-dependence, as rotations leave it
fixed (this is conventional in physics and is the reason we can restrict to harmonic polynomials). Using the
story above, we can find a basis of functions Y m

j (ϑ, ϕ) such that L1Y
m
j = mY m

j and L2Y m
j = j(j + 1)Y m

j .
These are called the spherical harmonics, and they are essential to understanding spherically symmetrical
problems. In particular, any study of the hydrogen atom is sure to include them.

Finally, there is an explicit formula for tensor products of su(2)-representations.

Proposition .. (Clebsch-Gordan formula). Denote as above by sj the spin-j representation of
su(2). Then

sj ⊗ sk ∼=
2min{j,k}⊕

l=0

sj+k−l . (.)

This formula is used to calculate the combined spin of pairs (and other combinations) of particles. For
example, combining three spin- 12 particles does not always result in a spin- 32 particle, but may also give a
spin- 12 particle – this is actually the case with protons and neutrons, both of which are spin- 12 particles
made up of three spin- 12 quarks.

.. — Projective and spin representations

In the previous section, we saw that not all representations of SU(2) are also representations of SO(3).
However, the ones that are not are still of physical relevance. In this section, we investigate this a bit deeper.

In quantum physics, a ‘system’ consists of two main components. A space of states, which is a complex
Hilbert space, so a complete inner product spaceH (if dimH <∞, it is automatically complete), together
with aHamiltonian H , which is a (bounded) linear Hermitian operator onH.
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The wave function ψ is then a function ψ : R → H : t→ |ψ(t)〉 which is a solution to the Schrödinger
equation

i~
∂

∂t
|ψ(t)〉 = H|ψ(t)〉 . (.)

The eigenvalues ofH are the energy levels. They are real, becauseH is Hermitian, and there is an eigenbasis.
The wave function describes the time-evolution of the state of the system in the sense that the probability
of measuring the system in a state |v〉 ∈ H at time t is equal to |〈v|ψ(t)〉|2. (For us to be able to measure it,
|v〉 must be an eigenstate of another operator which we use for the measurement, but that is irrelevant for
now.)

The most important part of this for us is that the physical information, i.e. the possible measurements
and their probabilities, only depend on ψ up to a complex phase. If the system has some symmetry – which
we would then like to understand via representation theory – the wave function may still transform under
this symmetry by such a phase. This is the physics motivation for projective representations.

Definition ... Let G be a group. A projective representation of G is pair (V, ρ̃) of a complex vector
space V and a homomorphism ρ̃ : G 7→ PGL(V ) = GL(V )/C×, where C× should be interpreted as the
subgroup of non-zero multiples of the identity matrix.

In less fancy language, a projective representation is a collection of matrices {ρ(g) ∈ GL(V ) |g ∈ G}
such that there exist some c(g, h) ∈ C× with

ρ(g)ρ(h) = c(g, h)ρ(gh) . (.)

If we want to make the contrast with usual representations clear, we call the latter linear representations.

If we also require that this projective representation be unitary – as is required in quantum physics –, we
are dealing with a map ρ̃ : G→ U(V )/U(1), or equivalently, we want all ρ(g) ∈ U(V ) and c(g, h) ∈ U(1).
As U(1) is the group of complex phases, this does fit with our motivation.

This tells us that, from a quantum point of view, if we want to understand rotationally symmetric
systems, we should study projective representations of SO(3). But it turns out that these are exactly the
representations of SU(2)!

In the case that the representation is finite-dimensional, this is because we can look at dρ̃, and then
every coset of u(1) contains exactly one traceless representative. If we choose dρ to always be this traceless
representative, this gives an actual representation of so(3), so a representation of SU(2). However, this
need not always descend to SO(3). This is a particular case of the following result.

Proposition ... Let G be a Lie group and (V, ρ̃) a finite-dimensional projective representation of G.
Then there exists a linear representation ρ of the universal cover Ĝ of G which lifts ρ̃.

The point of this proposition is that we may go to the Lie algebra Lie(G), there only look at traceless
matrices, and then back to the simply connected Lie group related to that. This simply connected Lie
group is exactly the ‘universal cover’ of G. In our case of interest, G = SO(3), and Ĝ = SU(2).

In the case the representation is infinite-dimensional, which happens a lot in physics, we need something
more.

Theorem .. (Bargmann’s theorem). Let G be a Lie group such that H2(Lie(G);R) = 0 and (V, ρ̃)
an infinite-dimensional projective unitary representation of G. Then there exists a linear representation ρ of
the universal cover Ĝ of G which lifts ρ̃.

I will not explain whatH2(g;R) is for a Lie algebra g, but just mention that it is zero for all semisimple
Lie algebras (we will introduce these in the next section, su(n) is included), as well as the algebra of the
Poincaré group, the group of symmetries of Minkowski space-time.
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If we restrict our attention to SO(p, q), the special orthogonal group with respect to a pseudo-Hermitian
form of signature (p, q), these are actually very nearly simply connected. In fact, they all have a universal
double cover Spin(p, q) → SO(p, q) which is called the spin group. In the particular case of SO(3), we have
seen in example .. that Spin(3) ∼= SU(2). This has the consequence that the c(p, q) of definition ..
must have values in {±1}. We call this kind of projective representation spin representations.

Then objects which transform as linear representations for SO(p, q) are called tensors, while those that
transform as a spin representations are called spinors.

Again going back to SO(3), we see that the representations of su(2) of half-integer spin are spinor
representations, while those of integer spin are tensor representations. We also have special names for the
cases j = 0 and j = 1: objects transforming like those are called scalars and vectors, respectively.

As a last note, the extension to SO(p, q) is physically meaningful. In particular, when moving to
relativistic quantum dynamics, the right group is SO(1, 3). This is the (proper) Lorentz group, the group
of Lorentz transformations. The Dirac equation, which is a relativistic version of the Schrödinger equation,
is generally written in terms of a specific 4-dimensional representation of Spin(1, 3). This dimension was
required to represent the group in the right way (also preserving parity), and this caused Dirac to predict
the existence of anti-matter, one of the greatest predictions of theoretical physics in the previous century.

. — Semisimple Lie algebras

In this section, we will consider a special class of Lie algebras: the ones that are reductive. One of the
reasons this class is interesting, is representation-theoretic: we have seen that any representation of a finite
group decomposes into irreducibles, i.e. is semisimple. The reductive Lie algebras are exactly those for
which a similar result holds.

Reductive Lie algebras are naturally decomposed in two parts: an abelian part and a semisimple part.
The abelian part is easily described, so we will mostly focus on the semisimple part.

Translating this back to Lie groups, we will see that this theory is intimately related to compact Lie
groups. We have already seen that many results for finite groups have direct analogues for compact Lie
groups, except that there may be infinitely many irreducible representations. In this section, we will give a
classification of the connected compact Lie groups.

We will first focus on Lie algebras. For now, we assume all Lie algebras and representations are over C.

Definition ... An ideal I of a Lie algebra g is a subrepresentation of its adjoint representation. Explic-
itly, it is a subspace I ⊆ g such that for all x ∈ g and y ∈ I , [x, y] ∈ I .

A Lie algebra g is simple if it is not abelian and its only ideals are 0 and g itself.
A Lie algebra is semisimple if it is a direct sum of simple Lie algebras.
A Lie algebra is reductive if it is the direct sum of a semisimple Lie algebra and an abelian Lie algebra.

Ideals are very analogous to normal subgroups. Both are a stronger version of subobject (sub-Lie algebra
resp. subgroup) that are closed under the action of the object on itself (adjoint action resp. conjugation
action).

We exclude the abelian case because it behaves differently with representations: simple Lie algebras
can be studied via their adjoint representations, which is very interesting as [g, g] = g for g simple. On the
other hand, for an abelian Lie algebra a, [a, a] = 0. Of course, abelian Lie algebras are not very hard to
understand either, so we can add them without harm. This is why reductive Lie algebras are well-behaved.

Example ... Many Lie algebras we have encountered are simple: these include sl(n,C), so(n,C), and
sp(n,C).

By definition, all (semi)simple or abelian Lie algebras are reductive. A more interesting example is
gl(V ), which is the sum of sl(V ) and the subspace of scalar multiples of the identity. �
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Example ... In the exercises, we have seen that t(3,R) is not (semi)simple: n(3,R) is a non-trivial ideal
which has no complementary ideal. This also works for t(n,R) or t(n,C).

In fact, these examples are called soluble or solvable, which means that for some k, any k-fold Lie
bracket will be zero identically. We will not go into this further, but the idea is that solvable Lie algebras
can be studied by their non-trivial ideals.

Think of this as analogous to the Jordan decomposition, if you have seen that: any matrix can be
decomposed into a semisimple part (i.e. diagonalisable) and a nilpotent part, and this decomposition is
unique. Solvable Lie algebras correspond to this nilpotent part. �

The study of semisimple Lie algebras mimics section .., where we constructed irreducible represen-
tations of sl(2,C) by diagonalising one of the basis elements and constructing a representation by hand
using ladder operators. This is called a highest weight construction.

In sl(2,C), we could only diagonalise one basis element at a time. But in general, we want to diagonalise
as many as we can.

Definition ... Let g be a semisimple Lie algebra. A Cartan subalgebra h ⊂ g is a maximal abelian
subalgebra of diagonalisable elements.

The rank of g, written as rk g, is the dimension of such a Cartan subalgebra (this is independent of the
choice).

Example ... For sl(m,C), we can take h to be the space of diagonal matrices. This has dimensionm− 1
(as we impose that the trace be zero), so this is the rank of sl(m,C). Note that the rank is different from
both the dimension of sl(m,C), which ism2 − 1, and the dimension of its defining representation, which
ism.

In this context, we often write An = sl(n+ 1,C). �

Example ... For the orthogonal Lie algebras, so(m,C), the Lie algebra of m by m antisymmetric
matrices, we have to distinguish betweenm being even or odd.

If m = 2n is even, we can take h to be spanned by {E2i,2i+1 − E2i+1,2i | 1 ≤ n}, showing that
rk so(2n,C) = n. This is often denoted Dn = so(2n,C). (Here Ej,k is the matrix with one non-zero
element a 1 at position (j, k).)

For m = 2n + 1 odd, the same set is still maximal, so rk so(2n + 1,C) = n as well. This is denoted
Bn = so(2n+ 1,C). �

Example ... The symplectic Lie algebras, sp(2n,C), are the Lie algebras of Sp(2n,C), introduced in
example ... Concretely, they consist of those 2n by 2n matrices A such that ATΩ = −ΩA, where

Ω =

(
0 I
−I 0

)
. (.)

A Cartan subalgebra is given by all diagonal matrices, and spanned by {Ej,j −En+j,n+j | 1 ≤ j ≤ n}. So
rk sp(2n,C) = n. This is often denoted Cn = sp(2n,C). �

Now, if we take any representation (V, r) of a simple matrix Lie algebra g, we can find a basis of common
eigenvectors {vi} for all of h, i.e. for any h ∈ h, there are complex numbers ai(h) such that hvi = ai(h)vi.
These ai are then elements of the dual space h∨, and they are called the weights of the representation (h∨ is
called the weight space).

In particular, we may do this for the adjoint representation. Its non-zero weights are called roots, and
we will denote them by α. The collection of roots is denoted Φ, and called a root system. This gives a
decomposition

g = g0 ⊕
⊕
α∈Φ

gα , (.)

where gα is the eigenspace for the root α (and similarly for g0).
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Example ... Let us consider A2 = sl(3,C). By example .., we may take as a Cartan subalgebra the
subspace of diagonal matrices. Let us pick a nice basis for the algebra.

H1 =

1 0 0
0 −1 0
0 0 0

 , H2 =
1√
3

1 0 0
0 1 0
0 0 −2

 , (.)

E1 =

0 1 0
0 0 0
0 0 0

 , E2 =

0 0 1
0 0 0
0 0 0

 , E3 =

0 0 0
0 0 1
0 0 0

 , (.)

F1 =

0 0 0
1 0 0
0 0 0

 , F2 =

0 0 0
0 0 0
1 0 0

 , F3 =

0 0 0
0 0 0
0 1 0

 . (.)

We see that all of these basis elements are eigenvectors for h = span{H1,H2}, and the roots are

αE1
= (2, 0) , αE2

= (1,
√
3) , αE3

= (−1,
√
3) , (.)

αF1 = (−2, 0) , αF2 = (−1,−
√
3) , αF3 = (1,−

√
3) , (.)

�
where we write α = (α(H1), α(H2)).

Figure .: The root system ofA2. Image byWikipedia user Smithers, taken from https://commons.

wikimedia.org/wiki/File:Root_system_A2.svg on March nd, .

Now, it turns out that in the case of (semi)simple Lie algebras, there is a lot we can say about this
decomposition, and this is the basis of one of the most famous classifications in abstract mathematics.

First of all, it turns out that g0 = h, and all gα are one-dimensional. Secondly, we may define root
systems abstractly and classify those.

Definition ... LetE be a finite-dimensional real vector space with inner product (·, ·). A subsetΦ ⊂ E
is called a root system if

R Φ is finite, spans E, and does not contain 0;

R If α ∈ Φ, the only multiples of α in Φ are ±α;

R If α ∈ Φ, the reflection in the hyperplane perpendicular to α preserves Φ. in other words, if α, β ∈ Φ,
then

σα(β) = β − 2
(β, α)

(α, α)
α ∈ Φ ; (.)

https://commons.wikimedia.org/wiki/File:Root_system_A2.svg
https://commons.wikimedia.org/wiki/File:Root_system_A2.svg


3.4. SEMISIMPLE LIE ALGEBRAS 

R If α, β ∈ Φ, then 2 (β,α)
(α,α) ∈ Z.

Remark ... There is a subtlety here: what is this inner product? For a simple Lie algebra g, there is a
canonical bilinear form, called the Killing form. It is defined on all of g by κ(x, y) = Tr(ad(x) ad(y)).

In case of a matrix Lie algebra, we may also take κ̃(x, y) = Tr(xy), and this is the same as the Killing
form up to scaling.

In either case, when we restrict it to h, it is non-degenerate, and we may take a real slice on which it is
positive-definite, to get an inner product. Then we take the dual inner product on h∨R . From the definition,
we see that rescaling the inner product does not change anything.

In example .., we chose H1 and H2 such that they are real and orthogonal, and with the same norm
κ̃(H1,H1) = κ̃(H2,H2) = 2, so we can interpret this root system as lying in R2 with the standard inner
product.

We can construct new root systems by adding them: if we have Φ1 ⊂ E1 and Φ2 ⊂ E2, then taking the
direct sum E1 ⊕ E2, where the terms are mutually orthogonal, Φ1 ∪ Φ2 ⊂ E1 ⊕ E2 is also a root system.

Definition ... A root system Φ is reducible if it can be decomposed as Φ = Φ1∪Φ2, both non-empty,
such that (α, β) = 0 for all α ∈ Φ1 and β ∈ Φ2.

A root system that is not reducible is called irreducible.

The point of this definition is two-fold: firstly, we can classify them, and secondly, there is a corre-
spondence between simple Lie algebras and irreducible root systems.

From R, it follows that, if the angle between roots α and β is ϑ, then 4 cos2 ϑ = 4 (β,α)2

(α,α)(β,β) ∈ Z. This
severely limits the possible angles between and ratios of lengths of roots. Especially considering that by
R, 4 cos2 ϑ = 4 only occurs for β = ±α.

Definition ... Let Φ ⊂ E be a root system. A base ∆ for Φ is subset of Φ which is a basis of E, and
such that all roots are an integer linear combination of base elements, with either all coefficients positive,
or all negative.

Elements of a base are called simple roots.

Bases always exist. For an example, see figure ., where α = αE1 and β = αE3 are the simple roots.
For any base ∆ and simple roots α, β ∈ ∆, the angle between α and β must be at least π

2 , i.e. we
need (α, β) ≤ 0. For otherwise, σα(β) = β − 2 (β,α)

(α,α)α would be a root with both positive and negative
coefficients in the base.

Definition ... Let Φ ⊂ E be a root system, and ∆ any base for Φ. Its Dynkin diagram is comprised
of the following data:

• For each simple root, a node;

• Between the nodes for distinct roots α, β, a total of 4 (β,α)2

(α,α)(β,β) edges;

• If two roots α and β are connected by multiple edges, an arrow pointing towards the shorter root.

These diagrams do not depend on the choice of base, and the root system can be recovered from the
Dynkin diagram.

Theorem ... If Φ is an irreducible root system, its Dynkin diagram is one of the diagrams listed in
figure 3.2, i.e. it is one of

• An for n ≥ 1;

• Bn for n ≥ 2;
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• Cn for n ≥ 3;

• Dn for n ≥ 4;

• E6, E7, E8, F4, or G2.

Each Dynkin diagram corresponds to one root system and Lie algebra, up to equivalence. In particular, the
Lie algebras An, Bn, Cn, and Dn of examples 3.4.5 to 3.4.7 correspond to the Dynkin diagrams with the
same labels. These are called the classical Lie algebras.

Figure .: The list of Dynkin diagrams. Image byWikipedia user R. A. Nonenmacher, taken from https:

//commons.wikimedia.org/wiki/File:Connected_Dynkin_Diagrams.svg onMarch nd,
.

The exceptional Lie algebras in this list, E6, E7, E8, F4, and G2, can also be realised as explicit matrix
Lie algebras (i.e. they have a faithful representation), but we will not give them here. There are actual
physical theories using them: e.g. E8 is used in a model of string theory called ‘heterotic string theory’
(although to what degree string theory is physics is up for debate).

The restrictions of the indices in the list are to avoid redundancies. Staring at the diagrams for a
while, you may convince yourself that A1 = B1 = C1 = D1, C2 = B2, D2 = A1 × A1, and D3 = A3.
Similarly, the exceptional cases can also be defined for lower indices, but then E1 = F1 = G1 = A1,
E2 = A1 × A1, F2 = A2, E3 = A2 × A1, F3 = B3, E4 = A4, and E5 = D5. All of these identifications
lead to isomorphisms on the level of Lie algebras, e.g. so(4) ∼= su(2)× su(2).

This classification occurs in many different areas of abstract mathematics as well. Sometimes, a classifi-
cation only contains the diagrams of type An, Dn, and E6, E7, E8, because they have only single edges.
We call these diagrams simply laced and such a classification an ADE classification.

https://commons.wikimedia.org/wiki/File:Connected_Dynkin_Diagrams.svg
https://commons.wikimedia.org/wiki/File:Connected_Dynkin_Diagrams.svg
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Example ... Let us consider the Dynkin diagram G2 and try to reconstruct the root system and the
Lie algebra.

The Dynkin diagram has two nodes, so the root system (E,Φ)must be two-dimensional, with a base
∆ = {α, β}. Let us take α to be the shorter root. We may choose E = R2, and α = (1, 0) (so (α, α) = 1).
From the Dynkin diagram, we know that 4 (β,α)2

(β,β) = 3, so the angle between α and β must be 5
6π (as

we need it to be obtuse for a base). We also know that 2 (β,α)
(β,β) ∈ Z, and that 2(β, α) ∈ Z. This tells us

that 2 (β,α)
(β,β) = −1 and 2(β, α) = −3. It follows that (β, β) = 3. Without loss of generality, we may take

β = (− 3
2 ,

√
3
2 ).

Then, we may fill in the complete root system by reflections. First of all, −α = σα(α) and −β = σβ(β)
must exist. We have found the actual numbers used in reflection of axiom R, so we find that

• σβ(α) = α+ β ∈ Φ, so also −α− β ∈ Φ;

• σα(β) = 3α+ β ∈ Φ, so also −3α− β ∈ Φ;

• σα(α+ β) = 2α+ β ∈ Φ, so also −2α− β ∈ Φ;

• σβ(3α+ β) = 3α+ 2β ∈ Φ, so also −3α− 2β ∈ Φ.

If we make a drawing of this, we get figure ., from which it is clear that there are no more possible roots
without violating the possible angles, or R.

Figure .: The root system ofG2. Image byWikipedia user Smithers, taken from https://commons.

wikimedia.org/wiki/File:Root_system_G2.svg on March th, .

The next step is to construct the Lie algebra g. From equation (.) and the paragraph after exam-
ple .., we know that g = h ⊕

⊕
a∈Φ ga, where dim h = dimE = 2, and dim gα = 1 for any a ∈ Φ.

Let us pick a basis for h, {h1, h2}, dual to the basis of E, i.e. the eigenvalues of h1 are given by the first
components of the roots, and the eigenvalues of h2 by the second components.

We may also pick a basis element ea ∈ ga for all a ∈ Φ. Then we already know that [hi, ea] = aiea, by
definition of what roots must be, and to construct all of g, we only need to find the values of [ea, eb] for
a, b ∈ Φ. Note that there is still freedom here, as we may scale the ea.

By the Jacobi identity, we find that if x ∈ ga and y ∈ gb, then [x, y] ∈ ga+b, i.e. the Lie bracket adds
roots. In our case, this means that [ea, eb] is proportional to ea+b if a+ b ∈ Φ, or lies in h if a+ b = 0, or is
zero if else. So we can define (because we still had scaling freedom)

eα+β = [eα, eβ ] e−α−β = [e−α, e−β ] (.)

https://commons.wikimedia.org/wiki/File:Root_system_G2.svg
https://commons.wikimedia.org/wiki/File:Root_system_G2.svg
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e2α+β = [eα, eα+β ] e−2α−β = [e−α, e−α−β ] (.)
e3α+β = [eα, e2α+β ] e−3α−β = [e−α, e−2α−β ] (.)
e3α+2β = [eβ , e3α+β ] e−3α−2β = [e−β , e−3α−β ] (.)

Now, how do we relate positive to negative roots? It turns out that [ea, e−a] is proportional to aT ∈ h, and
we have enough scaling freedom left to choose [eα, e−α] = αT = h1 and [eβ , e−β ] = βT = − 3

2h1 +
√
3
2 h2.

This is sufficient to calculate any Lie bracket. As an example,

[eα+β , e−α−β ] =
[
[eα, eβ ], [e−α, e−β ]

]
= −

[
e−α, [e−β , [eα, eβ ]]

]
−
[
e−β , [[eα, eβ ], e−α]

]
=

[
e−α, [eα, [eβ , e−β ]]

]
+
[
e−α, [eβ , [e−β , eα]]

]
+
[
e−β , [[eβ , e−α], eα]

]
+
[
e−β , [[e−α, eα], eβ ]

]
=

[
e−α, [eα, β

T ]
]
+ 0 + 0−

[
e−β , [α

T , eβ ]
]

= −(β, α)[e−α, eα]− (α, β)[e−β , eβ ]

= (α, β)(αT + βT ) = −3

2

(
h1 +−3

2
h1 +

√
3

2
h2

)
=

3

4
h1 −

3
√
3

4
h2 .

(.)
�

.. — Compact Lie groups

Now it is time so translate the above story back to Lie groups. In particular, we want to relate back to
compact Lie groups.

We have seen above that abelian Lie algebras are essential in understanding the classification: we had
the abelian component in the reductive algebra, and in a semisimple algebra, we also looked for a maximal
abelian subalgebra, the Cartan subalgebra. So let us first consider abelian Lie algebras.

A real abelian Lie algebra a is isomorphic to Rn with trivial Lie bracket. Its simply connected Lie
group is again Rn. But this is not compact. The compact Lie groups whose Lie algebra is abelian must be
quotients of Rn, and it turns out that this means the group is a torus group: a product of circle groups.

Considering any compact connected Lie group, we may find a maximal torus subgroup, in the same way
we found a maximal abelian subalgebra in a semisimple Lie algebra. It turns out that the same constructions
go through, and we get a very close correspondence.

Theorem ... Let G be a compact Lie group. Then Lie(G)C is a reductive Lie algebra.
Conversely, every semisimple complex Lie algebra g has a unique compact real form, i.e. a unique real

sub-Lie algebra k such that g = kC, and the simply connected Lie group of k is compact.
The compact real forms of the classical Lie algebras are

• An = SU(n+ 1);

• Bn = Spin(2n+ 1);

• Cn = Sp(2n);

• Dn = Spin(2n).

Therefore, any connected compact Lie group is a quotient of the product of a torus and compact real forms
as above by a finite central subgroup.
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There do exist other real forms of semisimple algebras. For example, considering sl(n,C), the compact
real form is su(n), but a non-compact real form could be sl(n,R). For another example, the real forms
so(p, n−p) of so(n,C) are non-compact unless p ∈ {0, n}. The classification of all real forms, the semisimple
real Lie algebras, is a bit more involved. Look up “Satake diagram” if you are interested.

Example ... We have already seen that SO(n) = Spin(n)/{±1}. In fact, this was the definition of
Spin(n). �

. — Representations of the Lorentz and Poincaré groups

At the end of section .., we noted that SO(1, 3) is the (proper) Lorentz group, the group of Lorentz
transformations, and that this is the point symmetry group ofMinkowski spacetime. This group is therefore
worth studying, and we will look at it here.

Minkowski spacetime has more symmetries though: it is not only Lorentz invariant, but also translation
invariant. The larger symmetry group containing Lorentz transformations and spacetime translations, is
called the Poincaré group. We will also give some idea of its representations here.

The Lorentz group SO(1, 3) is not compact, as one-parameter subgroups of Lorentz boosts from
hyperbolas and not circles. However, it is close to a compact Lie group: as noted below theorem ..,
so(1, 3) is a non-compact real form of so(4,C): so(1, 3)C ∼= so(4,C). So its representation theory is still
semisimple: any representation is the sum of irreducible representations. But beware: these irreducible
representations are not unitary! (Or rather, they are unitary with respect to the indefinite metric.)

With the classification of semisimple Lie groups, theorem .., we actually know that so(4,C) =
D2 = A1 ×A1 = sl(2,C)⊕ sl(2,C). We can do even better though, by taking an actual explicit description
of SO(1, 3).

SO(3, 1) = {A ∈ GL(4,R) |AT ηA = η} , where η =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (.)

We then get that

so(1, 3) = {X ∈ gl(4,R) |AT η = −Aη} , (.)

for which we may write an explicit basis, in the physics convention:

J1 =


0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0

 , J2 =


0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

 , J3 =


0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 ,

K1 =


0 i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 , K2 =


0 0 i 0
0 0 0 0
i 0 0 0
0 0 0 0

 , K3 =


0 0 0 i
0 0 0 0
0 0 0 0
i 0 0 0

 ,

(.)

such that

[Jl, Jm] = i
3∑

n=1

εlmnJn , (.)
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[Jl,Km] = i

3∑
n=1

εlmnKn , (.)

[Kl,Km] = −i
3∑

n=1

εlmnJn . (.)

The Jl are just the Ll of example .. with extra zeroes in the zeroth row and column: these are the
rotations. TheKl are the boosts. The sign in equation (.) is the main difference between SO(1, 3) and
SO(4).

There is a trick to understand this better: we combine these generators as Yl = 1
2 (Jl + iKl), then

[Yl, Ym] = i

3∑
n=1

εlmnYn . (.)

As this is the same Lie bracket as for so(3)C ∼= su(2)C ∼= sl(2,C), cf. examples .. and .., this tells
us that {Jl,Kl}l=1,2,3 is actually a real basis for sl(2,C). So so(1, 3) ∼= sl(2,C) as real Lie algebras. As
SL(2,C) is simply connected, we have found that Spin(1, 3) ∼= SL(2,C) is the double cover of SO(1, 3).

What does all this mean for representation theory? On the level of complex Lie algebras, we are looking
at sl(2,C)⊕ sl(2,C), and its irreducible representations are given by tensor products of two irreducible
representations of sl(2,C), cf. the last exercise sheet. Therefore, they are indexed by pairs (j1, j2), where
j1, j2 ∈ {0, 12 , 1,

3
2 , . . . }. These all give representations of SL(2,C) and for SO(1, 3) we get in a way similar

to proposition .., we get

Proposition ... The irreducible projective representations of SO(1, 3) are indexed by pairs (j1, j2),
where j1, j2 ∈ {0, 12 , 1,

3
2 , . . . }, with dimension (2j1 + 1)(2j2 + 1). They are linear representations if

j1 + j2 ∈ Z and spin otherwise.

Now, let us change our focus to the Poincaré group. This contains not only the rotations Jl and boosts
Kl, but also translations Pµ. You may think of this as somewhat analogous to the affine group introduced
in example .., only this time we have four dimensions and we require orthogonality with respect to η.

If we writeMµν for the matrix with an i on position (µ, ν), a−i on position (ν, µ), and zeroes elsewhere,
then

Jl =
1

2

3∑
m,n=1

εlmnM
µν , Kl =Ml4 , (.)

where we use η to raise and lower indices. In this notation, the Lie bracket is given by

[Pµ, Pν ] = 0 , (.)
[Mµν , Pρ] = i(ηµρPν − ηνρPµ) , (.)

[Mµν ,Mρσ] = i(ηµρMνσ − ηµσMνρ − ηνρMµσ + ηνσMµρ) . (.)

This group is non-compact, so its representation theory is more complicated than what we are used to.
Still, the unitary irreducible representations (which are infinite-dimensional or trivial) have been classified,
and this is calledWigner’s classification. More precisely, it is a classification of the physical representations;
we will see what this means in a moment.

The idea of the classification is to first look at a subgroup, and then extend representations to the entire
group. This is known as inducing representations in mathematics or the theory of little groups in physics.
We start with the subgroup of translations, or on the Lie algebra side the abelian subalgebra generated by
the Pµ. As this is an abelian Lie algebra, we may simulateneously diagonalise allmatrices (so the entire
thing is Cartan) and pick an eigenvector:

Pµ|p〉 = pµ|p〉 . (.)
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We note here that the Poincaré group has two Casimirs (which were combinations of the generators that
are diagonal in any representation). One is P 2 =

∑3
µ=0 PµP

µ, whose eigenvalue ism2, so it gives the mass
of the representation/particle. The other isW 2 =

∑3
µ=0WµW

µ, where

Wµ = −1

2

3∑
ν,ρ,σ=0

εµνρσM
νρPσ (.)

is the Pauli-Lubanski pseudo-vector. We may use their eigenvalues to label representation.
The actual “little group” we start with is the subgroup of the Poincaré group that preserves this set of

eigenvectors pµ, i.e. comprising those elements g such that Pµg|p〉 = pµg|p〉. This little group depends on
what pµ actually is:

. If pµ = 0, we call this the vacuum;

. If pµ 6= 0, but has zero mass, then we may change to the frame of reference such that pµ = (p, p, 0, 0),
with p > 0;

. Ifm > 0, then we may go to the rest frame and have pµ = (m, 0, 0, 0).

In the first case, the little group is the entire group. But this means that the representation is unitary
and finite-dimensional for the entire group, so it must be trivial.

In the massive third case, the little group is the subgroup SO(3) of rotations, whose irreducible unitary
projective representations we know: they are the spin representations sj . So a massive particle is classified
by its mass and its spin.

In the massless second case, the little group is the double cover of SE(2), the group of rotations and
translations in two dimensions. Its Lie algebra has a basis {J, P1, P2}, with Lie bracket

[J, P1] = iP2 , [J, P2] = −iP1 , [P1, P2] = 0 . (.)

Then we may use induced representations again on the subgroup generated by translations, and we get an
eigenstate

Pj |k〉 = kj |k〉 , j = 1, 2 . (.)

In case k = 0, the little group is SO(2) ∼= U(1), and the representations are indexed by a half integer
(remember we took a double cover of SE(2)) called the helicity h. (This is equal to the chirality for massless
particles, although the two differ for massive ones.)

In case k 6= 0, the little group is SO(1) ∼= {e}, and this gives ‘continuous spin’ representations, which
seem to be unphysical.

Theorem .. (Wigner’s classification). Physical unitary irreducible representations of the Poincaré
group are one of the following:

1. The trivial, vacuum, representation;

2. The zero mass representations, indexed by helicity h ∈ {0, 12 , 1,
3
2 , . . . };

3. The positive mass representations, indexed by massm ∈ R>0 and spin s ∈ {0, 12 , 1,
3
2 , . . . , }.

Note that these representations (apart from the vacuum) are infinite-dimensional: a free particle may
be decribed by e.g. its position and momentum at a certain time, and these give continuous labels of the
basis vector in the irreducible representation associated to that particle.
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. — Particle physics

This section is non-examinable. Much of the material is adapted from the Wikipedia page on the Standard
Model and the relevant page of Vincent Bouchard’s note for the  edition of this course.

In the previous section, we found that certain well-known properties of elementary particles, namely
mass and spin/helicity, arise from the representation they transform under when rotating or translating in
Minkowski spacetime. Such invariant numbers are called quantum numbers. But there are other quantum
numbers, such as the charges of particles for certain forces. These quantum numbers of elementary particles
are captured by internal symmetries of the the system that do not affect the physics. This is called gauge
theory, and the internal symmetries form the gauge group of the theory.

.. — The Standard Model

The most famous, and succesful, theory of particle physics is called the Standard Model. This is a particular
example of a gauge theory, whose gauge group is SU(3)× SU(2)×U(1). Here, the SU(3) factor represents
the strong force and the SU(2)×U(1) factor represents the electroweak force. (Although electromagnetism
on its own is a U(1) gauge theory, it turns out we cannot make sense of the weak force as SU(2) gauge
theory, the two need to be combined.)

This group is not semisimple, due to the U(1) factor, but it is reductive. For the U(1), the irreducible
representations are indexed by an integer, cf example .., but the correct notion of projective representa-
tion here is a representation of a finite cover, which is indexed by a rational number. This rational number
is called the weak hypercharge Y in our current situation.

With this in mind, we can classify elementary particles according to their irreducible representation of
SU(3)× SU(2)×U(1). These are conventionally given as (p,q)n, where p is the p-dimensional irreducible
representation of SU(3), q is the q-dimensional irreducible representation of SU(2), and n is the weak
hypercharge. The table is then

Particle Name/gauge Representation
Spin 1
B weak hypercharge (1,1)0
W weak isospin (1,3)0
g gluon/colour (8,1)0
Spin 1

2 (three generations)
qL left-handed quark (3,2) 1

3

uR right-handed up-quark (3,1) 4
3

dR right-handed down-quark (3,1)− 2
3

`L left-handed lepton (1,2)−1

`R right-handed electron (1,1)−2

Spin 0
H Higgs (1,2)1

Some notes about this:

• The gauge bosons (spin 1 particles) are the force carriers. They transform according to the adjoint
representation of their corresponding group. Informally, they are the (Lie algebra of) the Lie group.

• The matter sector fermions (spin 1
2 particles) all transform according to trivial or defining representa-

tions of SU(3) and SU(2). This is why it makes sense to say they do (or do not) have a charge.

https://en.wikipedia.org/wiki/Mathematical_formulation_of_the_Standard_Model
https://en.wikipedia.org/wiki/Mathematical_formulation_of_the_Standard_Model
https://sites.ualberta.ca/~vbouchar/MAPH464/section-SM-GUT.html
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• This picture is incomplete, as it does not allow for massive neutrinos. To accommodate for them,
we should probably add a right-handed neutrino, which should transform as (1,1)0, the trivial
representation. But these have not been observed yet, and this would be very hard as they do not
interact with any force except gravity.

• The matter sector is tripled for three generations, and then doubled again for antiparticles. An
antiparticle transforms as the dual, or conjugate, representation of the usual particle.

• The gauge group does not commute with the Poincaré group, so mass and the charges cannot be
measured simultaneously. The mass eigentates are what we are more familiar with as particles. For
example, the left-handed lepton doublet `L has two mass eigenstates, which are the left-handed
electron eL and the left-handed electron neutrino νe,L.

• Furthermore, the Higgs has a non-zero vacuum expectation value, and as such causes spontaneous
symmetry breaking at low energies (i.e. close to the vacuum) from SU(2)L ×U(1)Y to U(1)em. I.e.,
the observed preserved quantity is the electro-magnetic charge, which is a combination of weak
hypercharge Y and isospin T3. The resulting gauge boson is the photon γ, while the remaining three
mass eigenstates are theW± bosons and the Z boson.

From a representation-theoretic point of view, you may ask the question: why do these representations
appear in nature, and no others? You would not be the first to ask! It could be that this is just the way it is,
and there is no deeper reason. But that would not be very satisfying, so could we find a better reason? And
would that perhaps involve new ideas that we can test? One approach to this is the direction of Grand
Unified theories, or GUTs.

.. — Grand Unified Theories

The central idea of GUTs is that, similarly to the symmetry breaking of the Higgs mechanism, there is
an even larger symmetry group which is broken at some larger energy scale. What would be some good
candidates for this larger group?

On the level of root systems, we are looking at A2 × A1 (the factor U(1) is not semisimple, but you
could think of a one-dimensional root system with no roots). The ‘obvious’ first try is to package them
together in A4 = SU(5). Then the question is how irreducible representations of SU(5) decompose when
restricted to the subgroup SU(3)× SU(2)×U(1). The lowest-dimensional ones, and the relevant ones for
the Standard Model, are

1 → (1,1)0 , (.)
5 → (3,1)− 2

3
⊕ (1,2)1 , (.)

5̄ → (3̄,1) 2
3
⊕ (1,2)−1 , (.)

10 → (3,2) 1
3
⊕ (3̄,1)− 4

3
⊕ (1,1)1 , (.)

24 → (8,1)0 ⊕ (1,3)0 ⊕ (1,1)0 ⊕ (3,2)− 5
3
⊕ (3̄,2) 5

3
. (.)

So we find that 5̄⊕ 10 generates exactly all left-handed matter of the Standard Model, while all gauge
bosons come from 24, the adjoint representation of SU(5). The right-handed matter would be in the dual,
5⊕ 10. The right-handed neutrinos can be added by hand as the trivial representation.

Unfortunately, this model predicts proton decay at a far higher rate than has been observed (it has
never been observed yet). So this is not quite the right model. But it looks appealing.

We can go further, to e.g. D5 = Spin(10). By abuse of notation, this is often called the SO(10)GUT. In
this case the lowest-dimensional branching rules from SO(10) to SU(5)×U(1)χ are (the U(1)χ is relevant
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for the Higgs symmetry breaking)

1 → 10 , (.)
10 → 5−2 ⊕ 5̄2 , (.)
16 → 101 ⊕ 5̄−3 ⊕ 15 , (.)

45 → 240 ⊕ 10−4 ⊕ 104 ⊕ 10 . (.)

So in this case, all (left-handed) matter, including the antineutrino, comes from 16, while all gauge
bosons come from 45. The ‘ordinary’ Higgs comes from 10, and this is actually an issue, as this would also
give a triplet for the Standard Model, whose masses cannot be incorporated consistently in the Standard
Model without proton decay.

It is possible to go even further. Considering Dynkin diagrams, we could now go to e.g. E6, E7, or E8.
The first or these actually unifies the Higgs with all the other matter. Going farther, however, we turn into
trouble: E7 and E8 have no complex representations, and these are needed to get chirality by a Higgs-like
symmetry breaking. But again, there are ways aroung this in e.g. string theory, where E8 × E8 heterotic
string theory is an actual possibility.
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