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Topics covered

# Dynamical stabilization

» Main concept and its realizations:
Kapitsa pendulum (1953), Paul traps (NP 1989), ...

# Theory of rapidly oscillating fields

(effective field theory in classical mechanics)
® scale separation and averaging

» effective action and emergent gravity

& quantization

# Dynamical magnetic confinement

® new class of magnetic traps J
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Rapidly oscillating fields

# Rapidly oscillating force F « f(r) Cos(wt)l

w small particle displacement for w — o0

# Spatially homogeneous amplitude
W zero average effect

# Inhomogeneous amplitude
w> nonvanishing net effect due to the particle displacement

# Time-average force

= proportional to the amplitude gradient  Fepr o< f;0; F I
w vanishes in the high frequency limit as 1/w?
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Theory of rapidly oscillating fields

o Main idea

® separate fast and slow modes
# integrate out (average) fast modes

w cffective action

& may change stability of dynamical systems (bifurcation)

w dynamical stabilization

|
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Kapitza pendulum

# Equation of motion é+<5+ecost)sine:o| (6 < e< 1)

o slow and fast modes 6 =0.+ a(8s)cost, 6s <1, a(fs) < 1
® equation of motion for fast mode (—a + esinfs)cost =0

e2

® equation of motion for slow mode 6, + §sinfs + S cos s sin6s = 0

o Effective action 2= g _ (—5 cosfs — &= cos 293) P. Kapitza (1953)

8

W fors < e2/2 new minimum ate, =« Y dynamical stabilization
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# Electric field in empty space

» static potential AV =0
= no local minima

# oscillating field

w cffective potential may have a local minimum

# Quadrupole traps

» theory still relies on Kapitsa analysis
= a country mile behind the theory of
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Quest for general theory

#® The theory should cover:

» three dimensions

& arbitrary fields

& arbitrary precision (expansion parameter?)
» velocity-dependent forces (magnetic field)

#» quantum systems
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Effective theory of rapidly oscillating fields

X Equation of motion mi+ G(R)+ F(R)coswt =0

# What does “rapidly” mean?
® characteristic large-scale slow velocity v ~ (GL/m)*/?
& reference velocity ¢ = Lw
W rapid oscillation: v/ec < 1

#® Rescaled equation &+ g(R)+ f(R)cost =0

® Wwithg=G/(Lmw?), f=F/(Lmw?), c=1

= cower counting:| g = O(v?), f = O(v) I
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Effective theory of rapidly oscillating fields

# Bogoliubov-Krylov inspired technique

R=7+ ) [cn(r)cos(nt) + sn(r)sin(nt)]
n=1

# T describes the large-scale slow evolution, + =v =3 »(™(r) < 1
# slow variable: path along the smeared trajectory

= J/dt =vd + 9/Ot I

® substitute, expand in velocity and in harmonics

# higher order derivatives are eliminated by lower order EOM
® ¢y, sp, v =00W")

® averaging over fast oscillation period gives # + Feg(r,v) =0
w coffective Lagrangian of slow evolution L.g (v, r)
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Leading order effective action

R=1r+ i [crn (1) cos(nt) + sy (7) sin(nt)] d/dt = vd + 0/0t I

R+ g(R)+ f(R)cost =0

first harmonic
—ci(r)cost+ f(r)cost=0 c1=7F

averaged equation (zero harmonic)
f(R)=f(r)+ (c1-8)f(r)cost = #+g+5fi0;f=0

o(v?) effective Lagrangian £ =% — (Vg + J;) \ (g =0Vy)
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® Averaged force F.g = Vg — Sv,v; (0:0; i) Ok f

® O(v*) effective Lagrangian

VU5 3
Oii —
2 [ *

5aifajf} — Veff

f2

Vet = Vo + -+ 7 fzfazg+ fzfg(af)f?f-F fzfjfaaf

® Geodesic equation ok 4k vivd :ol

= affine connectionT%, = —2(8,0, f)0* f
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Emergent gravity

# Spatial metric  +,; =6,;, — 20.70; ¢

= Riemann curvature for a harmonic field: R®) = 2(5,0; f)?

# Velocity independent term
& static gravitational potential:  goo =1+ 2V.g

# Effective Lagrangian = post-Newtonian expansion of

£ = —~(guii)?]

with a* = (t,7), goo =1+ f2/2, goi =0, 9ij = —Yij

= pseudo-Riemann curvature R® = (8;f)2 — 2(8;6;1)?
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# One spatial coordinate ¢

A. Penin, U of A
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Dynamical stabilization

# Equilibrium point = 4(g) = 6¢+ 0(¢?), f(q) = eq+ O(¢?)

» Bifurcation (stability change)  2Zz®

0q ‘q:cj:O

=0

# Stability curve

agrees with
Floquet analysis of
Mathieu equation
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Quantization

# How it is done in CMT (weird way)

» [loquet analysis of Schrodinger eq. with H = $2/2 4+ Vy + V; cost
> Heg = UTHU — kU0, U

® many variants: Brillouin-Wigner, van Vleck, Floquet-Magnus, ...

# How it Is done in particle physics (smart way)

» effective theory = expansion of the action in scale ratio

® guiding line: nonrelativistic QED expansion in v? / c?

# basic object: Green’s function |G = (ihd; — H + ie)~? I
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# External field expansion

~ o~ ~ o~ ~
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High Frequency Effective Theory

# High frequency expansion

B 1 E — p2/2
Go(p, B+ Iw) = 7~ — (h:)Q/ + ..

(v %)y

® leading power HFET seagull vertex

(Vi(®*/2 - E)Vy) _ f?

2(hw)?  4w?

similar to NRQED seagull vertex due to off-shell positron
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High Frequency Effective Theory

# Next-to-leading O(v*) HFET Hamiltonian

1. . o K2
== {Bibj, v Y+ + 207" p5] + 1—6(5’7;3jf)2 + Vet

7-Leﬂ“

® orfor harmonic field  He.g = piv*9p;/2 — %R@ + Vet

® not the covariant Laplacian!

W one can distinguish emergent gravity in quantum phenomenal
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Oscillating magnetic field

# Equation of motion F¢,r) =e(E¢,r) +v x B¢, 7)) |
® Induced electric field circulation & x E(r) = wB(r) I

o Effective action

® induced metric v;; = 8, — 59— (OE:8E; + 8, EOE; + 9; EOE;)

» effective potential Vog = £ E2
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Oscillating magnetic field

9o ROtating magne’[iC field B(t,r) = B (cos(wt), —sin(wt), 0)

# already realized in TOP traps for magnetic moments

w Harmonic confining effective potential
2
Vep = 2% (22 + y? + 222)
cyclotron frequency w. = eB/m, €xpansion parameter w2 /w?

#® Crucial features

& potential minimum is topologically protected (vortex structure)
# depth scales as w.P with the total magnetic flux amplitude ®
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Particle trajectories in the magnetic trap

# From quasiperiodic motion to chaos

we/w =1

we/w =1/10

we/w = 1/100

the confinement is lost only for w. 2 w
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Summary

Asymptotic method for rapidly oscillating field
# high order effective action

Emergent Riemann space
o field frequency =v speed of light
8 enerqgy distribution v curvature

Quantization
» NRQED™ HFET

Dynamical magnetic confinement
= new class of traps for electric charges
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Summary

a childhood dream came true

Feynman rules for Kapitsa pendulum at last!
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