MATH 372 FALL 2012
PROJECT DESCRIPTIONS

Project Pesticide

A farmer in BC’s Okanagan Valley raises a crop over 5 months. To minimize loss of revenue,
the farmer may choose to spray the crop with a pesticide once during those 5 months. Cost
of spraying are a one-time cost of $500.00 plus the price per gallon of the pesticide used.
Losses due to a pest depend on time. For the population of a pest p(t), the loss at that time
is proportional to p(t). The total amount of lost revenue includes the cost of spraying, and
the total loss due to the pest (over the whole 5 months).

One model for the size of the insect population is
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where r is some rate constant, and ¢ represents a boost factor, due to immigration of other
insects.
Data suggests that if the farmer sprays an amount of pesticide u, the effect is the following:

e If u is less than some critical amount, then there is no effect on the pest population.

e [f u is greater than this critical amount, then the surviving population decreases as u
increases.

After the farmer sprays the pesticide, the pest population grows according to the equation
given above, starting from the reduced population.

Is it financially worthwhile for the farmer to spray the pesticide? If so, when should it
be sprayed, and how much?

Project Scheduling

An insurance office handles two types of work: new policies and claims. There are 3 workers.
Based on a study of office operations, the average work times (in minutes) for the workers
are given as follows:

Worker New Policy Claim

1 10 28
2 15 22
3 13 18

The company would like to assign a fraction of each type of task to each worker, with the goal
to minimize the overall elapsed time for handling a (long) sequence of tasks. For example, if
py is the fraction of new policy work assigned to worker one, and ¢, is the fraction of claim
work assigned to worker one, then the company would like to keep 10p; + 28¢; less than
some time limit. Similarly for other workers. What would you suggest to the company?



Project Tree Harvest

A forester has to decide when to cut trees which have been planted. At a time ¢, the forester
cuts N trees. The selling price is $5 per cubic foot of wood. The combined planting and
harvesting costs are $50,000 plus $20 per tree. The volume v of wood (in hundreds of cubic
feet) of the tree depends on time, and satisfies the following model for tree growth:

dv
E = klv—kQ’UZ,

v(0) = w.

Some possible values for the model parameters are vy = 0.0001, k; = 1, and ko = 0.1. Time
t is in years.

Assuming that the forester would like to plant more trees after the harvest, and harvest
them at a time 2t, etc., what would you recommend for the value of ¢t? That is, consider
several consecutive harvests.

Suppose you include inflation in your model, so that the costs and prices increase with
a factor e, with r > 0. Also, suppose you discount the final value of the trees (profits —
costs) with a factor e !, where v > 0 is the nominal annual interest rate. This discount
factor models the fact that the trees are an investment, so their ‘uncut’ value is discounted
by the amount of interest that could have been earned if they had been harvested and the
money invested. Choose reasonable values of r and v, and show how it affects the optimal
time of harvest.

Project Recycle

The Green Supply Company manufactures plastic grocery bags and milk jugs. The company
can obtain 5,000 Ibs of used plastic bags, 18,000 Ibs of used plastic milk jugs, and 40,000 lbs
of industrial plastic scraps per week at costs of $18, $12, and $10 per 100 lbs, respectively.
The company has orders for 4,000 boxes of plastic bags and 80,000 milk jugs per week. One
box of plastic bags requires 6 lbs of plastic, costs $5 to manufacture, and sells for $14. It
costs $9 and requires 14 1bs of plastic to make 100 milk jugs, and the jugs retail for $20. The
plastic bags must be at least 25% post-consumer recycled plastic (used bags or jugs) because
of consumer preference, and the milk jugs must be at most 50% post-consumer recycled
plastic for strength.

(a) Determine the optimal mix of plastics for each product. A full analysis of the problem
includes the computation of the shadow prices for each constraint.

(b) A new supplier can provide industrial plastic scraps at $8 per 100 1bs. How does this
change affect the results?

(¢) A new customer has offered to purchase 40,000 environmentally friendly milk jugs
per week for $30 per 100 jugs. The jugs must contain at least 35% post-consumer
recycled plastic. How does this change the results? Should the company accept this
new customer?



Project Task Competition

Condider a machine which can perform 3 different tasks. The different tasks are brought
to the machine at a rate of one per minute, but the machine processes different tasks at
different rates. The machine can perform only task at a time. While it is processing a task,
the other tasks have to wait. For example, if the machine is working on a task of type 1, then
the number of tasks waiting for service changes in the following way: the number of tasks of
type 2 and 3 both increases at a rate of one per minute, since they are waiting for service.
But the number of type 1’s is changing by a rate of one per minute minus the processing
rate for type 1’s.

While the tasks are waiting for processing, there is a cost in lost production time which
depends on the number of jobs which are waiting. For example, if there are n = 3 possible
tasks, and at time ¢ the machine works on task 1 while z;(¢) of type ¢ waits, then the cost
at time t is

The coefficients ¢; are constants, which are different for different tasks. Consider systems
with different processing rates and different costs ¢; for waiting tasks. Can you find an
optimal strategy for the order in which the tasks should be processed, in order to minimize
the total costs over a finite interval of time? Were the costs or the processing times more
important in your decision?

Project Hydro-Turbine

The Great Northern Paper Company in Millinocket, Maine, operates a hydroelectric gener-
ating station on the Penebscot River. Water is piped from a dam to the power station. The
rate at which the water flows through the pipe varies, depending on external conditions.

The power station has three different hydroelectric turbines, each with a known (and
unique) power function that gives the amount of electric power generated as a function of
the water flow arriving at the turbine. The incoming water can be apportioned in different
volumes to each turbine, so the goal is to determine how to distribute water among the
turbines to give the maximum total energy production for any rate of flow.

Using experimental evidence and Bernoulli’s equation, the following quadratic models
were determined for the power output of each turbine:

KWy = (—18.89+0.1277Q; — 4.08-107°Q}) (170 — 1.6 - 107°Q%)
KWy = (—24.51+0.1358Q; — 4.69 - 107°Q3) (170 — 1.6 - 107°Q%),
KWs = (—27.02+0.1380Qs — 3.84 - 107°Q3) (170 — 1.6 - 10797,

where
@; = flow through turbine ¢ in cubic feet per second,
KW; = power generated by turbine ¢ in kilowatts,
QT = total flow through the station in cubic feet per second.



Allowable flows of operation are as follows:

250 < @, < 1110,
250 < @y < 1110,
250 < Qs < 1225.

Determine the flow @); to each turbine that will give the maximum total energy produc-
tion. For which values of Q7 is the result valid?

Suppose that the incoming flow is 2500 ft3 /s, determine the distribution to the turbines
and verify (by trying some nearby distributions) that your result is indeed a maximum.

Are there situations under which more power can be produced by only using one turbine?
Should a flow of 1000 ft3/s be distributed to all three turbines or routed to just one? If just
one should be used, which one? What if the flow is only 600 ft*/s?

Perhaps for some flow levels, it would be advantageous to use two turbines. If the
incoming flow is 1500 ft3/s, which two turbines would you recommend using? How should
the flow be distributed? Is using two turbines more efficient that using all three?

If the incoming flow is 3400 ft3/s, what would you recommend to the company?

In your project report, include a memo to the operations manager of the Great Northern
Paper Company that summarizes your recommended mode of operation under different flow
conditions.

Project Run-Bike-Fun

The following Run-Bike-Fun sports event takes place every year in a small university town
in Germany. Each participating team consists of two people. Both people have to complete
a 15 km course through a combination of running and cycling. Each team has one bicycle.
Only one person is allowed to ride the bicycle at any one time, but team members can switch
between running and cycling as often as they wish. The first team with both partners at the
finish line wins.

At the beginning of the race, one person starts riding the bicycle, and the other starts
running. After some time, the cyclist gets off the bicycle, puts it down, and starts running.
When the other runner reaches the bicycle, he/she picks it up, and starts cycling.

What is the optimal switching strategy? At which locations along the course should the
switch(es) occur?

You may wish to begin by assuming that it takes no time to get on/off the bicycle, that
both team members are = times faster at cycling compared to running, and that people
run/cycle with constant velocity. Based on your own experience, estimate the value of x.
When/where should you switch?

In reality, people get tired. How might you describe that? Would you use the same
description for running and cycling? How does this affect the optimal strategy? Also,
switching between cycling and running takes time. How does this affect the optimal strategy?
What if two people with different abilities form a team?



Project Salmon

Let x,, be the number of hundreds of millions of Pacific salmon at the beginning of the n'*
cycle. They produce a larval population y at a time ¢, which is proportional to the number
of adult salmon z,,, with proportionality constant .

What happens to the larvae? The adults cannabalize them. Then the larval population
decays at a rate which is proportional to the number of interactions with the adult population,
with proportionality constant «. The larvae do not remain larvae forever, and so this decay
occurs only during an interval of time ¢, < ¢t < t., which is a portion of the cycle. After
this, the young adults (the larvae that survived) go out to sea, and a fraction 7 of them will
survive. The other adults will die after breeding. So the number of salmon at the beginning
of the next cycle will be the number of young adults that survive at sea.

Set up the equations which govern the salmon population, and determine if there is an
equilibrium solution or cyclical behaviour. Some typical parameter values are 1 < a(t.—tg) <
10 and 3 < By < 20. How could factors such as fishing, pollution, etc., affect the behaviour
of the population?

Project Laser

Consider a particular type of laser known as a solid-state laser, which consists of a collec-
tion of special “laser-active” atoms embedded in a solid-state matrix, bounded by partially
reflecting mirrors at either end. An external energy source is used to excite or “pump” the
atoms out of their ground state (see Figure 77).

figure=FIGS/laser.ps,width=4in
Figure 1: Cartoon representation of a laser.

Each atom can be thought of as a little antenna radiating energy. When the pumping
is relatively weak, the laser acts just like an ordinary lamp: the excited atoms oscillate
independently of one another and emit randomly phased light waves.

Now suppose that we increase the strength of the pumping. At first, nothing different
happens, but then suddenly, when the pump strength exceeds a certain threshold, the atoms
begin to oscillate in phase — the lamp has turned into a laser. Now the trillions of little
antennas act like one giant antenna and produce a beam of radiation that is much more
coherent and intense than that produced below the laser threshold.

This sudden onset of coherence is amazing, considering that the atoms are being excited
completely at random by the pump! Hence the process is self-organizing: the coherence
develops because of a cooperative interaction among the atoms themselves.

A proper explanation of the laser phenomenon would require us to delve into quantum
mechanics. Instead, consider a simplified model of the essential physics. The dynamical
variable n(t) represents the number of photons in the field. Its rate of change is given by

dn . |
—_— = alll — 10SS
dt &

= GnN — kn.



The gain term comes from the process of stimulated emission, in which photons stimulate
excited atoms to emit additional photons. Because this process occurs via random encounters
between photons and excited atoms, it occurs at a rate proportional to n and to the number
of excited atoms, denoted by N(¢). The parameter G > 0 is known as the gain coefficient.
The loss term models the escape of photons through the endfaces of the laser. The parameter
k > 0 is a rate constant; its reciprocal 7 = 1/k represents the typical lifetime of a photon in
the laser.

Now comes the key physical idea: after an excited atom emits a photon, it drops down to
a lower energy level and is no longer excited. Thus, N decreases by the emission of photons.
To capture this effect in the model, we need to write down an equation relating N to n.
Suppose that in the absence of laser action, the pump keeps the number of excited atoms
fixed at Ny. Then the actual number of excited atoms will be reduced by the laser process.

Specifically, assume
N(t) = Ny — an,

where o > 0 is the rate at which atoms drop back to their ground states. Then the model
for n becomes

dn

il Gn(No — an) — kn

= (GNy — k)n — (aG)n*.

(a) Analyze the last equation for various values of Ny. How do the number of steady states
depend on the value of Ny? Sketch a bifurcation diagram for this model, that is, graph
the value of the steady states as a function of Ny. Represent stable steady states by a
solid curve, and unstable steady states by a dashed line. How does the laser threshold
show up?

Although this model correctly predicts the existence of a threshold, it ignores the dynamics
of excited atoms, the existence of spontaneous emission, and several other complications.
Two improved models are accessible, and worthy of further investigation.

An improved model of a laser. In the simple model considered above, we wrote an
algebraic equation relating N to n. In more realistic models, this relation would be replaced
by a differential equation. For example, it can be shown that after reasonable approximations
(if you are interested in the details, references can be provided), quantum mechanics leads
to the following system of equations:

dn

— = GnN — kn,

dt

dN

— = —GnN - fN .
pm Gn fN+p

(b) Study the quasi-static approximation of this system, that is, suppose that N relaxes
much more rapidly than n. Then we can make the assumption that dN/dt ~ 0. With
this approximation, N can be expressed in terms of n. Eliminating N from the first



equation gives a first-order equation for n. This procedure is often called adiabetic
elimination, and one says that the evolution of N(¢) is slaved to that of n(t). Analyze
the resulting equation for n as you analyzed the previous model. How do the results

differ?

(c) Study the full system. That is, explore the behaviour of the model with a numerical
simulation, plus determine steady states and their stability. Sketch all the qualitatively
different phase portraits that occur as the model parameters are varied. Summarize
your results in bifurcation diagrams.

The Maxwell-Bloch Equations. The Maxwell-Bloch equations provide an even more
sophisticated model for a laser. These equations describe the dynamics of the electric field
E, the mean polarization P of the atoms, and the population inversion D:

E = k(P-E),
D = v\ +1—D—)\EP),

where k is the decay rate in the laser cavity due to beam transitions, vy, and v, are decay rates
of the atomic polarization and population inversion, respectively, and A is the pumping energy
parameter. The parameter A may be positive, negative, or zero; all the other parameters are
positive.

(d) Create a simulation for the model, and explore the behaviour of the model numerically,
using a variety of different parameter sets. What do you observe?

These equations are similar to the famous Lorenz equations, and can exhibit chaotic be-
haviour for certain parameter sets. However, many practical lasers do not operate in the
chaotic regime. In the very simplest case, v1,72 >> &, and then P and D relax rapidly to
steady values, and hence may be diabetically eliminated.

(e) Assume that P ~ 0 and D ~ 0, and express P and D in terms of E, and thereby
derive a first-order equation for K. Determine all steady states of the equation for E
and determine their stability. Summarize the results in a bifurcation diagram.

Project Heart

In this project, you are asked to investigate the production of heart beats. The basic ap-
paratus for beating of the heart is shown in Figure ??. The sinoatrial (SA) node is the
pacemaker, which sends regular signals to the atrioventrical (AV) node. The AV node then
tells the heart to beat if the conditions are suitable.

figure=FIGS /heart.ps,width=4in

Figure 2: A mathematician’s heart.



The AV node can be thought of as keeping track of the condition of the heart using an
electrical potential. You may assume that the potential decreases exponentially during the
time between signals from the SA node. Whether the heart beats depends on the response
of the AV node when the signal arrives. If the potential is too high, it means that the heart
has not had enough time to recover from the last beat, and the AV node ignores the signal.
Otherwise, the AV node accepts the signal, tells the heart to beat, and increases the electrical
potential (for simplicity, assume the increase is a constant).

Develop a model describing the electrical potential of the AV node. Under what condi-
tions does your model produce regular heart beats? Investigate the production of irregular
beating patterns by modifying parameters in your model. Two patterns of clinical interest
are second-degree block and the Wenckebach phenomenon. Second-degree block refers to the
situation in which the heart skips every other beat (that is, the AV node blocks every other
signal from the SA node). The Wenckebach phenomenon refers to the situation in which the
heart skips a beat every now and then, while it beats normally most of the time.

Project Arms Race

In this project, we consider several models for an arms race. Consider two economically
competing nations which we call Purple and Green. Both nations desire peace and hope to
avoid war, but they are not pacifistic. They will not go out of their way to launch agression,
but they will not sit idly by if their country is attacked. They believe in self-defense and will
fight to protect their nation and their way of life. Both nations feel that the maintenance of
a large army and the stockpiling of weapons are purely “defensive” gestures when they do
it, but at least somewhat “offensive” when the other side does it.

Since the two nations are in competition, there is an underlying sense of “mutual fear”.
The more one nation arms, the more the other nation is spurred to arm.

1. A Mutual Fear Model. Let z(t) and y(t) represent the yearly rates of armament
expenditures of the two nations in some standardized monetary unit. To develop a model
of mutual fear, we assume that each country adjusts the rate of increase or decrease of its
armaments in response to the level of the other’s. The simplest assumption is that each
nation’s rate is directly proportional to the expenditure of the other nation. That is,

de
dt - a‘y7
dy

= =b
dt s

where a and b are positive constants. Suppose the initial (at some arbitrary time ¢ = 0)
armament expenditures of the two nations are xy and yg, respectively. Find dy/dz in terms
of z and y, and solve using the given initial conditions. Show that the solutions lie on a
hyperbola, and interpret the results. Verify your solution numerically.

2. The Richardson Model. We now present a refinement of the mutual fear model.
The mutual fear model produced a “runaway” arms race with unlimited expenditures. To
prevent unlimited expenditures, we assume that excessive armament expenditures present



a drag on the nation’s economy so that the actual level of expenditure reduces the rate of
change on the expenditure. The simplest way to model this is the assume that the rate
of change for a nation is directly and negatively proportional to its own expenditure. This
refines the mutual fear model to give

dx

— = ay—mx
dt y Y
d

d—gz = br —ny,

where a, b, m, and n are positive constants.

Before proceeding with a mathematical analysis of this model, we introduce a further
refinement. This refinement models any underlying grievances of each country toward the
other. To model this, we introduce two additional constant terms, r and s, to the equations
to obtain

dz N
— = ay—mx+r
dt y Y
d

d—?; = br—ny+s.

A positive value of r and s indicates that there is a grievance of one country toward the other
which causes an increase in the rate of arms expenditures. If r or s is negative, there there
is an underlying feeling of good will, so there is a decrease in the rate of arms expenditures.
This model is called Richardson’s Arms Race Model in honour of Lewis F. Richardson, who
considered this model in 1939 for the combatants of World War 1.

Use phase plane analysis to investigate the behaviour of the Richardson model (look
at the nullclines, determine steady states, and their stability). Focus on the following two
scenarios:

(a) Mutual Grievances. Investigate the case where each side has a permanent underlying
grievance toward the other side. In this case the parameters r and s are positive.
Show that the steady state for the model either lies in the first or the third quandrant,
depending upon the sign of mn — ab. Determine their stability. What does the model
predict? Verify numerically.

(b) The Effect of Good Will. Feelings of good will are represented by one of the
grievance terms r or s being negative. If both r and s are negative, show that the
steady state is unstable. Further, show that if mn — ab is positive, the arms race
results in total disarmament of both sides. What happens if mn — ab is negative?
Verify your results numerically.

3. Open-ended Extensions of the Richardson Model. This part offers some suggested
further extensions of the Richardson model. Some of these are much more involved than the
work in parts 1 and 2 (you should view parts 1 and 2 as warmup problems for the actual
project contained in part 3).



There are several directions one could choose to extend the Richardson model. Here are
two. The first extension concerns a modification of the mutual fear term discussed in part 1.
If we assume that there is an inherent limit to the amount a nation can spend on armaments
and let K, be the maximum expenditure of the Purple nation and K, be the maximum
expenditure of the Green nation, then the proportionality constant can be replaced by an
expenditure-dependent rate. A simple way to do this is to replace exponential factors with
logistic factors. Thus our arms race model becomes

dzx ] T .
— = al|ll—— —mx+r
di K, )Y ’

P
dy Y
- = 1—=—|xz—ny+s.
i b< Kg)(ﬁ ny + s

Examine the stability of this “logistic” version of the Richardson model by performing an
analysis similar to part 2. What does this model predict?

A second extension considers three mutually fearful nations. Each nation is spurred to
arm by the expenditures of the other two. Build a Richardson model for three nations.
Examine the stability of this model by performing an analysis similar to part 2. This three-
nation model can be further modified if two of the nations are close allies who are not
threatened by the arms buildup of each other but are threatened by the expenditures of the
third.

Project Blood Alcohol
Data:

e The average human body eliminates 12 grams of alcohol per hour.

e An average college-age male in good shape weighing K kilograms has about 0.68K
liters of fluid in his body. A college-age female in good shape weighing K kilograms
has about 0.65K liters of fluid in her body. People in poor shape have less.

e One kilogram = 2.2046 pounds.

e Threshold for legal driving: If your body fluids contain more than one gram of alcohol
per liter of body fluids (or 0.1 gm /100 mL which is the usual way of reporting it), then
you are too drunk to drive legally in most jurisdictions. Find out the level for Alberta,
and use it in this project.

e A blood alcohol concentration of 4.0 gm/L is likely to result in coma. A blood alcohol
level of 4.5 to 5.0 gm/L is likely to result in death.

e The alcohol content of various beverages is listed Figure ?7.

Construct a model for alcohol concentration based on the diagram shown in Figure 77 for
a hypothetical person (gender and weight decided by you). You may use a discrete-time
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figure=FIGS /alcohol.ps,width=4in

Type of Drink Grams of Alcohol
12 ounce regular beer 13.6
12 ounce light beer 11.3
4 ounce port wine 16.4
4 ounce burgundy wine 10.9
4 ounce rose wine 10.0
1.5 ounce 100-proof vodka 16.7
1.5 ounce 100-proof bourbon 16.7
1.5 ounce 80-proof vodka 13.4
1.5 ounce 80-proof bourbon 13.4

Figure 3: Compartmental diagram for the blood alcohol model and grams of alcohol for
different types of drink.

model with a short time step (1 minute is suggested), or treat time continuously (ideally,
you would do both and compare your results).

Assume that Hypothetical arrives at a party and instantaneously downs a six-pack of
beer. If Hypothetical doesn’t enter a coma or die, how long will it be before he/she can drive
home legally?

Construct a more realistic manner of consuming six beers. How does this affect Hypo-
thetical’s blood alcohol concentration? You may wish to use a piecewise defined function to
model periods of drinking and non-drinking.

Construct an information sheet for distribution to your peers showing the effects of
drinking style on blood alcohol concentration.

Project Carbon Cycle

One class of environmental models tracks the flow of some element or compound through
an ecosystem. This project examines the flow of carbon through several types of forest
conditions.

Part 1. A Litter Model. We begin with a very simple model, tracking carbon levels in
litter on a forest floor. In this context, litter is naturally-occurring debris such as leaves,
branches, and deadfalls, not beer bottles or fast-food wrappers. A boundary for the system
is set up, and only litter within this region is considered. Thus, carbon is measured in density
units: grams of carbon per square meter (g C/m?). Here are the modelling assumptions:

1. Carbon continuously enters the system through litterfall at a constant rate z.

2. Carbon continuously leaves the system through two avenues — carbon dioxide produced
in respiration and the conversion of litter into humus (called humification). Even
though the carbon in humus has not left the physical system boundary, it is no longer
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in the litter, just as carbon in the trees before the leaves fell was in the physical
boundary, but not yet in the litter.

3. The rate of litterfall is constant; the rate of carbon removal from both avenues is
proportional to the amount of carbon present.

4. Initially, there is no carbon in the litter. This approximates the situation after a ground
fire (a forest fire which burns the underbrush, but does not kill the trees).

Set up a differential equation for the carbon level, and solve it analytically. Verify numeri-
cally. For a temperate forest, it is reasonable to assume a rate of litterfall of 240 g C/m?/yr
and a proportionality constant for carbon removal of 0.4/ yr. Using this information, graph
a solution curve for 50 years either by numerically solving or by graphing the analytical
solution using these parameters.

Part 2. Carbon in the Terrestial Biosphere. This model extends the model from part
1 to model carbon’s flowing and being stored in an entire ecosystem. This ecosystem is
assumed to have seven components: plants (subdivided into leaves, branches, stems, and
roots), litter lying on the ground, humus, and stable humus charcoal. The amount of carbon
in each of these components is given by the variables =i, o, ..., x7, respectively. The
atmosphere is, of course, another component, but due to its immense size, it is considered to
have constant carbon content, unchanged either by giving carbon to plants or by absorbing
carbon from the litter, humus, or stable humus charcoal. Technically the atmosphere is
outside the system, so carbon to plants is carbon entering the system, and carbon out of the
litter /soil components is carbon leaving the system. The parameter z denotes the carbon
entering the system, and the partition parameters p; through p4 indicate the percentage of z
which goes into the leaves, branches, stems, and roots, respectively. The transfer coefficients
ki; give the rate of carbon flow from z; to x; (k; will denote the transfer from z; to the
atmosphere). A compartmental diagram for this system and model parameters for a variety
of ecosystem types are shown in Figure ?77?.

Tropical forest refers to tropical forest, forest plantation, shrub-dominated savannas, and
chaparral. Temperate forests comprise temperate forests, boreal forests, and woodlands.
Note that ks and kig are not given, only an outflow of carbon from litter. As in part 1,
carbon is lost from the litter state by either humification or respiration. The humification
factor h gives the fraction of carbon leaving the litter state that goes into humus; naturally,
1 — h indicates the fraction of carbon leaving the litter that does not go to humus, and hence
goes to the atmosphere by respiration. Similar comments apply to kg; and kgy involving
the amount of carbon leaving the humus and the coefficient of carbonization ¢ which is the
fraction going to form stable humus charcoal. The unit Gt is a Gigatonnes, or a billion
tonnes, where 1 tonne (metric ton) = 1,000 kg = 1 Mg.

(a) Use the compartmental diagram to set up the system of equations for this model.

(b) For this part, use the parameters for the tropical forest ecosystem. First find the fixed
points of this system. To do this, first write the answer to part (a) in the matrix
form X' = AX + B. Fixed points occur when X’ = 0, so solve the matrix equation

12
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Tropical | Temperate | Grass- | Agri- Human | Tundra
forest forest land cultural | area and semi-
area desert
Carbon entering
System
z (Gt C/yr) 27.8 8.7 10.7 7.5 0.2 2.1
Partition
coefficients
p1 (Leaves) 0.3 0.3 0.6 0.8 0.3 0.5
p2 (Branches) 0.2 0.2 0.0 0.0 0.2 0.1
ps (Stems) 0.3 0.3 0.0 0.0 0.3 0.1
p4 (Roots) 0.2 0.2 0.4 0.2 0.2 0.3
Flows
Leaves to litter 1.0 0.5 1.0 1.0 1.0 1.0
Branches to litter | 0.1 0.1 0.1 0.1 0.1 0.1
Stems to litter 0.033 0.0166 0.02 0.02 0.02 0.02
Roots to humus 0.1 0.1 1.0 1.0 0.1 0.5
Leaving litter 1.0 0.5 0.5 1.0 0.5 0.5
Leaving humus 0.1 0.02 0.025 | 0.04 0.02 0.02
Charcoal to 0.002 0.002 0.002 | 0.002 0.002 0.002
atmosphere
Humification h 0.4 0.6 0.6 0.2 0.5 0.6
Carbonization ¢ 0.05 0.05 0.05 0.05 0.05 0.05
Areas (10"2m?) | 36.1 17.0 188 [ 174 2.0 29.7

Figure 4: The terrestial carbon system and parameters of carbon storage and flow in terrestial
ecosystems.
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AX 4+ B = 0 (Maple will come in handy here). Numerically solve the system to get
graphs of each variable as a function of time. Run the simulation until all values are
within 95% of their stable values. Compare the relative stabilization time for each
component (how long it takes to get within 95% of the stable value). Compute the
eigenvalues for the fixed point. Can you see a relationship between the size of the
eigenvalues and the stabilization times?

(c) Repeat (b) for at least two other ecosystems (your choice) and compare the results.

Project Basketball Team

Suppose you are the general manager of a basketball team. The owner of the team has
decided that he is willing to spend only a fixed amount in annual salaries (say K dollars).
With this money, you need to sign 12 players. Your task is to decide how to allocate your
money in order to win as many games as possible.

Develop a model that predicts the number of wins for a given roster. You should be able
to find some data on the effect individual players have the number of games their teams win
(as well as their salaries). Keep in mind that a team typically has 5 starters, who play a lot
of minutes and another 3-4 bench players who play significant minutes (but not as many as
the starters). The remaining players typically play very little. The effect a player has on the
total number of wins should depend on the number of minutes he plays. Is it better to pay a
lot of money for a few superstar players and fill out the roster with less talented players, or
should you distribute your money more evenly, in order to sign several fairly talented players
(who are still not superstars)? You should also consider the effect of varying the number
of minutes each player plays each game. Keeping your best players on the floor for longer
might seem like a good strategy, but keep in mind that their performance may be diminished
by fatigue.

Project Airline Hub

The SHORT-HOP airline is about to begin service in the north central USA, providing
transportation between nine cities: Dayton (D), Fort Wayne (FW), Green Bay (GW), Grand
Rapids (GR), Kenosha (K), Marquette (M), Peoria (P), South Bent(SB) and Toledo (T). As

it would be very expensive to fly from each city to every other city, the company would prefer
to route flights through a small number of hubs. They make the following assumptions:

1. All cities should be within 200 miles of a hub city.

2. The number of hub cities should be as small as possible.

The pairwise distances between the cities (in miles) are as follows:
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D|F GB|GR|K |M |P SB | T
D |0 | 102|381 (232|272 |494 | 294 | 170 | 134
F 0 279 1133 | 175|395 | 235 | 72 | 91
GB 0 159 | 134 | 143 | 273 | 215 | 298
GR 0 115 | 262 | 255 | 94 | 139
K 0 275 | 156 | 103 | 229
M 0 416 | 341 | 387
P 0 186 | 320
SB 0 139
T 0

1. Find an optimal solution for SHORT-HOP. Is this solution unique?

2. Can you identify a general principle or method for these types of optimization prob-
lems?
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