Chapter 7
FOURIER TRANSFORM METHOD

In this chapter, we delve into the Fourier transform and its application in solving
linear second-order partial differential equations on unbounded domains. Up until
now, we have focused on studying these equations solely on bounded domains with
specific boundary conditions. However, with the Fourier transform, we are able to
extend our problem-solving capabilities to unbounded domains. The Fourier trans-
form provides us with a remarkable tool to analyze functions defined on unbounded
domains, offering insights into their frequency components and facilitating the solu-
tion of differential equations, particularly partial differential equations.

This powerful technique is closely associated with the contributions of Joseph
Fourier, a renowned French physicist and mathematician whose pioneering work
paved the way for tackling linear PDEs in new and innovative ways.

7.1 Introduction

We will delve into the development of the Fourier transform from its roots in Fourier
series and its application in solving partial differential equations using the eigen-
function expansion method.

7.1.1 From Fourier series to Fourier transform

In the previous sections, we explored the Fourier series representation of a piecewise
continuously differentiable function f(z) defined on x€[—L, L]. We demonstrated
that such a function can be elegantly expressed using trigonometric functions, namely
{cos(nwz), sin(nwz)}, where w ==. By utilizing the Euler formula

e’ = cos(f) +isin(0),

we can equivalently represent the trigonometric Fourier series in its complex form
as follows:

fla)=>_ Fye, (7.1)

n=—oo
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where the coefficients F}, are given by:

L
Fn:% / fla)enda, (7.2)

These formulas are derived from the orthogonality property of the complex expo-
nential functions

L

1
<<€inwar’eimwa:» ::/ ein—;x e—i%x de—1J 2L n:m.
-L 0 n#m

In this context, we employ the complex version of the inner product ((,)), defined as

()= / f(x) g(x) de,

where ¢ (x) represents the complex conjugate of g(x), and the integration is over
the interval [a, b].

The concept of the Fourier series representation can be extended to functions
defined on an unbounded domain by introducing the Fourier transform. Starting
from the complex Fourier series representation of a function f(x) in [—L, L], and
substituting (7.2) into (7.1), we can write

f@)=5- _LLf(z)< 3 ez‘<w—z>nwLwL>dz,

n=—oo

where w;, = % As L approaches infinity, and w;, approaches zero, we interpret the
summation as an integral:

© L

lim E e'@=Amer ) — lim T2 .
L—oo L—oco J_p,
n=-—00

resulting in:

f(gzj):zL lim L(/_LLf(z) e‘wzdz> e duw.

T L—oo J_,

The inner integral in this expression is recognized as the Fourier transform of the
function f, denoted as F{f}, and defined as:

7= [ Zf(:r) e d,

Note that the integral is taken over x, resulting in a function of w. For convenience,
we denote the transformed function as f (w). Thus, we obtain the final result:

fa)=g= [ Fw)evra

To ensure convergence of the integral for F{ f}, we establish the integrability con-
dition for the function f(x).
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Theorem 7.1. Assume that a function f(x) is integrable over (—oo,00), i.e.,

| Itz <.

[e.9]

Then, f (w) exists, and it is continuous with respect to w. Furthermore, the supremum
of |f(w)| is finite, i.e.,

sup| f (w)] < cc.

Proof. The existence of f is verified by the inequality:

[Crocm

S/oo\f(:v)|dx<oo,

ensuring that f (w) converges for any w. To demonstrate continuity, let wy be fixed,
and as w approaches wy:

lim 0Of(yz:) e W dx:/oo lim f(z)e ™" dx:/oof(x) e .

w—wo ) —co coW WO

The passage of the limit inside the integral is allowed by the dominant convergence
theorem (see the appendix of this book). Hence,

lim f(w) = f(w).

w—wq

The final claim is proved as follows:

sup/ f(x) e dx <sup

/Zf(a:) e~ dy

gsup/ ()] dee < oo,

o0

confirming that the supremum of | f(w)| is finite, and this completes the proof. [

The following theorem, known as the Fourier theorem states the convergence of
F~! defined as:

FH Y=g [ Fw)etrde

Theorem 7.2. Let f(x) be an integrable function defined on (—o00,00 ) and piecewise
continuously differentiable, with f'(x) being a piecewise continuous function. Then,
the wnverse Fourier transform, denoted as f’l{f}, is equal to f(x) at continuity
points of f. However, at discontinuity points of f, the inverse Fourier transform is
gen by:

Foigfy= )16

where f(x™) and f(x™) represent the right and left limits of f at x, respectively.



4 FOURIER TRANSFORM METHOD

Example 7.1. Consider the function f(x) given by:

1
flay=d VBT ETED

0 otherwise

|
/ dr =4 < 0o.
—14/|7|
L

L L .
.7:{—1 }: lim / ! e~ dr = lim { cos(wr) de+ [ DR sm(wx)dx}
Vil | Ll T VA I

Since the function % is even, the second integral at the right-hand side is zero,
€T

and we can write:

This function is integrable:

By the formula, we have

.7:{—1 }— lim L—cos(wx) dx
Vigl ) =)o /e

The figure below depicts the Fourier transform of the given function in w € (—30, 30)

fw)

4

0 1 1 1 1 1
-30 -20 -10 0 10 20 30

Even though, the function is not piecewise continuous, its inverse Fourier trans-
form F~H f} converges outside of the singular point x =0 as shown below:

5 f(x), f(x)

10 ¢
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Exercise 7.1. Show that if f(z) is an even function, F{f} is an even function in w and real.
If f(x) is an odd function, F{f} is an odd function in w and pure imaginary.

7.1.2 Fourier transform as frequency distribution

When we view a function f(x) as an electrical signal or a wave in time or space, its
Fourier transform f (w)=F{f(x)} reveals the frequency components embedded in
the signal. For a function f(z) defined on z€[—L, L], the frequency distribution is
discrete, characterized by the terms F), e"“:% where wy, = %, and the magnitude F,
is given by:

1 [t .
— —inwrT
F, _2L/_Lf(x)e dz.

As we move to functions defined on the entire real line (—oo, o), this frequency
spectrum evolves into a continuous distribution over the w-domain.
To illustrate this, let’s consider the function f(x) = cos(wyz). This function is

2

periodic with a period T = o and the angular frequency w = wy. Thus, the signal

has a single periodic frequency component, which is wy. We expect that F{cos(wyz)}
will exhibit a spike at wy:
L

F{cos(wox)} = Llim cos(woz) e dz.
—oo J_p,

ewoT | o~ iwo
2

Fcos(wor)} = lim {sin[(w —wo)L] n sin[(w +wo) L] }

Using Euler’s formula cos(wpx) = , we obtain:

L—oo w — Wy w4+ w0

The figure below depicts the graph of this Fourier transform for wy=1 for L = 20
and L =40.
L=20 L =40

25 T T T 40

20 t
15
10 |

0 2 4

As observed, the spectrum or frequency distribution of the function cos(x)
exhibits a spike at the physical frequency w=1 and a non-physical (or purely math-
ematical) frequency at w = —1, which becomes more pronounced as L approaches
infinity. Therefore, f(w)=0 for w++1.

Now, let’s compare this with the function f(x)=cos(2x). This function rotates
twice faster than cos(z). The function F{cos(2x)} exhibits spikes at w = 2, and
w=—2.
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Now, consider an electrical or mechanical signal composed of various sub-signals
with different angular frequencies:

f(z)=cicos(x) 4+ caco(2x) + -+ + ¢y cos(nx).

The function F{ f(z)} has spikes at physical frequencies w = 1, 2, ..., n weighted
by the values ¢y, ¢, ..., ¢,. The figure below depicts the function f(x) = cos(x) +
2 cos(2z) — 2 cos(3x), and its Fourier transform. It is observed that F{f(x)} has
spikes at w =1, 2, 3 with weights 1,2, —2:

T F{f(x
@) . (@)}
2
50
1
0 0
-1 -50
-2
-100
-3
-4 -150
-5 0 5 -4 -2 0 2 4
T w

In general, a function f(x) can have a continuous distribution of angular fre-

quencies w, which is commonly represented as its frequency spectrum f (w) using
the Fourier transform F. The inverse Fourier transform allows us to retrieve f(x)
from its frequency spectrum through the formula

fla)=5= [ Fw)eda.

In physics and engineering contexts, it is often convenient to use the notation w=27f
and express the inverse Fourier transform as:

f(x)= / T jw)y ey,

However, this notation may lead to confusion, as we typically denote our function

by f(z).
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Exercise 7.2. Let’s compare the frequency spectrum of two functions fi(x) =e %217l cos(z)
and fo(x) = e %217l cos(22). The function f, changes twice faster than fi. Draw these two
functions in z-domain. Now draw the functions fi(w) and f5(w) and explain what you observe.
You can use the following code:
x=-10:0.01:10;
f1=0(x) exp(-abs(x)/5).*cos(x);
£2=0(x) exp(-abs(x)/5).*cos(2*x);
subplot(1,2,1)
plot(x,f1(x))
subplot(1,2,2)
plot(x,f2(x))
figure()
=-2:0.01:2;
fwl=2*integral (@(x) f1(x).*cos(w.*x),0,40,
>ArrayValued’,true);
subplot(1,2,1)
plot(w,fwl);
w=-3:0.01:3;
fw2=2*integral (@(x) f2(x).*cos(w.*x),0,40,
>ArrayValued’,true);
subplot(1,2,2)
plot(w,fw2)
Explain why we used in the above code the integral

40
2| filz)cos(wx) dz,
0

instead of the integral
40

fi(x) e dz.

—40

Your figures should be like the following ones:

fi(=) fa(w)
1 1
05 0.5
0
0
-0.5
-0.5
-10 5 0 5 10 10 5 0 5 10
x x
1w AQ w
. @) . fa)
5 5
4 4
3 3
2 2
1 1
0 0
2 1 0 1 2 -4 2 0 2 4
w w

Exercise 7.3. The function f(z)=1 is not integrable. Its Fourier transform is

L .
F{i}=lim [ e-®rdp— lim 230D
L—oo J_p, L—oo w
Plot this function for different values of L. What do you observe at w=0? The function f(x)=1
is the limiting function of cos(wox) when wy approaches 0. Compare this result to the Fourier

transform of cos(wox) when wp— 0.
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Exercise 7.4. If f(x) is an odd function, show that F{f} is an odd and pure imaginary
function in w-domain. Let f(x)=sin(wpx). This function is not integrable. Plot the imaginary
part of F{sin(woz)}. What do you observe at wy and —wg? Use the following code in Matlab
to draw F {sin(wox)}.

w0=1;%you can change this value

=-4:0.01:4; ’you can change this interval

xinf=50% you can change this value

fw=integral (@(x) sin(wO*x).*sin(w.*x),-xinf,xinf,’ArrayValued’,true);

plot(w,fw)

7.1.3 Eigenfunction expansion method

The Eigenfunction expansion method for problems on unbounded domain can be
illustrated by considering the heat equation defined on = € (—o0, 00):

{ Uy = klyy
u(z,0)= f(z)
While there are no boundary conditions specified in this problem, we assume that

the solution u(x,t) is integrable to guarantee the existence of the Fourier transform
t(w,t). We then write the solution u(x,t) as the following integral:

u(x,t) :%/ (w,t) e dw, (7.3)

where 1(w,t) is an undetermined function. This representation is analogous to how
we expressed solutions using eigenfunctions {e""“~*} or equivalently, trigonometric

functions {cos(%x), sin(%x)} for boundary value problems defined on a bounded

domain (—L, L).
To determine 4(w, t), we substitute the integral (7.3) into the heat equation
u; = ku,, and obtain the ordinary differential equation:

Up(w,t) = —kw?d(w, t).
This differential equation is with respect to time ¢, and it can be solved as:
i(w,t) =C(w) e ™,

where C'(w) is an arbitrary function with respect to w. The specific form of C'(w) will
be determined by the initial condition u(x,0)= f(z) through the Fourier transform:

ii(w, 0) = f(w). Thus, we obtain d(w,t) = f(w) e *. Consequently, the integral
solution for u(x,t) is retrieved by the inverse Fourier transform:

u(x, t)=F Y flw)e "} (7.4)

This solution can be represented in integral form as:

u(z,y)= %/ flw) e he’t giw oy, (7.5)
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Now, let’s compare this integral solution to the series solution of the same heat
problem defined on the interval [—L, L]:

Uy = Ktyy —L<z<lL
u(—L,t)=u(L,t)

Up(—L,t) =u,(L,t)

u(z,0)= f(z)

The solution to this problem in complex form and in terms of the eigenfunctions
{emer} for w=T is given as:

[e.9]
u(m, t) — Z Fn 67kn2wgt 6inwLm'
n=—oo
It turns out that when L — oo, this solution converges to the integral solution (7.5).

Problem 7.1. Consider the following heat problem

(bt

Assume that h is integrable. Find an integral solution to this problem.

7.2 Fourier transform of important functions

In this section, we will review the Fourier transform of some important functions
that will be useful in solving heat and wave equations on unbounded domains in the
future examples. We will examine the Fourier transform of commonly encountered
functions, which will aid us in finding integral solutions and understanding the
behavior of these functions under Fourier transformation.

7.2.1 Pulse or rectangle function

Consider the following function:

f(x):{ 1 —a<z<a

0 otherwise

where a >0 is a constant. By definition of the Fourier transform, we have

2sin(aw)
—

f{f}:/_}—wwdx:

In particular, when a = 1, the transform function is f(w) = 2 sinc(w) for the sinc

function: sinc(z) = sinz).
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20 -10 0 10 20

. . . . 2si
Now, let’s investigate the inverse Fourier transform of 252%)

for the inverse transform is given as:

fl{QSm_(W)} :l/mwcos(wx)dw.

w T) oo W

. The expression

The figure below depicts the inverse transform with integration over intervals w €
(—01,10) and w € (—50, 50):

w € [~10,10] w € [~50,50]
[ 1
0.8 08
0.6 06
0.4 04
02 02
0 % v%%é 0 A f
02, -2 0 2 2 0%y -2 0 2 4
X x

If a approaches oo, the function f(x) approaches the constant function f = 1.
Even though the constant function f=1 is not integrable, we can write

F{1,} = lim 25%(“”)

a— 00

It can be shown that the limiting function at the right hand side is a the Dirac delta
function.

Problem 7.2. Show first the equality

*° sin(az) R
oo % -

Now, let f be a continuous function and integrable. Show the relation
0o
lim sin(a z)
a—o00 | _ TZ

f(z) dz= f(0).
Now, with these results, we can symbolically write:

F{1.} =2m6(w).
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Note also that
FHordo(w)} = %/ 2md(w) e dw =1,.

—0o0
Using the inverse transform formula, we can find the transform of the function
flz)= @ We have

o .
/ sin(aw) ewwdw:{ T —a<zr<a

o W 0 otherwise

Changing w — 2 and r — —w, we obtain

..
sinlax . ™ —aQa w a
[ >e_mdx:{ <w<a

o T 0 otherwise

]_—{@}:{ T —a<w<a

0 otherwise

and thus

The function at the right-hand side represents a low-pass filter in the frequency
domain. This filter allows low frequencies to pass through and filters out high fre-
quencies in a given function. Such filters are commonly used in signal processing
and communication systems to eliminate unwanted noise and interference while
preserving essential information.

Exercise 7.5. Consider the function

1
fa(iﬁ):{% 7(L<:L'<(L’

0 otherwise

for a > 0. Let a approaches 0, find F{ f,(x)}. What is limiting function f,(x) when a— 0?7

7.2.2 Exponential functions

Let f be given by: f,(x)=e "l a > 0. This function is integrable and continuously
differentiable everywhere except x = 0. By definition of the Fourier transform, we

have
_ > —a|z| ,—iwz dr = 0 (a—iw)x > —(atiw)z __ 2a
F{fa<x>}— _Ooe e xr = e + . e —m

— 00

The figure below illustrates the reconstruction of f,(x) for a = 1 by its Fourier
transform:

w € [-10,10]
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When a approaches zero, f,(x) approaches the constant function f=1. Then,
we expect that F{ f,(x)} approaches the Dirac delta function 276(w).

Problem 7.3. Show first that

e}

a
/ Zypde=m,
BNl o

for any a>0. Let h(x) be a continuous function which is zero outside an interval (—R, R) for
some R > 0. Show the following relation

o0
. ah(x
lim 5 ( )2
a—0 | _o0°+x

dx =mh(0).

Exercise 7.6. Use the inverse Fourier transform and show the following relation

*cos(ax) T _
de =2 \al_
/0 T+22 “732°¢

Exercise 7.7. Use the inverse Fourier transform and show the relation

1 T
= U _ 7 —alw]
f{aQ—i—mQ} ae .

Exercise 7.8. The function given by

f("”){ 1—1 iig

—ex

is not integrable. The function f(x) is the limiting function of f.(x)= { S s zg . Find F{f.}

and let € approaches zero.

Problem 7.4. Let g,(z) = %afa(m). Show that g,(x) is a Dirac delta sequence function, i.e.,

a

lim ga(x) h(x) dx = h(0),

a— 00 —a

for any continuous function h(x) which vanishes outside an interval (=R, R) for some R > 0.

7.2.3 Gaussian function

The Gaussian function shows itself in several fields of pure and applied sciences. One
of its beauty is that the Fourier transform of a Gaussian function is a Gaussian. Let
f(x) be given by: f(z)=e ", Its Fourier transform is:

i 2
—az? - —ax? —iwx e - —a(a:—%)
Fle v} = e e W dr=e da e dx.
o _

o0

The last integral in the above equality is

[
o a
}"{6_”2} = \/g ¢ e,

we obtain

and thus

In particular, if a = %,
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Exercise 7.9. Show the relation

1 =

FYe ") = e

VAt ’

for ¢ > 0. Show also the equality
oo 1 22
e Ttdr=1.
/,OO VAart
2

Furthermore, show that the function fi(z) = !¢ is a Dirac delta sequence function for

4t
t — 0, i.e., for any continuous function h(z) vanishing outside an interval (—R, R) for some
R >0, it satisfies the relation

lim cht(:(:) h(z) dx = h(0).

t—0 ) _~o

7.2.4 Dirac delta function
Recall that the Dirac delta function 6(z) is defined by the relation:

/ h(z) 8(x) dz = h(0),
for any continuous and bounded function h. The Dirac delta function plays a fun-
damental role in the theory of Fourier transform and is essential for solving linear
partial differential equations using Fourier transform. It acts as a distribution and
has many important properties, including the shifting property:

/ h(x) 6(x — 20) d = ().
Additionally, we can define the Dirac delta function sequence as follows: A sequence
of functions 0,,(z) is called a Dirac delta sequence if for any continuous and bounded
function h, we have:

lim h(z) 0p(x) dz = h(0).

n— oo —a

The Dirac delta function sequence is used to approximate the Dirac delta function
d(z) for a continuous function h. By considering the limit of the Dirac delta sequence
as n approaches infinity, we can define the Dirac delta function as:

d(z)= nh—>Holo On(z).

Exercise 7.10. Prove that the following functions are Dirac delta sequences:

a) The sequence
n 1

1
5,1,(1){ 2w TS

0 otherwise
b) The sequence

n?x+n —%<m<0
On(w) = —n2x+n O<LL‘<7—11

0 otherwise
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The Fourier transform of the function f(z)=0d(z — zy) is defined as
F{o(x —x0)} :/ §(z — zo) e~ do = eiwxo/ §(z — o) da = e~

In particular, if 29=0, then F{d(x)}=1,. On the other hand, by the definition of
the inverse Fourier transform, we have

. P § sin(z L)
d {1W}_27TLLHSO/ e WLILOO r

1—Sm(m) is a Dirac delta sequence for L — oo, and thus:

FH1,}=6(x).

Exercise 7.11. Show that the sequence of functions

The sequence

1 sin(nz
# is a Dirac delta sequence.

Problem 7.5. A function f(x ) is called self-dual if f(w)= f(w). For this reason, and to make
a balance between F and F !, some textbooks change the definitions as follows:

F{f(z \/_/ f(z) e dz,

and
Ff ) == / e .
It is simply seen that f(z)=+/27 ¢ 7 is a self-dual function with the above definitions as:

.7:{ 271'@_%}: 27re_w72:f(w).

Consider the function defined as:

=27 Z 5(x —2nm).

n=—oo

Show that its Fourier transform with respect to the balanced form of F is:

o) — lim sin[(2n + 1)mw]
f( ) n1~>oo sin(mu) '

Draw this function for some values of n and explain what you observe at n € Z. We can show
that the function at these point behave like a Dirac delta function. Fix n=ny and assume that
h is function continuous in the interval (ng—e,no+¢) for small e >0 and zero outside of this
interval. Show the relation

TsICn g D]y

lim -
n—0oo Jpg—¢ sm(mu)

This implies that f (w) behaves like a Dirac delta sequence function at w=n € Z. The function
S d(x — 2nm) is self-dual with respect to the unbalanced form of F.

n=-—oo

7.2.5 Trigonometric sine and cosine functions

Consider the function f(z)=cos(wox). As we saw above, its Fourier transform is

F{cos(wor)} = hm {sin[(w —wo)L] n sin[(w +wo) L] }

L—oo w — Wy w~+ w0
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sin[(w — wo)n| d sin[(w + wo)n]
m(w — wo) 7(w 4 wo)
functions and approach §(w —wp) and 0(w +wp) respectively. Therefore, we obtain:

On the other hand, the sequences are Dirac delta sequence

F{cos(woz)} =m0(w — wp) + 70 (w + wo).

These are two spikes at physical frequencies wy and —w, that we discussed in the
previous section.

Exercise 7.12. Calculate the inverses F~'{§(w —wp)}, and F~{§(w +wp)} and conclude
1
f{COS(WQZL’)} = 5{5((4} - W()) + 5(w + W())}.

This is depicted in the figure below:

-~

w6 (w + wp) 7 (w — wo)

—Wo wo
Find the Fourier transform F {sin(woz)} and draw its imaginary part in w-domain.
Exercise 7.13. Show the relation

F{sin(woz)} =imd(w — wp) — imd(w — wo).

7.2.6 Fourier transform of semi-bounded functions

For functions defined on [0, co) instead of (—o00, 00), we can either use the odd or
even extension of f for F{f(z)}. This in particular is important to solve linear
partial differential equations defined on semi-bounded domains.

Let f(x) be a function defined on [0, c0). Defining the odd extension:

[ f@) w0
Jo= —f(=z) <0’
we can write F{ f,} as:

F{lo}=~ /fo sin(wz) /f ) sin(wz) da

This is called the Fourier sine transform while its imaginary part is called the Fourier
sine integral

FAF@)} = folw / f(2) sin(wz) de

Note that f,(w) is an odd function and f,(0)=0. By the inverse Fourier transform,
we have

folw) = FH{=2i fi(w / fo(w) sin(wz) dw.
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Therefore, we can express the function f(z) defined on z € [0, 00) as the integral:

= %/_OO fo(w) sin(wz) dw

where fs is the Fourier sine integral of f.

The Fourier cosine transform is defined similarly. The even extension of a func-
tion f(z), z €0,00) is defined as:

) — f(x) x>0
Jel )_{ f(=x) =<0’
and thus:

F{fox)}:= 2/ f(z) cos(wx) dz.
0
The Fourier cosine integral is defined as:

FAf(z)}= fc /f cos(wx)

Note that f.(w) is an even function in w and f/(0) = 0. Therefore, a function f(x)
which is defined on the domain [0, c0) can be expressed as:

-1 / fow) cos(wr) duw

where f.(w) is the Fourier cosine of f(x).

Example 7.2. Consider the function f(z)=e"" for 2 € [0,00). The following figure
shows its Fourier sine and cosine integrals integrated over w € [—10, 10]:

flw) f@), F W)

1

41 05¢+

0 1
0 1 2 3
x
1 f@), F{fe(w)}
051 1 05¢}
0 : : : 0 - -
-10 -5 0 5 10 0 1 2 3
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The Fourier sine integral is simply derived as:

A > w
S - TP d )
fs(w) /0 e *sin(wz) dx T
and the Fourier cosine integral as:
5 o 1
(w)= - dr = :
fe(w) /0 e " cos(wz) dz T2

Exercise 7.14. Use the above results and determine the value of following integrals:

/"Ccos(m) dw’/"cxsin(:(:) d.
g 1422 o 1422
Exercise 7.15. Draw the Fourier sine and cosine integrals of the function f(z)= e define
din = €[0,00). You can use the following code in Matlab:

w=-10:0.01:10;% The range of plot of $\hat{fl}_s$

X=40;%Interval for integration over x

fw=integral (@(x) exp(-x."2).*sin(w.*x),0,X,

>ArrayValued’,true);
plot(w,fw)

7.3 Properties of Fourier transform

7.3.1 Linearity

The Fourier transform is a continuous linear integral transformation that allows us
to analyze the frequency components embedded in a given function. In particular,
for any integrable functions f; and f,, and any constants ¢; and ¢y, the Fourier
transform satisfies the linearity property:

Flafite fo} =c filw) + e folw).

This means that the Fourier transform of the linear combination of two functions is
equal to the corresponding linear combination of their individual Fourier transforms.
In other words, the frequency components present in the sum ¢, f; + ¢ fo are equal
to the sum of the frequency components in f; and f,, weighted by their respective
constants ¢; and co. This property makes the Fourier transform a powerful tool for
analyzing the linear systems.

Problem 7.6. Prove that if f; and f5 are integrable, then ¢y f1 + 2 f2 is for any constant ¢y, co.

Exercise 7.16. Consider the function
1 >0
u(@) = { 0 2<0"
Write u(z) as u(x) = f(z) + %, where f(z) is the function

Fa) = % x>0

1 .
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Show that
1 1
F{f@)} = Fl 2 b =mi(w),
and thus 1{2}
f{u(:{;)}zm—i—ﬂé(w).

7.3.2 Shift in frequency

Let f(x) be a function with frequency distribution f (w). This frequency distribution
is shifted around the point wy if f is multiplied by cos(wox). This is simply verified
by the following calculation:

F{f(z)cos(wor)} :%[Rf(x)eiwl’ e‘iw—i-%[Rf(x)e_WOm e,

The first integral is just f (w—wp) and the second one is f (w+wp), and finally

~

F{f(x)cos(wozx)} :%f(w —wp) —i—%f(w—i—wo).

Frequency modulation is one of the most important applications of this property.
It allows us to efficiently transmit data from different users along the same cable
by allocating specific frequency bands to each user’s data. By multiplying each
data stream fi(t) by cos(kwt), the frequency band of each user’s data is shifted to
w = kwyp, as shown in the figure below:

wWo 3&)0 4&)0 g

2&)0

This modulation technique ensures that each user’s data occupies a unique fre-
quency band, preventing interference and enabling simultaneous transmission of
multiple data streams through the same cable. It is widely used in various commu-
nication technologies, including wireless communication, radio broadcasting, and
digital signal processing.

Exercise 7.17. Show the following relation

cos(wor) | _ T —jw—wol | ,—|wtwol
f{ 1+a2 }_2{6 e b

*©cos(x) T 4
—d = — .
/0 T+a2 07 2°

and conclude

Exercise 7.18. A band pass filter is constructed by the function

fl@)= 2 sinm(aw)

cos(wox).

for a=1, find wp such that the filter passes all frequencies in the range [99, 101].

7.3.3 Shift in spatial variable x
For a function f(x) with the frequency distribution f(w), the Fourier transform of
f(x =) is

F{f (@ —xo)} =7 f(w).
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In particular, if F{§(x)} =1, then F{d(x —x0)} = e . This property is the dual
of the previous one. Shift in = causes a phase in w, and phase in = causes a shift in w.

7.3.4 Convolution

Convolution is a fundamental operation in the analysis of linear systems, and it
arises naturally in the context of several fields of applied mathematics, engineering
and physics. The convolution between two functions f(x) and g(z) defined on the
real line (—o0, 00) is defined as:

(f+g)(x)= / W) gla— y)dy.

This operation combines two functions into a new function, and it can be thought of
as a “weighted average” of the two functions, where the weighting is determined by
the function g(z — y) as y ranges over the entire real line. The convolution operation
is commutative, meaning that f * g = ¢g* f. It is also associative and distributive
over addition.

This special integral operation naturally arises from the analysis of linear sys-
tems. Consider a linear system S with the response h(z) to the impulse d(z). This
response h(z) is called the impulse response of the system. It describes how the
system reacts to an impulse input at time x =0.

o(x) . h(x)

BRACANNN S N

The system is called translation-invariant if its response to the shifted input
d(x — y) is h(z — y). This property means that the behavior of the system does
not change with respect to time shifts in the input signal. In other words, a delay
or shift in the input signal results in a corresponding delay or shift in the system’s
response, represented by the function h(z — y):

6(z —y) S h(z —y)
— % Translation [ *
Invariant

Now, let’s consider the input to the system, denoted as f(x). The function f(x)
can be expressed in the integral form as:

f(x)= / " f ) (e — ) dy,

or equivalently as a Riemann sum as:

fla)=Tim >~ f(ys) k(@ — yp) Ayg.

n—oo
k=—n

In this form, we can see that the input f(x) is represented as a summation of shifted
impulses 0(x — y;) multiplied by weights f(yx) Ayy. A system is linear if its response
to the summation is a summation as:
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S F ) ula — ) Ay . D T o = i) Agi
k=—n k=—n N
Translation ’

Invariant

Therefore, the response of a linear translation-invariant system with impulse
response h(z) to an input f(x) is given by the convolution integral:

(f#h)(z) = / " ) hla — y) dy.

This integral can be challenging to compute directly, but the Fourier transform
provides an elegant method to solve this convolution integral. The property of the
Fourier transform F states that the transform of a convolution of two functions is
the product of their individual transforms:

F{f*xgt=F{f}F{g},

for any two functions f, g with the Fourier transforms f , g respectively. This
property allows us to simplify the convolution integral and express the response of
the system to an input as the product of their individual Fourier transforms. This
property is particularly useful in simplifying calculations and solving differential
equations through Fourier transforms.

Proof. Let f and g be two functions with Fourier transforms F{ f} and F{g}. We

have
Sunsy| Z( | 1w ata— dy) e .

Using the Fubini theorem, and changing the order of integrals, we obtain

f{f*g}:/Zf(y)</zg(x—y) emdx) dy.

The internal integral can be written by the substitution z =z — y as:

/ gz —y)e “rdr= ei“’y/ g(z)e = dz,

and thus - -
F{f*g}t= (/ f(y) ei”ydy)(/ 9(2) 6Wd2) =F{f1 F{g},
and this completes the proof. 0

Exercise 7.19. Use the convolution property and determine the inverse Fourier transform:
—tw?
1) €

F-cos(wet)} = %{5(1- —et) +5(z+et)),

where t > 0 is a constant.

Exercise 7.20. Show the relation:



7.3 PROPERTIES OF FOURIER TRANSFORM 21

and conclude:
FHf(w) cos(ewt)} =5 {f(z = ct) + f(o+ct)).
Problem 7.7. Show the relation:
FUI) 9(0)} =5 Fw) * ().

This equality justifies the fact that multiplication in z-domain result sin the convolution in w-
domain, and convolution in z-domain results in the multiplication in w-domain.

Problem 7.8. If f and g are integrable functions, prove that the integral f* g converges.

7.3.5 Differentiation and integration

Let f(z) be an integrable function and differentiable with the derivative f’(z). The
Fourier transform F{ f'(x)} is given by

f{f’}:iwf(w). (7.6)

This is simply seen by the direct calculation:

Firtan= [ playesn o= flayes

+ iw/ f(x)e 2 dz.
Since f is integrable, it vanishes at x — 400, and thus:
F{f(@)}=iwF{f(z)}.
In a similar manner, we obtain the formula:
F{f"(2)} =iwF{f'(2)} = —w*f(w),

as long as f is a twice differentiable function and F{ f(z)} exists.
This property is specially useful to solve linear second-order differential equa-
tions. For example, consider the following heat problem:

{ Ut = Ugg

u(x,0)= f(x)

By taking Fourier transform of the problem with respect to the spatial variable x,
we arrive at the following ordinary differential equation:

{ i(w, 1) = ~w?i(w, 1)
W(w,0) = f(w)

as long as F{ f(z)} exists. This first-order ODE can be solved for 4 (w,t), and thus
u(x,t) can be retrieved by the inverse Fourier F~!.
Now, let F'(x) be an anti-derivative of f(x):

F(z) :/_m F(t) dt.

)

If f(x) be an integrable function, then we have

F{F'(2)} =F{f(2)} = [ (w).
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On the other hand, we have
FA{F'(z)} =iwF{F(2)},

and thus
v 1
}"{/ f(t)dt} - LF (@) (7.7)
Problem 7.9. In one of previous exercises, we obtained the formula

Flu(a)} =+ ().

where u(z) = { é izg . Show the relation
U(L):/ o(t) dt.

On the other hand, if we use the formula (7.7), we have

1 1
Flu(z)}=—F{d(z)} =—.
What is wrong here? Show that if we use the inverse Fourier transform, the relation F{u(z)} =
% can not be true as we should have:

_ u(0F) +u(07)

Fa(w)} :

1
2

7.3.6 Multiplication by x
If the function g(x) =z f(x) is integrable, and if f(w) is differentiable, we have:

Flaf(x)}=1i dég}w):

This demonstrates a duality between f’ and F{f’} on one side and = f and F{xz [}
on the other side.
The following theorem provides us with a sufficient condition for the differentia-

bility of f (w). The proof is given in the appendix to this chapter.

Theorem 7.3. Assume that f(z) is an integrable, and piecewise continuously dif-
ferentiable function. Moreover, assume that there is R > 0 such that the function
f(z) decay sub-exponentially outside x € (—R, R), i.e., there are some c, 3 >0 such

that | f(z)| < e PFl for |x|> R. Then f(w) is continuously differentiable.
Exercise 7.21. Show the following relation

f{ﬁ} = —ime “Isign(w).
7.3.7 Expansion and shrinking

Consider an integrable function f(z), and let a > 0 be a constant. If 0<a <1, the
function f(ax) stretches in the z-domain, and if a>1, the function shrinks in the
xz-domain. This behavior is reflected in the Fourier transform of f(ax) as follows:

Fitay= [ fanesrae=t [ e a1 j(2).
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Hence, if a>1, the Fourier transform F{ f(ax)} stretches in the w-domain, while if
O<a<l1, F{f(az)} shrinks in the w-domain.

The interpretation of this behavior lies in the frequency spectrum of F{ f(ax)},
which represents the angular frequency components present in the function f(ax).
The frequency spectrum indicates how fast or slow a function changes periodically.
When a function shrinks in the z-domain (a>1), it undergoes faster changes, leading
to a wider frequency spectrum. In contrast, for 0 <a <1, the function changes more
slowly, resulting in a narrower frequency spectrum that predominantly covers low
frequencies.

For instance, the figure below illustrates the graphs of functions f(z)= # and
f(2z). We can observe how f(2x) is contracted around x =0:

1 /(@) 1 f(2)
0.8 0.8
0.6 0.6
0.4} 0.4}
0.2r 0.2r
oy or
-0.2 -0.2
0 410 5 0 5 10 0 410 5 0 5 10
X X

The figure below depicts the Fourier transforms F{f(z)} and F{f(2x)}, and
as can be seen, F{ f(2z)} is wider than F{ f(x)}:

F{f(=)} F{f(2x)}

N

3.5
3t
25+t
ol

15}
1T 05}
05}
0 ol
05 ‘ J ‘ J J ‘
2 1 0 1 2 4 2 0 2 4
w w

Additionally, this behavior is related to a fundamental concept known as the
uncertainty principle. As we saw, the shrinking in the z-domain results in the
expansion in the w-domain and vice versa. This expansion in w-domain introduces
uncertainty in measurement. Thus, when there is certainty in measuring a func-
tion f(x), corresponding to the shrinking in the z-domain, there will be uncertainty
in measuring f(w), which is a consequence of the expansion of f(w). Similarly, the

shrinking of f(w) results in uncertainty in measuring f(z). This uncertainty prin-
ciple is a fundamental characteristic of the Fourier transform and has far-reaching
implications in various fields, including signal processing, quantum mechanics, and
more. In the problem set, we prove an important result of this principle.
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7.3.8 Uncertainty principle

The shrinking and expansion property of the Fourier transform is deeply connected
to a fundamental concept known as the uncertainty principle. As we have observed,
when a function shrinks in the z-domain, it leads to an expansion in the w-domain
and vice versa. This expansion in the w-domain introduces uncertainty in the mea-
surement process. Hence, when there is high certainty in measuring a function f(x),
corresponding to the shrinking in the x-domain, there will be greater uncertainty
in measuring f(w), a result of the expansion of f(w) in the frequency domain.
Conversely, the shrinking of f(w) results in uncertainty in measuring f(x).

This uncertainty principle is a fundamental characteristic of the Fourier trans-
form and has significant implications in various fields, including signal processing,
quantum mechanics, and more. It fundamentally describes the trade-off between the
certainty in the time or spatial domain and the certainty in the frequency domain.

To quantify the dispersion or spread of a function f around x =0, we define the

dispersion of f as: )
B 1 00 ) 1/2
D)= [ hesr)

provided that both integrals exist. A similar definition holds for D( f), the dispersion

of f(w) around w=0. These definitions closely resemble the definition of standard
variation in probability theory.

Theorem 7.4. As long as D(f) and D(f) are bounded, the uncertainty principle
establishes the following inequality:

a1
D(f)D(f)>
This principle clearly indicates that the more certainty we have about the local-

ization of a function in the time or spatial domain (i.e., higher concentration around
x=0), the less certainty we will have about its localization in the frequency domain

(i.e., f(w) will be more spread out around w =0), and vice versa. This inherent trade-
off is why the inequality is termed the uncertainty principle. For a simple proof of
the theorem, please refer to the problem set.

7.3.9 Energy and Plancherel theorem

In physics and engineering, the energy of a function f(z) is defined as the integral:

E(f)= / @) e,

as long as the integral is bounded. The Plancherel theorem establishes a fundamental
relationship between the energy of f(z) and the energy of its Fourier transform,

fw).

Theorem 7.5. (Plancherel) Assume that f(z) is square integrable function. Then
the following relation holds

E(f)=2rE(f). (7.8)
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This powerful theorem states that the energy of the Fourier transform, f (w),
is equal to 27 times the energy of the original function, f (z). Consequently, any
filtration of f(w) will directly impact the original function f(x).

To illustrate this theorem, let’s consider the function f(z)=e~*l. By applying
the Plancherel theorem, we find that £(f)=1. Furthermore, after calculating the

Fourier transform of f(x), which is f(w) :Tiﬁ’ we determine that E(ﬁ) =2m.

In the graph of f(w), we observe the interval [—1.838, 1.838], which contains 95
percent of the energy of f(w). Engineers often use this cutoff value to reconstruct

an approximate function f () from the original function f(x).

The reconstruction f(z) can be defined as:

fa)=o- / W) e dw,

1.838

Similarly, a higher frequency band for f (w) will result in a more accurate reconstruc-
tion of f(x). This technique plays a crucial role in various applications, including
digital communication and signal processing, where obtaining an accurate representa-
tion of the original signal is essential. The graph depicts the results of reconstructions
foos and foo9 using the w-interval [—3.373, 3.373] for the latter. As evident, the
broader frequency band results in a more precise reconstruction.

Exercise 7.22. Use Plancherel theorem and prove

2 Y
z §b<a

/"Csin(ax)sin(ba:) _{ 5 a<b
0

Hint: use the relation

j_-{sin(aaﬂ}:{w —a<w<a

x 0 otherwise
for any a > 0.
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Problem 7.10. Suppose f, g are real admissible functions.
a) Use the relation:
1 5 N
Fif(@)g(a)} =5 f(w)*g(w).

and prove the following relation

[ r@s@ia=g_ [ fo) 5o de.

This proves the Plancherel theorem.

R I

7.3.10 Nyquist-Shannon rate

The Nyquist-Shannon theorem plays a crucial role in digital signal processing, par-
ticularly when transmitting electrical signals over transmission lines. In practical
applications, we often transmit a sampled signal (digital signal) rather than the
continuous function f(¢) itself. To reconstruct the original signal at the destina-
tion without any loss of information, the sampling rate should satisfy the Nyquist-
Shannon rate.

Assuming that the signal f(¢) has a bounded frequency band, i.e., —wy <w <wy,
Nyquist and later Shannon showed that the original function can be accurately
reconstructed from the sampled signal if the sampling rate is at least % This result
is fundamental in digital signal processing, as sampling a signal with the Nyquist
rate ensures the preservation of all information in the signal.

Since f (w) is bounded with spectrum band [—wy, wy|, we can express the Fourier

transform f(w) using the complex form of the Fourier series as follows:

where ¢, is obtained through the inner product:

7l7\' 7l7\' 7_(_ n,ﬂ,
nmg | @ o= g [ i< ()

Let’s denote — by t,, which can be considered as the sampling times of the funcmon
f(t). This means that the orlgmal function f(t) is sampled at a rate of Ty = —WO or

equlvalently, at a rate of 2. If we replace the angular frequency wy by 27 fy, we
obtain Ty = 2f , and the samphng rate fy =2fo. Thus, we can write:
~ > 7T .
= — f(t,) e "n, 7.9
flor= 32 Zostae (7.9)

This implies that to reconstruct f(w), we only need the data set {f(f,)}o ..
Since we can reconstruct f(t) from its Fourier transform f(w) by the inverse Fourier
transform, we only need to sample f(t) at the rate fy =2 f;. This rate is known as
the Nyquist rate.
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It’s important to note that the Fourier series of f (w) given in formula (7.9) is
periodic with a period of 2wy.

)
14

To filter out the periodic copies of the principal part shown with the blue line
in the figure, we need to multiply this Fourier series with a low-pass filter:

0 otherwise

= { § st

Therefore, the original function f(t) can be reconstructed as:

o0

P =F @) = 3 i flhe) [ et

2(4}0 wo

smw (t —tn)]
Z f WO(;—t) .

n=—oo

d sinfwot)] at instance
wot

The last expression represents the discrete convolution of f(t) an
t, = Z—z This demonstrates how the Nyquist rate and the use of low-pass filters
ensure accurate reconstruction of the original signal from the sampled one.

Example 7.3. Consider the following function

2(sin(t) —t cos(t))
mt3 '

f{t)=

The FOURIER transform of f is

f@o:{g‘wz‘lﬁ%ﬁl.

otherwise

For wy = 1, sequence { f(t,)}n_o captures all information in f(¢). In fact, the
reconstruction is done by the following series

F=Y flmSRi=nm)

t—nm

which converges fast to the original function. The figure below illustrates the original
function and three terms of the summations:

f(®)

20 _10 ~"10 20
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7.4 Higher dimensional transform

The Fourier transform, as described above, can indeed be extended to functions of
two or more independent variables. This extension is particularly essential when
dealing with partial differential equations, such as the heat or wave equations, defined
on a plane or in space. For a function f:IR? —IR that satisfies the condition

J| sl dedy <oc,

its Fourier transform with frequency parameters w; and w, associated with x and y,
respectively, is defined as follows:

~

flwr,wo)= [ f(z,y)e e ™2V dxdy.
RQ

Similarly, the inverse Fourier transform is given by the following formula:

R 1 R . .
f(z,y) :fl{f}:m/ fwr, ws) €1 e'2Y dwy dws,
RQ

provided that the integral converges. L
ze+y

As an example, consider the Gaussian function f(z,y)=e¢ 2 . The Fourier
transform of f is calculated as:

N 224 y? B ] a? B y? ]
f(wl,wz) :/ e 2 e wiT p—iwzy dZL’dy: </ e 2 pT Wi dﬂf)(/ e 2 o w2y dy)
R? R R

Each integral on the right-hand side represents a 1D Fourier transform, which results
in:

R _witwd
flwr,wy) =2me 2

This extension of the Fourier transform to multiple variables allows us to analyze
and solve complex problems in physics, engineering, and other fields where functions
are defined in two or more dimensions. It is a powerful tool for understanding the
frequency content and characteristics of multidimensional signals and functions.

Exercise 7.23. Find the inverse Fourier transform: .7:_1{6%(”%*“%)}.

—t|x

Exercise 7.24. Find the Fourier transform: F{e~*I*|==1vI} for positive constants ¢, s.

Exercise 7.25. If f(x,y) is an odd function with respect to x, show

Fl~wi,w2) = — f (w1, wa).

The same relation holds for the y variable. If f is even function with respect to x, then

f(—w1,wa) = f(wr,w2).

The extension of the Fourier transform to functions of n independent variables
is indeed defined in a similar manner. For an integrable function f:R" — R, the n-
dimensional Fourier transform is given by:

F{f}= f(wl, W) = f(x1, .y my) €715 g™ nTn V)
RTL



7.4 HIGHER DIMENSIONAL TRANSFORM 29

where dV is the volume element in R", and wy, ..., w, are frequency parameters
associated with coordinates x1, ..., z,. The inverse Fourier transform, allowing us to
reconstruct the original function, is defined as:

1

f’l{f}:f(xl,...,x )= @ f(wbn_’ o) 91T ginTn .
Just like the properties of the 1D Fourier transform, the higher-dimensional Fourier
transform also exhibits similar properties. For instance, if f is smooth enough with

respect to its arguments x and y, then we have the following relationships:

FL0uf} =iwi f(wi,ws), F{Ouyf}=—wiwaf(wi,ws).

The n-dimensional Fourier transform plays a crucial role in various fields, especially
when dealing with functions defined in multiple dimensions, such as in solving partial
differential equations in physics and engineering, image processing, and many other
applications.

Proposition 7.1. Assume that u(x,t) is continuously differentiable function with
respect to t, and u; and u are integrable functions with respect to x for any t, then
we have

Uy(w,t) = / u(w, t) e dz.

[e.9]

Proof. Since u(z,t) is integrable, for any ¢ in x, we can define the Fourier transform
of u(x,t) as

'zl(w,t):/ u(x,t) e dz.

[e.9]

For £ #+0, we have:

u(w,t+€i—u(wa5) :/ u(x7t+€i_u(xat) e—iwxdl..

By the mean value theorem, we can write

u(z,t+¢e) —u(x,t)

c :Ut(l', 7—8)7

for some 7. in the interval ¢ and ¢t + ¢ (if £ >0). Therefore, we have

t(w,t+¢e) —u(w,t) :/OO

3

u(w, 72) e d.
oo

Now, let € approaches zero:
U(w,t+¢e)—da(w,t) . >

lim =lim u(w, 72) e d.
w—0 £ e—0

— 00

Since u; is integrable, we can pass the limit inside the integral, and write

lim u(w, t +6) _ U(u}, t) :/ : —iwx do.

lim uy(x, 72) e
e—0 £ —o0t—0
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Since u; is continuous is continuous, we obtain
oo
Uy(w, t) ::/ wy(z,t) e dx.
— 0o

The continuity of u(w, t) with respect to ¢ follows from the continuity and the
integrability of u,(x,?) and the dominant convergence theorem. 0

Problems

Problem 7.11. Find the Fourier transform of following functions
1

a) f(l'):m
b) f(z)=e™% for |z| <1 and f(z)=01in |z|>1
C) f(i):{87L x>0

x <0

Q) fo)={5 220

<0
L) 1 a<x<b
e) f(‘L) o { 0 otherwise
Problem 7.12. Find the inverse Fourier transform of the following functions
a) fw) :m. Hint: a shift in w.

b) flw)=elelmi

Problem 7.13. Find the Fourier cosine integral of the following functions

a) flz)=e™"
b) f(x)=ze™*
Problem 7.14. Use the definition of F~! and show the relation:
. 1 >0
.7:—1{5-1-776@)}(:5): % z=0.
0 <0

Hint: note that

" r=0.
o0 -1 x<0

" sin(wr) T x>0
/ sin(wr) 5,4 g

Problem 7.15. Show the following relation
2_
F{cos(z?)} = ﬁcos(w 1 T )
Find a relation for F {sin(z?)}. Hint: May you wish to use the formula

~ OO
;2 g
/ e dr =i
— 0o

Problem 7.16.
a) Show the following relation for ¢ >0

v /2
ot t 212 1
f{m =V =)

Hint: you may wish to use the formula

o0
_ 2 Yis
e dz =, |—,
o o

for Re{a} > 0.
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Sreinla

In particular, the function f(x)=

b) Conclude the following relation

ﬁ is self-dual with respect to the balanced version
xr
of the Fourier transform.

¢) Find the following integral
*cos(x)

0o VT

Problem 7.17. Prove the relation:
lim ci)s(SL)

dz =0.

Hint: use the relation for F{cos(woz) f(x)}.
Problem 7.18. Consider the function g(z) = V2e 2l

a) Find the energy of g(x) and verify the Plancherel identity.

b) Find the frequency band of the 95 percent cut off energy of g(z).

¢) Draw g(z) and the reconstructed function based on the band you found in the part (b).
Problem 7.19. We give a proof for the uncertainty principle.

/'f@)l;/|f(w>|zﬁf2'f(x>l2/ P27
R R

a) Without loss of generality, assume || f|| = 1 (why is this plausible?) Then, according
to the PLANCHEREL identity, we have || f|| =+/27. On the other hand, by the relation

F{f'}= iwf(w), we obtain .
_ 1) (2
o)= [ 1)
We show first the following inequality
1/2
(o) " fror) "=

b) Use the CAUCHY-SCHWARZ inequality and show the following inequality

([ )12(/“ ) > [21(@) /@)

Show also that the equality holds ounly if xf(x) =\ f’'(x) for some A € R.
c¢) Show that

| —

/ 2 () f(x) dw >
R

and conclude the uncertainty principle. Show that the equality holds only if f(x)=ce”
where ¢, a are some constants.

Problem 7.20.
a) Verify that the tent function
z+1 —1<z<0
fl)y=¢ 1—2 0<z<1
0 otherwise

is the convolution of the following pulse function with itself:

1 —1/2<1<1/2
plx) = {0 otherwise
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b) Use the property of the Fourier transform of convolutions to determine F{ f(x)}.

Problem 7.21. Assume that f(z) is a smooth function with the Fourier transform f(w), and

furthermore
> fln)<oo

n=-—oo
a) Prove the following relation which is known the POISSON summation

o ofmy= > fenm).

n=-—oo n=—oo

1 0 nw
fgﬁgmw o,

and that for any m € Z, we have

QITL’/T E fn 2m

n=—oo

Hint: note that

where
~2mA41)7T |

fn 2m = f(w) 6_”“‘} dw.

27T 2m—1)m

b) Use the result in part a) to prove the following identity:

oo

1
g = h.
T n2 mcothm

n=-—oo

Problem 7.22. Find the Fourier transform of the following two-variable functions:
@f@w*fm”'
flz,y)= —tlz|—sly|
) fla,y)=e "7V
. 1
( ) - a2+12)(b2+y2)

Problem 7.23. Assume that f(z,y) is a smooth and integrable function. Furthermore, assume
that f is of order 2, i.e.,

Fz, Ay) =22 f(z,y),
for any A #0. Find the formula of the Fourier transform F{Af}.

7.5 Fourier transform and PDEs
The Fourier method is a powerful technique for solving real-world problems involving
differential equations. The general idea of this method is as follows:

1. Start with the linear problem described in the z-domain.

2. Apply the Fourier transform to convert the problem into the w-domain.
This step involves transforming the differential equation and any initial or
boundary conditions.

3. Perform calculations and manipulations in the w-domain, where the problem
becomes simpler due to the properties of the Fourier transform.

4. Use the inverse Fourier transform to obtain the solution back in the z-domain.
This step gives us the final solution to the original problem.
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linear problem Fourier Transform linear problem
q ) w -domain
r-domain
Results in  Inverse Fourier transform Calculation in
Y
T -domain w-domain

Working with the Fourier method in the frequency domain often allows us to
tackle complex problems more efficiently, as it unveils the frequency components
and their behavior, which can be advantageous for various applications in physics,
engineering, signal processing, and many other fields.

7.5.1 1D heat equations

Let 2 be a conductive rod extending from —oo to co (in fact, it models a very long
and thin homogeneous conductive rod). Consider the following heat problem on ()
for ¢t > 0:

{ u(e,t) = f(z) (7.10)

where f(z) is an integrable function. Note that there is no boundary condition for
this problem; however, the boundedness condition should be satisfied by the solution
as x approaches +oo. By utilizing the Fourier transform in x, the problem reduces
to the following “ordinary” differential equation in ¢:

{ iy, 1) = —w?i(w, 1) 7 (7.11)

Ww,0)= f(w)
where 4(w,t) represents the Fourier transform of u(x,¢) denoted by F{u(z,t)}. This

ordinary differential equation is then solved to find the solution in the frequency

domain:
2

i(w, t) = flw)e ™. (7.12)
Now, we can return to the z-domain by performing the inverse Fourier transform.

We have two choices for the inverse Fourier transform in this case:

1. Using the definition of the inverse Fourier transform and representing the
solution u as:

u(r,t) = ;ﬂ/ Flw)e et du.

This is an integral formula over the frequency spectrum w. This integral
formula is very similar to the series solutions to the heat problems on bounded
domains.

2. Using the convolution as to express u as

u(w,t) = F{ (@) e = fla) « FHe ).
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As we saw in the previous section, we have

1 =2
e it

4mt

f‘—l{e—th} —

This function is called the heat kernel and is denoted by ®(z, t) for ¢ > 0.
Therefore, we can write u as the convolution

u(x,t)Z/oof(z)CP(m—z,t) dz = \/%/Oof(z) 6_(1? d.

Both representations of u(x,t) are valid solutions to the given heat problem.

Example 7.4. Let f(z) be the rectangle function
1 —1I<z<1
) ={ ,

0 otherwise

and let us solve the following heat problem on x € (—o0, c0)

{ Ut = Ugy
u(z,0)= f(z)
The first form of the inverse Fourier transform results in

u(z,t) = l/ sin(w) e e .

TS oo W

The integral at the right-hand side at ¢ = 0 is equal to F *1{%@})} which is
the rectangle function f(x). The figure below depicts the solution u by numerical

integration in the w-band [—20, 20]. For a faster calculation, we used the following
equivalent formula:

u(z,t) :2/ Me_wztcos(wx) dw.
0

™ w
0.8 r
0.6
04
02r
0—3 -2 -1 0 1 2 3

X

Notice that for any ¢ >0, the solution u(z,t) becomes smooth, even if the initial
condition u(z,0) is discontinuous. This smoothing effect is a characteristic behavior
of the heat equation, which helps in smoothing out the initial conditions. This fact
becomes more apparent when we use the second representation of u(x,t), namely
the convolution form:

u(z,t)= f(x)*d(x,t).
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The function ®(z, t) is smooth for all >0, and when it is convoluted with any
piecewise continuous function, it effectively removes discontinuities and imparts
smoothness to the function.

For the given f(z), we have

(z—2)?

i (dz.

u(x,t):f(x)*cb(x,t):ﬁ/_le

The figure below depicts the solution using the convolution:

1k
0.8
0.6
ol /\
0.2
0—3 2 1 (I) 1 2 3

Remark 7.1. (Heat kernel) As previously discussed, the heat kernel ®(x,t) plays
a fundamental role in solving the heat equation with a point source §(x) as the initial
condition. For ¢> 0, ®(x, t) represents the temperature distribution throughout
space as time evolves from the point source:

Zo

As depicted in the graph, the behavior of ®(z, t) for various instances of time
shows how heat diffuses and spreads over space. Interestingly, as time approaches
zero, the heat kernel approaches a Dirac delta function, which is a mathematical rep-
resentation of an instantaneous point source. Additionally, the convolution of ®(z,t)
with any piecewise continuous function results in a smooth function, reflecting its
smoothing effect. The heat kernel’s remarkable properties make it a valuable tool in
understanding heat conduction, diffusion processes, and solving heat-related prob-
lems in various scientific and engineering applications.

Problem 7.24. Show that if f(z) is a piecewise continuous and integrable function, the
convolution f(x)*®(x,t) for any ¢ >0 is a smooth function. Show that

/ O(z,t)dxr=1,

— 00
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for any t >0, and that:
lim [ f(z) ®(z,t)dz = f(0),

t—0 ) _so

for any integrable and continuous function f(z). Show that the following relation holds for
any integrable function f(z) and if x is a continuity point of f.:

lim f(z) «®(x,t)= f(x).

t—0

Problem 7.25. Let u(z,t) be the solution of the equation

(v s

Use the convolution form of the solution and show the relation:

/;O;u(a:,t) do = /_O:C (@) da.

Exercise 7.26. Show that ®(z,t) is the solution of the following heat problem

{ (. 0) = 0(z)

where 0(x) is the Dirac delta function. Thus, ®(x,t) is the impulse response of the heat system
to the initial condition §(¢). Due to the relation f(z) = f(z) * d(x), the response of the heat
system to the input f(z) is u= f(x)* ®(x,t) as shown in the figure below:

d(x) u=>o(x,t)
= ) Heat system N
f(at):/oof(z)&w—z)dz U:/ f(Z)‘I’(J*Z)dZ
T Heat system - N

Exercise 7.27. The convolution form of the representing solution is specially useful if the
Fourier transform of the initial condition is not easy to calculate. Consider the following heat
problem

Ut = Ugy

e 0= {1 258
Write down the convolution solution and show that u(0, t) :g for all t > 0. Sketch the graph
of u(x,t) at time t=0.1, 1.
You may use the following code in Matlab:
x=-3:0.01:3;
f=0(x) 1*(x<=0)+2*x(x>0);
t=0.1;
uxl=integral (@(z) f(z).*exp(-(x-2z)."2/(4%t)),-20,20,
’ArrayValued’,true) /sqrt (4*pix*t);
t=1;
ux2=integral (@(z) f(z).*exp(-(x-2z).~2/(4*t)),-20,20,
>ArrayValued’,true) /sqrt (4*pix*t);
plot(x,f(x),x, uxl,x,ux2)
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You will obtain a graph similar to below:

Exercise 7.28. Find and integral solution for the following problem defined on x € (—o0, 0):

Ut = ku.’L'ZI?
u(z,t)= e~ lzl”

and draw the solution (0, ) for ¢ > 0.

The solutions to non-homogeneous equations follow a similar approach. Let’s
consider the heat problem on the domain (—o0, 00):

= kg, + h(x,t)
u(z,0)=0

Taking the Fourier transform of the equation leads to the following ordinary differ-
ential equation:

Gy + kw?d = hw, t),

where 7 is equal to F{h(z, t)}. This ordinary differential equation can be solved
using the methods discussed in the textbook on ordinary differential equations

(ODEs).

Example 7.5. Let’s solve the following problem:
Up = Ugy + %
u(z,0)=0

The ordinary differential equation for u(w,t) is:

{ e, 1) = —w?i(w, £) + me 5t — 1)

To solve this ordinary differential equation, we will use the Laplace transform
method. The unilateral Laplace transform for a function f(¢), for ¢ >0, is defined as:

ci{f}= / Ty e,

In particular, we have:

L{5(t—1)t=e".
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For a detailed discussion on this subject, the reader can refer to the textbook on ordi-
nary differential equations (ODEs). Utilizing the Laplace transform for the derived
first-order ODE, we obtain:

(s+w?)U(s,w)=meles,

where U(w, s) is equal to £{i(w,?)}. By inverse Laplace transform £!, we obtain
u(w,t) as

6*3
s+ w?

i(w,t)=L YU (w,s)} = ﬂe'”ﬁ_l{ } —me e =Dyt — 1),

where u(t —1) is the Heaviside function wu(t) shifted to t—1. The solution v in the
r-domain can be obtained by taking the inverse Fourier transform as:

w(z,t)=F Hi(w,t)} = F Hme e =Dyt —1).

The convolution form of u is given by:

u(z,t) = 5k ®(x,t—1)u(t—1).

142

Problem 7.26. Let f(z) be an integrable function. Show that the solution of the problem:

u(z,0)=0 ’

is equal to the solution to the following homogeneous equation:
{ Ut = Ugy
u(z,0) = f(z)
Exercise 7.29. Solve the following heat problem

u(z,0)=e" 1

{ Ut = Ugqg + 5(t) 6712

Problem 7.27. Find an integral solution for the following partial differential equation
Ut =Ugy + Ug
(e, 0) =523

Problem 7.28. Solve the following heat problem

oIzl
Ut = Ugy +m
u(z,0)=0
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and sketch the graph of the solution at t=1.

7.5.2 1D Wave problems

The method to solve a wave equation is completely similar to solve a heat problem.
Consider the following problem defined on z € (—00, 0):
Uty = C* Uy

u(0,z) = f(z)
Opu(0, ) = g(x)

Taking Fourier transform of the problem results in the following second-order ordi-

nary differential equation:

This differential equation is solved for:
i(t,w) = f(w) cos(cwt) + %Q(w) sin(cwt),

and thus:
u(t, z) =F Y f(w)cos(cwt)} + %}_1{5 g(w) sin(cwt)}.

By the definition of inverse Fourier transform, we have
1 [ ~ 1 [%g . :
u(z,t)==— [ f(w)cos(cwt) e“* dw + — 9w) sin(cwt) €"* dw.
2m J_ 2mc ) o w
Here again we have two choices to represent the inverse Fourier transform F~!:

1. To use the definition of the inverse Fourier transform and represent the solu-

tion u as:
u(x,t) _ 1 Oof(w) cos(cwt) e® dw—l—L C>OMsin(cwt) e“rdw. (7.13)
’ 27 | _ o 27 w

—00

2. Use the convolution and write u as:

w(z,t)= f(x)* FHcos(cwt)} + %}"1{ Q:}) } * F~Hsin(cwt)}. (7.14)

Recall the relation

and hence:
f—l{—g “)}:z’/ g(r)dr
0

Problem 7.29. Show the relations

F~Hceos(ewt)} ==[0(x — ct) + §(x + ct)],

N —
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and
F~sin(cut)} = 2%_[5(1; —et) = §(x +cb)].

The result of the above problem leads to the following formula for u:

ule.t) = 2o —et) + flete)] + - / idg(T)dT.

This formula is called D’Alembert formula for the 1D wave problem.

Exercise 7.30. With the formula (7.13), use the Euler formula for cos(cwt) and sin(cwt) and
conclude the convolution formula (7.14). Hence, two formula for u(x,t) are equivalent.

Example 7.6. Let’s solve the following wave equation

ulr.0)= f(z) |
ug(z,0)=0

where f(x) is the rectangle function f(z)= { (1) cas@<l. The inverse Fourier trans-

form can be written as

u(z,t) :zﬁmsin(w) cos(cwt) cos(wzx) dx.

™ w

The figure below uses the numerical integration on the frequency band [—20, 20] for
c=1 to represent the solution at times ¢ =0and ¢ = 4:

u(z,0) u(z,4)
1 0.5
0.8 0.4
0.6 0.3
0.4 0.2
0.2 0.1
0 -‘vl' W 0 "vl'
-0.2 -0.1
-10 0 10 -10 0 10
x x

The convolution solution does not need the numerical integration and yields the
exact solution:

u(z,0) u(z,4)
1 —
0.5 — —
08 0.4
0.6 0.3
0.4 0.2
0.2 0.1
0
0
-0.1
-10 0 10 -10 0 10
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Example 7.7. Let us solve the following damped wave equation

Upt + 26U = CPUgy

u(z,0)=f(z)
ug(z,0)=0

where f(z) is the function f(x)= { (()1 —a%)/4 Laor=1. Taking the Fourier transform,

the given problem reduces to the following ordinary differential equation:

ﬁtt + 2512,5 = —02w2ﬁ

(w,0)= f(w), ty(w,0)=0 ’
which is solved for the function:

a(t,w)=e & f(w) cos(,LLt)ngsin(ut) :

where p1=+/w? — &2, The figure below shows the solution u(z,t) for c=1 and £=0.5.
Observe that two branches are not separated completely due to the damping factor .

Exercise 7.31. Find the solution of the following wave equation

Utt = CQU/.'L'ZI?
u(z,0)=40d(x) .
ug(x,0)=0

This solution is the response of the wave system to the impulse displacement at time ¢ = 0.
What will be the solution if the initial conditions changes to the following one:

{ u(z,0)=0
ug(x,0)=6(x) "

Find the response of the damped wave system
Uy + 28Uy = Ugg,
to the impulse displacement exercised at ¢t =0.

Exercise 7.32. Consider the following wave equation on the domain x € (—o0, 00):

u(xz,0)=0 ,
ug(x,0)=0
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where f(x) is the rectangle function

f(w){ 1 —l<wz<l

0 otherwise

a) Use the Fourier transform and find the function 4 (w, ).

b) Show that u(x,t) can be determined as the convolution

u(z,t)= %f(i) * ().
What is g,(z)?

Exercise 7.33. Determine the integral solution of the wave equation

U + 0.6U; = Ugy
u(z,0)= f(z)
ut(z,0)=0

where f(x) is the function

sin(z) .
f(L){_I T <T

0 otherwise

and draw the solution at ¢ =4. You can use the following code in Matlab to draw the solution:
=-5:0.01:5;
xi=0.3;t=4;
f=0(x) sin(x).*(x>-pi & x<pi)./x;
fw=0(w) 2*integral(@(x) f(x).*cos(w.*x),0,pi);
u=exp (-xixt)*integral (@(w) cos(w.*x).*fw(w).*(cos(sqrt(w.~2-
xi~2)*t)+xi*sin(sqrt(w.~2-xi"2)*t)./sqrt(w.~2-xi"2)),0,40,
>ArrayValued’,true) /pi;
plot(x,u)

7.5.3 1D problems in semi-unbounded domains

The differential equations defined on semi-unbounded domains such as (0, co) can
be effectively solved using the Fourier sine or cosine integrals. As introduced before,
the Fourier sine transform of a function f(x) defined on [0,00) is defined as:

F{f(@)} = fw /f ) sin(wz) dz,

with the inverse

FY fyfw / fo(w) sin(ws) dw.

It is important to note that F{ fy(w)}|s—o=0, meaning that the inverse Fourier
transform converges to zero at x =0. This transform is particularly useful in solving
Dirichlet problems, where boundary conditions are specified at one end of the semi-
unbounded domain.

Example 7.8. Let’s consider the heat problem defined on the domain z € (0, c0):

Ut = Ugy, O<z<oo,t>0
u(0,t) =0, t>0 ) (7.15)
u(z,0)= f(x)
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Since the boundary condition at x=0 is of the Dirichlet type, we will use the Fourier
sine series to solve this problem:

Dig(w, t) = —w? liy(w, t)

ﬁs(w, 0) - fs(w)

where u; is equal to the Fourier sine transform of w. This ordinary differential
equation is then solved for the function:

ﬁs(wv t) = fs(w) e

By performing the inverse Fourier transform, we obtain the expression for u as:
1 (%, .
t) :—/ folw) e sin(wr) dw.
TJ -

It is important to note that u(0, t)=0 for all £ > 0, which satisfies the Dirichlet
condition at x=0. The figure below illustrates the solution u(x, t) for the initial
condition f(z)=e"".

Y

! u(zx,0)
081
0.6
0.4+
u(z,0.1)
0.2r
O r
0 0.5 1 1.5 2 25 3
x

If the boundary condition at x =0 is Neumann, the solution can be expressed in
terms of the Fourier cosine transform:

FAf@)} = ilw / F(x) cos(wr) da

with its inverse given by:
1{fC / fC ) cos(wz) dw.

If we modify the boundary condition for the above example to (0, t)=0, the
integral solution changes to:

= %/ fo(w) e cos(wz) dw.

1 0<z<1

0 , we can calculate

For the given piecewise function f(x) defined as: f(z)= {
its Fourier cosine transform as:

)= [ costunyin =)

w
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Consequently, the solution to the heat problem with the Neumann boundary con-
dition at time ¢ >0 is:

u(z,t) = l/ sin(w) e~ cos(wz) dw.

T) oo W

The figure below illustrates the solution at time ¢ =0.1. By comparing this solution
to the solution of the previous example (Dirichlet boundary condition), we can
observe that the Neumann boundary condition enforces the derivative of the solution
at £ =0 to be zero for all ¢ > 0:

1 u(z,0)
081
0.6
041

u(z,0.1)

0.2r

O L

0 0.5 1 1.5 2 25 3

Remark 7.2. An alternative approach to solve Dirichlet problems is to extend the
functions involved as odd functions over the entire domain (—o0,00). For example,
the odd extension of the problem (7.15) is formulated as:

{ut:um, —o0o<r<oo,t>0

U(QJ,O):fO(l') 7

where f, is the odd extension of f, defined as:

[ f@) >0
fo(x)—{ —f(—x) z<0°

Taking the Fourier transform of this extended problem results in the solution:
y(w, t) = folw) e,

and finally u(x,t) is given by the convolution as:

_ (x—z)2

1 = >
u(x,t):fo(x)*ﬁe 4t:/oofo(z)e i dz.

It can be observed that u(0,t) is equal to zero as:

0o .2
u(O,t):/ fne *dz=0.
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This approach is particularly useful to represent the solutions in convolution form.
Both methods, either extending the functions as odd over the entire domain or using
the Fourier sine integral, yield the same results but in different expressions. The
choice of method depends on the convenience of the problem and the desired form
of the solution.

Exercise 7.34. Find and integral solution for the following heat problem defined on [0, c0):

Ut =Uzy +1f(x), 0<z<00,t>0
u(0,)=0 £>0 :
u(z,0)=0

where f((lj):{(l) 0<z<1

Exercise 7.35. Consider the following wave equation defined on [0, co):

Ut = Uge +O(t—1)e™™

uz(0,t)=0
u(xz,0)=0
ug(2,0)=0

Use even extension of the function involved and then employ the Fourier transform to solve
the problem. Verify that your solution satisfies the boundary condition w,(0,t) =0.

Exercise 7.36. Let () be the interval [1,00). Solve the following problem on €
Up = Ugy +O(t — 1)e™™
uzy(1,6)=0
u(z,0)=0

Exercise 7.37. Consider the following heat problem on a semi-infinite domain

o
u(z,0)= f(x)

The boundary condition at z=0 is non-homogeneous. To solve this problem, we assume the
solution u(z, t) can be written as the sum of a steady-state solution V(x) and a transient
solution w(x,t), i.e., u(x,t)=V(z)+w(x,t). The steady-state solution V' (z) satisfies the non-
homogeneous boundary condition u(0,2)=1. Determine this function, and then find an integral
solution for w.

7.6 Higher dimensional problems

n higher dimensional problems, we extend the Fourier transform method to solve
various partial differential equations on unbounded domains in IR%. Specifically, we
focus on solving the heat equation, wave equation, Poisson equation, and Laplace
equation.

These problems are considered over the entire space R?, as well as on specific
regions such as strips in the plane and half-planes. The Fourier transform provides
an efficient and powerful tool for transforming these partial differential equations
into simpler ordinary differential equations in the frequency domain.
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7.6.1 Equations defined on R?

Consider the heat equation u; =Aw with the initial condition u(x,y,0)= f(x,y). To
solve this partial differential equation in two dimensions, we employ the two-variable
form of the Fourier transform. This results in the following ordinary differential
equation:

Uy(wr, wa, t) = — (Wi + w3) 4wy, wa, ),

where w; and ws are the frequency variables associated with the = and y directions,
respectively. The Fourier transform of the function u(x,y,t) is defined as:

ﬁ(wl,wg,t)—// u(x, y,t) e 1T e =W dy dy.
R2

Using the definition of the Laplacian operator A, we can express the Fourier trans-
form A as:

F{Au} = F{tge + uyy } = — (Wi + w3) 4wy, wa, t).

The resulting ordinary differential equation, along with the given initial condition,
is solved to obtain the solution:

ﬁ(wl, w2, t) = f(wh W2) e—(w%-l—w%)t_

Consequently, the solution « in the xy-domain can be obtained by taking the inverse
Fourier transform:

u(z,y,t)= fﬁl{fA(wl, wo) 6_(W%+W%)t}.

This inverse transform can be expressed either as a double integral:

FY f(wh ws) e—(w%+w§)t} _ f(wh ws) e~ (@It gionz giway g, dews,
47T2 R2
or using the convolution:
FHF(wrwn) e” @D = f(a, y) » FH e Gy,

The Fourier transform method provides an effective approach to solve the heat
equation in two dimensions, enabling us to study the evolution of temperature dis-
tributions over time in complex spatial domains.
a24y2
1

It turns out that F~'{e~“It<D1} is given by 7 ¢ * , which is known as
the 2D heat kernel and is denoted by ®(z, y, t). This heat kernel shares similar
properties with the one-dimensional heat kernel we encountered in problems defined
on unbounded one-dimensional conductive rods. Just like its one-dimensional coun-
terpart, the 2D heat kernel has the property of smoothing out initial conditions. As
time progresses (t>0), the heat kernel acts as a convolution operator with the initial
condition function f(xz,y). It diffuses the initial information and spreads it over the
entire domain, leading to a smooth solution at each time instance. Additionally,
for t—0, the heat kernel approaches the Dirac delta function centered at the initial
point (z,y)=(0,0). The figure below illustrates ®(x,y,t) for t=0.1 and ¢t =1:
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P(z,y,0.1) ®(z,y,1)

Problem 7.30. Show the relation

2 2
—1 —(w%-‘rw%)t :L -= Ity
FHe } yrke

This is called the 2D heat kernel:

1 a2 4y?
4t

(I)(x’y’t):zl_ﬂ-te

// O(x,y,t)dedy=1.
RQ

Furthermore, show that the following relation holds:

Show the relation

lim / [ 1) ®(a.y.0) dudy = £(0.,0)

t—0
for any integrable and continuous function f(z,y).

Exercise 7.38. Consider the heat problem

{ Ut = Au
u(@,y,0)=f(z)
Show that the solution of the problem is

u(z,y,t)= f(z)«2(x,t).

Exercise 7.39. Write an integral solution for the following heat problem

Ut:AU
U(.I’, y,O) :e_‘wl_lyl '

Exercise 7.40. Solve the following heat equation on R?

Ut =4Au
u(a,y,0)=e 0" "v"

47
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Exercise 7.41. Solve the following heat problem on R?

up=Au+r—* "
u(z,y,0)=0

Exercise 7.42. Solve the following heat problem on R?

_ S(t—1)
{ u=AMt Gy

u(z,y,0)=0
Exercise 7.43. Solve the following heat problem on R?

{ ur=Au+0(t —1)d(z)(y)
u(z,y,0)=0 '

Now, let’s consider wave equation 1y = c?Aw in IR%. For simplicity, we consider
the following problem:

up = c2Au
U(ZL’, yvo) = f(mv y) °
u(z,y,0)=0

Indeed, solving the wave equation in two dimensions using Fourier transform leads
us to the ordinary differential equation:

Uy + 2w =0

where w = \/w} +w?. With the initial conditions:

)

a(wla W2, O) = f(wla w2)
ﬁ(wl, W2, 0) =0
we obtain the solution:

Gi(wr, wo, t) = f(wr, ws) cos(ctw). (7.16)

To express the solution u(z, y, t) in the zy-domain, we use the inverse Fourier
transform. The solution can be written as an integral over the frequency domain:

u(z,y,t)= ﬁ/ﬂ%j(wl, wy) cos(ctw) e ™2 dwy dws.

Alternatively, the solution can also be expressed in the convolution form:

u(z,y,t)= f(x,y)* F{cos(ctw)}. (7.17)

The inverse Fourier transform of the function COS(C W+ wi t) is not straightfor-

ward and requires intricate calculations. Let us try to find this inverse transform.
To do that, we rewrite wy, ws as w; =w cosy, wy =w sin~y for v € [—7, 7]. Therefore,
we can write

FY Cos(ctw)}:%ﬂz/ / cos(ctw)e ™ @OSTHYSIN y duydry.
—mJ 0
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If we use the polar coordinate formula for x and y: x =1 cosfl, y =rsinf, we reach

F Y cos(ctw)} = 4%1,2/ / cos(ctw)cos(rw cos(y — 0))wdwdy.
—mJ 0

Using the formula:

1
5 _Wcos(s cosy) dy = Jo(s),

where Jj is the Bessel function of the first kind, we obtain:
FHcos(ctw)} = %/ Jo(rw) cos(ctw)wdw.
TJo

The integral at the right-hand side can be rewritten as:

1 [~ 1 d1 [~ . [ ct
2 ), Jo(pw) cos(ctw)wdw—z—m%;A Jo(w) sm(?w) dw.
Using the formula:
/ Jo(w) sin<c—tw)d = L ,p<ct,
0 p 02t2 - 1
02
we finally obtain:
4 1 d 1
FHcos(ctw)} , p<ct.

" 2rcdt [c2t2 — p?

Finally, the solution u(t,z, y) can be written as follows:

u<t7 xz, y) = Li/‘ f<21’ 22) d21d227
Znedt Jp, (o) /P2 — (x — 21)° — (y — 22)°

where B.(x,y) is the disk centered at (z, y) of radius ct. By a similar calculation,
it is shown that if u,(0, x, y) = g(x), the solution is:

u(t,z,y)= L d fz1,2) dzidzy +

" 2ncdt Bu(w,y) /€22 — (1 — 21)2 — (y — 20)?

1 g(Zh 22) ledZQ.

ﬁ/%(acvz/) VR —(z—21)2— (y — 22)?

7.6.2 Equations on half-plane

Consider the domain Q = {(z, y); ¥y > 0}. We are interested in solving the heat
equation u; = Au on (2, subject to the boundary condition u(x, 0, ¢) = 0 and the
initial condition u(x,y,0)= f(x,y). To tackle this problem, we can make use of the
odd extension of f(x,y) with respect to y, which can be defined as follows:

) flzyy) y>0
f°(‘”’y)_{ e, —y) y<0
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By performing the odd extension, we obtain the heat equation on the entire domain
R? as:
{ u = Au
U(Qf, 3/7 O) = fo(l‘, y) .
Next, we take the Fourier transform to derive the following ordinary differential
equation:

{ Ug(wr, w, t) = —(wi + wi) G(wy, wo, t)

'LAL((,Ul, wa, 0) = fo(wh wQ)
Solving this ordinary differential equation yields the function:
A(wy, wa, t) = folwy, ws) e~ @ITeDI

To obtain the solution u(x,y,t), we apply the inverse Fourier transform and express
it in the convolution form:

; 1 a4y _(z—2)% 4 (y—29)? Ao d
U\, 1 = x *k ——€ i@ = Z1, % 4t Z1d29.
( 'Y, ) fO( 73/) At 47Tt/ fo 1, 2 1 2

It is important to note that the solution satisfies the boundary condition u(x, 0,
t) =0 due to the symmetry argument:

1 [ _G@- znz
u(x,0,t)= P {/ fo(z1,22) € 2t dzz} dz; =0.

For problems with Neumann boundary conditions, the even extension of the func-
tions involved should be utilized.

Remark 7.3. An alternative approach to solve these problems is by using Fourier
sine or cosine integrals, depending on the type of boundary condition involved.

Exercise 7.44. Consider the following problem

u=Au+e Ve l*l

Uy(.’L',O,t):O )

u(z,y,0)=0
on the half-plane y > 0. Express the solution in the convolution form and in term of the integral
over w-domain. Verify that both expressions satisfy the prescribed boundary condition.
Exercise 7.45. Solve the following heat problem on the half-plane z > 0:

wy = Au

u(0,y,t)=0

U(l,y,o):;+_y2

We are now addressing the Laplace equations on half-planes, which arise when
dealing with non-homogeneous boundary conditions for heat or wave equations.
Consider the following heat problem on the domain Q= {(z,y);y >0}:

wy = Au
u(x,0,t)= f(z) .
u(z,y,0)=g(z)
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To solve this problem, we take the solution as u(z,y,t) =V (z,y) +w(z,y,t), where
V' satisfies the Laplace equation with the boundary condition:

{szo
V(z,0)=f(z)

Since x is unbounded in this domain, we take the Fourier transform of the equation
with respect to z:

The general solution of this equation is:

~

V(w,y)=A(w)e ¥+ B(w) e“V.

However, to ensure the solution remains bounded as y approaches infinity, we assume
that B(w)=0 for w >0 and A(w)=0 for w <0. This implies that the solution V' (w,
y) can be represented as:

V(w,y)=Clw)e vk,

where C'(w) is an undetermined function. The initial condition V(w,0) enforces C/(w)
to be equal to f(w), and therefore:

V(w,u)= flw)e vl

The function V (z,y) can be retrieved using the inverse Fourier transform F !, which
can be expressed in convolution form as:

V(e y)= f(z) s 2" ﬂ/dea

rP+a? 7 ) P+ (@ —2)?

An alternative representation using the definition of F~! is:

Viz,y) :%/ f(w) eVl givr gy

Exercise 7.46. Let  be the domain Q = {(z, y), 2 > 0, y > 0}. Solve the following Laplace
equation

u(z,0)= f(2)

Au=0 on {2
u(0,y) =0

Express the solution in convolution form.

Exercise 7.47. Solve the following heat problem

uy=Au on )
U(.’L’,O,t):ﬁ ’
u(z,y,0)=0

where 2 is the half-plane y > 0.
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Problem 7.31. Let Q be the domain Q= {(z,y); y>0}. Use the Fourier transform method and
show that the bounded solution to the Laplace equation Au =0 on €2 subject to the boundary

condition u(z,0) = is:

2
1+x y+1

) = r e

Problem 7.32. Let  be the domain Q={(x,y),y > 0}. Use the Fourier transform method and
show that the bounded solution to the Laplace equation Au =0 on ) subject to the boundary
condition u(z,0) = { L ~l<z<l gatisfies the relation:

0 otherwise
2 1
u(0,y) = —tan_l(—)
m Y

What is u(x, y)?

Problem 7.33. Show that the solution to the Laplace equation Au =0 in the half-plane y >0
subject to the boundary condition

x>0

r=0,

z <0

is

7.6.3 Equations on strips

Consider the heat equation u; = Au on the strip Q = (—o00, 00) x (0, L) in the zy-
plane, subject to the boundary conditions:

{u(x,O,t)zO
w(z, L, t)=0"

Since the domain is unbounded in z, we take the Fourier transform of the equation
with respect to x and reach:

/&t<w7 y7t) :ﬁyy(wa yat) _w2ﬁ<w7 y7t)
(w,0,t)=0
i(w, L,t)=0

This leads to a heat equation in the (y,t) space, for 0 < y < L, which can be solved
using the method we introduced for problems in bounded domains. The associated
eigenvalue problem is:

¢ —wip=—\o
#(0)=9(L) =0 °

Solving for the eigenfunctions and eigenvalues yields:

n2m?

. nm
Only) =sin( Ty ), dn=w?+

Hence, the solution to the resulting heat equation in (y,t) is given by:

00 22
W(w,y,t) :Z Clw)e e 12 tsin(%y).

n=1




7.6 HIGHER DIMENSIONAL PROBLEMS 53

The coefficient functions C'(w) can be determined by the initial condition of the
problem if provided. Let the initial condition be given by: u(x, y,0) = f(z, y). By

taking the Fourier transform, we obtain u(w, y,0) = f(w, y), an thus

=3 et (o).

and by performing the inner product, we obtain:

:—/fwysm )dy

The solution u(z,y,t) can be retrieved by performing the inverse Fourier transform

as:

u(@,y,t)=F Hi(w,y,0)} =>_ FHC(w) e} et sin(%y).
n=1

Exercise 7.48. Let Q be the strip (—o00,00) x (0,1) in the zy-plane. Consider the following
heat problem in €2

y=Au on ()
w(z,0,t)=u(x,1,t)=0 B.Cs.
u(z,y,0) =248 1.C.

a) Find an integral solution for the problem.

b) Show that u(O., %,%) is equal to

o —=z?
U 0-,17l :e_”/ ¢’ QdZ.
2'm o 1+2z

Exercise 7.49. Let Q be the strip (0,1) x (—00,00) in the zy-plane. Determine and integral
solution for the following wave equation:

Uy =Au+6(t — 1) sin(mz) on
u(0,y,t)=u(l,y,t)=0 B.Cs.
u(z,y,0)=0 1.C. -
ut(x,y,0)=0 1.C.

The Laplace equation defined on a strip in the xy-plane can also be solved using
the Fourier transform method. Let (2 be the same strip as above, and consider the

following Laplace equation:

Au=0 on {2
u(z,0)= f(x)
u(x, L) =g(z)

Taking the Fourier transform in x yields:
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This equation can be solved using the ordinary differential equations method,
resulting in:

G(w, y) = f(w) cosh(wy) + {% — f(w) coth(wL) | sinh(wy).

The solution u(x, y) is retrieved by performing the inverse Fourier transform F .

Exercise 7.50. Solve the heat problem u; = Awu on the strip 0 < y < 1, —oo < x < 0o subject
to the boundary condition

and the initial condition u(x,y,0)=0.

Problems
Problem 7.34. Let Q) be the upper half-plane y > 0. Solve the following heat problem:
wy = Au on ()
u(z,0,t)=e 17l
u(x,y,0)=e "~V
Problem 7.35. Solve the following heat equation on the upper half plane y >0
wy = Au
uy(z,0,t)=0

u(a,y,0)=e ey
Problem 7.36. Let €2 be the half-plane y > 0. Consider the Laplace equation

{AuzO on ()
u(z,0) = f(z) '

The solution in the convolution form is:

u(z, y) =L /m—f ) 4.

T)oocy?+ (2 —2)?

At first glance, it may seem that limu(x,y)=0. However, this assumption is not true. Sketch

y—0
the graph of the solution u(z,y) for y=0.1,0.05,0.01 if f(z)=e"*l and explain the converges
of the solution to f(x).

Problem 7.37. Write the solution of the following heat problem defined in the quadrant x>0,
y >0 in the integral form

ur = Au
u(0,y,t)= f(x)
u(z,0,0)=0
u(z,y,0)=g(z,y)
Problem 7.38. Let  be the strip {(z,y);0<y <1}

a) Show that the solution to the LAPLACE equation

{AUO

u(z,0)=0,u(z,1)=0(x+1)+d(x—1)
2 [*“sinh(wy)
)

ulz,y)=— sinh(w)

is

cos(w) cos(wz) dw.
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b) Find a solution if the boundary condition changes to u(x,1)=0d(x+1) —d(z —1).
Problem 7.39. Solve the following heat problem in the strip Q= {(z,y);0<y <1}
wy=Au
u(z,0,0) =u(z,1,t)=1
u($7y70):{ 1 —-l<z<1

0 otherwise

Problem 7.40. Find the convolution solution to the following Poisson equation on Q: {(x, y);
y >0}

i,

where f(z) is the function
-1 —-1<z<0

f(x):{ 1 0<z<l

Problem 7.41. Let f(z),x € (—00,00) be a continuous function with the Fourier transform
f(w). Consider the following heat equation

ut:uzl:w+etf(x)
u((),;L'):%f(;L-)*e*'““’| '

a) Show that the solution of the above equation can be in the form

u(t,x) = f(xz)*g(t,x).
What is g(t, z)?
b) Assume that f(w):{ Lot<z<l What is u(t,z) for 2 >17?

0 otherwise

Problem 7.42. Cousider the following equation on x € (—o0, c0)

{ et = 2 uge + 8(1) f(2)
w(0,2)=0,u(0,2)=0"

where § is the Dirac delta function and f(z) is a continuous function.

a) Show that the solution can be written in the following convolution form (as long as the
convolution exists)

u(t,z)=a (f*g)(x),
for some constant « and function g. Determine «, g(x).

b) Show that the convolution can be calculated as follows

"b(t,x)

(f+9)(x) = / 1) dy.

a(t,z)

What are functions a(t, ), b(t, z)?

)
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7.7 Appendix

7.7.1 A proof of the theorem (7.3)

If f is integrable, then f is continuous: Fix w, then for any ¢+ 0, we have

llmf(w +e)=lim | f(z)e ™ e " dz.
e—0 R

Since f is integrable, the dominant convergence theorem allows us to pass the limit
inside the integral and write

hmf w+e) /f —lww lime*iwedx:f(w).

e—0 e—0

Now we prove that f (w) is differentiable with respect to w. Fix w and write:
f(w+€)_f(w) :/f(l‘) e iwz € _1dl‘
€ R €

Using the mean value theorem, we can write

et _ 1

3

=7 efz:cso’

for some ¢ in the interval (0,¢) if € >0 (alternatively, (£,0) is € <0). Thus,

flwt+e) = flw ) /xf( z)e —iwe ,—ize0 ]

3

The condition of the exponentially decay of f at infinity implies that there is R >0
such that

| f(x)] <ae™Fl |z| > R,

for some constants «, 3> 0. Note that this implies the function g(z) =z f(x) to be
integrable and piecewise continuously differentiable. We have

lim [ zf(x)e ™% e "e0dy = / zf(x) e ™ lime™ %0 dy = / xf(x) e “*dz.
R R

e—0 R e—0

Therefore,

li_}r% flwt Ei —fw) —zAmf(x) e dy =—iF{x f(z)}.
Since z f(x) is integrable, F{xz f(x)} exists.

Exercise 7.51. If f(z) decays exponentially at infinity, the function g,(z) = z"f(z) is
integrable.

7.7.2 A proof of the FOURIER theorem

We need the following FUBINI theorem
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Theorem 7.6. Assume that f(x,y) is an integrable function, i.e.,
— [ 15w laa<oe
R2
If integrals

11=A<Af<x,y>dx)dy, IzzA(Af(x,y)dy>dx,

exist, then Iy = 1I5.
We also need the following lemma.

Lemma 7.1. (Lebesgue-Riemann) Assume that f(z) is a piecewise continuous
and wntegrable function. We have the following relation:

o0

lim f(z)sin(nz) dx=0.

n— oo —00

_ /_Zf(x) ety = /:%f(%) e du.

The dominant convergence theorem allows us to write

c f : RETE AP —iT o
Jin foy =t [ Zo(%)edo= [ tim Zo(2)eda=0

Now we can prove the Fourier theorem.

In fact, we have

Theorem 7.7. Assume that [ is an integrable ans piecewise continuously differen-
tiable function. Then we have

gl [ @) do= 51+ 1)L

For simplicity, we assume that f is C*.

Proof. Since f(w) is continuous, then for any n >0, the integral

-/ Zﬂw) e du,

exists. On the other hand, we have

([ [ [ s oo aca

By FUBINI theorem, we can switch the integrals as

o fol [
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Note that:

/ eiw(:cf ) dw = QSiIl [n(l‘ — 5)] ’
. =8
and then

L()=2 [ feo @8l

R r—¢
By taking z =2 — £, we obtain

I(z) = 2/ flz—2)

sin(n z) dy

We have
sm nz) f !
flx—z)——dz= sm(nz) dz+ f xr—
R

(
/ fle=2) sm (nz)dz.

%) sin(n z) Qo+

By the Lebesgue-Riemann lemma, we have

-1
lim/ f(xz sin(nz) Z—hm/ flz=z) sm (nz)dz=0.

n—oo _ n— oo

We have also

[ re=220 e [0 - @ 0D e g [ 502 g

1 z z

lim I,(z)=2 lim f(;c—i)smzd _2/ hmf<x—i)smzdz:
R R n

n— 00 n— o0 n n— 00 z

~2f(@) [ T2 dz=2m /()

and this completes the proof. 0
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