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ABSTRACT 

 

The technique of order of magnitude scaling (OMS) [1] has been applied to the 

mathematical modeling of a long electric arc.  The estimations obtained are combined with 

numerical calculations, thus important features of both techniques are considered 

simultaneously: the high precision of numerical modeling, and the generality and simplicity of 

algebraic expressions.  Power-law expressions for the estimations of length of the transition 

region, maximum radial and axial velocity, maximum pressure in the cathode spot, maximum 

temperature in the column and arc radius are obtained and are consistent with previous 

theoretical and experimental work.  The calculations of arc temperature differ from channel 

models of the arc by considering the heat transfer in the gas region surrounding the arc.
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I.   INTRODUCTION 

The main goal of this work is to demonstrate the application of the new technique of 

Order of Magnitude Scaling (OMS) [1, 2] to the welding arc.  OMS is a framework for the 

approximate solution wide variety of complex problems with many driving forces described by a 

set of differential equations.  It provides closed form estimations of the unknowns in a problem, 

their range of validity, and a set of dimensionless groups that indicate the true ratio of driving 

forces.  These results are obtained even when the problems are described by non-linear partial 

differential equations.  OMS focuses on problems with many driving forces, it does not present 

convergence problems, and can be much faster than methods that numerically integrate the 

governing equations. 

OMS is related to scaling and approximation work in the fields of mathematics [3-6], 

engineering [7-10], and artificial intelligence [11-25].  OMS differs from work in mathematics in 

that it solves only for the characteristic values of the unknown functions instead of solving for all 

values over the domain.  From engineering approaches, OMS borrows the use of dimensionless 

groups and the emphasis on characteristic values, and it differs in the use of matrix algebra and 

the rules for normalization of functions.  OMS is similar to approaches in Artificial Intelligence 

in that it can be implemented in the form of a computer algorithm.  OMS and Artificial 

Intelligence also share some common concepts, such as a description of the dominant physics of 

the problem in a space of parameters.  OMS differs from Artificial Intelligence in that it can deal 

with partial differential equations and that it uses matrix algebra instead of sets of rules or 

constraints. 

OMS has two main stages, the first one is representing the governing equations in matrix 

form: the matrix of coefficients.  The second stage involves iterations and matrix operations that 

solve for the unknowns, provide the range of validity of the approximations, and determine the 

quality of the approximations.  Obtaining the matrix of coefficients is the task that requires the 

most judgment from the engineer.  After a system has been captured in the matrix of coefficients, 

an iterative method must be used to determine what driving forces are dominant.  This iterative 
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method assumes that some driving forces are dominant, and tests these hypotheses for self-

consistency with matrix operations involving the matrix of coefficients. 

Previous attempts have been made to provide general and simple expressions that capture 

the behavior of the arc.  In this work we will include a review of OMS of the fluid flow in the 

transition region of the arc [26].  Other general expressions have been derived using dimensional 

analysis or asymptotic analysis [27-35] and from analysis of results obtained from mathematical 

models[36, 34, 37-40].  The results obtained herein are consistent with the existing literature; 

however, this work reaches further by presenting new closed form expressions for the arc radius 

and column temperature. 

II.   DESCRIPTION OF THE PROBLEM 

This paper focuses on the fluid flow in the transition region and on the temperature field 

in the column region.  The transition region, represented in Fig. 1, is defined as that contained 

within RC in the radial direction and extending for a length of ZS beyond the cathode boundary 

layer in the axial direction.  A long arc is such that the position of the anode has little effect on 

the behavior of the transition region.  A convenient way to define the characteristic length ZS is: 

 ( )ZVVZ ZZSS ∂∂= max  (1) 

The cathode spot radius can be calculated as ( ) 2
1

CC JIR π= , where the critical current 

density JC depends mainly on the electrode temperature for thermo-ionic electrodes (for the 

numerical simulations it was assumed JC = 6.5 107 A/m2 [41] for a tungsten electrode, and JC = 

4.4 107 A/m2 [42] for a graphite electrode). 

The governing equations used are the equation of conservation of mass (2), conservation 

of momentum in the R and Z components respectively (3 and 4), conservation of energy (E1), 

Ampère’s law in R and Z respectively (5 and 6), and conservation of magnetic field (8). 



 
 

4

( ) 01 =
∂
∂+

∂
∂

Z
VRV

RR
Z

R  (2) 

( ) BJ
Z
VRV

RRRR
P

Z
VV

R
VVρ Z

R
R

R
Z

R
R −








∂
∂+








∂
∂

∂
∂+

∂
∂−=








∂
∂+

∂
∂

2

21µ  (3) 

BJ
Z
V

R
VR

RRZ
P

Z
VV

R
VVρ R

ZZZ
Z

Z
R +








∂
∂+








∂
∂

∂
∂+

∂
∂−=








∂
∂+

∂
∂

2

21µ  (4) 









∂
∂+

∂
∂+−++

+







∂
∂+








∂
∂

∂
∂=








∂
∂+

∂
∂

Z
TJ

R
TJ

e
kSJJ

Z
T

R
TR

RR
k

Z
TV

R
TVC

ZR
b

R
ZR

ZRp

2
5

1

22

2

2

σσ

ρ

 (5) 

Z
BJ R ∂

∂−=0µ  (6) 

( )RB
RR

J Z ∂
∂= 1

0µ  (7) 

( ) 01
2

2

=





∂
∂

∂
∂+

∂
∂ RB

RRRZ
B

 (8) 

In these equations the assumptions are: isothermal plasma (therefore constant density and 

viscosity values corresponding to the maximum temperature in the transition region), 

axisymmetric, laminar flow, steady state (this implies a DC arc, or slow current variations), and 

no magnetic convection because the magnetic Reynolds number is very small.  The magnetic 

Reynolds number is a measure of the ratio between the induced magnetic field (due to the 

conductive fluid motion) and the imposed magnetic field [43]; its expression in this problem is 

Rem = VZSZSσeµ0, and varies between 10-3 and 10-1 for the cases studied here.  The boundary 

conditions for the scaling of the system are listed in Tables I, II, and III. 

III.   SCALING OF THE ELECTROMAGNETIC FIELD 

Because constant properties are used for calculating the fluid flow, the governing 

equations for the electromagnetic field can be decoupled.  The equations for the electromagnetic 

field contain the set of parameters µ0, Rc, Jc, Ri, and h, and only two dimensionless groups are 
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necessary to describe this system: h/RC, and Ri/RC.  The boundary conditions for the scaling of 

the electromagnetic field are represented in Table I.  Previous knowledge about the problem, 

from experiments and numerical models, indicates that the functions vary smoothly within the 

corner points outlining the transition region; this is an important requirement for the application 

of OMS. 

The functions describing the electromagnetic field can be scaled with the following 

relationships: 

rRR i ′=  (9) 

zhZ ′=  (10) 

),(),( zrjJZRJ rRSR ′′=  (11) 

),(),( zrjJZRJ zCZ ′′=  (12) 












′′










−+′= ),(11),( 2

22

02
1 zrb

R
RrJ

R
RZRB

C

i
C

i

Cµ  (13) 

where 

 C
i

C
S J

R
RB

2

02
1 µ=  

The scaling factors Ri, h, JRS, JC, and BS are characteristic values, of which Ri and JRS are 

unknown.  The scaling of B(R, Z) is such that 1),( =′′ zrb  at point B in Fig. 1, 0),( =′′ zrb  at 

point J in Fig. 1, and B(R, Z) increases linearly at R=0, as eq. (6) to (8) indicate.  The radius of 

the anode spot (Ri) depends on the electrical properties of the plasma, which are determined by 

heat transfer in the arc.  The characteristic value JRS could be estimated by balancing equation 

(6).  Normally for welding arcs, 1>∆ CRR , where Ca RRR −=∆ .  The scaling relationships 

above are valid for flat or almost flat tip electrodes.  The dominant component of the radial 

current density in sharper electrodes is given directly by the critical current density generated by 

thermionic emission. 
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When these scaling relationships are replaced into the governing equations for the 

electromagnetic field (equations (6) to (8)), the estimation of the characteristic radial current 

density JRS can be obtained from equation (6) using the dominant balance technique. 
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IV.   SCALING OF FLUID FLOW 

The equations governing the coupled electromagnetic field and fluid flow in the transition 

region (eq. (2) to (8)) contain the following set of parameters ρ, µ, µ0, Rc, Jc, Ri, h, and Re.  The 

set of dimensionless groups related to the fluid flow is Re, h/RC, Ri/RC, and Re/RC, where 

µρ SZS ZV ˆˆRe = .  Because Ri is the only element of parameter that depends on heat transfer in 

the arc, the dimensionless group Ri/RC will be neglected in this isothermal formulation of the 

fluid flow.  The group Re/RC is also of little importance, because its influence is confined mainly 

to the cathode boundary layer, outside the transition region.  The boundary conditions for the 

scaling of the fluid flow are represented in Table II.  Current knowledge about the problem, from 

experiments and numerical models, indicates that the functions vary smoothly within the corner 

points. 

The functions describing fluid flow can be scaled with the following relationships: 
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rRR C=  (15) 
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( ) ( )zrrvVZRV rRSR ,, =  (17) 

( ) ( ) ( ) ( )[ ]zrvrRhfzvVZRV zCVZzZSZ ,Re,, 2
20 −=  (18) 

),(),( zrpPZRP S=  (19) 

The scaling of VZ(R, Z) is such that it varies in a quadratic manner in R at R=0, as eq. (2) 

to (4) indicate.  These scaling relationships are replaced into the governing equations for the fluid 

flow (equations (2) to (4)), for the application of the dominant balance technique.  This technique 

determines that the inertial forces are balanced by the plasma pressure and the electromagnetic 

forces in the equation of conservation of momentum in the radial direction, and that the plasma 

pressure balances the inertial forces in the equation of conservation of momentum in the axial 

direction.  Viscous effects are secondary.  With the dominant and balancing forces established, 

the characteristic values ZS, VRS, VZS, and PS can be estimated as: 
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The estimations above are valid when all of the terms in the normalized governing 

equations (eq. (2) to (8)) have a magnitude of one or less.  This is true for 1Re > , 2>Ci RR , 

and ( )CiC RRRRh 2
2
1 ∆> .  In order to further simplify the problem and avoid the effects of the 

anode on the transition region, an additional condition is necessary: 1>>SZh .  These 

conditions are met for all of the cases considered in the present analysis. 
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V. SCALING OF THE TEMPERATURE FIELD 

For the scaling of the temperature field it will be assumed that convection is not 

important in the column, in a similar fashion of channel arc models.  This is reasonable, 

considering that the temperature profile in the column of a long arc is fairly uniform, as indicated 

in Figure 2, and the Prandtl number of the arc is smaller than one, indicating that heat is 

transmitted faster than momentum.  The same hypothesis is made in the Elenbaas-Heller 

equation[34].  Neglecting convection allows us to decouple the temperature field from the fluid 

flow.  The parameters that govern the temperature field are then kT, σT, SRT, (5/2 kb/e), (I∆R/πh), 

(2I/π), kg, SRg, and Ti, and the corresponding natural dimensionless groups are 
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The model presented here differs from standard channel arc models in that the domain is 

split in two concentric cylindrical domains as indicated in Figure 3.  The core contains the 

plasma and is limited by a characteristic “ionization” temperature.  This core is surrounded by 

another gaseous cylinder, with a wall thickness determined by the temperature gradient outside 

the core. 

The scaling relationships for the inner cylinder are: 

rRR i ′=  (24) 

)()( rTTRT Ci ′′+= θ  (25) 

and for the outer cylinder 
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rRR g ′′∆=  (26) 

( ) )()( 00 rTTTRT i ′′′′−+= θ  (27) 

Since the arc is transparent to radiation, and convection is negligible, the only way energy 

is transmitted to the outer cylinder is by conduction, expressed by the following relationship: 
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which considers that the properties of the plasma are dependent on the temperature.  This 

dependence will be characterized by a ionization temperature and a slope, defined in Fig. 4. 

Thus: 

)( iRTR TTSS −=  (28) 

)( iT TTkk −=  (29) 

)( iT TT −= σσ  (30) 

In the gas of the outer core, the gas has no electrical conductivity and the thermal 

properties will be approximated as constant, thus: 

RgR SS =  (31) 

gkk =  (32) 

Applying the scaling relationships to the equation of energy in each region, and 

performing successive dominant-balance operations to find a self-consistent combination, we 

obtain that in the core cylinder the energy input is dominated by axial component of Joule 

heating, and the energy output is dominated by radiation.  In the outer cylinder, the energy input 

is by conduction and the energy output is again by radiation in the gas.  These concepts lead to 

the following estimations: 
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VI.   NUMERICAL ANALISIS 

The formulation of the numerical model is also represented by the conservation equations 

(2)-(8) described above, plus an equation for the conservation of energy with the assumption of 

local thermodynamic equilibrium (LTE).  Since the numerical model covers the whole domain 

and is not confined to only represent the transition region, the boundary conditions include the 

cathode, the anode, and the column regions.  The equation of conservation of energy includes the 

temperature dependence of thermophysical properties.  The additional boundary conditions 

required to represent the system are summarized in Table IV, and include the following 

assumptions: 

• Non slip conditions at the surface of the electrodes (zero velocity values) 

• The temperatures at the electrodes are assumed constant at 2500 K on the anode and 4000 K 

on the cathode [44]. 

• The boundary conditions must reflect the symmetry condition of no flow across the axis (line 

AD in Fig. 1). 

• The magnetic flux density, B, at the cathode is obtained assuming a constant value of Jc in 

the cathode spot of known radius, but is zero outside this spot. 

In a typical calculation, a grid of 60 x 60 nodes was employed and each calculation 

normally took about 2 hours of CPU time on a Pentium II-333 processor.   

Table V summarizes the characteristic values for the fluid flow obtained numerically for 

a number of arc cases ranging from 200 A to 2160 A and including properties of argon and air 

plasmas. 
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VII.   DISCUSSION 

Fig. 5 shows a comparison of the estimations for fluid flow in the transition region using 

equations (20) to (23) with characteristic values obtained from the numerical analysis described 

above.  Fig. 6 shows a comparison of the estimations for temperature field in the column region 

using equations (33) to (35) with characteristic values obtained from the numerical analysis 

described above and several other numerical and experimental sources[36, 45, 41, 46-49, 38].  

The properties of the plasma are contained in Table V and Table VI. 

This comparison spans a range of currents of more than one order of magnitude.  A 

regression that relates the measured or calculated values versus the estimations provides an 

indication of the quality of the estimation.  Table VII indicates the coefficient and R2 for these 

regressions.  The coefficient indicates the ratio measured/estimated or calculated/estimated; in all 

cases this coefficient is of the order of magnitude of 1, indicating that the estimations predict the 

correct order of magnitude.  The best prediction of the order of magnitude is for VZS, while the 

difference is larger for ZS, VRS, and PS.  One possible reason for this discrepancy is that the 

magnitudes associated with the fluid flow are sensitive to the aspect ratio of the transition region.  

This aspect ratio was estimated to within a factor of 3.6, and this error propagates error into the 

other magnitudes.  The error in the estimation of ZS is likely to be related to the assumption that 

the cathode boundary layer is very thin.  This simplification can introduce a measurable error, 

especially for lower currents. 

The correlation (R2) indicates how much of the variations in the measured or calculated 

behavior is explained by the scaling factor.  In all but two cases the scaling factor explains more 

than 90% of the behavior of the system. 

The small fraction of the trends not captured by the scaling factor are due to two sources.  

One is numerical or experimental error, and the other is that all secondary driving forces have 

been neglected in the estimations.  These secondary forces are divided into two classes, whether 

they were included in the governing equations or not.  Those driving forces considered in the 

governing equations are characterized by “natural dimensionless groups,” which consist of the 

ratio of a given driving force to the dominant force.  The other secondary forces can be 

quantified with dimensionless groups constructed ad hoc, based on intuition. 
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The natural dimensionless groups associated with the governing equations used in this 

work are usually smaller than 10%, indicating that their contribution is small.  This is consistent 

with the good correlations obtained and suggests that no important driving forces have been 

neglected.  The scatter is larger for the scaling of the temperature in the column ( CT̂ ), and the 

length of the gradient in the gas ( gR̂∆ ). 

The estimation for temperature in the column ( CT̂ ) explains only 37% of the variations, 

and the estimation for the length of the gradient in the gas ( gR̂∆ ) has a correlation close to zero.  

For these two cases we have estimated the correct order of magnitude but captured of the trends 

poorly.  There are two possible causes for this; one is that important driving forces have been left 

out of the governing equations, the other is numerical or experimental error.  These two 

magnitudes show the smallest variations for the cases analyzed, and this can magnify numerical 

and experimental error out of proportion.  This is a likely source of the scatter, especially 

considering the good agreement for the arc radius, which is obtained simultaneously with these 

other two estimations.  More refined estimations of the temperature field, including convection 

should prove or disprove this hypothesis. 

The estimations obtained for maximum velocity and pressure have the same functional 

form as those previously proposed [28, 33, 34].  These estimations were extracted from the 

original set of governing equations by using the OMS technique, without the need to solve the 

original system of differential equations, neither to impose functional forms of the solutions nor 

to assume a priori which the dominant forces are. 

VIII.   CONCLUSIONS 

The focus of this paper involved the application of order of magnitude scaling technique 

(OMS) to represent the behavior of an electric arc.  The analysis of the fluid flow is centered in 

the transition region, where momentum and electromagnetic phenomena are dominant and 

temperature effects can be appropriately disregarded.  The analysis of the temperature field 

focuses on the plasma column outside the transition region, where convective heat transfer is 

much smaller than radiation losses.  The results obtained using OMS are compared with 
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numerical models and experiments covering two different gases and a wide range of currents and 

arc lengths. 

The main conclusions of this work can be summarized as follows: 

• In the transition region the viscous effects are small, and the radial and axial inertial forces 

balance the electromagnetic pressure created by the flow of the current through the plasma. 

• The radius of the arc is calculated by considering the heat transfer effect of the gas region 

surrounding the plasma. 

• In the arc column the plasma main energy input is Joule heating in the Z-direction, and the 

main energy loss is through radiation. 

• In the gas region the main energy input is conduction from the arc and the main energy loss 

is radiation. 

• The estimations of the characteristic values of maximum velocity and maximum pressure 

obtained through OMS have the same expression as previous analytical expressions 

determined by Maecker [28] and Allum [33], with the exception of a factor of 2  for the 

expression of axial velocity.  This factor makes Equation (22) more accurate than Maecker’s 

equivalent. 

• The estimations of the maximum velocity and pressure in the transition region are given by 

the following equations: 

2
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• The estimations of the radius and maximum temperature in the column are given by the 

following equations: 
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NOTATION 

A summary of the magnitudes, associated functions, characteristic values, and 

estimations used in the formulation of the problem is presented in Table VIII.  The other symbols 

used in this work are: 

e: charge of the electron 

h: arc length 

I: welding current 

Jc: current density at cathode 

kb: Boltzman’s constant 

kg: thermal conductivity of gas at the ionization temperature 

kT: temperature coefficient of the thermal conductivity of the plasma 

Rc: cathode spot radius 

Re: radius of electrode 

Re: Reynolds number 

Rem: magnetic Reynolds number 

Ri: arc radius (measured at ionization temperature) 

SRg: radiation losses of the gas at the ionization temperature 
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SRT: temperature coefficient of the radiation losses of the plasma 

T0: room temperature 

TC: maximum column temperature minus ionization temperature 

Ti: ionization temperature 

δ: cathode boundary layer thickness 

∆R: critical radius minus column radius 

∆Rg: length of temperature gradient in gas 

µ: viscosity of the plasma at the maximum temperature in the arc 

µ0: permitivity of free space 

ρ: density of the plasma at the maximum temperature in the arc 

σe: electric conductivity of the plasma at the maximum temperature in the arc 

σT: temperature coefficient of the electric conductivity of the plasma 
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Table I 
Boundary conditions for the scaling of the electromagnetic field 

 

 A B C D 

B 0 CC RJ02
1 µ  

aCC RRJ 2
02

1 µ  0 
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Table II 
Boundary conditions for scaling of the fluid flow in the transition region 

 

 E F G H 

VR 0 ≈-VRS ≈0 0 

VZ ≈0 ≈0 ≈0 ≈VZS 
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Table III 
Boundary conditions for scaling of the temperature in the column 

 

 H L M N O P 

T Ci TT +≈ iT≈  iT≈  Ci TT +≈  0T≈  0T≈  
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Table IV 
Boundary conditions for numerical representation of the arc.  The domain segments make 

reference to Fig. 1 

 

 AB BI IJ JK DK AD BJ 
VZ 0 0 0=∂∂ ZVZ  0=∂∂ RVZ  0 0=∂∂ RVZ - 
VR 0 0 0 0=∂∂ ZVZ  0 0 - 
T 4000 0=∂∂ ZT  1000 1000 2500 0=∂∂ RT  - 
B µoIr/2πRc

2 - - µoI/2πr 0=∂∂ ZB  B=0 µoI/2πr 

 



 
 

24

 

 

Table V 
Characteristic values obtained through numerical analysis 

gas electrode I h Tmax ρ µ RC ZS VRS VZS PS 
  [A] [m] [K] [kg/m2] [kg/m s] [m] [m] [m/s] [m/s] [Pa] 

Argon W 200 0.01 21600 1.12E-02 5.41E-05 9.897E-04 1.22E-03 76 256 574 
Argon W 200 0.02 21500 1.12E-02 5.41E-05 9.897E-04 1.47E-03 80 266 597 
Argon W 300 0.0063 23200 9.97E-03 4.59E-05 1.212E-03 1.30E-03 101 353 1084 
Argon W 300 0.01 23200 9.97E-03 4.59E-05 1.212E-03 1.49E-03 104 363 1062 
Argon W 300 0.02 23100 9.97E-03 4.59E-05 1.212E-03 1.75E-03 105 372 989 

air C 520 0.07 17200 5.70E-03 3.26E-05 1.940E-03 4.76E-03 170 574 1492 
air C 1150 0.07 19500 4.71E-03 1.87E-05 2.884E-03 5.43E-03 247 983 3653 
air C 2160 0.07 21300 4.23E-03 1.64E-05 3.953E-03 7.09E-03 318 1498 7524 
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Table VI 
Thermal properties of plasma [50] 

parameter units Ar Air 
kT W/mK2 2×10-4 6.875×10-4 

σT A2/WmK 0.769 0.777 

SRT W/m3K 0.93×106 0.25×106 

(5/2 kb/e) W/AK 2.15×10-4 2.15×10-4 

kg W/mK 0.913 4 

SRg W/m3 2×108 2×108 

Ti, K 11000 7000 
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Table VII 
Coefficients and correlation factor for the estimations 

magnitude coefficient 









estimation
ncalculatioor t measuremen

R2 

SẐ  3.5863 0.9071 

RSV̂  0.2266 0.9753 

ZSV̂  0.9427 0.9821 

SP̂  0.3706 0.9738 

iR̂  0.6049 0.9191 

CT̂  1.0204 0.3667 

gR̂∆  1.1386 0.1815 
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Table VIII 
Summary of magnitudes, associated functions, characteristic values, and estimations used in the 

formulation of the problem 

Magnitude Symbol Normalized 
magnitude 

Characteristic 
value 

Estimated 
characteristic 

value 
Radial 
coordinate R r RC  

  r’ Ri iR̂  
  r” gR∆  gR̂∆  
Axial 
coordinate Z z ZS SẐ  

Radial 
velocity VR(R, Z) vr(r, z) VRS RSV̂  

Axial velocity VZ(R, Z) vz(r, z)   
  vz0(z) VZS ZSV̂  
Pressure P(R, Z) p(r, z) PS SP̂  
Temperature T θ’ TC CT̂  
  θ” Ti-T0  
Radial current 
density JR(R, Z) jr(r, z) JRS RSĴ  

Axial current 
density JZ(R, Z) jz(r, z) JC  

Magnetic flux 
density B(R, Z) b(r, z) BS  
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Fig. 1 -   Long GTA welding arc , and its transition region.  In a long arc the arc length (h) is 

significantly longer than the characteristic distance ZS 
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Fig. 2: Temperature distribution along the axis of symmetry 
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Fig. 3: Inner and outer cylinders containing the plasma and gas regions of the arc column 
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Fig. 4: Definition of ionization temperature.  Argon plasma properties from [50] 
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Fig. 5  -   Estimations and numerical calculations of VRS, VZS, PS, and ZS.  In all cases the 

estimations predict the correct order of magnitude and functional dependence. 
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Fig. 6  Estimations and numerical calculations of Ri, TC, and ∆Rg.  In all cases the estimations 

predict the correct order of magnitude. 
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