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Abstract. — Let G denote an affine Kac-Moody group, and G its points over the local field Fy((s)). We
establish a local Birkhoff decomposition for a subset of G in terms of a pair of subgroups roughly of the
form G(F4[[s]]) and G(Fy[s~!]). Our techniques are global-to-local and use the reduction theory for loop
groups due to H. Garland. Building on these ideas, we establish the finiteness of a set whose cardinality
is related to spherical R-polynomials in D. Muthiah’s conjectural double-affine Kazhdan—Lusztig theory.
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1. Introduction

Let F, denote the finite field with ¢ elements, F = FF,(s) the function field of P!(F,) and F :=
F,((s)) the completion of F at the origin. Write G for the central extension of the loop group of
a finite dimensional group G, and denote by G* the full affine Kac—Moody group. We shall let
G,,G, and G° be the corresponding set of F-points. The first aim of this note is to establish a
decomposition for a certain subser G* C G singled by Garland in in the course of his study of
p-adic Cartan decompositions; this subset (and close variants of it) continue to play a central role



in the study of p-adic loop groups. Letting K and K., denote subgroups of G roughly ["/|of the form
equal to G(F,[[s]]) and G(F,[s~!]) respectively, we show

Theorem. — (Local Birkhoff Decomposition, see Theorem Each (K,K.) double coset of G*
has a representative in the torus corresponding to a dominant coweight.

Note this is not the decomposition of G corresponding to a pair of opposed Borel (or parabolic)
subgroups, a result sometimes called the Birkhoff factorization (see [36, Ch. 8]). Whereas the fac-
torization of loc. cit. depends only on algebraic structure of loop groups over an arbitrary field, the
factorization we establish here depends both on this algebraic structure as well as that of the local
field .%. For this reason, we call the factorization studied here a local Birkhoff decomposition to
distinguish it from the purely (algebraic) Birkhoff decomposition studied earlier. We might remark
that although local Birkhoff decompositions for G,(JF) can be seen as algebraic Birkhoff decom-
positions for G(F,) (for a pair of opposed, maximal parabolics), we do not know of an analogous
statement for the local Birkhoff decomposition of G := G(&).

The second result of this note is the following finiteness result.

Theorem. — (Finiteness theorem, see Theorem For A dominant and [l any coweight, writing
7* and ' for the corresponding elements in the torus of G, the quotient

K\Kt*KNK"K. (1.1)

is a finite set and nonempty only if [ < A. Here KL C K., consists of elements which are equal to

the identity ‘modulo s~ (see .

The sets studied in the above theorem are conjectured to have cardinality which is polynomial in
q. We do not investigate the polynomiality here, but note that our proof of finiteness can be extended
to prove an Iwahori variant (see §5.2.1).

To recall the motivation behind our study of the above finiteness result, recall that G is replaced
by G,, a quotient as in the previous theorem has finite cardinality given by a polynomial in g that
is equal to the (parabolic or spherical) affine R-polynomials of Kazhdan and Lusztig, see [30, §2,
Appendix A] and [[14]]. Recently D. Muthiah (partly with D. Orr) [31-33]] has proposed a double-
affine analogue of Kazhdan-Lusztig theory for the Iwahori-Hecke type algebras of [2|[13]] that
were attached to G in which the cardinalities of the sets (I.I)) are to play the role of spherical
R-polynomials. However, prior to this work, these sets were not known to be finite.

On the other hand, Muthiah (for certain affine types, see [32]) and N. Bardy-Panse, A.Hébert,
and G.Rousseau (for more general Kac—Moody types, see [3]]) have developed a substantial theory
to import such questions into the study of masures, a combinatorial/geometric object introduced by
S. Gaussent and G. Rousseau ([22,|37]) that generalizes Bruhat-Tits buildings to the Kac—Moody
context. In both the works of Muthiah and Bardy-Panse et al., a theory is built conditional on the
existence of certain local Birkhoff factorizations (more general than the ones considered here it
seems, see the conjectures in [5, §4.1.1] ). Building upon this and proving subtle combinatorial
results about the “affine” Bruhat order on the Tits—Weyl semi-group, i.e., the affine Weyl group-
type object governing p-adic Kac—-Moody groups, (see [25}(33,35,41]]), A. Hébert and P. Philippe
[26] have now proven the polynomiality of Iwahori versions of (4.2.1)). These last results are valid
in a general Kac—Moody setting, though still conditional on the existence of certain local Birkhoff
decomposition. We hope some ideas from this paper can be used to eventually lift this restriction.

(M1In the main body of the paper, we adopt slightly different, but possibly equivalent, definitions for these subgroups, see

Remark @



In place of masures, our approach rests on a global-to-local principle which we learnt some time
ago from Howard Garland: local Birkhoff decompositions are restatements of Grothendieck’s theo-
rem on the splitting of bundles over the projective line and hence follow from reduction theory for
groups defined over the function field of the projective line. Moreover, Garland has also explained
to the author how this principle can be adapted to loop groups. A version of his arguments were
recorded in [34, Prop. 17.2.2], where they were used to give an alternative treatment of a result
due to M. Kapranov about Grothendieck’s theorem for loop group valued bundles [29, §7.1]. We
also note that the idea of treating local question on G in terms of global questions on P! appears in
[10,/12]. As such, one might hope that variants of our methods may have applications to transverse
slices in the double affine Grassmannian and associated affine Coloumb branches (see [8]], [11]]). In
this direction, we also refer to earlier work on calorons by H. Garland and M. Murray [/16].

As for the finiteness result, we combine global techniques with results in representation theory
of affine Lie algebras (such results are similar to those appearing in [1,[7]). We also need to use
the finiteness results established earlier in [7,|13]]. Such results also hold for general Kac-Moody
groups (see [23,[24]] for an approach using masures, or [1]] using representation theory). We also
use a convexity result here that follows from the formula for Satake transform established in the
affine case by [13] or in the general Kac—Moody case in [4]. We expect that with slightly different
arguments, the methods of this paper can be made independent of this formula. The reduction
theory of Garland, on which our proofs rest, is only known in affine type, and this poses an obstacle
to extending our works to general Kac—-Moody type. Along these lines, it may be worth emphasizing
that our proofs require working in the complete affine Kac—Moody group of [|18] whose dependency
on a defining representation is exploited a few times. This is in contrast to the minimal groups
appearing in [6L32] or even [[13]].

Although motivated by them, we have not touched upon the connections to the Iwahori-Hecke
algebras of [[13]] and [3]] in this note. For example, it would be interesting to understand if the
spherical R-polynomials defined here are consistent with affine versions of the Kato—Lusztig or
‘geometric’ Casselman—Shalika formulas, both of which should follow from existing techniques
(though not yet appearing in precisely the form we need, the work of Viswanath [39] is close).
Muthiah has undertaken a similar study in his context, see Remark[5.2] and the references therein.
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2. Basic notation on fields and adeles

As in the introduction, we let I, denote the finite field of order g.

2.0.1. Local fields. — Let JF be a non-archimedean local field (in this paper, we always focus
on the case that F has positive characteristic). Write & C F be the ring of integers of F and we
reserve the notation 7 for a choice of uniformizing element. Denote by k the residue field and by
q its cardinality. Write valy : ¥ — Z U {e} be the valuation on F and write |- |5 := |- | for the
corresponding norm, |x| = g~ ¥4,

2.0.2. Global Fields. — Let F = F,(s) be a function field of transcendence degree 1 over F,.
Let |F| denote the set of places of F and for each place v € |F| denote by F, the corresponding
completion with valuation ring &, C F,, and residue field k(Vv), a finite field of size gy := g[<(V):Fd],
Denote by val, : F, — Z U {eo} the valuation, and choose s, € &) a uniformizing element. For each
write the local norm as | - |.

2.0.3. Places of F. — The places of F =IF,(s) can be described explicitly as follows, see [40, §3.1,
Thm. 2] for more details. Two special places will be used in this paper.

— The place vy: if x € F*, there exists a unique integer n such that x = s £ where B, o € k[s]
are relatively prime to each other and to s. Set valy,(x) = n and |x|, = ¢~". In this case, we
have 0\, = F,[[s]] and F,,, = F,((s)). We also pick 7, to be the uniformizer corresponding to
s and note that in this case gy, = g,

— The place V.. is the unique place v such that |s|, > 1. We have that &, and F,,_, are isomorphic
to F,[[s~!]] and F,((s™!)) respectively. Again, in this case we have g, = g and we shall
reserve the term 7,_ for the uniformizer corresponding to s~ !.

Lemma. — Let x € F be such that |x|y <1 for all v € |F|\{Vw}, then x € k[s]. Similarly for x € F
such that |x|y, < 1 forall v € |F|\ {vo}, we have x € k[s~'].

2.0.4. Adeles and ideles. — Letting A and I denote the ring of adeles and the group of ideles of F,
one has an embeddings 1 : F' — A obtained from the completion maps 1, : F' — F,,. We continue to
denote the restriction of 1 to F* as 1 : F* < 1. For each x € F, we often just write x, := 1, (x) and
so that 1(x) = (xv)ye||-

The global norm on [ is defined as the product, x|y = [T, |p| ||y for x = (x,) € I. Let us record
here also the product formula: for a € F*, we have |a|; = 1. By a divisor of F we shall mean a
formal sum a =Y., ¢|r a(v)[v] with a(v) € Z and a(v) = 0 for almost all v € |F|. For any divisor a,
its degree is defined to be deg(a) := ¥,c|p|a(v)[k(Vv) : Fy]. Given any divisor a, we define

=11 Vo, c A; (2.1)

VE|F|

i.e., an adele x lies in Q(a) if val,(x) > —a(v) for all v € |F|, and so for such an x € Q(a)
el =T Tl = Tav < Hq greete (22)

Proposition. — [40, Corollary 3, p. 101] If a is any divisor with deg(a) > —1 then Ap = F +Q(a)

Remarks. — For any function field L, there exists an integer g > 0 (the genus of the function field)
so that a similar statement holds when deg(a) > 2g — 2 (the genus of F is known to be 0).
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2.0.5. Idelic approximation. — For any subset U C |F| with finite complement, we also define
A(U),I(U) and O(U) as restricted direct product over the places in U, i.e., 1(U)=T]I ¢y F; and
O(U) :=Tlyey Oy Then one has the following approximation theorem (cf. [40, Chap VI] )

1(U) = O(U) F*, (2.3)

where again F* — [(U) via 1.

3. Preliminary material on Loop Groups
3.1. Affine Kac—-Moody algebras. —

3.1.1. Generalized Cartan Matrices. — Fix a natural number ¢ and write / = {1,...,¢/+ 1} and
I, ={1,...,£}. Choose A = (a;j)i jer an indecomposable generalized Cartan matrix (GCM) of
untwisted, affine type [27, Ch.6]. As A is of affine type, its null space is one dimensional and we
write = (dj,...,dy+ ) for the unique vector with integral, relatively prime, and positive entries in
this space (cf. [27, Theorem 4.8 (b)]). Similarly, the transpose ‘A is again an indecomposable GCM
of affine type and we define an analogous vector 6V = (Jl vodiy 1) in its null space. Note that one
always has dvng 1 = 1. We have dy| = 1 as A was assumed to be of untwisted affine type.

3.1.2. The Lie algebras g and g,. — Let g(A) be the (complex) affine Kac-Moody algebra at-
tached to A. As A is automatically symmetrizable (see [27, Lemma 4.6]), g(A) admits the following
description (see [27, §2.1]): it has generators e;, f;,d; (i € I) subject to the relations:

[di,dj] =0, lei, fi] = &ijdi,  [disej] = aijej, [di, fj] = —aijf; fori,jel

3.1
(ade;)!%ie; =0, (adfy)!~%if; =0 fori,j€l,i#j. G-

Let h(A) be the linear span of d; (i € I); it is an abelian Lie subalgebra of g(A) and n, (A) (resp.
n_(A)) be the Lie algebras generated by e;,i € I (resp. f;,i € I). One has a triangular decomposition
g(A) =n_(A)®h(A)®n,(A). Often we drop the A from the notation and just write g, h, etc. We
define g, to be the Lie algebra generated by e, f;, d; for i € I,, and we often regard it as a subalgebra
of g. We also let b, for the span of dy,...,d,. Next, we introduce the elements

S:=did +---+didgeh, and S=dyai+- - +d1ap (3.2)

where d;, d; were introduced above in Then one verifies that ¢ := ¢y, | + " € b is central in
g. Write (-,-) : h x h* — C for the dual pairing and define a; € h* (i € I) by specifying (h,a;)e; =
[h,e;] for h € h. Thus we have a;; = (d;,a;) for i, j € I. If we define, with a slight abuse of notation,
0 =dja;+---+dpi1ap41, we have (h,§) =0 forall h € b.

3.1.3. Loop presentation and the extended algebra g°. — Sometimes it is useful to describe g in
terms of its “loop presentation,” i.e. one has an isomorphism [[18, Thm. 3.7] of Lie algebras

g2 g,2C[t,r 1@ Ce, (3.3)

where the bracket on the right hand side is specified as in [27, 7.2.2] in terms of the Lie bracket on
go as well as normalized Killing form on g,. The image of ¢;, f;,d; € g for i € I, will be equal to the
corresponding elements in g,. On the other hand, the elements e;y; and fy; will be polynomials
of degree 1 and —1 in ¢ as specified in (3.6) of op. cit. and d,. is sent to —3J +c. Let D be the
derivation on g, ® C[t,#~'] & Ce which acts as 4 on g, ® C[t,# '] and 0 on Cec. One can then form
the extended affine Lie algebra as the semi-direct product (in the sense of Lie algebras) on the space

g° = (g,®C[t,t '] ®Cc) x CD. (3.4)
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This extended affine Kac—Moody algebra has a ‘Cartan subalgebra’ of the form
h* =h°(A):=hadCD =Ccdh, HCD, 3.9

and denote by (-,-) : h° x (h¢)* — C the dual pairing extending the one defined above. Extend the
elements a; above to elements of (h°)* by requiring (D,a;) =0 fori € I, and (D,a;y1) = 1.

3.1.4. Invariant bilinear form. — Setting &; := d; (dv,-)_l fori € I, we define a symmetric bilinear
form (-,-) on b by requiring (d;,h) = (h,a;)&; fori € I, h € b and (D,D) = 0. Then (-,-) is non-
degenerate (see [27, Lemma 2.1b]) and induces an isomorphism v : h* — (h°)*. Write also (-, -) for
the corresponding form on (h¢)*. We have that (3,0) = 0.

3.1.5. Roots. — The roots of R of g will be set of all non-zero ¢ € (h°)* such that
g% :={xeg|[hx]=(h,@)xforall heh’} #0. (3.6)

Each such ¢ is a unique integral linear combination of the simple roots IT:= {ay,...,ap;} with all
non-negative or all non-positive coefficients. This allows us to define the positive and negative roots
as Ry and R_ := —R, and we also define the root lattice tobe Q := Za; + - -+ Zay 1.

Let R, denote the set of roots ¢ such that g¥ C g,. The set R can partitioned into two sets
R = R,e UR;y, where R, denotes the real roots and R;;,, denotes the imaginary roots. Recalling the
definition of § from (3.2), we have

Rim=1{nd |nezZ\{0}} and R.,={a+nd|aeR,nelZ}, . 3.7)

The positive imaginary roots R, + = R;, N R are characterized by the condition n > 0, and the
positive real roots R, 4 := Ry N R, are further specified by the condition that & > 0 and n > 0
or ¢ < 0 and n > 0. For a € R, define the root multiplicity m(a) := dim¢ g*. If a € R,., we have
m(a) = 1 and if a € R;;,, we have m(a) = £.

3.1.6. (Real) coroots. — For a; € Il we have defined the coroot d; € fj. We extend this and associate
a coroot d € h to a € R as follows. Define x,, := 8i_ldi for i € I; and for ¢ := Y ;c;cia; € Ry, set
2

Xg := Y, CiXy- Thenlet d := aa)¥a for a € R,,; if a = a;, the two meanings of d; coincide.

3.1.7. Chevalley basis. — In [17, §4], a basis ¥ of g that extends the usual notion of a Chevalley
basis from finite-dimensional Lie theory was introduced. It is again called a Chevalley basis (for
g) and can be described as follows starting from a certain Chevalley basis ¥, for g, constructed
in op. cit. and containing the elements 4; := d;,i € I, together with elements E,, € g& for each
o € R,. Now for a € R, of the form a = a +nd with @ € R, we let &, := E, ®1"; and, for each
a=nd € Ry, we let &;(n) := h; @1" for i € I,. The basis ¥ of g then consists of the elements

Y= {hl = d,‘,i e I} U{é,‘(l’l),l' el,,ne Z#O} U {éa,a c fRRe } (3.8)

3.1.8. Weights. — An element A € (h°)* is called an integral weight if (d;,A) € Z for i € I and
if (D,A) € Z. Denote by A the set of all such elements. We define the set of dominant, integral
weights Ay C A by the condition (d;,A) > 0fori € I. If L € A and there exists some i € I such that
(a;,A) # 0, we say that A is normal.

For each j € I, define the fundamental weights A; € (h¢)* for j € I as

<d,~,/lj) = 5,']' and <D,7L]> = 0, (39)
we find that the elements &, 41, ...,A,, form a basis of A. Let us also set
p=) A (3.10)
iel

It has the important property that (d;,p) = 1 fori € I and (D, p) = 0.
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3.1.9. Coweights. — Dually, we define the coweights A C b€ as those elements Ae bh¢ such that
(A,a;) € Zforieland (A, Ais1) € Z as well. Similarly to what we did above, we define a notion
of dominant coweights A, and introduce a partial order on A by spec1fy1ng A< [t when [1 — Lisa
non- negatlve (integral) sum of d;,i € I. It is easy to see that for fixed A e A, the set {5 eA | <
£ < A} is always finite.

3.1.10. Weyl group and Tits cone. — Let W := W (A) be the Weyl group associated to A. It is a
Coxeter group whose generators we shall write as {s; };c;. Denote by £ : W — N the length function.
The set of elements with length bounded above is finite.
Define the Tits cone X C A as
X:= [J w(Ay). (3.11)
weWw

From [28, Proposition 1.9(a)], we have X = {1 € AY|(1,8) > 0} LI Ze. In terms of the decomposi-
tion of (3.5), the elements of the Tits cone can be written as

Z:mc,mGZ or /Vl:mc—l—io%—erithm,rEZ,}LoGho,andr>0. (3.12)

The collection of elements of the second type will be called the interior of the Tits cone and denoted
by X from now on. Note that X is stable under the action of W and each A € X has finite stabilizer.

3.2. Representations and Chevalley Forms. —

3.2.1. Enveloping algebras and filtrations. — For a Lie algebra s, let U(s) denotes its universal
enveloping algebra. Note that U(n) is isomorphic to the tensor algebra of n. Denoting by F?U(n)
the subspace of linear combination of elements of the form

e’.“--‘e:;" such that ny +---+ny =d, (3.13)

i
we obtain a natural filtration F*U(n).

Generalizing the Z-form of Chevalley—Kostant from finite-dimensions (see [38, Ch. 2]), Gar-
land has introduced a Z-form Uy, of U := U(g) in [17, §5] which is generated as an algebra by the
divided powers of elements from the Chevalley basis from ~, namely @5") = i—’;: fora € R, and
n > 0. He has also produced a natural Z-basis of this algebra in terms of monomials (see [|17, Thm
5.8]).

3.2.2. The modules V*. — Given any normal A € A, (cf. §3.1.8), there exists an irreducible
highest weight module for g (and actually g¢) with highest weight A which we denote by V*.

1. [17, Lemma 10.4] and [[18, Lemma 7.12] For any v € V*anda e R, there exists a positive
integer r (depending on v) such that £/.v = 0.

2. [17, Theorem 11.3] There exists an admissible basisQ of V* such that if VZ7L denotes the Z-
span of €, then VZfl is invariant under the integral form Uz. Such a basis is called an integral,
admissible basis.

We note that QN V){l consists of a single element, and that such an element is a primitive element
of Vz (here we mean primitive in the sense of lattices, i.e. it is not a positive integral multiple element
of another element in Vz ). Such a highest weight vector is often denoted as v or v, and is called a
primitive, highest weight vector.

Using the admissible basis, for any field k£ we can construct the module V,fL = VZ)L ®z k for the
Lie algebra g := gz ®zk (or even g := g; < kD.)

(2) A basis Q of V% is called admissible if Q = Uyez, (2N V)

7



3.2.3. Weights of a representation. — For each representation V := V* as in the previous para-
graph, we denote the set of weights of the representation as

EV)={ue®)" |Vu:={veV|h=u(h)vforall h e h} #0}. (3.14)
We have Z(V) C A. Each u € E(V) satisfies u < A and we define the depth of u € E(V) as
depth(p) = (p,A — ) = 0. (3.15)

We also remark here that the admissible basis Q = {v¢ := v,vy,...} constructed in the previous
paragraph can be chosen so that v; € V;,, and so that if i > j, then depth(u;) > depth(u;) (the latter
condition is sometimes referred to as being coherently ordered).

Write P(V) C A for the lattice generated by Z(V'), we have

1. [18, Lemma 15.2] Q C P(V) C A where Q is the root lattice
2. [18, Lemma 15.7] If A, u are two normal, dominant weights, then there exists a positive integer
m such that P(V"™) C P(V}).

3.2.4. Demazure modules. — Fix V* as above with weight lattice = := Z*, integral, admissible

basis Q, and primitive highest weight vector v € Q. For each w € W, let Z(w) be the set of u € =%
such that u > wA. The weight space val are known to be one-dimensional and contain a unique
primitive vector v,,; € QNYV,,,. The Demazure module is the g-submodule

VAw) = V(w) = Um)v,,, (3.16)

and it has weights in Z(w), and hence is finite-dimensional. Write V;} (w) for the Z-module gener-
ated by the elements from Q which lie in V*(w). Using it, we can then base change V*(w) to any
field L in the usual way and write the corresponding object as V* (W)L

3.2.5. A result of Joseph. — Suppose we look at the representation with highest weight p intro-
duced in (3.10). Denote by v, € V,, any highest weight vector. For each w € W, pick v,,, as in the
previous paragraph. Then one has the following result due to A. Joseph

Lemma. — |9, Lemma 18.2] If v, € F4U(n)v,,, then we must have d > {(w) /2.

3.3. Loop groups over a general field. — Let g° be extended affine Kac-Moody algebra con-
structed in equipped with Chevalley basis ¥ as in Fix A € A, a dominant,
normal, and integral weight (cf. and denote by V := V* be the irreducible, highest weight
representation as in Choose an integral, admissible, coherently ordered basis € with highest
weight vector denoted by v as in The groups we construct below depend on A, but whenever
A is to be fixed implicitly, we drop it from our notation. We shall also write E for E(V’l), i.e., the set
of weights. Occasionally, we do have to compare the groups for different A, and this is facilitated
by the arguments in [18, §15] as we review below.

Let k be an arbitrary field.
3.3.1. Defining G and G°. — Leta € R,, and s € k. Then we define
X (5) i = xa(s) == exp(s&,) = 1+5&, +s2§[§2) +-- (3.17)

Using point (1) from ~, we may regard x,(s) are defining an (invertible) operator on Vkl. The
subgroup of Aut(V}) these elements define will be denoted as U, (k). These are the one parameter
subgroups corresponding to real roots. Next, for & € R, and 6 = Y5, cit’ € k((¢)) the expression

15(0) = %a(0) = Miziy X yis(c:) (3.18)
also defines an element of Aut(V}) using [18, Lemma 7.16].
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Define the G* (k) := G (k) C Aut(V;) to be the subgroup generated by x¢ (o) for a € R,,0 €
k((r)). We also set G*(k) := G¢(k) to be the group generated by G* (k) together with the automor-
phisms 1 (s) € Aut(Vy) for s € k* defined as follows:

n(s).v= sty for ve Vi U € E. (3.19)
3.3.2. The torus H of G. — For each a € R,, and s € k*, we define
Wa(8) = Xa () X—a (= xu(s), Wi=wu(—1), and hu(s) =wu(s)wa(—1) . (3.20)
If s € k*, then h,(s) acts diagonally on V; [18, Lemma 11.2], i.e.
ha(s)v =59y for vEV,,,ucE. (3.21)

where d is the coroot attached to a € R, defined in §3.1.6, We shall sometimes write &, (s)* for
s\%1)  One can also check that if a,b € R,, we have

ha(s) 2 (1) ha(s) ™" = xp(s'%P1) for s € k* 1 € k. (3.22)
Using this relation, one can verify the element
he(s) 1= hay, () hay ()% - g, (5)% for s € k*,d; as in (32, (3.23)
is central in G¢(k). Define abelian subgroups
H(k) = (hq(s) |i€l,s€k*) and H(k)=H(k)xyk*={hn(s)|hecH(k),s €k} .(3.24)
One can show that every element in H¢(k) can be written (not necessarily uniquely) in the form
hn(s) where h:= hg, (s1) - hq,,, (se41) withs,s; € k" i € 1. (3.25)

As such, if we define for each u € E and hn(s) € H(k) (as above) the number (hn(s))* € k* by
the condition that (1 (s))v = (hn(s))*v for any v € V*, we may compute

(A ()" = 5K i) DR (3.26)

and note that this quantity is independent of the expression (3.23).

Remarks. — Let H, be the subgroup generated by hg,(s) fori € I, and s € k*. One can also show
that every a € H(k) has a decomposition a = h¢(t) h,n(s) fort,s € k* and h, € H,. In fact, in such
an expression, ¢, h,, and s are uniquely defined.

Using (3.26) and the fact that P(V) is the lattice generated by Z(V'), we define an isomorphism
HE (k) = Hom(P(V).K"),hn(s) = (i = (hn(s))". (3.27)

The s € k* appearing in (3.25) is well-defined, and in the case that each of the fundamental weights
Ai € P(V), the numbers s; are as well. In other words, if P(V') D Spany (A;,i € I), then the expression
(3.25)) is well-defined (this is called the simply-connected case).

3.3.3. — For each & € R, and a non-zero element ¢ € k((¢))*, we define elements of G(k)
Note that the elements h4(0) no longer act diagonally on V for a general 0. If o € (k[[t]])" is such
that 6 = 1mod 7 (ie. 0 =1+Y ;> Gjtj, 0; € k) we can factorize it as

c=|]1-b t/ (3.29)

1

oo

J



for uniquely defined b; € k ([20, Lemma 8.1]). It follows that
ha(0) = [ ha(l —bjt)). (3.30)

izl
Lemma. — Let j € Z~¢ and fix o € I1,,x € k. For any a € H¢(k),
ahg(1—xt)a™" = hg(1 —a’dxt7). (3.31)

Proof. — Following Remark (3.3.2)), we write a € H%(k) as a = h¢(z)a,n(s) for a, € H,(k) and
5,z € k*. Hence, we have a/® = n (s)/ 8 — /.1t suffices to show for the following three cases:
(i) a = h(z) for z € k*; (ii) a € H,(k); and (iii) a = n(s) for s € k*. Note that in case (i) and (iii),
the assertion is that a commutes with A (1 — xt/).

Now, case (i) is clear since &.(z) is central in G(k). As for case (ii), if @ = a,, we may argue as
in [20, p. 249-250]. First one verifies (3.31)) holds modulo the central extension (i.e. modulo the
subgroup A, := (h(t),t € k*)). This quotient group is some Chevalley group (roughly) of the form
G, (k((¢))) where the elements a, and h(1 —xt/) both lie in the torus, and hence commute. Hence,

aoho (1 —xt))a;l = Cho (1 —xt)) (3.32)

where { € Ac.. Now we conclude that { = 1 since the left hand side of must fix the highest
weight vector v. Finally, consider case (iii) so that a = n(s),s € k*. Here, one may argue using an
explicit formula for the action of i, (1 —xt/) on a highest weight module from [[7, Proposition 4.8].
Alternatively, one may go back to the Steinberg relations, i.e. (3.28)) and verifying the fact that

N(s)xa(c())n(s) ™" = xa(o(st)) for @ € R,, o (1) € k((2)). (3.33)
[
3.3.4. — Define the subgroup B(k) C G(k) generated by elements of the form

()xa(0) for @ € R, 4,0 €k[[t]]; (2) xa(o) for o € R, —, 0 € tk[[t]]; (3.34)
(3) ha(o) forc € R, 1,0 € k[[t]]"; and (4) hg,,, (s) for s € k™. (3.35)

Let U(k) C B(k) be the subgroup generated by elements of the form (1), (2), and (3) above where
in (3) we require also that & € k[[r]]* satisfies 6 = 1 mod ¢, we have

B(k) = H(k) x U(k). (3.36)
We also define U™ (k) as the subgroup generated by U_, (k) for a € R..
3.3.5. Iwahori-Matsumoto Coordinates on U. — The ‘complete group’ U(k) possess a set of co-
ordinates which allow one to carry out certain inductive constructions. Introduce the elements
(ZGRUA, ]ZO
up = [Jhe(oci) where o;=1+Y o ;t’ € (k[[t]])*, and (3.38)
icl, j>1
u- =[] x-aloy) where oy =Y oy, it/ € tk[[t]], (3.39)
(XE:RO# ]21

where the products in the first and third line are with respect to some fixed order on R, ;. Given
a family of coordinates ¥ := (0q j,0j j, Op ;) as in the above expressions, we write u(X) for the
product of the elements uugu_ defined as above

Proposition. — Every u € U(k) can be written as u = u(X) for a unique family ¥ := (0y,j, i, j, O¢, ;)-
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3.3.6. Variant. — Using (3.30) we may also describe ug above as
uo =[] ]he (1 —bijt’) for by ; € k. (3.40)
i€l, j>0

So, we could also take ¥ := (04g,j,bi j, 0y ;) and we continue to write u(X) for the corresponding
element in U(k), replacing uy from (3.37) with (3.40). The corresponding version of Proposition
then holds.

3.3.7. Weyl group, inversion sets, unipotent subgroups. — For each w € W, if we write a reduced
decomposition w = s;, - --s; with each i; € I, then we define the element
W= W, - W, € G(k), 3.41)

where W, was defined in (3.20). This element does not depend on the choice of reduced decompo-
sition. For each w € W, if v denotes the (unique) primitive highest weight vector in the Chevalley
lattice Vz, then from [18, Lemma 11.2 (i)] and an argument as in one can verify that wv = £v,;
where v, € va)t N Q was the vector introduced in

For each w € W, we define the inversion sets

Syi={a€Re|wla<0}. (3.42)
Then we may factor U(k) |19} Cor. 6.5] as
U(k) =U0"(k) x U, (k) where U¥(k) =U(k)NnwU(k)w~! and U, (k) :=U(k)NnwU (k)w ' (3.43)
Furthermore, for any fixed order on S,,, every element of U,, (k) can be uniquely written as

Xb (S]) < Xb, (Sr) with S, = {bl yeun ,br}. (3.44)

We sometimes write U“(k) for U" (k) with w = w, and a simple. Finally, we mention that the
(refined) Bruhat decomposition for G(k) asserts that

G(k) = Uyew U, (k) wH(F)U(F). (3.45)

3.3.8. Varying the defining weight. — Let A, 1 be two normal, dominant, integral weights of g¢,
and define the groups G* and G* with respect to the representations V* and VH respectively. Then
Garland has shown [18, Thm. 15.9] that if we have an inclusion at the level of lattices of weights
P(VH) C P(V*), then there exists a unique homomorphism G* (k) — GH (k) which sends each
generator x/ (o) of G (k) (as defined in (3.18)) to the corresponding generator x4 (o (t)) of G* (k).
Combined with the last observation from for any A and i € I, there exists a map G* (k) —
G4 (k) for some positive integer m (here A; was a fundamental weight).

3.4. Loop groups over local fields. — We now specialize the constructions of the previous section
to the case when k = JF is a local field as in §2.0.1l Let us write with roman letters the F-valued
points of the corresponding bold faced object, i.e. G := G(F),B:=B(F),H¢ :=H°(k), etc.

3.4.1. On the lattice Vi and the group K.— Recall the defining representation V := V* for our
group G, and the lattice V7 C V from with primitive highest weight vector v. By abuse of
notation, we often just write V for Vi, and also define Vs := V; ®7 €. Construct a norm |- |5 := | - |
on V as follows:

|v| = ¢" where n is the smallest integer such that 7"v € V. (3.46)

We often continue to denote by v the element in Vs corresponding to the highest weight vector from
Q; note that it satisfies |v| = 1. Let K C G denote the subgroup of elements k € G such that |kv| = |v|
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forallveV,ie,
K={geG|gVy CVs}. (3.47)

One can show (in many instances) that K is also equal to the subgroup G(&') generated by xu(0)
with a € R, and o € O((t)) (see [34, Prop. 7.4.1] or the techniques from [[13, Appendix A]), but
we shall not need these fact here. Let us also note here that if w € W, then w € K and one can verify
that |wv|| = ||v||, and that, as noted earlier in §3.3.7,we have v = £v,;.

3.4.2. On the torus H. — As is our convention, we write H := H(J), H® := H*(F), and also set
Hg :=H(F)NK. Foreach a = hn(s) € H® witha € H,s € F*, define an element in

Ao € P(V)Y := Homz(P(V),Z) C A (3.48)

as follows: (11, 4,) = n where (h1(s))* € F* has a factorization as 7"u with n € Z,u € 0*.

For each 4 € P(V)Y, let m* be the unique element in H¢ which is sent to y — aHA) under the
isomorphism (3.27). One may check that each a = hn(s) € H¢ has a factorization

a = %1 (so)he where hy € Hp and s = son” with sy € 0%, r € Z. (3.49)

3.4.3. Iwasawa and Cartan decomposition. — The Iwasawa decomposition states that every x in
G*° can be written

x=kt*u with keK,AePV)uecU (3.50)
with 4 uniquely determined by x and sometimes written as Zx. While this decomposition holds for
all of G*, Garland [|15]] has argued that a Cartan decomposition only holds over the certain subset

Gt :={xe G| A(x) e X}, (3.51)
where the (interior of the) Tits cone was defined in each x € G™ may be written as

x =k whky with ky ky € K (3.52)
and A € P(V)Y, the set of dominant elements in P(V)", is uniquely defined from x.

Remarks. — Note that this definition of G™ is not quite the semi-group studied in [12,{13]]. For one,
we are working with complete groups as opposed to the minimal group. Perhaps more importantly
though, here we do not allow the ‘boundary’ points of the Tits cone to be in G, i.e. the elements 7"
are not allowed in our G whereas they do lie in the semi-group considered in these other papers.

3.4.4. — The following results were proven in [[7]] and [[13]] for a slightly different definition of the
group G. Let us call the group from op. cit. informally as the ‘minimal’ group and distinguish it
from the ‘complete’ group considered here.

Proposition. — 1. |7, Thm. 1.9(1)] For )VL,[L e P(V)Y, ifKniUﬂKﬂ:ﬂU* £ 0, then & < [l.
Moreover, when this set is non-empty, it is finite modulo K.
2. [7, Thm. 1.92)]1 If A € P(V)Y and [t € P(V)" the following set is finite
ML) = K\KT*' K NK7hU. (3.53)
3. If the set M(i, fL) as in the previous part is non-empty, then so is M(i, wil) for any w € W.
Remarks. — As for the proofs, the first assertion of (1) is quite simple, and follows from some
elementary representation theory which holds regardless of whether one works with the complete

group of the minimal group. The second assertion of (2) is the so-called Gindikin—Karpelevich
finiteness which is the main subject of [7] in affine type and of [1]] and [24] for general Kac—Moody
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type. As U™ is the same for both the minimal group of [7] and the group G we study here, the
arguments in op. cit. go through here as well.

Part (2) is sometimes called the spherical finiteness, and was first established in [[12]] using some
algebro—geometrical techniques and then again in [7] (affine type) and [/1] (general Kac—Moody
type) using more elementary representation theoretic techniques. It was also extended to general
Kac—Moody types using (and developing) the theory of masures in [23]]. The argument in [[7, §6.2]
for the spherical finiteness uses the Gindikin—Karpelevich finiteness and so again holds for complete
groups. Moreover, one can deduce that the intersection (and quotient by K) is the same as in the
minimal group.

Part (3) follows in the minimal group by using the formula for the Satake transform established
in [13] for affine type (and in general Kac—Moody type in [4]]). By the remarks at the end of the
previous paragraph, it also holds in the complete group.

4. Reduction theory of Garland and the Birkhoff decomposition

Let F = F,(s) and recall the notations from -, which we maintain here. Fix also V := V*
a highest weight representation with A normal, dominant, and integral and construct the group G
(or G¢) with respect to this representation. In particular, we have a choice of an admissible basis
Q C Vz as well a primitive highest weight vector v as in §3.2.3]

4.1. Adelic Loop Groups and Reduction Theory. —

4.1.1. — Foreach v € |F|, let Gy := G(F,) and let K, be the subgroup as in (3.47). Define G, :=
H’ve‘ Fl Gy where the product is restricted in the sense that, for almost all places v, the component
lies in K. For any x = (x,) € G, we define the finite set Supp(x) := {v € |F| such that x, ¢ K, }.
Write Ky := []y¢|r| Kv. and let us also introduce in the natural way the groups Hy,Uy, etc. If
U C |F| is a set with finite complement, we shall also write Gaw),Ha), etc. for the restricted
direct product taken over the places U instead of all of |F|. Generalizing we have

Hy ) = How) Hr- 4.1)

4.1.2. — We can also consider the group G := G4 x T and Hf := H x [. We shall usually restrict
ourselves to the subset G§ C G§ whose projection onto I is equal to a fixed element 7 € I that
satisfies the following condition:

SPos: 7= (7,) €l suchthat |7,|<1forallvelF|. 4.2)

As a matter of notation, we shall often refer to elements in G} asx = gn(t) withg € Gy and T € L.
So for example, each a € H{ may be written as

a=hg (s1) - hq,., (se+1)N(7), where s; e i € 1. 4.3)

4.1.3. — For each v € |F|, we may use the maps 1, : F — F, from §2.0.4|to obtain a map that
we continue to denote as 1, : G(F) — G(F,). We can use these to define a map 1 : G(F) —
[Tvejr| G(Fy), g = 1y(g), but the image does not in general lie in G». We then define

= {yeG(F)[1(y) € Ga} (44)
and note that we still have I'/TNB(F) = G(F)/B(F). For each finite set S C |F| we also define
I's:=G(Fs):={yeG(F)|n:=1(y) €K, forall v ¢ S}. (4.5)
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Note that the subgroup G(Fys) is contained in I. When S = {&} is a singleton, we have
[e:={yeTl|wcKyunlessv=2_E} (4.6)

4.1.4. A global norm. — Recall that v denoted the primitive, highest weight for V, which we
assume lies in Vz. For each place v € |F|, we continue to write v for the image of v under base
change in the vector space V,,. Recall that for each v, we have |v|, = 1. With these conventions, for
x = (xy) € G4 we define

||lx.v|| := H |xy.V]y. (4.7)
VE|F|
For almost all v, we have x, € K, and |v|, = 1 for all v, so (4.7) makes sense. In fact
bevil=" TT  bevvly (4.8)
veSupp(x)
4.1.5. — Letu € P(V) and a € Hf. Writing a as in (3.25)), we then set

|a| = [sp|H) o [sp g | B | D) (4.9)

For each positive constant ¢ > 0, we define
Hf(c):={a=hn(t) e H | |(hn(7))%| <cfori=1,...,0+1}. (4.10)

4.1.6. The sets Ugq). — For each divisor a, we have defined the subset Q(a) C A in (Z.1). Re-
call also the coordinates we have put on U from §3.3.5] especially Proposition [3.3.5] and the re-
mark following it. We then define the subset Ug,) C Uy by requiring all of the coordinates

Y :=(0q,j,bi j; Oy ;) as in (3.40) to lie in Q(a).
4.1.7. — The reduction theory of H. Garland [[18} §19] (and also see [19} §8]) adapted to the case
of the function field F = IF,(s) yields

Theorem. — Fix G := GP for p as in (3.10), and let T = (1) € L with ©, = 1 for all v # vy and
|Tv,| < 1 (hence t satisfies SPos). Then for any x € G} := Gon(7), there exists y € I" such that
xy € KyHE (1).

As the proof is very similar to arguments in [[18]] and [19]], we just sketch the main ideas. Let us fix
the following notation throughout: S C |F| is a finite set such that Supp(x) C S in the notation from

§4.1.1] Note that if y € I's, then Supp(xy) C S as well.

4.1.8. Proof of Theoremm step 1: existence of minima. — For x € G} with 7 satisfying SPos,
we argue that there exists ¥ € I's such then ||x7y.v, || achieves a minimum value. As Supp(xy) C S,

ey vpll =TT v v (%) -vplv- 4.11)

ves

Using the Bruhat decomposition over F (see (3.43)), write ¥ = u,, p Whrup for u,, r € U, (F),hr €
H(F),u € U(F) for some w € W, then

|1xy-¥pl| = [[xt vy || (4.12)

by using the fact that ur fixes v, and the product formula for hg discussed in Now writing
x = kphan(s)up, we have

yvoll = han (8)uentin ¥ vp | = [han (s W]l @.13)

where the last equality follows from the fact that elements in Uy are unipotent ‘upper triangular’
(with respect to our coherently ordered basis) operators. Using this, we can verify
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Lemma. — (cf. 21, p.731-733] ) Fix M > 0. Then for almost allw € W, if vy € B(F)wB(F) we
have ||xy.v,|| > M

So we are reduced to arguing that, for a fixed w € W, the minimum exists over all I's N
B(F)wB(F), i.e. we need to verify that, for a fixed w,

min Xy.v 4.14

yeTsrB(F) wB(F) adl “.19)

exists. As Vﬁ (w) is a finite-dimensional F-vector space, it is discrete in its adelization which we

denote as VY (w) (constructed as in [40, pp. 60-611). As yv,, € V£ (w), the set of values in @-14) is

also discrete and non-zero, hence the minimum is achieved. As y.v, € V£ (w), the set of values in
(4.14) is also discrete and non-zero, hence the minimum is achieved.

4.1.9. Proof of Theorem step 2: choosing a minimizing 'y appropriately.— Although the
functional ¥ — ||xy.v|| achieves a minimum, the ¥ which produces the minimum is not unique. We
shall exploit this freedom below. For example, if v achieves the minimum, so does Y- hpny for any
hr € Hr and ny € Uy. Indeed, ny fixes vand hr.v = av for o € F*, so that

[beyhena v = [lxyov]| = [alr[|xy.v]] = [bxy.v]] (4.15)

using the product formula for ideles discussed in §2.0.4]
Suppose now ¥ € I is any element minimizing the functional y +— ||xy.v||. Write

Xy =kphan(T)up, with uy € Uy, kp € Ky, hy € Hy. (4.16)

Let vy € |F| be a fixed place. We would first like to argue that ¥ can be chosen to minimize the
functional and such that we also have

1. Supp(ha) = {vo}
2. up € Ug(q) for a = [vo] with Ugq) defined as in (@.1.6).

As for the requirement (1), note that for a given hy € H, translating by an element sy we can
arrange that hp hr has support at v, by (4.1)). By what was written at the start of this step, yhp also
minimizes the functional in question, and we compute

xYhp = kp (hahr)n ()i 4.17)

where iiy € Uy is obtained from uy by conjugation by Ar. In this way we can achieve condition (1).

As for condition (2), iy need not lie in Ug,) but we can arrange it to lie in this set after
multiplying by an element from n € Uy . In fact we will show that we can choose ny € UrNUy. The
argument below is not sensitive to a being chosen to be vy and works for any a with deg(a) > —1.
Note that this is where we have used the genus zero assumption of F = k(s). Indeed, in this case,
writing S for the support of a, we find from (2.0.4)) that

A=Q(a)+F. (4.18)

Hence if x € A has support S, we can find y € Fy so that x = 0+ ¥ with @ € Q(a). Next, we proceed
by induction (cf. [18, Lemma 18.2]) using the Iwahori-Matsumoto coordinates from §@] to find
ngp € I'sNUy := Ug so that iigng € UQ(a)-

4.1.10. Proof of Theoremm step 3: deriving the condition on H§ (1). — In this step, we em-
phasize that we are using the fact that the defining representation of G is p. Consider y which
satisfies both conditions of the previous step and write z := xy. Now consider zw, for w, the re-
flection associated to a simple root a. As above, write an Iwasawa decomposition z = kg ha N (T)up
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which satisfies conditions (1) and (2) from previous step 2. Since w, € I', by the minimum property
of z, we must have

|(han(2))P| = llz-vp |l < [[2a-Vp |- (4.19)

Decomposing uy € Uy as u = u,(0)u® with u,(c) € U,(A), 0 € Q(a) and u® € w,Upw, ' NU, one
has (see [[18} p.103-104])

20-vpll = 147 (2)ita(0)Vp—all = 1T (D)Vp—a + han(T)aVp . (4.20)

Thus we may conclude that

|(han(2))P] < sup{|(han(7))P~*|, [o]|(han (7))]}. (4.21)

As 6 € Q(a) with deg(a) = deg(vy) > 1. Hence, using (2.2) we have |o| < g~ 9% < 1. Thus (4.20)
implies that |(han(7))P| < |(han(T))P~¢| or that |(han (7)) < 1 for any simple root a.
Note: This step does not depend on the genus g = 0 condition.

4.1.11. Proof of Theorem step 4: conclusion.— We emphasize here that we need both the
genus 0 assumption and that we are working in V. Suppose a = [vy] and combine the conclusion of
Step 2 and 3 to find ¥ such that (1) and (2) from Step 2 are satisfied, and such that xy = kg han(T)up
with (han(7)) € H{(1).

Since Supp(hpn (7)) = {Vo}, we have h, € H, N K, and 7, € &} for all v # vy. We also have

Hence for any root B € R, we have (hyn(1,)P € 0%, v # .

As for v = vy, for any positive root B € R, we have |1y,| < 1 and (hy,1(7y,))P € O, since
|(ham ()P |t = vy 1 (T |y, < 1.

Let us now argue that (a1 (7))ua(han (7))~ € Ka, where up := u(X) = (uy) € Ug(a)-
Note that the last condition implies, in particular that all of the Iwahori—-Matsumoto coordinates
Oa,js O ; and b; ; from lie in ), for all v (this fact fails for higher genus function fields,
where deg(a) must always be strictly positive). Now, since

(ham (7)) xp () (han (1) ™" = xp((han(7))Pu), (4.23)

we conclude from the last paragraph that for any positive real root 3, the above expression is in K.
Now using (3.3.3)), we also have that

(han ())ha, (1= bijt!) (han (1))~ = he, (1= b jt!) (4.24)

with Ei_, j € O. Since a general element in Ug(q) is a (possibly infinite) product of yg (ug) and
he,(1—b; jt/) with ug and b; ; € Q(a) the desired conjugation result follows.

4.2. On the groups K.. and K.. — Recall that F,,, = k((s)) is the completion of F at vy, a local
field which we now denote as F. We also adopt the conventions from and so write 7 for the
uniformizer s, & := k[[s]] C F for ring of integers, and g = k(vp) for the cardinality of the residue
field. Write G := G(F). We shall mostly work within the semi-group G* C G*(¥) introduced
in (3:51)), but also consider the place V.. corresponding to prime s~ ! described in (in fact,
playing off the two is what makes our argument work).

In this section, we introduce subgroups K! C K.. C G using the global techniques we have
discussed in and then study how the (algebraic) Bruhat decomposition coming from G(F)
interacts with the p-adic Iwasawa decomposition on G(&). Throughout, we shall let

K:=Ky, CG. (4.25)
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4.2.1. On K. and K}. — Using the notation from (#.6)), we can now make the following.

Definition. — Recalling that
I'y,:={reG(F)|weKy,v#Ww}, (4.26)

we write K., C G for the image of I'y, under the map G(F) — G(F) := G.

Note that the elements v € G(F) introduced in (3.41)) will naturally live in K. In fact, suppose
o € F is such that 6, € 0, for all v # vy. Then from Lemma we have 6 € F,[s~!] and so we
identify o with oy, in this case and note that },(0) € K., for each a € R,,. Similarly, one can show
that if &(t) € F((¢)) is of the form &(t) = ¥, &, 1" with each &, € F,[s!], then x4 (&(t)) € Kw for
eacha € R,.

Remarks. — Let R., C G be the subgroup generated by elements just mentioned. One might try to
use the arguments from [34, §7.4] (these arguments were due to H. Garland) to compare R.. with
K., but we do not pursue this point here. Muthiah has pointed out the issue may be more subtle,
and has brought to our attention [|6, Remark 6.8 (1)].

Definition. — Define the subgroup
I, :={Y€G(F)|neK, forall v# vy, %, = lmodm,_}, 4.27)
and let K be the image of elements from 1"1,0 under the natural map G(F) — G.
Note that the elements w do not lie in K.
4.2.2. — Let y € G(F) lie in the Bruhat cell B(F)wB(F). Write
Y= uy,Wyhyn (4.28)

with u,, € U,,(F),n € U(F),wy, € W,y its lift to G as in §3.3.7} and h, € H(F). Note that wy and
hy are uniquely determined by y. Write ¥%,, u, v, hy,v, and n,, for the images in the completions, one
has a Bruhat decomposition (3.45) in G(Fy)

Fo = thy oy hyamy, (4.29)
where we have used the fact that v, can be identified with its image in the completion.
Lemma. — Ify € Ty, then we have
Wi | <1forv#0 and |k}, |>1 (4.30)

for A the defining representation of G.

Proof. — This is a simple consequence of the product formula. For 4, as in (#.28), if v # 0, we
know that %,.v, € V,. Hence using (#.29),

Yo-va =h},V,, 2+ terms of higher depth (4.31)
and so h;},‘, € O, forall v # v, i.e. |hj’}7v|v < 1forv# v As h;,l € F*, by the product formula,

n =[] 1hulv=1, (4.32)

VE|F|

and the result follows. OJ
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Remarks. — Decomposing hy,, = m;"h' with év’v eP(V*)and I € Hg, as in (3.49), we may con-
clude from the fact that h%’v € Oy that ({,,A) > 0 for v # vy and similarly that (5‘,0,&) < 0. Now
even though the group G was defined with respect to the weight A, as we have seen in §3.3.8| for
each i € I, there is a positive integer m; and a map G* — G™* . Acting on the highest weight vector
V2, allows us to conclude that ({y,,m;A;) < 0 for each i € I and hence

v

Cvy <0. (4.33)

4.2.3. Joseph estimate. — In this section, we need to assume that the defining representation for
the group G is p, the weight defined in (3.10). We again adopt the same notation as in the previous
paragraph, but also now recall the place V., from §2.0.3]

Lemma. — Lety € F},O. Then in the notation of (4.29),
15 v, < g "0/ (4.34)

Proof. — By definition, we have %, v, € Vg, _. As such it makes sense to speak of ¥, v, mod 7y,
using the map Vg, — Vi(y,). As Hh., € F},O, it follows that %, vp = v, mod 7, . In other words, the
coefficient of v, in 9, v, has valuation 0.

We can now compute YV, in a different way by using (4.28) and (@.29) to write ¥ = u,, Wyhyn
and ¥, = uy,y, Wyhyy, nyy,. Then applying to v,

W Vp =ty Hyy_Vip. (4.35)
Let us now assume the following Claim, whose proof will be given in §4.2.4]
Claim. — Any element u,,y,_ € U, (F,_) can be written as
Uyy, =kp (4.36)

where k € U,,(0),.) and p € U,,(Fy.,) consists of a product over root subgroups where each coeffi-
cients has m,_-valuation strictly negative, i.e.

p=1Tlpes, 2p(dg) witheach |dg|y. > 1 (4.37)
Keeping the notation from the above claim and using (4.36), we find (4.35)) that
P MoV, p =k % vp. (4.38)

From the first paragraph of this proof, the coefficient of v, in the right hand side of (#.38) is of the
form cv, modulo m,_ with ¢ € &}, . Hence the coefficient of v, in the left hand side of (4.38) must
also have norm 1 with respect to | - |...

By Lemma one needs at least £(wy)/2 operators to move from v,,, to v, and each of
these increase the norm by at least g := gy,,. Hence the coefficient, say z, of v, in v, , satisfies
|zlv.. > ¢")/2. As |zhh |y = 1, we have

W elv. = l2ly) < g 002, (4.39)

O
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4.2.4. Proof of Claim. — For the purposes of this argument, let us write 7w := 7,_, so that
k((my.)) = k((x)), Oy = k[[x]], etc. Moreover, the elements in 7~ 'k[7~!] have strictly negative
valuation. The claim follows by a ‘Gindikin-Karpelevich’ type induction. If w := w, for a simple
root a, the assertion follows from the fact that y,(x)x,(y) = x.(x+y) and the decomposition
k((r)) = k[[x]] + &~ 'k[z~']. Assume that the claim has been proven for w of length at most r and
pick w € W so that w = w'w, with a simple and ¢(w') = r. By (3.43), we have

U,=U-U, where U :=U,NU"=w,Uy,w,. (4.40)

Note that U C U? is normalized by U,. Indeed, if u, € U, and u € U, we know that uaﬁugl e U“.
But it must also be in U,,, and hence it must lie in U. Moreover, we note that even though the claim
does not apply to U, it does apply to v, U Wl =U,.

To start the induction, assume u,, := (W, - uyw,) Ug With u, € U, and u,,y € U,,, and where we
shall write i := wq - W, € U. We may write u, = kg po with k, € U, (0) and p, = x4(z) with
ze n'k[r~"). As U, normalizes U, we may conclude that

Uy =kgaUi1 pg (4.41)

for some 17 € U. Applying the inductive claim to U, we find that i} = v, ks p,sw; ! with ks € U,
integral and p,,» € U,s a product of elements with negative valuation. Since conjugation by w, does
not alter the valuation, the claim follows.

4.2.5. — The following is the key to proving the finiteness result Theorem [5.2]in the next section.

Lemma. — Let A € P(V) and ji,E € P(V).
1. Suppose there exists y € Iy, so that ke, := }/\7 € K.. satisfies the condition that nk.. € K ntu ,
then w},é > [i with wy defined as in (. 28
2. There are only finitely many § such that there exists some Y € F so that k., = Yo € Kl
satisfies the condition that k.. € K méUNKT K.

Proof. — As for (1), suppose we have x 1= 7k, = kmbu with k € K ,u € U. Regard x adelically
living at the place vy, i.e., write x = (x,) with x, = 1 for v # v, and x,, = x. Then by definition of
¥, xy¥ € Ky for v # v and xyy, € Kx#. Decomposing ¥ € G(F) as in and using Lemma
4.2.2] and the remark after it (and keeping the same notation as was introduced there), we have
hyv, = ng"Ohﬁ with hy € H[/VO and ifvo < 0. In sum, we have

T Uty gy Voy T by, € K (4.42)

From here, using Proposition [3.4.4(1), we conclude that
wyl > iy, > . (4.43)
As for part (2), keeping the same notation as above (but now with y € F%O) we recall from
Lemma (4.2.2|that |k |y, > 1 but that ||, < 1 for all other v. Hence, from the product formula
Wl = 1Wls™ TT 1l = Wl (4.44)

V£V, Veo

From part (1), we have wyé > [1. On the other hand, if Km*K NK7tU then 1 > é and, in fact,
A > w?,‘ for any w € W from Proposition u3) so that in particular A > wyé However there
are only finitely many cowelghts in the set {H | A>H> [i}. Hence w,,é assumes a finite set of
values, and from @43) {,, also assumes a finite set of values. In particular, (p, {,,) < 0 is bounded
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from below, i.e. |h’;,7vo|v0 = q*<p &%) is bounded above, by some constant depending on A and L.
Therefore |h$,v0 ]‘701 is bounded below and so combining (¢.44) and Lemma we obtain

g "> b, 1 > (R ) (4.45)

for some constant ¢(4, f1). Hence ¢ (wy) is bounded above, and so there are only finitely many such
elements wy. Since we have already seen that {w,& } ranges over a finite set (depending on i,,ﬂ),
part (2) follows. ]

S. Birkhoff Decomposition and a Finiteness Theorem

We are now ready to prove the main results of this paper. We assume in this section that the
defining representation for the group G is V := VP with p as in (3.10). We also maintain the same
notation as in the previous section.

5.1. A Birkhoff decomposition. —

Theorem. — (Birkhoff) Each x € G* may be written as x = kTt ke, where k € K, ke € Koo and
A € P(V)4. The element A is uniquely determined by x.

Proof. — Any x € G may be factored as x = k’hn(7)u with K’ € K,h € Hy,u € U(F) and T € F*
such that |7| < 1. Hence, if we define as in the proof of Lemma4.2.5]

-X::( X 71717”') and II:(’C,I,I,"')
N

V=V V#Vo

; 3.1

the element x € G satisfies the hypothesis of Theorem As Supp(x) and Supp(7) are {vp},
there exists y € I'y, such that xy = kx han(7) where ky € Kp and hy € Hy. Writing k and k.. for
the component of kx and ¥ at vy respectively, the desired factorization follows. Next, we note that
since both K and K.. contain v for each w € W, we may write x = km* k.. with A € P(V)y4.

Let us now turn to the uniqueness assertion: suppose

x=kthhox = KTPK,  with kK €K A LEP(V)y, and koK. € Ke. (5.2)

It then follows that there exists r € K, 7o € Ke 50 that 1t r. = 1. As 1 € K., there exists yely,
such that ¥, = r. Using Lemma and the remark after it, if we write ¥ = u,, wyhyn as in (4.28)),

have hy.y, = %0 hg with fvo < 0. Hence, we find that
FI Uy Wy T iy, = TF (5.3)
from which we can conclude using Proposition [3.4.4(1) that
A>wd > -Gy > 1, (5.4)

where the first inequality uses the fact that A was dominant and the third that évo < 0. So we have
concluded that A > [i, but reversing the roles of A and I, we obtain the opposite inequality and
hence A = [i. O
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5.2. Finiteness Theorem. — Recall the group K. introduced earlier in
Theorem. — For A € P(V), and i € P(V),

K\KT'KNK7"K! (5.5)

v

is finite and non-empty only when [I < A.

Proof — To prove the finiteness, in light of Proposition [3.4.4(2), it suffices to show that the set of
é such that KnéU NKw*K N K nf KL = 0 is finite. This however follows from Lemma |4.2.5| part
(2). As we already remarked in the proof of loc. cit., A > w§ for each such A and any w € W. Using
part (1) of the same Lemma (4.2.5]), we can then conclude that A> [ as well.

O

Remarks. — One could ask how the cardinality of the above set, say for fixed A and [1, varies with
g, where we recall that F = F,(s). Using the point of view of masures, Muthiah [32] has argued
in his context (and with slightly differently defined groups) these are polynomial in ¢ and has also
explicitly computed these polynomials in certain cases, see op. cit. §5.5. Comparing his answers
to the Coulomb branch perspective (a candidate for the double affine geometric Satake), he found
that the polynomials from the masure theoretic point of view seem to be of the wrong degree. We
have not yet considered such polynomiality results in our context. In a related vein, A. Hébert and
Paul Philippe [26] have now established the polynomiality (in the Iwahori case as well, see below
§5.2.1) for general Kac—Moody type.

5.2.1. On an Iwahori variant.— For kK = 0 /n0 the residue field of F , we have a natural map
o : Vg — Vi defined by ‘working modulo 7°. Then each k € K defines a map that we denote as
kmod 7 : Vix — V.. Define the Iwahori subgroup

I'={keK|kmodnm =1y} (5.6)

where 1y, is the identity map on V.. Moreover, one also has that K is a disjoint union, over W, of
double cosets Iwl.

Define now the “affine” or Tits—Weyl group, as Wy := W x X, where the action of W on X
is the standard one. Note that Wy is not a Coxeter group, though it does admit a Bruhat-type
order and a length function [31,/33]]. For each x = (w,i) € Wy with w € W and A € X, we define
an element x := Wﬂ:’vl € G and note that as in [13, Prop 3.4.2], each x € G* can be written as
x = i1zip for some z € Wy.

An Iwahori variant of Theorem states: for x,y € Wy, the set I\ IxK. NIyl is finite. Pre-
sumably the non-emptiness of this intersection would also imply a relation between x and y in the
Bruhat order studied by Muthiah. As for finiteness, here is an approach which uses Theorem
following [13, Lemma 5.2.5] we can reduce to showing that

K.y = {k € K| k(IxKL N I3I) C (kKL NIy}, (5.7)

which is a left /-invariant set, satisfies |/ \ Ky | < . To address the latter claim, it suffices to show
that for a fixed y € Wy, the number of w’ such that 1vw/IyI NIyl # @ is finite. To show this question,
one may work in the Iwahori—-Hecke algebra of [13 and switch to the Bernstein basis introduced

®)We are eliding over the distinction between formal and minimal groups here
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there (see op. cit. §5-6). Adopting the notation of op. cit. we may write Ty = Y5 ; ¢6 1 T6 0 (the
sum is finite), and then consider the product in the Iwahori—-Hecke algebra

T -Ty=Y copiTwTs6p. (5.8)
ot

If /(w') is large compared to ¢(o), then T,/ Ty, is also a sum of 7;’s with T € W of large length. This
bounds the length of possible w'.

References

[1] Abid Ali, Finiteness theorems for Kac-Moody groups over non-archimedean local fields, Int. Math. Res. Not. IMRN
21 (2021), 16074-16120. MR4338215

[2] Nicole Bardy-Panse, Stéphane Gaussent, and Guy Rousseau, Iwahori-Hecke algebras for Kac-Moody groups over
local fields, Pacific J. Math. 285 (2016), no. 1, 1-61. MR3554242

[3] Nicole Bardy-Panse, Stéphane Gaussent, and Guy Rousseau, Iwahori-Hecke algebras for Kac-Moody groups over
local fields, Pacific J. Math. 285 (2016), no. 1, 1-61. MR3554242

, Macdonald’s formula for Kac-Moody groups over local fields, Proc. Lond. Math. Soc. (3) 119 (2019),
no. 1, 135-175. MR3957833

[5] Nicole Bardy-Panse, Auguste Hebert, and Guy Rousseau, Twin masures associated with Kac-Moody groups over
Laurent polynomials (2022), available at2210.07603!

, Twin masures associated with kac-moody groups over laurent polynomials (2022), available at 2210 .

(4]

(6]

07603.
[7]1 A. Braverman, H. Garland, D. Kazhdan, and M. Patnaik, An affine Gindikin-Karpelevich formula, Perspectives in
representation theory, 2014, pp. 43-64. MR3220625
[8] Alexander Braverman and Michael Finkelberg, Pursuing the double affine Grassmannian. I. Transversal slices via
instantons on Ay-singularities, Duke Math. J. 152 (2010), no. 2, 175-206. MR2656088
[9] Alexander Braverman, Michael Finkelberg, and Dennis Gaitsgory, Uhlenbeck spaces via affine Lie algebras, The
unity of mathematics, 2006, pp. 17-135. MR2181803
[10] Alexander Braverman, Michael Finkelberg, and David Kazhdan, Affine Gindikin-Karpelevich formula via Uhlen-
beck spaces, Contributions in analytic and algebraic number theory, 2012, pp. 17-29. MR3060455
[11] Alexander Braverman, Michael Finkelberg, and Hiraku Nakajima, Coulomb branches of 3d AN = 4 quiver gauge
theories and slices in the affine Grassmannian, Adv. Theor. Math. Phys. 23 (2019), no. 1, 75-166. With two ap-
pendices by Braverman, Finkelberg, Joel Kamnitzer, Ryosuke Kodera, Nakajima, Ben Webster and Alex Weekes.
MR4020310
[12] Alexander Braverman and David Kazhdan, The spherical Hecke algebra for affine Kac-Moody groups I, Ann. of
Math. (2) 174 (2011), no. 3, 1603-1642. MR2846488
[13] Alexander Braverman, David Kazhdan, and Manish M. Patnaik, Iwahori-Hecke algebras for p-adic loop groups,
Invent. Math. 204 (2016), no. 2, 347-442. MR3489701
[14] Vinay V. Deodhar, On some geometric aspects of Bruhat orderings. II. The parabolic analogue of Kazhdan-Lusztig
polynomials, J. Algebra 111 (1987), no. 2, 483-506. MR916182
[15] H. Garland, A Cartan decomposition for p-adic loop groups, Math. Ann. 302 (1995), no. 1, 151-175. MR1329451
[16] H. Garland and M. K. Murray, Kac-Moody monopoles and periodic instantons, Communications in Mathematical
Physics 120 (1988), no. 2, 335-351.
[17] Howard Garland, The arithmetic theory of loop algebras, J. Algebra 53 (1978), no. 2, 480-551. MR502647
[18] , The arithmetic theory of loop groups, Inst. Hautes Etudes Sci. Publ. Math. 52 (1980), 5-136. MR601519
[19] , The arithmetic theory of loop groups. 1. The Hilbert-modular case, J. Algebra 209 (1998), no. 2, 446-532.
MR1659899
, Absolute convergence of Eisenstein series on loop groups, Duke Math. J. 135 (2006), no. 2, 203-260.
MR2267283
, Eisenstein series on loop groups: Maass-Selberg relations. II, Amer. J. Math. 129 (2007), no. 3, 723-784.
MR2325102
[22] Stéphane Gaussent and Guy Rousseau, Kac-Moody groups, hovels and Littelmann paths, Ann. Inst. Fourier (Greno-
ble) 58 (2008), no. 7, 2605-2657. MR2498360

(20]

(21]

22


2210.07603
2210.07603
2210.07603

[23] , Spherical Hecke algebras for Kac-Moody groups over local fields, Ann. of Math. (2) 180 (2014), no. 3,
1051-1087. MR3245012

[24] Auguste Hébert, Gindikin-Karpelevich finiteness for Kac-Moody groups over local fields, Int. Math. Res. Not. IMRN
22 (2017), 7028-7049. MR3737330

[25] Auguste Hebert and Paul Philippe, Quantum roots for Kac-Moody root systems and finiteness properties of the
Kac-Moody affine Bruhat order (2024), available at|2405.12559|

[26] Auguste Hébert and Paul Philippe, On affine kazhdan-lusztig r-polynomials for kac-moody groups (2024), available
ati2410.04872.

[27] Victor G. Kac, Infinite-dimensional Lie algebras, Third, Cambridge University Press, Cambridge, 1990.
MR1104219

[28] Victor G. Kac and Dale H. Peterson, Infinite-dimensional Lie algebras, theta functions and modular forms, Adv. in
Math. 53 (1984), no. 2, 125-264. MR750341

[29] M. Kapranov, The elliptic curve in the s-duality theory and eisenstein series for kac-moody groups (2000), available
atmath/0001005.

[30] David Kazhdan and George Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math. 53
(1979), no. 2, 165-184. MR560412

[31] Dinakar Muthiah, On Iwahori-Hecke algebras for p-adic loop groups: double coset basis and Bruhat order, Amer.
J. Math. 140 (2018), no. 1, 221-244. MR3749194

[32] , Double-affine kazhdan-lusztig polynomials via masures (2019), available at|1910.13694|

[33] Dinakar Muthiah and Daniel Orr, On the double-affine Bruhat order: the € = 1 conjecture and classification of
covers in ADE type, Algebr. Comb. 2 (2019), no. 2, 197-216. MR3934828

[34] Manish M. Patnaik, Geometry of loop Eisenstein series, ProQuest LLC, Ann Arbor, MI, 2008. Thesis (Ph.D.)-Yale
University. MR2711828

[35] Paul Philippe, Grading of affine Weyl semi-groups of Kac-Moody type (2024), available at|2306.04514,

[36] Andrew Pressley and Graeme Segal, Loop groups, Oxford Mathematical Monographs, The Clarendon Press, Oxford
University Press, New York, 1986. Oxford Science Publications. MR900587

[37] Guy Rousseau, Groupes de Kac-Moody déployés sur un corps local Il. Masures ordonnées, Bull. Soc. Math. France
144 (2016), no. 4, 613-692. MR3562609

[38] Robert Steinberg, Lectures on Chevalley groups, corrected, University Lecture Series, vol. 66, American Mathemat-
ical Society, Providence, RI, 2016. Notes prepared by John Faulkner and Robert Wilson, With a foreword by Robert
R. Snapp. MR3616493

[39] Sankaran Viswanath, Kostka-Foulkes polynomials for symmetrizable Kac-Moody algebras, Sém. Lothar. Combin.
58 (2007/08), Art. B58f, 20. MR2461998

[40] André Weil, Basic number theory, Classics in Mathematics, Springer-Verlag, Berlin, 1995. Reprint of the second
(1973) edition. MR1344916

[41] Amanda Welch, Classification of cocovers in the double affine Bruhat order, Electron. J. Combin. 29 (2022), no. 4,
Paper No. 4.7, 19. MR4497219

MANISH M. PATNAIK, Department of Mathematical and Statistical Sciences, University of Alberta, Edmonton, AB
T6G 2G1, Canada e FE-mail : patnaik@ualberta.ca

23


2405.12559
2410.04872
math/0001005
1910.13694
2306.04514

	1. Introduction
	2. Basic notation on fields and adeles
	3. Preliminary material on Loop Groups
	3.1. Affine Kac–Moody algebras 
	3.2. Representations and Chevalley Forms
	3.3. Loop groups over a general field 
	3.4. Loop groups over local fields

	4. Reduction theory of Garland and the Birkhoff decomposition
	4.1. Adelic Loop Groups and Reduction Theory
	4.2. On the groups K and K1

	5. Birkhoff Decomposition and a Finiteness Theorem
	5.1. A Birkhoff decomposition
	5.2. Finiteness Theorem

	References

