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pool depends mainly on the welding current and travel speed, as shown in the process maps of
Figure 1.

Figure 1: Process maps for GTAW. When the travel speed or welding current are too high,
defects occur. The �gure on the left corresponds to atmospheric pressure, after Savage et al. [4],
the one of the right corresponds to 0.04 atm, after Shimada et al. [3]. In this last �gure, each
region contains a particular type of weld bead. Type A is a normal weld pool, with little surface
depression. Type B is a sound weld, but the front of the weld pool is being \gouged". Type C
has more severe gouging and produces an undercut weld. Type D presents two parallel humped
beads at the side of the welds, and a \dry" path in between them. Type E is similar to type
D, but the parallel beads collapse into each other, sometimes leading to tunnelling. Type F
presents \dry" spots in between humps.

Previous research (summarized in Table 1) indicates four possible causes for the observed
deep weld pool surface depression:

� Marangoni forces

� electromagnetic forces

� arc pressure

� gas shear on the surface

Marangoni forces are dominant at lower currents (under 200 A) where the weld pool presents
recirculating 
ows, as determined by Heiple and Roper[5], Oreper and Szekely[6], and others.
In this regime, electromagnetic forces increase with the welding current; they are not negligible
at currents close to 200 A, and could possibly dominate the 
ows at higher currents. The arc
pressure and gas shear act over the free surface a�ecting the properties of the weld pool, as
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observed by Ishizaki[7], Choo and Szekely[8], Weiss et al.[9], and others. These forces increase
with the welding current, therefore they could potentially be the dominant forces at high cur-
rents. Because of the di�culty of studying the weld pool in the high productivity regime, there
has been no agreement in the past about which is actually the dominant force.

Table 1 summarizes the studies performed on deformation of the free surface of the weld pool.
It shows that the early studies of weld pool surface depression were experimental, and included
the major feature of the real weld pool at high currents: a gouging region (a region where the
weld pool turns into a thin liquid �lm). A numerical model of weld pool surface deformation
was presented by Friedman[10] in the late 1970's for small deformations. The analytical part of
these works considers only arc pressure, capillary and hydrostatic forces, neglecting gas shear,
Marangoni, and electromagnetic forces.

As greater computer power became available in the early 1980's, researchers attempted to
model the welding process including more complex driving forces. Oreper and Szekely built the
earliest numerical models of spot GTAW assuming a 
at and rigid free surface[11, 6]. Only in
the late 1980's was the simultaneous modeling of 
uid 
ow and free surface in GTAW attempted
by Zacharia et al.[12, 13].

Table 1 shows that the maximum current considered in numerical models of GTAW seldom
exceeds 150A. This is because the larger surface deformation caused by higher currents sig-
ni�cantly increases the complexity of the problem; it also makes the convergence of numerical
methods very di�cult. Na et al.[14] considered a current of 300A in 1992, but his later work
does not exceed 200A. The newest numerical models of GMAW reach higher current values, of
the order of 300A, but still far from the values used in practice for high productivity welding
(� 500A). Weiss[9] is the only one to have studied very depressed weld pools, focusing on the
capillary forces during vertical welding, neglecting the e�ects of 
uid 
ow.

Weld Pool Geometry At High Current

Figure 2 shows top, cross and longitudinal views of a GTA weld produced at high current and
travel speed; Figure 3 shows a schematic of a weld pool in that regime. The most salient feature
is the deep depression of the free surface, exhibiting a \gouging region" under the arc, a \rim"
around it, and a bulk of molten metal at the rear of the weld pool. The gouging region is actually
a very thin layer of liquid that follows the irregularities of the mushy zone, thus not re
ecting
light as a smooth surface. There are no recirculating 
ows due to the thinness of this region.
The rim around the gouging region is a thicker liquid portion that transports molten metal to
the trailing region at the rear of the weld pool. The transition line delimits the sharp transition
between the gouging region and the trailing region. It is observed experimentally that this line
moves toward the rear as the current increases[7, 3]. The elements of the weld pool present
di�erent con�gurations depending on the welding parameters. These variations are the origin
of defects such as humping, undercutting, tunnelling, and split bead. It can be seen in Figure 2
that the cross section of a good weld shows no obvious signs of the very depressed surface that
occurs during the melting process.

Methodology

In order to understand the transport processes acting on the weld pool at high currents and
their relative importance, a particular scaling methodology (order of magnitude scaling) is used
here. Scaling methods are seldom used in the �eld of welding; one possible reason for this
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Figure 2: Weld pool at high currents and speeds (500 A, 35.4 ipm)

Figure 3: Schematic of the weld pool at high currents and speeds. The free surface is very
depressed, turning into a thin liquid �lm under the arc. A thicker rim of liquid runs around the
edge of the weld pool carrying molten metal to the bulk of liquid at the rear of the weld pool.
The transition line marks the abrupt change from the thin liquid �lm into the bulk of liquid at
the rear.
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Table 1: Summary of relevant studies on weld pool depression. X=experimental, A=analytical,
N=numerical. GTA=gas tungsten arc, GMA=gas metal arc, SMA=shielded metal arc,
SA=submerged arc

Year Author Type Meth.
Amp.
max.

Remarks Reference

1962 Ishizaki GTA, X 1200 gouging, traveling [7, 15]
SMA,
SA

1968 Bradstreet GMA X 570 gouging, traveling [1]
1972 Demyantsevich GTA X 530 gouging, traveling [16]
1975 Shimada et al. GTA X, A 800 gouging, traveling [2, 3]
1979 Matsunawa et al. GMA X, A 350 gouging, traveling [17]
1992 Adonyi et al. GTA X 1000 gouging, traveling [18]

1983 Lin et al. GTA X, A 600 spot weld [19, 20, 21, 22]
1993 Rokhlin et al. GTA X, A 350 spot weld [23]

1978 Friedman GTA N 125 spot weld [10]
1989 Tsai et al. GTA N �150 spot weld [24]
1989 Szekely et al. GTA N 150 spot weld [25, 26, 27]
1991 Zacharia et al. GTA N 150 spot weld [28, 29]
1992 Na et al. GTA N 300 spot weld [14, 30, 31]

1988 Zacharia et al. GTA N 100 traveling weld [12, 13]

1995 Kim et al. GMA N 300 traveling weld [32]
1996 Weiss et al. GMA N 155 traveling weld [9]
1997 Ushio et al. GMA N 250 traveling weld [33]
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is that the large number of dimensionless groups obtained through dimensional analysis make
the selection of a proper scale extremely di�cult. Oreper and Szekely[6] obtained scaling fac-
tors for the characteristic velocity in a weld pool with a 
at surface dominated by Marangoni
forces. Rivas and Ostrach[34] extended the scaling to regimes with higher Marangoni num-
bers. Chen[35] presented a study of scaling and asymptotic considerations in convective heat
transfer where he stated that \real world" heat transfer problems are too complex for the basic
non-dimensionalization schemes, and that scaling factors can be obtained from the governing
di�erential equations. Barenblatt[36] used dimensional analysis to classify di�erent types of
asymptotic approximations. Denn[37] presented scaling factors for the pressure and time in
process 
uid mechanics.

The methodology presented here presents a systematic new way of combining dimensional
analysis and asymptotic considerations. Dimensional analysis permits a formulation of the
problem in a dimensionless form, thus reducing the number of arguments. The asymptotic
considerations allow one to scale the problem with the dominant terms in the equations. A
normalization procedure and functional requirements are clearly de�ned here; this way the pro-
cedure is mathematically sound, relying more on knowledge rather than intuition as in previous
works. The outcome of the order of magnitude scaling methodology consists of estimations of
the characteristic values of the solution of the problem, and a ranking of the relative importance
of the di�erent driving forces involved. The estimations obtained have only an order of magni-
tude accuracy, but they are very general and simple to obtain. They are obtained using matrix
algebra, simplifying otherwise tedious algebraic manipulations prone to human error.

There are important di�erences between order of magnitude scaling and dimensional anal-
ysis. Dimensional analysis helps to reduce the number of arguments on which a given problem
depends, but it provides no additional information about the solution of a problem; there is
no information about the relative importance of the dimensionless groups involved. Order of
magnitude scaling provides estimations of the solution, and determines the relative importance
of the dimensionless groups. This is possible because this technique uses asymptotic techniques.
The dimensionless functions that relate the exact solution to the estimations have a value of
approximately one, and depend on the set of dimensionless groups determined through dimen-
sional analysis. These functions can be determined through solution of the equations or through
experiments (whether physical or numerical). Knowing which dimensionless groups are neg-
ligible allows one to simplify the functional dependence of the dimensionless functions. This
simpli�cation can be done without signi�cantly a�ecting the accuracy of the predictions, yet
greatly reducing the number of experimental points necessary for the characterization of the
functions.

Three aspects of the order of magnitude scaling methodology are especially relevant, and will
be described in more detail below. These aspects are: normalization, functional requirements,
and asymptotic considerations.

Normalization

The solution of a problem consists of a set of scalar functions with dimensions that describe
the properties of the system in question; for example, temperature as a function of position:
T (X;Z). These dimensional functions are determined by a set of di�erential equations that
represent the physics governing the problem. The goal of the normalization is to transform
these dimensional functions into dimensionless functions with an absolute value between zero
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and one. This can be accomplished by the following relationships:

xi =
Xi �Ai

Bi �Ai
(1)

f(x1 : : : xi : : : xv) = �
F (X1 : : : Xi : : : Xv)� F (A)

jF (B)j � jF (A)j
(2)

In equations 1 and 2, capital letters are used for functions and arguments with dimensions,
and small case for their dimensionless counterpart. The same convention will be maintained
throughout the paper. The domain for scaling is the region over which the functions that
constitute the solution of the problem are going to be scaled; this domain is de�ned by Ai �
Xi � Bi, where Ai and Bi are the extreme values of each independent argument Xi. The points
A and B are the points in the domain of scaling where the function F (X1 : : : Xi : : : Xv) has a
minimum and maximum absolute value respectively. When F (A) = 0, FC = jF (B)j � jF (A)j
is the characteristic value of F . When F (A) 6= 0, FC is the characteristic value of the variation
of F . This concept applies similarly to the independent arguments. The characteristic values
are de�ned positive, because when performing algebraic operations they might be raised to a
non-integer power.

An important aspect of this normalization is that one or more of its elements (A, B, F(A),
or F(B)) might be initially unknown. For example, in the scaling of a very depressed weld
pool, the characteristic value of the velocity at the surface is initially unknown. From a di-
mensional analysis point of view, the introduction of unknown parameters increases the number
of dimensionless groups, which might seem to add complexity to the problem. However, since
the problem is completely de�ned by the parameters appearing in the system of equations,
the additional dimensionless groups are redundant, and they can be used in combination with
asymptotic considerations to estimate the value of the unknown characteristic values.

Functional Requirements

The order of magnitude scaling methodology presented here requires that the second derivatives
of the dimensionless functions are of the order of one. This requirement is particular to this
formulation, and it guarantees that the �rst derivatives of the dimensionless functions have an
upper bound of the order of one. In some cases a lower bound of the absolute value of the
maximum can also be established to be of the order of one, and these functions will be described
as having an \order of magnitude of one" with the notation OM(1).

Although the solution of the di�erential equations is unknown (especially if they are non-
linear), in practice, previous insight from experiments or mathematical modeling is generally
available. This insight is usually su�cient for determining whether the functions are smooth
enough, or if the domain can be split into smaller regions in which the second derivatives of the
dimensionless functions are of the order of one. For many engineering problems division into
only two subdomains will su�ce.

The requirement of having second derivatives of the order of one is very important, because
it permits one to extract an algebraic equation from a di�erential one. The algebraic equation
provides an estimation of the characteristic values in a much simpler way than the di�erential
equation. For example, the equation of conservation of mass in two dimensional 
ow is:

@U

@X
+
@V

@Y
= 0 (3)
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Using the normalization relationships (equations 1 and 2) the functions and their arguments
can be expressed as a set of scaling relationships:

X = Xmin +XCx (4)

Y = Ymin + YCy (5)

U(X;Y ) = Umin + UCu(x; y) (6)

V (X;Y ) = Vmin + bVCv(x; y) (7)

In this example the characteristic value VC is assumed to be unknown, and its estimation is
marked with a hat ( bVC).

Equation 3 can therefore be normalized as:

@u

@x
+N1

@v

@y
= 0 (8)

where N1 = bVCXC=UCYC . When @u=@x=OM(1), and @v=@y=OM(1) the dimensionless group
N1 must be approximately equal to one. The estimation bVC can be calculated by solving the
algebraic equation N1 = 1. For problems that involve q estimations, q algebraic equations are
obtained, and the estimations can be obtained using matrix algebra (equation 75).

Asymptotic Considerations

The normalization of equation 3 is trivial because it has only two terms, and the only possible
way of obtaining a dimensionless group is to combine them. When an equation has more than
two terms there are many ways to obtain dimensionless groups. The correct normalization is
the one that normalizes all terms with the largest coe�cient. This way the largest dimensionless
coe�cient has a value of one, and all others have a value of one or less. In the asymptotic limit
there is a balancing term (that has the same order of magnitude of the dominant term), and the
coe�cients of the other non-dominant terms approach zero. The dimensionless coe�cient of the
balancing term can be assigned a value of one, same as the value of the dominant coe�cient.
Assigning a value to a balancing term generates an algebraic equation.

The determination of the dominant and balancing terms in a system of equations is an itera-
tive process. A wrong assignment produces dimensionless coe�cients larger than one; therefore,
a new assumption of dominant and balancing forces needs to be made.

The process described above has some di�erences with the dominant balance technique de-
scribed by Bender et al.[38]. In their formulation, after neglecting the small terms, the simpli�ed
di�erential equations need to be solved exactly. In the formulation used here, it is only nec-
essary to determine the value of the dimensionless coe�cients, without solving the di�erential
equations.

FORMULATION OF THE PROBLEM

The problem of weld pool surface depression at high current and velocity is modeled here as two-
dimensional, quasi-steady state. The choice of two-dimensional modeling is reasonable because
the dominant force (gas shear on the free surface) acts mainly in the direction of motion; this
approximation yields an upper bound for the thickness of the thin liquid �lm in the gouging
region. The focus of the order of magnitude scaling is on the molten metal processes in the
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weld pool. The properties of the arc, and the heat transfer in the solid (which determines
penetration) are considered as known process inputs. The properties of the molten metal are
considered constant. The melting interface is considered sharp, as in pure metals.

Figure 4 presents the coordinate system and other important elements for the analysis. For a
stationary torch the substrate moves to the right with velocity U1. If the substrate is considered
as stationary the torch moves to the left, leaving behind a trail of solidifying metal. The weld
pool has two characteristic regions, one is very thin and occurs under the arc (the gouging
region), and a trailing region which is thicker. This analysis concentrates on the gouging region,
and has for a goal the determination of the dominant driving force that causes the weld pool to
turn into a thin �lm.

Figure 4: Coordinate system and other elements of a thin weld pool. The thickness of the thin
liquid layer at point B is � b�.

The curves labeled Qa, Pa, and �a represent the heat input, arc pressure, and gas shear stress
that the arc imposes on the free surface. Sf and Sm represent the free surface and the melting
interface respectively. In this formulation of the problem Sm is considered as prescribed, and
Sf as an unknown to be determined.

The reference axes travel with the welding torch so that the problem can be solved as a
pseudo-stationary one. The axes X and Z are tangential and normal to the melting interface
(Sm), therefore their angle ! with the horizontal (axis X 0) changes along the melting front. The
derivatives with respect to ! can be neglected when using the scaling relationships because the
thickness of the liquid �lm is much smaller than the radius of curvature of the melting front. This
approach is very similar to the one used by Wei and Giedt in their study of keyhole formation
in electron beam welding [39]. The melting front angle !s is the angle of a secant to the melting
front between the point of beginning of melting (point A in Figure 4) and the transition point
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where the trailing region begins (point B).

Governing Equations and Boundary Conditions

The equations that govern the transport processes of the molten metal are mass conservation
(equation 9), Navier Stokes (equations 10 and 11), and conservation of energy (equation 12).
The following driving forces are considered:

� Gas shear on the free surface

� Arc pressure

� Electromagnetic forces

� Hydrostatic pressure

� Capillary forces

� Marangoni forces

� Buoyancy forces

The equations that completely describe the problem are the equations of conservation of
mass (equation 9), the equations of Navier-Stokes, (equations 10 and 11), and the equation of
conservation of energy (equation 12). The equations for the determination of the electromagnetic
forces are Ohm's law (equations 13 and 14), the equation of conservation of charge (equation 15),
and Amp�ere's law (equations 16 and 17). In this two-dimensional system, the magnetic 
ux
vector is perpendicular to the page at all times. Among the boundary conditions, equation 20
includes the Marangoni e�ect and the gas shear due to the arc plasma, and equation 22 includes
the arc pressure and the capillary forces.

Equation 18 is an approximate integral expression of the mass conservation equation at the
transition point (point B in Figure 4), which is located near the bottom of the weld pool, where
the slope of the melting front (angle ! � 0) is approximately horizontal. The integral equation
of conservation of mass is redundant because mass conservation is already considered with a
di�erential expression in equation 9; however, the integral expression will be useful later for
determination of the estimations. The e�ect of frictional and Joule heating is not included in
these equations; they are usually considered negligible in the literature.

@U

@X
+
@W

@Z
= 0 (9)

U
@U

@X
+W

@U

@Z
= �

1

�

@P

@X
+ �

 
@2U

@X2
+
@2U

@Z2

!
+ g sin(!)� (10)

�
1

�
JZBY � �g sin(!) (T � Tm)

U
@W

@X
+W

@W

@Z
= �

1

�

@P

@Z
+ �

 
@2W

@X2
+
@2W

@Z2

!
+ g cos(!) + (11)

+
1

�
JXBY � �g cos(!) (T � Tm)
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U
@T

@X
+W

@T

@Z
= �

 
@2T

@X2
+
@2T

@Z2

!
(12)

JX = ��e
@�

@X
(13)

JZ = ��e
@�

@Z
(14)

@2�

@X2
+
@2�

@Z2
= 0 (15)

@BY

@Z
= ��0JX (16)

@BY

@X
= �0JZ (17)

(U1 + C1
bU)b� � U1L sin(!s) (18)

The expression of the constant C1 in the integral equation of conservation of mass (equa-
tion 18) is:

C1 =
1

UC�C

Z �C

0
(U � U1)dZ (19)

where UC and �C are the characteristic values of the velocity in U(X;Y ) and thickness of the
thin liquid layer. Since these values are unknown, they are estimated by bU and b�.

The constant C1 represents the ratio between the average velocity and the free surface velocity
for the liquid �lm at point B (Figure 4). For a 
ow dominated by viscous forces C1 approaches
1/2, and for a 
ow dominated by inertial forces (uniform velocity pro�le) C1 approaches 1. In
this work the value C1 = 1=2 will be used, because (as it will be shown later) in a thin weld
pool the 
ow is dominated by viscous forces.

Boundary conditions

Table 2: Boundary conditions for a thin weld pool (dimensional)

U W P T � � BY

Sf Eq. 20, Eq. 21 Eq. 22 Eq. 23 Eq. 24
Sm Um Wm Eq. 25 Tm
x = 0 0

x0 = �1 0 0
z0 = +1 0 0

�TrT � et = ��a � ��r(U � et) � en (20)
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U � en = 0 (21)

P =
�
d2Z0

f

dX02�
1 +

�
dZ0

dX0

�2�3=2
+ Pa (22)

k
@T

@Z
= �Qa (23)

�e
@�

@Z
= �Ja (24)

P = �gZ 0m (25)

where Um andWm are the velocity of the metal at the melting interface, U is the velocity vector
and eX , eZ , et and en are the unit vectors for the X and Z directions, tangential and normal
to the free surface, as shown in Figure 5. The domain for scaling is 0 � X � L and 0 � Z � �C .

Um = U1 cos(!) (26)

Wm = �U1 sin(!) (27)

U = UeX +WeZ (28)

et = cos(
)eX � sin(
)eZ (29)

en = sin(
)eX + cos(
)eZ (30)

tan(
) =
d�

dX
(31)

Figure 5: Coordinate vectors at the melting interface and free surface. The angle 
 is small
because the variations in thickness of the thin weld pool are smooth
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Values for a typical case

A representative case will be used to determine relative importance of the driving forces of a
typical weld pool with a deeply depressed surface. The main welding parameters for this case
are shown in Table 3, and material properties can be found in Table 4.

The measured weld penetration and its location are:

D = 3.2 mm

L0 = 4.15 mm

!s = 0.657 rad

Table 3: Welding parameters for a typical weld with a very depressed free surface

base material AISI 304 (50 ppm S)

current 305 A

voltage 14.5 V

speed 12 ipm (5.08 mm/s)

arc lengthflat 3.175 mm

shielding gas 100% Ar

No studies have been performed to determine the exact characteristics of the arc in deeply
depressed weld pools. The peak values Qmax, Pmax, Jmax, and �max are estimated as similar to
the values for an arc on a 
at surface; the �rst three need a correction for the larger area of the
inclined front surface:

Qmax � Qmax;flat cos(!s) (32)

Pmax � Pmax;flat cos(!s) (33)

Jmax � Jmax;flat cos(!s) (34)

�max � �max;flat (35)

The arc length must also be corrected for the weld pool depression:

arc length � arc lengthflat +D=2 (36)

These approximations are conservative because they underestimate the importance of the domi-
nant driving force and overestimate the magnitude of the other forces. Since the melting front is
inclined with respect to the arc axis, the gas shear stress in the gouging region is expected to be
larger than over a perpendicular 
at surface. The data for an arc on a 
at surface is interpolated
from the measurements by Tsai [40] and modeling by Choo [27]. The heat distribution between
the gouging region and trailing region of the weld pool depends on the position of the transition
line. As the current increases, the transition line moves towards the rear and less heat reaches
the trailing region. At the onset of humping the arc energy is concentrated almost exclusively
in the gouging region. For the representative settings of Table 3, the estimated parameters for
the arc are:

Qmax = 3:34 � 107W/m2
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Pmax = 713Pa

Jmax = 4:29 � 106A/m2

�max = 92:1Pa

Table 4: Physical properties for AISI 304 with 50 ppm S. This data is based on references [29,
31, 41, 42, 43, 44].

� 6907 kg/m3 � 8.32�10�7 m2/s

� 3.30�10�6 m2/s �T 1.50�10�4 N/mK

k 18.0 W/mK � 1.56 N/m

�e 7.7�105 A/Vm � 9.79�10�5 1/K

Ts 1523 K Tl 1723 K

ORDER OF MAGNITUDE SCALING OF A THIN WELD

POOL

Scaling Relationships

The equations below constitute the set of scaling relationships that transform dimensional func-
tions into their dimensionless counterparts.

X = Lx (37)

X 0 = L0x0 (38)

Z = b�z (39)

�(X) = b��(x) (40)

U(X;Z) = Um(!) + bUu(x; z) (41)

W (X;Z) = Wm(!) + cWw(x; z) (42)

P (X;Z) = bPp(x; z) (43)

T (X;Z) = Tm + bT�(x; z) (44)

Z 0f (X
0) = Dz0f (x

0) (45)

Z 0m(X
0) = Dz0m(x

0) (46)

Qa(X) = Qmaxqa(x) (47)

Pa(X) = Pmaxpa(x) (48)

�a(X) = �maxta(x) (49)

Ja(X) = Jmaxja(x) (50)

JX(X;Z) = bJjx(x; z) (51)

JZ(X;Z) = Jmaxjz(x; z) (52)

BY (X;Z) = bBb(x; z) (53)

�(X;Z) = b��(x; z) (54)
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Some of the characteristic parameters in the above relationships are not known and need to
be estimated. These parameters constitute the set of estimations fSg. The goal of the order of
magnitude scaling technique is to determine the expression of these estimations.

fSgT = fb�; bU;cW; bP ; bT ; b�; bJ; bBg
Dimensionless Governing Equations and Boundary Conditions

Applying the scaling relationships (equations 37 to 54) to the governing equations (equations 9
to 25), a new set of equations involving dimensionless functions and arguments (but with di-
mensional coe�cients) is obtained. This set of equations is normalized by using the modi�ed
dominant balance technique with the conditions and material properties of the typical case de-
scribed above; this way a set of dimensionless equations is obtained (equations 55 to 73). The
dominant balance determines that the gas shear and the viscous forces are dominant in a typical
case (see Figure 8), and these will be the main forces used for the normalization. Equation 57
is normalized with the pressure gradient, which is characterized by equation 56. The expression
of the dimensionless groups Ni is contained in the matrix [A], shown in Figure 6. It contains
the exponents of the di�erent parameters and estimations in each dimensionless group. The
internal lines divides matrix [A] in six submatrices: [A11] to [A23]. The exponents associated
with the known parameters are contained in the three submatrices on the left ([A11], [A21], and
[A31]) and the unknown estimations on the three submatrices on the right ([A12], [A22], and
[A32]). The group on the top row ([A11] and [A12]) includes the dimensionless groups that are
assigned the value one. The middle row includes the dimensionless groups obtained through
Buckingham's theorem[45]. The bottom row includes other dimensionless groups of unknown
value that appear in the di�erential equations. For simplicity, elements with zero value are not
represented in Figure 6.

@u

@x
+N1

@w

@z
= 0 (55)

N2

�
(um + u)

@u

@x
+N3(wm + w)

@u

@z

�
= �N4

@p

@x
+N5

@2u

@x2
+
@2u

@z2
� (56)

�N6 sin(!)�N7jzb�N8 sin(!)

N9(um + u)
@w

@x
+N10(wm + w)

@w

@z
= �

@p

@z
+N11

 
N5

@2w

@x2
+
@2w

@z2

!
+ (57)

+N12 cos(!) +N13jxb�N14� cos(!)

N15(um + u)
@�

@x
+N16(wm + w)

@�

@z
= N5

@2�

@x2
+
@2�

@z2
(58)

jx = �N17
@�

@x
(59)

jz = �N18
@�

@z
(60)

N5
@2�

@x2
+
@2�

@z2
= 0 (61)
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@b

@x
= �N20jz (62)

N21

sin(!s)
+N22 � 1 (63)

where:

um = N31 cos(!) (64)

wm = �N32 sin(!) (65)

Boundary conditions

Table 5 presents the non-dimensional boundary conditions for this system. The conditions for
the velocity at the surface have a complex mathematical expression, because the free surface is
not necessarily parallel to the melting interface. Because the variation of �lm thickness over the
length is smooth, equations 68 and 69 can contain the following simpli�cations:

sin(
) � tan(
) (66)

cos(
) � 1 (67)

Table 5: Boundary conditions for a thin weld pool (dimensionless)

u w p � � � b
Sf Eq. 68, Eq. 69 Eq. 70 Eq. 71 Eq. 72
Sm 0 0 Eq. 73 0
x = 0 0

x0 = �1 0 0
z0 = +1 0 0

N23
@u

@z
= �ta �N24

�
@�

@x
+
d�

dx

@�

@z

�
(68)

w = N25(um + u)
d�

dx
� wm (69)

p = �N26
sin(!s)

cos2(!s)

 
1 + tan2(!s)

dz0f
dx0

!
�3=2

d2z0f
dx02

+N27pa (70)

@�

@z
= �N28qa (71)

@�

@z
= �N29ja (72)

p = N30z
0

m sin(!s) (73)
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Figure 6: Matrix of dimensionless groups [A] for a thin weld pool.
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Dimensionless Groups of Known Order of Magnitude

The equations that have only two terms immediately yield dimensionless groups that can be
estimated as equal to one; this way the following relationships are obtained:

N1 = N17 = N18 = N20 = N28 = 1 (74)

The main driving force (gas shear) acts mainly on the X direction. Therefore the momentum
inX equation (equation 56) will be considered the most relevant of the two momentum equations.
The characteristic pressure is obtained by de�ning N4 = 1 in that equation. The dominant
balance indicates that the gas shear at the surface is balanced by the viscous forces, therefore
in equation 68 the group N23 should be set to one. For a thin liquid �lm the group N22 in
the integral equation of conservation of mass (equation 63) dominates, and will be estimated as
equal to one (this is valid only when the weld pool is very thin relative to its other dimensions).

Dimensionless Groups that Completely Describe the Problem

Eleven dimensionless groups are necessary to describe the non-dimensional formulation of the
problem. The selection of these parameters is arbitrary, and for this problem the following set
is chosen:

f�g = fN2; !s; N5; N6; N7; N8; N15; N24; N26; N27; C
0

1g

The elements of f�g have a concrete physical meaning, and many can be associated with well
known dimensionless groups, as shown in Table 6. The parameters N6, N7, N8, N24, N26, and
N27, are ratios of driving forces for the 
ow. The groups N2, N5, and N15, are ratios of e�ects.
!s relates to the geometry. The element C 01 is a numerical constant that is included in the set
only for practical reasons. The term \di�usivity" used to describe N5 refers to di�usion-like
processes such as heat conduction or momentum transfer.

Table 6: Meaning of the governing dimensionless groups

physical meaning related group [46]
N2 inertia/viscous Reynolds
!s melting front angle see Figure 4
N5 di�usivity in x/di�usivity in z
N6 gravity/viscous Stokes
N7 electromagnetic/viscous Elsasser
N8 buoyancy/viscous Grasho�
N15 convection/conduction Peclet
N24 Marangoni/gas shear Marangoni
N26 capillary/viscous Capillary
N27 arc pressure/viscous Poiseuille

One advantage of the governing dimensionless numbers used here is that the ratios they
represent describe the relative importance of driving forces or e�ects with an order of magnitude
accuracy. The reason for this improved accuracy over standard dimensionless numbers is that
the groups used here include information about characteristics of the problem that is not easily
captured by the traditional formulation of dimensionless groups.
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Expression of the Order of Magnitude Estimations

The expression of the order of magnitude estimations is given by matrix [AS ], shown in Figure 7.
This matrix is obtained from equation 75[47].

[AS ] = �[A12]
�1[A11] (75)

L � � k Qmax Jmax �e g � �T � C0
1

Pmax �max U1 �0 � !sb� 1/2 1/2 1/2 -1/2 -1/2 1/2bU 1/2 -1/2 -1/2 -1/2 1/2 1/2bW -1 1bP 1/2 -1/2 -1/2 1/2 3/2 -1/2bT 1/2 1/2 -1 1 1/2 -1/2 -1/2 1/2b� 1/2 1/2 1 -1 1/2 -1/2 -1/2 1/2bJ -1/2 1/2 1 1/2 -1/2 -1/2 1/2bB 1 1 1

Figure 7: Matrix of dimensionless groups [AS ] for a thin weld pool.

The expressions in the form of equations for the characteristic thickness, surface velocity and
temperature variation are the following:

b� = (2�U1D=�max)
1=2 (76)bT = Qmax

b�=k (77)bU = 2U1D=b� (78)

RESULTS

The value of the estimations obtained using order of magnitude scaling are presented in Table
7. The characteristic thickness for the liquid �lm is on the order of tens of microns, which is
orders of magnitude smaller than the thickness for a weld pool with recirculation (of the order of
millimeters). On such a thin weld pool, the characteristic temperature variation is of the order
of 102K, much smaller than that for weld pools with recirculation (of the order of 103K). This
smaller temperature jump makes Marangoni forces less relevant. Thus, variations in the sulfur
content are expected to have a much smaller in
uence on penetration than in thicker weld pools.

Table 7: Typical values for the estimations in a thin weld pool

b� 4.51�10�5 m bT 83.8 KbU 0.722 m/s b� 2.51�10�4 VcW 6.20�10�3 m/s bJ 3.69�104 A/m2bP 1.07�104 Pa bB 2.83�10�2 Wb/m2

The typical values for the dimensionless groups that describe the problem are shown in
Figure 8. The value 1 corresponds to the ratio between the the gas shear force (dominant), and
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viscous forces (balancing). An analysis of the groups related to the driving forces shows that
their in
uence is smaller than 10% of the dominant force. Group N2 � 0:34 is the ratio between
two balancing forces (viscous and dynamic). Its value indicates that inertial forces should be
taken into account in more accurate calculations. The very small value of N5 indicates that in
the X-direction thermal conduction and viscous e�ects are negligible. Convection (N15) is also
small.

The thickness of the mushy zone can be estimated as:

thickness mushy zone � kTsl=Qmax = 1:07� 10�4m (79)

The typical weld pool has a thickness of the same order, and will capture the irregularities
in the melting of the base metal, thus giving the impression of a \dry" surface.

Figure 8: Typical value of the governing dimensional groups for a thin weld pool. The gas
shear on the free surface is the dominant driving force, and viscosity is the dominant resistance
(e�ect). All other forces and e�ects are normalized by them. In the asymptotic case when all
other forces and e�ects are negligible, the ratio of gas shear/viscous e�ect is one. For the typical
case presented, gas shear is an order of magnitude stronger than any other force. The viscous
forces are the dominant resistance, but inertial e�ects are not negligible.

Experimental Evidence

In weld pools with recirculation Marangoni forces are dominant, and the presence of surface
active elements such as sulfur[43] generates welds with signi�cantly di�erent penetration[5, 6].
GTA welds with a sulfur content of more than 70 ppm tend to be deeper and narrower than
those with less than 60 ppm[48].

To verify that in a thin weld pool the Marangoni forces are of little importance, a set of
bead on plate welds was performed in the same conditions on 304 stainless steel di�ering only
on their sulfur content (6 ppm vs. 230 ppm). The welding parameters used in the experiments
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Figure 9: Welding penetration at high current. It can be observed that welding penetration
varies very little with sulfur content, indicating that Marangoni forces are not dominant in this
regime.

were such that these welds had a gouging region. The resulting welds were sectioned and etched,
and penetration was measured. The results are shown in Figure 9. Welding penetration does
not change signi�cantly with the sulfur content, indicating that the Marangoni forces are of little
e�ect at these high current levels.

DISCUSSION

Order of magnitude scaling indicates that the dominant force driving the 
ow and determining
the position of the free surface in a very depressed weld pool is the gas shear on the surface.
This was suggested before by Ishizaki[7] and Choo[8]. Based on experimental observations and
physical modeling, Ishizaki proposed that the plasma shear pushed the 
uid 
ow to the rear.
Choo and Szekely performed numerical simulations of the arc and the weld pool for GTAW;
they came to the conclusion that above 200 A the weld pool is likely to deform, and the gas
shear could become dominant, although they could not study that case explicitly. Shimada et

al.[3] measured the thickness of a solidi�ed thin weld pool, obtaining a value of 70 �m, which is
of the same order of magnitude as the estimations obtained here.

In the past, other forces have been considered likely candidates to be the driving force in
a weld pool under high current (Electromagnetic forces, arc pressure, and Marangoni forces).
A review of the literature indicates that electromagnetic forces and arc pressure cannot be
the cause of the deep weld pool surface depressions observed experimentally. Tsai et al.[24]
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indicated that the electromagnetic forces tend to raise the center of the weld pool, therefore
they cannot be the cause for the depression. Lin et al.[20] and Rokhlin et al.[23] determined
that at high currents (above approximately 250 A) the free surface deformation is of the order of
�ve times that obtained from a balance between arc force and capillary and hydrostatic forces.
The experiments performed in this research also discard Marangoni forces as the cause of weld
pool surface depression at high currents.

Two dimensional modeling of the problem yields an upper bound for the thickness weld pool
when it turns into a thin liquid �lm. The material that 
ows from the melting front to the rear
through the rim (see Figure 3) is material that does not actually contribute to the �lm thickness.
The gas 
ow on the surface is not perfectly parallel, and has an outward component, which also
subtracts material from the thin weld pool. The behavior of the arc in a deeply depressed weld
pool is not well known, and the values employed are those corresponding to a 
at surface, with
a correction related to the larger area of an inclined surface. This also results in an upper bound
for the weld pool thickness, since the impingement of the arc over an inclined surface is expected
to cause stronger shear stresses than when the arc axis is normal to a 
at plate.

For the normalization of the governing equations, it was assumed that the layer thickness is
much smaller than the radius of curvature of the melting front. This assumption is reasonable,
in the light of the results obtained, since the thickness of the thin liquid �lm is of the order of
magnitude of 10�5m in a weld pool with characteristic dimensions of the order of 10�3m.

The application of order of magnitude scaling to the analysis of this problem yielded approx-
imate estimations of the characteristic values of the problem. The relationship between these
estimations and the exact solutions depends on the set of dimensionless parameters resulting
from the application of Buckingham's theorem, as indicated in equation 80 for the thickness
of a thin weld pool. In this equation the dimensionless groups Ni represent ratios of forces as
indicated in Figure 8, and !s is a dimensionless group related to the geometry of the problem.

� = b�f(N2; !s; N5; N6; N7; N8; N15; N24; N26; N27) (80)

Since most of these groups are very small, as indicated in Figure 8, equation 80 can be
simpli�ed to

� � b�f(N2; !s) (81)

The simpli�cation of equation 81 facilitates signi�cantly the empirical determination of the
function f . Many fewer experiments (whether physical or numerical) are necessary to charac-
terize a function with two arguments than one with ten.

SUMMARY

For thin weld pools under high current arcs, the gas shear stress is the main determinant of
the motion of the liquid under the arc. Other factors such as Marangoni, electromagnetic and
buoyancy have a much smaller e�ect.

The characteristic thickness, surface velocity and temperature under the arc can be evaluated
with the following expressions (typical values are in parenthesis):

b� = (2�U1D=�max)
1=2 (� 50�m)bT = Qmax

b�=k (� 100K)bU = 2U1D=b� (� 1m/s)
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The freezing time for the thin �lm is very small, and premature freezing can start a humped
bead.

The thickness of the weld pool is of the order of the mushy zone, therefore the free surface
captures its irregularities and has the appearance of \dry" metal.

Finger-like penetration in GTA welding can be explained as a combination of the deep
penetration caused by the direct action of the arc on the melting front, and a widening of the
bead by the hot metal of the tail. Since the Marangoni forces are small relative to aerodynamic
drag, surface active elements such as sulfur have a negligible e�ect on penetration.

A more accurate estimation of the characteristics of the arc in deeply depressed weld pools is
necessary. This is especially important for the calculation of penetration, because on such thin
weld pools the arc acts almost directly over the melting interface.

In the light of the results obtained, some conclusions can be drawn upon the methodology
used. Order of magnitude scaling provides scaling factors of the same order of magnitude as
the unknowns; therefore, when normalizing the functions with these factors, the dimensionless
functions obtained are smooth, and with values not far from unity. These dimensionless functions
depend on a set of dimensionless groups as indicated by Buckingham's theorem of dimensional
analysis[45]; however, order of magnitude scaling can go beyond dimensional analysis by helping
to determine which of those dimensionless groups can be neglected.

Solutions obtained through numerical methods can be generalized by normalization with the
proper scaling factors. This is also valid for experimental results. The scaling factors obtained
can be used as a check for numerical results, as used by Oreper and Szekely[6], Thompson and
Szekely[25], and Rivas and Ostrach[34].

The estimations obtained can be re�ned by further calculations or experiments. The knowl-
edge gained regarding what dimensionless groups can be neglected reduces signi�cantly the
necessary number of experiments or calculations. The simple expression of the solutions makes
them suitable to be implemented in real-time control algorithms. When using matrix alge-
bra to implement this methodology, the matrices involved are generally small, and the matrix
operations are relatively simple.

ACKNOWLEDGMENTS

This work was supported by the United States Department of Energy, O�ce of Basic Energy
Sciences.

LIST OF SYMBOLS

b dimensionless magnetic 
uxbB estimation of characteristic magnetic 
ux
By magnetic 
ux
C1 mass conservation constant
D weld penetration
g gravitybJ estimation of characteristic current density
ja dimensionless current density at the surface
Ja current density at the surface
Jmax maximum current density at the surface
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jx dimensionless current density in x
Jx current density in X
jz dimensionless current density in z
Jz current density in Z
k liquid heat conductivity
L characteristic length in X
L0 characteristic length in X 0

p dimensionless pressure
P pressurebP estimation of characteristic pressure
pa dimensionless pressure at the surface
Pa pressure at the surface
Pmax maximum pressure at the surface
qa dimensionless heat 
ux at the surface
Qa heat 
ux at the surface
Qmax maximum heat 
ux at the surface
T temperaturebT estimated characteristic temperature variation
Tl liquidus temperature
Ts solidus temperature
ta dimensionless gas shear stress at the surface
Tm melting temperature
u dimensionless velocity in x
U velocity in XbU estimated characteristic velocity in X
um dimensionless base material in x
Um base material velocity in X
U1 welding velocity
w dimensionless velocity in z
W velocity in ZcW estimated characteristic velocity in Z
wm dimensionless base material velocity in z
Wm base material velocity in Z
zf
0 dimensionless free surface position

Zf
0 free surface position

zm
0 dimensionless melting interface position

Zm
0 melting interface position

Greek Symbols

� liquid heat di�usivity
� volumetric thermal expansionb� estimated characteristic thickness of liquid �lm
� electric potentialb� estimated characteristic electric potential
� dimensionless electric potential
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� viscosity
�0 magnetic permeability of vacuum
� kinematic viscosity
�i governing dimensionless groups
� dimensionless temperature
� liquid density
� surface tension
�e electrical conductivity
�T surface tension temperature coe�cient
�a gas shear stress at the surface
�max maximum gas shear stress at the surface
! angle between tangent of melting front and horizontal
!0 angle between secant of melting front and horizontal
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