Chapter 6
3D Linear Second-Order Equations

In this chapter, we delve into the study of linear problems, encompassing Poisson, heat,
and wave equations on Cartesian, cylindrical, and spherical domains. The cylindrical and
spherical domains are obtained through linear transformations from a cube in IR?, enabling
us to employ the separation of variables technique for their solutions.

6.1 Cartesian coordinate

In this section, we initiate our exploration by solving Laplace’s equations defined on cubes
(w0, 71) X (Yo, y1) X (20, 21) in R?. This foundational step will enable us to tackle linear heat,
wave, and Poisson equations with nonhomogeneous boundary conditions.

6.1.1 LAPLACE equation

Ler 2 be the cube (g, x1) X (y0, y1) X (20, z1). We consider the Laplace equation Au=0
subject to the boundary condition:

out 3=,

on the boundary bnd(f2). For this problem, we assume that the boundary condition is
homogeneous on the sides x and y. By applying the separation of variables method, we
assume u(x,y, z) can be represented as ¢(x,y) Z(z), which transforms the Laplace equation
into:

Awy?__—Z

¢ Z
To satisfy this equality, we introduce a constant, denoted as —\, which leads to the following
eigenvalue problem:

Ad=—-\p  onQ
ap+322=0 onbnd(Q)

The differential equation for Z(z) becomes:

Z"—\Z=0.
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Example 6.1. Let’s solve the following problem on a unit cube (0, 1) x (0,1) x (0,1)

Au=0
u(z,y,1)=xy
u(l,y,z)=sin(mz)
u=0 other sides

According to the boundary condition, we split the problem as

{ Au=0 { Au= 0
+

u|91:0 u|93

The first problem has the solution of the form

u= Z BnmSiHh(\/)\nmz)(bnm(xay)a

n,m=1

where A, = (n?+m?)7?, and

4 cos(nm) cos(mm)

nmm?sinh(v/ Ay ) .

1 p1
Bpm = L/ / xysin(nmz) sin(mny) dyde =
)\nm) 0 Jo

sinh(

For the second problem, we can write the solution as (why?)

u= Z By sinh (v/n? + 1 7z) sin(nmy) sin(rz),
n=1

where
2 b 2(1 — cos(nm))
B, = sin(nmy) dy= ;
sinh(\/n2+17r)/o (nmy) dy sinh(vn?+17)nw
and finally

4 cos(nm) cos(mm) . T . .
w(x,y,z)= sinh (v/n° 4+ m*mz)sin(nnz) sin(mmry) +
(z.9,2) n;_1 nmﬂ2sinh(\/n2+m27r) ( ) (nm) sin(mmy)

+Z g 51111; C\(;S”—W)l)ﬂ) sinh (Mﬂx)sin(nwy) sin(7z).

n=1

Problem 6.1. Solve the following LAPLACE equation on Q:=(0,7) x (0, ) (0, )
Au=0
u(z,m, z) =sin(z) sin(z) .
u=0 other sides

Problem 6.2. Solve the following problem on €2:=(0,7) x (0,7) (0, 7)

u(m,y, z) =sin(y) sin(z)
1 =0 other sides

{ Au+20,u—u=0
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6.1.2 Eigenfunction of Laplacian in Cartesian coordinate

We solve the following problem on (2

Agp= —)\¢
®|bna(0)

It is simply seen that A > 0. In fact, we have

[ 2oo==r[J] jor

and by the integration by parts formula,

///be ﬁ{m GO — //|V<Z>|2

that gives A > 0. Now, By the separation ¢ = X(z) Y(y) Z(2), we reach the following
eigenvalue problems

{X”:—MX {Y”:—nY {Z”:—I/Z
X(0)=X(a)=0" Y(0)=Y(®)=0"| Z(0)=Z(c)=0"
and finally

. (nm \ . (mmw \ . (pT
Ormp(T, Y, 2) = sm<7x>sm<7 > sm(Tz),
with associated eigenvalues
b= () + (57 + (F)
RN b c/’
Example 6.2. Let us solve the following POISSON equation on ©:=(0,1) x (0,1) x(0,1)

Au=sin(ry) sin(27z)
u(z,y,1)=xy
u(l,y,z)=sin(mz)

u =10 other sides

The solution can be written as u=1v + w, where v solves the LAPLACE equation with given
boundary conditions that we solved in the previous example. The equation for w reads

{ Aw =11 5(y, 2)

W bna()=0 ’

for 11 o =sin(my)sin(27z). The solution can be written as follows (why?)

w(z,y,2)=

o0
Z An sin(nwx)] ¢172(y7 Z)
n=1
By substituting the series into the equation, we obtain

Z —(n*+5)m* Ay sin(nmx) Y12y, 2) = 12y, 2),
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and thus
—(n?+5)mA, sin(nmz) =1,

that results =t

~ —2(1—cos(nm))

" (n2+5)nmd
and finally,

| = —2(1—cos(nm)) .
w(%yaz)—[; (n2+5)n sin(nmr) | Y12y, 2).

Remark 6.1. We could also assume the form of w as w(x, y, 2) = W(x) ¢ 2(y, z) for an
unknown function . By this method, we obtain the following equation for W (x)

W"—5m2W =1
W(O0)=Ww(1)=0"

that is solved for

cosh(v/bmz) —1
52 ’

W(x)= L= C?Sh(\/g ™) sinh(v/b ) +
5m2sinh(y/5 )
and thus

| T—cosh(y/57) . 1 B s
w(x,y,z)—[5ﬁ28inh(\/5ﬂ)smh(ﬁwz)%—m(cosh(\/gwx) 1) | ¥12(y, 2).

This is the closed form solution of the equation for w. It turns out that the closed form
solution is equivalent to the series solution obtained above.

Problem 6.3. Solve the following wave equation on Q:=(0,7) x (0,7) x (0, 7)

8ttu:Au
U|Q:O
u(0,2,y, z) =sin(z) sin(z)
8tu(07wa Y, Z) :0
Problem 6.4. Solve the following heat equation with NEUMANN boundary conditions on 2 := (0,

™) x (0,7) x (0, )
Oru=Au
(9nu|g:0

u(0,z,y, z) =cos(y) cos(2z)

6.2 Problems in cylindrical domains

6.2.1 Cylindrical coordinate

A point p in spherical coordinate is represented by the triple (7, 6, z), where r > 0 is the
distance of the projection of p in the (z, y)-plane to the origin, § € [—m, 7| is the angle of
the projected point on the (x, y)-plane with respect to z-axis, and z is the height of point p.
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Let €2 denote the following cylinder
Q={(r,0,2),0<r<a,-7<0<m,0<z<H}, (6.1)

with boundary bnd(2) ={(r,6,0)}U{(r,0,H)}U{(a,d,2)}. The Laplacian operator in the
cylindrical coordinate is

Au=Aq g+t = Opu + i&u + %89% + 0,.u. (6.2)

Note that the cube [0,a) x [—m, 7| x (0, H) is transformed to 2 by the following transforma-
tion

T =17 cost
y=rsinf ,
z2=2z

that allows us to use the separation of variables technique for solving linear equations on a
cylinder.

Problem 6.5. The unit vectors 7, é, Z in the spherical coordinate are respectively
= (Zw, ?,fﬁ) = (cos#, sind, 0)
r’dr’ dr

de dy dz'\ _, .
(d@’d@’dQ>_( sinf, cosd, 0)

>

gt

r

. (dx dy dz\
Z_<d2”d27d2>_(0’071)

a) Show that the nabla operator V in the coordinate is
V=30, + 60+ 0.

b) Find the form of A through the relation A=V -V.

6.2.2 LAPLACE equation: Type I
Consider the following problem
Au=0

u(a,d,2)=0 :
u(r,0,0)= f(r,0),u(r,0,H)=g(r,0)
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Note that u is homogeneous on the side surface of () and is equal to functions f, g on the
bottom and upper caps respectively. We relax this condition later and study the case u=nh
on the side surface. By the separation of variable u(r, 0, z) = ®(r, ) Z(z), we reach the
following equation

Avo¢ 2" _
=70 (6.4)
where A(, 4) stands for the Laplacian on the disk. The associate eigenvalue of Eq.6.4 is
Awop=—X¢
¢(a,0)=0 '
As we saw in the last chapter, the set of eigenpairs is as follows
2
. Zn
D = {Jop(r), Jnp(r)cos(nb), Juy(r) sin(nb) } 5l p=1, Anp = a_zp (6.5)

The equation for Z becomes accordingly

— ApZ =0,

and therefore
Z = {cosh(\ / Anp z), sinh(\ / Anp z) }

Finally, the series solution u is
[e.9]

u(r,6,z)= cosh( Anp? ) Jup(1){ Ay cos(nb) + Bpsin(nd)} +

bANgk:

S
Il
o

||M8

Z sinh(y/Anpz ) Jup(r){ Crpcos(nd) + Dy, sin(nd) }.

The boundary conditions at z =0 and z= H determine constants A, B,C, D.

Example 6.3. Let a=1 and H =1. Consider the problem

Au=0,
(1,0,2)=0
(r,0,0)=0
(r,0,1)=(

According to the boundary condition, it makes sense to write the solution as

N
~—

S

1 —r)cosf

i~
3

Y

u(r,8,z)= Z {Aycosh(z1,2) + Bysinh(z1,2) } Ji,(r) cos()

p=1

The condition at z=0 determines A, =0 for all p. Therefore we write

u(r,0,z)= Z B, sinh(z1, 2) Ji,(r) | cos(0).

p=1
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Substituting the condition at z =1 determines B, as

1

1
B,= | J1p]| sinh(zlp)A Jip(r) (1 —r) rdr,

where

1
112 = / [ Ta(zap )P

6.2.3 Laplace equation: Type II

Now, we solve the LAPLACE equation when wu(a,0,z)= f(0,z) but u(r,0,0)=u(r,0, H)=0.
According to Eq.6.4, we solve first the following boundary value problem for 7

J"=—-\Z
Z(0)=Z(H)=0"
The solution is
) T 22
Zy(2) :sm(%z), Ap= sz :

Therefore the equation for ¢ becomes

p27T2

A(r,9)¢ - F ¢ =0.

Using the separation of variables ¢(r,0) = R(r) ©(6), we reach the following equation

7"2 R//_|_ ’I"R, N @// B p27T2

7 5= 2 r2, (6.6)

and thus
©,,(0) = { cos(nh),sin(nh)}.
Substituting ©,, into (6.6) yields

2.2

r2R"+rR'+(—p u r2—n2)R=0. (6.7)

H2

Note that the equation is similar to the BESSEL equation except the negative sign of r2. If
p27r2

we take =1/ -3

r= i% r, then the equation reduces to the standard BESSEL equation
22 R"(z) + 2 R'(z) + (2 — n?*) R(x) =0.

Therefore, the solution of Eq.(6.7) is
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What is the series of J,,(iz)? From the series of J,(z), we have
o i 2k+n 2k+n
;klk+n (2) Zk"k‘—l—n ( ) ’

0
1 T\ 2k+n
x):kzzo k!(k+n)!(§> ’

is called the modified BESSEL functions of the first kind. For simplicity, we denote [n(%r)
by I,,,(r) and write

The series

Onp(1,0) = {Lnp(r) cos(nb), I,(r) sin(nd)}.

Using the superposition principle, u(r,#, z) can be represented as follows
u(r,0,2) Z Z sm< ) (1) (Appcos(nb) + Bypsin(nd)). (6.8)

The coeflicients A,,,, B, are determined by the aid of the boundary data.

Example 6.4. Let € denote a solid cylinder with the radius @ =1 and height H = 1. Let
us solve the following equation defined on 2

Au=0
u(1,0,z) =zcos(0) :
u(r,0,0)=u(r,0,1)=0

Based on the boundary condition, u has the series representation

u(r, 0, z) Z Up L1(7) sin ﬂpz)] cos(f).
For r=1, we have
z= Z Upsin(mpz) I1,(1),
p=1

and thus
2 (=1)?

U=——"+—.
. . ! pﬂ'[lp(l)
The solution u is as follows

u(r,0,2) [Z 2(=1)"hy(r) s1n(7rpz)] cos(0).

i pw[lp

6.2.4 Eigenfunctions of the Laplacian

Consider the following eigenvalue problem

Aj=—Xo
{ @ |bna@)=0 " (6.9)
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where () denotes a solid cylinder with radius a and height H. Since A¢ = A, 9)¢ + ¢.., we
use the separation of variables ¢(r, 0, z)=1(r,0) Z(z), and write

Ago 2"
v Tz

The ordinary differential equation for Z is solved for sine functions
Zm(2) = sin(%z).
Substituting Z,, into (6.10) results to

—\. (6.10)

m2n?
Avmwz—(k—fﬁy>¢. (6.11)
Take (1 as p=X\— %, and write the problem as follows
A oyh=—p1p
’ : 6.12
{ 0(a,0) =0 (042

As we saw before, the eigenfunctions of the above problem are
Ynp(r, 0) = {Jnp(r) cos(nb), Jpp(r) sin (nh)}.

Therefore, the eigenfunctions of A on a cylinder are

. (mT . (mT .
Grmnp(1, 0, 2) = {5111(?2) Jnp(1) cos(nb), s1n<?z)<]np('r’)sm (n0) }, (6.13)
with eigenvalues A, = % + %

Remark 6.2. For problems defined on the side surface of a cylinder (when r =a), we solve
the eigenvalue problem A¢ = —\¢ on the following set

D:={(0,z),71<0<m,0<z<H}.

It is simply seen that in this case, the eigenfunctions are

. (mm . (mm o\
Gmn(0,2) = {sm<?z> cos(nh), s1n<?z> sin (n@)}, (6.14)
with eigenvalues A, = m;f +n2

6.2.5 Linear problems on the surface of a cylinder

Let D denote the side surface of a cylinder of radius a and height H (without top and bottom
caps).

Example 6.5. Let us solve the following POISSON equation

{ Au=z
u(0,0)=0,u(0,7)=cos(f)’
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where u is defined in the side surface of a cylinder of radius 1 and height 7. By superposition
principle, the solution consists two terms, the solution that is contributed by the boundary
data, and the solution that is contributed by the source term. For the contribution from
boundary, we solve the following equation

{ Av=0
v(0,0)=0,v(0, ) =cos(d)

Since cos(f) is a part of the eigenfunction sin("—;z) cos(0), we write v ="V (z) cos(#), for some
unknown function V(z). Substituting this into the equation leads to the following one
V"—V =0
V(0)=0,V(m)=1"

that is solved for

V(z) = ml(ﬂ) sinh(),

and thus v= wl(w)sinh(z) cos(f). For the contribution by the source z, we solve the following

POISSON equation

Aw=z
{ w(6,0)=0,w(@,7)=0"

Note that the source term is independent f # and thus we can write w =W {(z). Substituting
w into the equation leads to the following equation

W"=z
{ W(0)=W(r)=0"

that is solved for W (z) = %2(22 — 7?). Finally, the solution is

u(f,z) = sinlll(ﬂ)

sinh(z) cos(#) + %Z(ZQ — 7).
Remark 6.3. In the above example, we could solve the POISSON equation for w by eigen-
function series as follows

w(l,z)= Z W, sin(mz), (6.15)
that leads to m=l

=~ 2cos(mm)
w(z) = Z — 5 sin(mz).
m=1
It is simply verified that the above series is the series expansion of %z(z2 —7?).

Example 6.6. Let us solve the following wave problem on the side surface of a cylinder of
radius a =1 and height H =1

@tu:Au
w(t,0,0)=u(t,0,1)=0 :
u(0,0,2)=0,0u(0,0, z) =sin(0)
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According to the initial data, the solution can be written in the following form
u(t,0,z)= Z Up(t) sin(mmz) sin(6).
m=1

Substituting this into the wave equation, we derive the following equation for U,,(t)

U (0) =0, Uy (0) = 2L=costmm) -

which is solved for
2(1 — cos(mm))

Un(t) = e sin(vAm 1),

where \,, = (m?n?+ 1). Therefore we reach the solution as the following series

[e.9]

ult,8,2) = [Z 2(1;;?jg\iﬁ))sin(\/mt)sin(mwz) sin(6).

m=1

6.2.6 Linear problems on a solid cylinder

We solve a few examples to show the method how linear problems can be solve by the
eigenfunction expansion method.

Example 6.7. Consider the the following problem in the solid cylinder of radius a =1 and
height H =1

Au=rsin(mz)
u(1,60,2)=0
u(r,0,0)=u(r,0,1)=0

Since the source term is independent of ¢ (the eigenfunction associated to n =0), we write
the solution as follows

u(r,0,z)= sin(ﬁz)z Uy, Jop(T).

p=1

Substituting v into the equation and using Au= —(z§, + 72)u, yields

Z (28p + 72Uy Jop(r) =1

p=1
The above equation determines U, as follows

-1 1
U,= Jop(r) T2 dr,
v <z3p+w2>|uop||2/o os(r)
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where

1
1Jopll2= / [ Jo(z0p ).

Example 6.8. Consider the the following problem in the solid cylinder D of radius a =1
and height H =1

;

O = Au
u(t,1,0,2)=0
u(t,r,0,0)=0 :
u(t,r,0,1)=sin(0)
u(0,7,0,2)=0

\

First, we find the steady state solution of the problem through solving the following one

Av=0
v(1,0,2)=0
v(r,0,0)=0
v(r,0,1)=sin(0)

Regarding the boundary data, the solution can be written in the following form

v(r,0,z)= Z A, sinh(zy, 2) J1p(r) sin(6),

. p=1
where A, is

1 1
A = - Ji.(r) rdr.
’ ||J1p||2smh<zlp>A 1#(7)

Now, we write u(t, r, 0, z) = v(r, 0, z) + w(t, r, 0, z) where w satisfies the following

homogeneous equation
3tw =Aw
W|pna(py=0 "

It is simply seen that w has the series form

w(t,r,0,z)= Z e et sin(maz) Jup(r) { Anmp c0s(nf) 4 Bympsin(nd) }.

n7m7p

Applying the initial condition of the problem leads to the following equality

—Z A, sinh(zy,, 2) J1,(r) sin(f) = Z sin(mmz) Jup(r){ Anmp cos(nb) + By, sin(nb) },

p=1 n,m,p

that implies in turn A,,,,, =0 and

—Apsinh(z1, 2) :Z By sin(mmz) .

m=1
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We obtain
1
By = —2Ap/ sinh(z1, 2) sin(mnz) dz,
and finally 0

u= Z Apsinh(z1, 2) Ji,(r) sin(9) + Z Agmp e Mt Ty (r) sin(maz) sin(6).

p=1 m,p=1

Problems
Problem 6.6. Show that functions I,,,(r) are orthogonal with respect to o(r)=r, that is,
{Inp; Ing)r=0,pF# .

Problem 6.7. Let €2 denote a solid cylinder with radius a =1 and height H =1. Find a series solution
to the following problem on )

Au=0
u(1,0,2)=0
u(r,0,0)=cosf
u(r,0,1)=sinf

Problem 6.8. Let € denote a solid cylinder with radius a =1 and height H =1. Find a series solution
to the following problem on ()

u(1,0,2)=0
r
u(r,0,1) =sinb + cosf

Problem 6.9. Let € denote a solid cylinder with radius a =1 and height H =1. Find a series solution
to the following equation on {2

Au=0
(1,0,2)=0

u(r,0,0)=0"
(r,0,1)=r

Problem 6.10. Let € denote a solid cylinder with radius ¢ =1 and height H =1. Find a series solution
to the following equation on €2

Au=0
u(1,0,z)=zcost
u(r,0,0)=0
u(r,0,1)=0

Draw solution at § =7 /4, z=1/2 with respect to r.

Problem 6.11. Let (2 denote a solid cylinder with radius e =1 and height H =1. Find a series solution
to the following equation on )

Au=0

u(1,0, z) =sin(2mz) sinf .

u(r,8,0)=u(r,0,1)=0

Draw solution at § =7 /4, z=1/2 with respect to r.
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Problem 6.12. Let €2 denote a solid cylinder with radius ¢ =1 and height H =1. Find a series solution
to the following equation on €2

Au=0
u(1,0,z) =sin(27z) 0
u(r,0,0)=cost,u(r,0,1)=0

Problem 6.13. Let D denote the side surface of a cylinder with radius a and height H. Note that the
cylinder does not include top and button caps. Solve the following equation on D for u=u(0, z)

{ Au=0
u(9,0) = f(@),u(@.,H):g(@) .

Problem 6.14. Let D denote the side surface of a cylinder with radius a and height H. Note that the
cylinder does not include top and button caps. Solve the following equation on D for u=u(0, z)

{ Au+20.u=0
u(9,0) = F(6), u(6, H) = g(0)

Problem 6.15. Let D denote the side surface of a cylinder with radius a =1 and height H =1. Note
that the cylinder does not include top and button caps. Find a closed form solution to the following
problem on D

Au=z
u(6,0)=cosb,u(f,1)=0

Problem 6.16. Let D denote the side surface of a cylinder with radius ¢ =1 and height H =1. Note
that the cylinder does not include top and button caps. Consider the following problem on D

Au=zsin(26)
{ u(@,0)=u(0,1)=0"

a) Find a series solution to the problem.
b) Find a closed form solution to the problem and verify it is equal to the series solution obtained
in (a).

Problem 6.17. Let D denote the side surface of a cylinder with radius a =1 and height H =1. Note that
the cylinder does not include top and button caps. Find a series solution to the following problem on D

Au=z0
u(6,0)=sinf, u(f,1)=cosf

Problem 6.18. Let D denote the side surface of a cylinder with radius a =1 and height H = 1. Note
that the cylinder does not include top and button caps. Consider the following problem on D

{ Au=sin(mrz)6
u(6,0)=sin(0),u(d,1)=0"

a) Find a series solution to the problem.

b) Find a closed form solution to the problem and verify it is equal to the series solution obtained
in (a).
Problem 6.19. Let © denote a solid cylinder with radius a =1 and height H = 1. Solve the following
PoISsSON equation on 2.
Au=rz
u(1,0,2)=0
u(r,0,0)=0,u(r,0,1)=r
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Problem 6.20. Let D denote the side surface of a cylinder with radius a =1 and height H =1. Solve
the following heat problem on D

Oru= Au

u(0,0, z) =cos(f) sin(rz) .

u(t,0,0)=u(t,0,1)=0

Problem 6.21. Let D denote the side surface of a cylinder with radius ¢ =1 and height H =1. Solve
the following heat problem on D

Oyu= Au — tsinf

u(0,0,2)=0 .

u(t,0,0)=cosf,u(t,0,1)=sind

Problem 6.22. Let D denote the side surface of a cylinder with radius a =1 and height H =1. Solve
the following heat problem on D

Opu = c?Au
u(0,0, z) =sinf sin(7z), Ou(0,6,2) =0 .
u(t,8,0)=0,u(t,0,1)=0

Problem 6.23. Let €2 denote a solid cylinder with radius a =1 and height H =1. Solve the following
problem on €.

Ou=Au—e?
u(t,1,0,2z)=0
u(t,r,0,0)=u(t,r,0,1)=0"
u(0,7,60,2)=0

Problem 6.24. Let 2 denote a solid cylinder with radius a =1 and height H =1. Solve the following
problem on €.

o= Au

u(t,1,6,z)=zsind

u(t,r,0,0)=u(t,r,0,1)=0"

u(0,7,60,2)=0

Problem 6.25. Let €2 denote a solid cylinder with radius a =1 and height H =1. Solve the following
problem on €.

Opu=cAu

u(t,1,0,2)=0

u(t,r,0,0)=u(t,r,0,1)=0

w(0,7,6,2)=0,0u(0,7,0,2)=(1—7)z

6.3 Problems on spheres

6.3.1 Spherical coordinate

A point p in the spherical coordinate is represented by the triple (r,0, ¢), where r >0 is the
distance of p to the origin, 6 € [0, 7] is the angle it makes with z-axis, and ¢ € [, 7| is the
angle the projection of p on the (z,y)-plane makes with z-axis.
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b

Y

If 2 denote a ball of radius a, then a closed solid ball is represented by the following set of
points

Q:{(Tﬁeagb)aOSrga,OSeSﬂ',—WS(Z)ST{‘},

The Laplacian operator A in the spherical coordinate has the following form

Au="L0,(r20u) +

2 &;(sinﬁﬁgu) + 0¢¢u. (616>

72 sin20

_1
r2sinf
To distinguish between a solid ball and a sphere, we use word sphere for the shell and denote

it by S?, and word ball for a solid ball. The inner product between two function f(r,0, ¢)
and ¢g(r,0, ¢) in the spherical coordinate is as follows

(f,g) :/_:AWAaf(r,H, ®) g(r,0, @) r*sinfdrddde. (6.17)

Remember that dV =r?sinfdrdfde¢ is the volume element in the spherical coordinate.

Remark 6.4. The spherical coordinate is specified by the following transformation

x =17 sinf cos¢
y=rsinfsing .
z=rcost

In the first chapter, we asked the reader to derive the form of nabla operator V by the aid
of unit vectors

r= ! (8,x, 8y, 0,2) = sinf cos¢ i + sinf sing j + cosd k,

V(0,2)2+ (0,9)2 + (0,2)?

and similarly for 0, gzg as

1

o—
V/ (062)? + (py)? + (0p2)?

(D, gy, Dgz) = cosb cos i + cosf sing j — sind k

1
V(05)2+ (0py)? + (9p2)?

b= (0p, 0pY, 0p2) = —singi +cosg j.
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It is simply seen that
. 1 - 14
V=10t g 00t 00,
and thus
. 1 - 1 - R 1 - 14
A=V -V=(70,+——00s+—00 |- | 70, +——— 00s+—00p |,
rsind r rsind r

after after direct calculation gives the form of A in the spherical coordinate as given in (6.16).

Problem 6.26. Show with the aid of following relations that the differential volume in spherical coor-
dinate is dV =r2sinfdrdfde

dx =sinf cos¢dr + r cost cospdf — r sinf singdo,
dy = sinf singdr + r cosf singdf + r sinf cospdp,
dz = cosfOdr — rsinfdf.

6.3.2 LAPLACE equation and LEGENDRE polynomials

Let Q denote a ball in R? of radius a. Consider the following equation on (2

Au=0
{ u(a,l,¢)=f(0,¢)" (6.18)

First, assume that f is independent of ¢, that is, f= f(#). This leads to an important class
of special functions called the LEGENDRE polynomials. Consider the equation

Au=0
{ u(a,0,9)=f(0) (6.19)

Since the boundary data is independent of ¢, (that is, f is axially symmetric about the z-
axes), we can assume that the solution is axially symmetric in 2, that is, uw =u(r, #). Due
to the form of A in the spherical coordinate, the separated solution u(r,0) = R(r) ©(0) leads
to the following equation

r’R"+2r R’ 1 d

7 + Osnd @(smé’@ )=0. (6.20)

The equation for © leads to the following eigenvalue problem:

%(sin@@’) — \psind®, (6.21)

for some eigenvalue \y. It is observed that a singularity in © may happen at § =0, 7, where
the coefficient of the highest derivative ©” become zero. To avoid the possible blow up at
these points, we impose the following condition for the solution ©(0)

Jim_[©(6)] < co. (6.22)

If we take x = cos(f), the eigenvalue problem (6.21) reduces to the following familiar form
which is called the LEGENDRE’s equation

%[(1—#) O]=-X0O(z), —1<z<l1. (6.23)
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The LEGENDRE equation is discussed in our book on ordinary differential equations and
readers are referred to it. The solution of the LEGENDRE equation can be derived by the

power series as follows
o
_ k
O(z) = E cp T,
k=0

where ¢, satisfy the following recursive formula
o /f(/f—l—l)—)\ec
T k) kr )

Note that if Ay is an integer of the form n(n+ 1) for n=0,1,2,---, then one solution to (6.23)
is a polynomial of order n. This polynomial is called the LEGENDRE polynomial of order n
after the French mathematician A.M. LEGENDRE, and is denoted by P,(z). A closed form
representation of this polynomial is given by the O. RODRIGUES formula

_ (_1)n d" _ 2\n
Pulw) =g (1= a?)". (6.24)

The following table shows P,(z) for n=0, -, 6.

n P,(z)

0 1

1 T

1
2 15(3332 —1)
2

3 52(5z* = 3)

4 (3521 — 3022 4 3)

5 (632" — 7022+ 15)

6 | 15(2312° — 31521 + 10522 — 5)

Table 6.1.

It turns out that if \g#£mn(n+ 1), the infinite series solution blows up at x =41. Therefore,,
to keep the solutions bounded, we assume \p=n(n+ 1), where n is a non-negative integer.
Consequently, ©,,(6) = P,(cosf) for n > 0. Note that P,(cosf) for n=0,1, ..., are solutions to
(6.21) for \g=n(n+ 1) and therefore they are orthogonal with respect to the weight function
o =sinf

/ﬂPn(cos 6) P(cos ) sin(f) do =0,n #+m. (6.25)

In addition, the set {P,(cos 0)}5g is a basis for smooth functions in 0 € [0, 7]. At the end
of this chapter, we will prove the following proposition for P,(cos ).

Proposition 6.1. The following relations hold for LEGENDRE polynomials P,(cos @)
/ P, (cosB)sin(f) do =0,
0

2
2n+1

| P> = /0 | P,(cos 0)|*sin() df =
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Now, we back to the equation for R. From (6.20), we reach
r?R"+2rR'—n(n+1)R=0,

which is a CAUCHY-EULER equation. The solution set of the above equation is R,(r) =
{r",r="=1} where we ignore term r~"~! for problems defined inside a ball. The reason is that
r~"~!is unbounded at r =0. For the exterior LAPLACE equations (equations defined in the
exterior of a ball), we ignore the term 7" and write R,(r)=r"""'. Therefore, for problems

inside a ball, the solution of (6.19) has the following form
0)= Z U,r™ Py(cos0),
n=0

where U, are determined through the boundary condition and the following inner product

U, = <fn |]|3; TIZG — 27;;;1/ f(8) P,(cos@)sin(0) do.

Example 6.9. Consider the following problem

Au=0
u(1,0,¢9)=1"

Let us write the series solution as follows

u(r,0,¢)= Z Unr™P,(cos ).

n=0
The boundary condition at r =1 gives
1= Z U, P,(cos0),
n=0

and since Fy=1, we derive U, =0 for n > 1 and Uy=1 and thus u =1 is the solution to the
problem. This solution confirms the maximum principle for harmonic functions.

Example 6.10. We solve the following LAPLACE equation

Au=0
u(1,0, ¢) =cos(f)
Since the boundary condition is independent of ¢ then we take u=u(r,#) and write

0)= Z U,r™ P,(cosf).

n=0

Applying the boundary condition results to

> 1 n=1
cosf = U, P,(cost)=U, = ;
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and finally u(r, ) =r cos(0).

6.3.3 Associated LEGENDRE polynomials

Now we relax the restriction that f is axially symmetric. Let us write the separated solution
as u=R(r)Y (0, ¢) and substitute that into (6.18) to obtain

r?R"+2rR’

F—ty A(9¢Y 0, (6.26)

where A 4)Y stands for

A(qub)y = SL@g(stagY) 8¢¢Y (627)

inf n2g

The above equation implies that %A(g’(b)y is a constant. Let us denote this constant again
by Ag. Therefore
Awg, )Y ==Y (6.28)

To solve the above problem, we write Y (6, ¢) =©(0)®(¢) and obtain

smdd (. dO\ 14 . .,
?@(smﬁﬁ) +5W— —Asin®f. (6.29)

This equation implies in turn that — is constant. Let us denote this constant by A,

1d?
D dp?
that is, ®” = —\,®. Notice that ®(¢) must satisfy the periodicity condition
O(—m)=P(m),d'(—7) =P/ ().
Regarding this periodicity condition, we derive the following list of solutions for ®
B(6) € {1, cos(ma), sin(me) 5,
and \,=m?. Substituting this constants into (6.29) gives

d , m?
dQ(Sln(e) &) - sin ()

0= —)\9 sin(Q) O.

Observe that the derived equation is similar to a LEGENDRE equation except the extra term
- (9 ——0. Taking x = cos(f), will transforms the equation into the following one which is called
the associated LEGENDRE equation:

d m?

1— 1-——=60=—-X0. :

dx[( 7?) O] 1—x2@ 9 © (6.30)
The admissible values for Ay are again \g =n(n+ 1), n > 0 to guarantee that the solution
remains bounded at x=—1, 1.

Proposition 6.2. If \y=n(n+1), then the solution of (6.30) are

m

Pym(z)=(1—22)2 P"™(2), m=0,...,n,
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where P"™(2) =-L_p,(z).

T damT M
Proof. Note that we have
(1—2?)P)—22P,=—n(n+1)P,.
Differentiating the above equation m-times leads to the following one

(1—a22) P —22(m+ 1) P = [—n(n+ 1) + m(m+1)] P™. (6.31)

m

Now for the function P, ()= (1 —z2)2 P"™)(z), one needs to show

d d m?
A simple calculation shows
A =)L P | = =B = )P 2 )P 4

m2
Now, by the relation (6.31), we have

(1—a22)™2{(1 =22 P! —2(m+ 1)z P} = [—n(n+ 1) + m(m+1)] Pypm.

This implies in turn

oy L I s Dm0+ (=7 —mmt1) )| Pot
dx doe = "™ 1_ .2 n,m
m2
_[—n(n +1)+ W]P"’
that completes the proof. O

Since P,(z) is a polynomial of order n, P, ,,(x) are zero for m >n. It is evident also that
P, m(1)=0 for all n>0 and P, o(z) = P,.(z).

Proposition 6.3. The function P, ,,(cos®) are orthogonal in the following sense
/ P, m(cosB) Py (cos @) sin(0) df =0, n#m,
0

and each list of the following class
{P.(cosO) }olo, { Pn.1(cos ) }oly, { Pna(cosb) }ra, -,

is a basis for smooth functions f(0) defined for 6 € [0, x].

The figure (6.1), shows the convergence of a series in terms of the functions in { P, o(x) }5_
to the functions f(z)=2% —1<z <1 for N =4,10.
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~1.0 -0.5 ~| .~ 1.0

Figure 6.1.

The table (6.2) shows some associated LEGENDRE functions P, ,,(x).

m n=>0 n=1 n=>2 n=3 n=4

1 0 Vi-22 | 3ay/1-2% | 2\/1-2%(5a®—1) | 2u\/1—2%(72%-3)

2 0 0 3(1 — 2?) 152(1 — 22 21— ) (T2? - 1)

3 0 0 0 15(1 — 22)%/2 1052 (1 — 22)3/2

4 0 0 0 0 105(1 — 22)?
Table 6.2.

Now back to (6.26), the equation for R is
r’R"+2rR’
R
which is a CAUCHY-EULER equation with the solution {r", r="~'}. Solving an equation
inside a ball, we reject the solution r~"~! and keep r", that is, R,(r) = r™. Finally, the
solution u in this case is written in the series form as

—n(n+1)=0,

u(r,0,¢)= Z Z " Py m(cos8) (Anm cos(me) + B sin(ma)).

n=0 m=0
The constants A,,,, B, are determined by the aid of the boundary condition.

Example 6.11. Let us solve the equation in the exterior of the unit ball

Au=0
u(1,0,¢)=sin(¢p)
According to the boundary condition, we write the solution in the series form as

u= Z U,r™" 1P, 1(cosh) sing.

n=1

Applying the boundary condition, we obtain

sing = Z U, P, 1(cosh) sing,

n=1
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and thus
1= Z U, P, 1(cost).

n=1
The above equation determines constants U,, as

1 4 1 1
U,=+——= P, f)sin(0) df = ———— P, dx.
||Pn7lu2/o a(cost) sin(6) HPmrP/_l @) de

6.3.4 Eigenvalue problem

In order to solve linear problems in a ball or on a sphere, one needs to solve the following
eigenvalue problem

Au=—A\u
u(a,0,¢)=0"

The separation of variable u(r, 0, ¢) = R(r) Y (0, ¢) leads to the eigenvalue problem

1d 1
R dr Y
Thus %,A((;@)Y is Ag=n(n+1) (otherwise the solution goes unbounded), and hence

(7"2 R/) + A(97¢)Y =\’ (633)

,,n2 R//+2TR/+ ()\TZ—n(n—i— 1))R:0 (634)

The equation (6.34) is called the spherical BESSEL equation (because of the term n(n + 1)
instead of n? and 2r instead of 7). Since A > 0, and we take 7 = /A r to transform (6.34)
into the following standard form

2*y" 4+ 2xy’ + (2 —n(n+1))y=0. (6.35)

The bounded solution to the above equation is called j-spherical BESSEL functions and is
denoted by j,(x).

Proposition 6.4. The function j,(x)= /5= J,  1(x) is the bounded solution to the equation
2
(6.35).

The proof is left as an exercise to the reader. Applying the zero boundary condition,
determines \ as

jn(ﬁa):0=>>\np=T

We denote the zeroth of j,(z) by (., that is, j,.((.p) =0. It is simply seen (and it is left a
an exercise to the reader again) that the following orthogonality condition holds for spherical
BESSEL functions

/ jnp(r) jnq(r) r?dr=0, PFq,
0

where j,,(r) stands for the functions j,((.,r /a). The table (6.3) shows the zeros of the
function j,(z).
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p Cop Cip G2p C3p

1 3.1415 4.4934 6.7635 6.9880
2 6.2832 7.7252 9.0950 10.4171
3 9.4248 10.9041 12.3230 13.6980
4 12.5664 14.0662 15.5146 16.9236
5 15.7080 17.2208 18.6890 20.1218
6 18.8496 20.3713 21.8539 23.3042
7 21.9911 23.5195 25.0129 26.4768
8 25.1327 26.6661 28.1678 29.6426
9 28.2743 29.8116 31.3204 32.8037
10 31.4159 32.9564 34.4705 35.9614

Table 6.3.

The above discussion implies that the eigenfunctions of A on a ball are:

Crmp(1, 0, &) € { Jnp(1) P im(cos8)cos(me), Jup(1) P m(cosd)sin(me)}.
In addition, we have (©,mp, ©nmpr) =0 if at least one of indices are not equal. Note also that

C 2
np
AQpnmp - _? Pnmps

(6.36)

and in particular for m =0 we have

G

A{jnp(r) Po(cos )} = ?]np(r) P,(cos0).

Remark 6.5. The above discussion gives also the eigenvalues and eigenfunctions of A 4)
on S2. In fact, the solution to the problem
Awp,p)Y ==Y,
are
Y m(0, @) €{ P m(cosb) cos(me), Py, m(cosh) sin(me) }.

Notice that S? has no boundary, and thus A ) is symmetric operator on C'*(S?). Further-
more, if f(0, ) is a smooth function defined on S? one can represent it as a series in terms
of functions in Y,,,,(0, ¢). The appropriate inner product between two functions f(#, ¢) and

9(0, ¢) is

(6.37)

(. ) :/_T;Awf(r,@) o(r,0) sindd0do.

6.3.5 Linear problems on the shell

Let us solve the POISSON equation Au = f(, ¢) on the shell of a ball. Since the solution
should be 27-periodic with respect to ¢, the solution should satisfied the following conditions

u(@, —m)=u(f,m),0s(0, —m) = 0p(0, 7).
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But, according to the divergence theorem, we have

//Au:j[ Vu-ndA=0,
S bnd(S)

(since bnd(S)=0) and thus the equation Au= (6, ¢) has a solution only if

//Sf(é’,gb) dA=0.

Example 6.12. Let us solve the equation Au= ¢ on the unit sphere. Since the function ¢
is odd in (—7,7), we write the solution as

[e.e] n

u(d, ¢) = Z Z Unim Py m(cos) sin(me).

n=1 m=1
Substituting this into the equation and using the relation
A9,6){ Pn,m(cost) sin(meo)} = —n(n + 1) P, m(cos 0) sin(me),

we obtain
n

i —n(n+ 1)Upm Py, m(cos 0) sin(meo) = ¢.

n=1 m=1
The above equation determines U, as

—1 ™ ™ . '
TP, Fmteosd)sin(m) sn(@)adis =

m(nﬁ)lupn,mnz(/_ll Punta)i )( [ osinond)ao )=

et [ Pt )

Example 6.13. Let us solve the following heat problem on the unit sphere

O = A g, yu — cos(0)
u(0,0, ¢) =sin(0) '

Unm -

We first solve the POISSON equation Awu = cosf on the sphere. The solution is independent
of ¢ and thus we write

u(l, ¢) = i Uy, P,(cosf).
n=0

Substitution into the POISSON equation gives

A, pyu= Z —n(n+ 1)U, P,(cosf) =cos(0).

n=0
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Hence n=1 and U, = =" and consequently u(0, ¢) = —é cos(). Now, we write the solution
to the original equatlon as

u(t, 8, )= —% cos(f) +w(t, 0, ¢),
where w satisfies the homogeneous heat problem

8tw = A(g@)w
w(0,8, ¢) =sin(f) + % cos(f)

We represent the solution as the series

w(t,d, o) Z W,.(t) P,(cosh).
The equation for W,,(t) is W,/ = —n(n + 1), and therefore

u(t,d, o) = Z W,e (4Dt P (cos ).

n=1

Applying the initial condition gives

sin(f) + % cos(f) = Z W, P,(cos®).

This implies Wi:%, W,=0for n=2k+1, k=0,1,2,---. For n even, we have

1
W, = ||P||2/ \/1—93 dx.

Finally, we write the solution as

u(t,r,0)= —% cos(f) + % cos(6) e % + Z Wye "+ D P (cos6).

Example 6.14. We solve the following wave problem on a unit sphere

0ttu—c A( )
(0,97425):0

0yu(0.0, ) = cos(0) sin(26)

According to the initial condition, we write the solution as
u(t, 6, ¢) Z Un(t) P, 2(cosf) sin(2¢).

Substituting the series into the equation gives

[e.9]

Z U, (t) Py 2(cos 0) sin(2¢) = Z —c?n(n+1)U,(t) Py 2(cos 0) sin(2¢).

n=2
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Hence the following equation holds for U,,(t)
UY(t)=—c*n(n+1)Uy,(t).
Thus v has the series form

u(t,0,¢)= [A cos(cv/ A, t) + By sin(cy/A, )] Py 2(cos 0) sin(2¢).

n=

To determine A, B, we use the initial data. It is simply seen that A, =0 and

cos(f) = Z eV By, Py o(cos ),
n=2

that gives

1 1
B,=——= | xP,sz)dx
HRMW/¥ 2(®)

6.3.6 Linear Problems on a solid ball

Example 6.15. Let us solve the following POISSON equation on a unit ball

{ Au=cos(f)
u(1,0,¢)=

Note that the forcing term is independent of ¢. Since P, (cosf)=cos(0), we write the solution
as the series

u(r,d, o) ZUpjlp cos(6).
Regarding the relation
A( jlp(r) COS 9) - _C%pjlp(r) COS(@),

we obtain

COS(Q)Z —CupUp J1p(r) =cos(6).

Constants U, are determined by the formula
~1 1
_ ; 2
o= Gl fy P07

An alternative method is to write the solution as u(r,0, ¢) =U(r) cos(#) and substitute that
into the equation to obtain

r2U" +2rU' —2U =r2.

The above CAUCHY-EULER equation is solved for U(r)= Ar + irz. The boundary condition
u(1,0,¢) =0 implies A= —% and finally

u(r,0,¢)= ir(r — 1) cos(0).
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The series solution of the equation is just the series form of the later closed form solution.

Example 6.16. Let us solve the following heat problem

Ou=Au—e?
u(t, 1,0, ¢)=cos(0) .
u(0,7,6,0)=0

Since the boundary condition is nonzero, we write the solution as

u(t,r,0,¢)=v(r,0,¢)+w(t,r,0,9¢).

The equation for v is the following LAPLACE equation

{ Av=0
v(1,0, ¢)=cos(f) ’

with the solution v =7 cos(#). The equation for w is

Ow=Aw—et

w(t7 ]‘79’ ¢) =
w(0,7,0, ¢) =—rcos(f)

Note that the initial condition for w is independent of ¢ and also the forcing term is inde-
pendent of ¢ and 6. According to this information, we write the solution as the series in
terms of {ji,(r)Pi(cosf)} as

w(t,r,0,9) :Z Wy (t) j1p(1) cos(8).
p=1
Remember that P;(cos#l) = cos(#). Substituting w into the equation gives

S Wy () j1y(r) cos(d Z G Wy(t) () cos(6) — e~

p=1

In order to merge summations and find the desired equation for 1), we have to expand the
source term e in terms of eigenfunctions {ji,(r) Pi(cosf)}. But this is impossible because
the source term is independent of 6. For this, we split the equation of w into two sub-
problems

ow=Aw—et ow =Aw
(@4 w(t.1,0.6)=0 + B w(t.1,0,6)=0 |
W(O,T,9,¢):O w(07T797¢>:_TCOS<9)

The solution to the sub-problem (b) is derived as

wy(t,r,0, ) Z W,e™ it Jip(r)cos(6),
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where W, are determined as
-1 [t ‘
V[/ZD — —||]1p||2/(; ]lp(r> 7"3 dT.

To solve the sub-problem (a), we expand the source terms as

e t= e‘tz R, jop(T),
p=1

where
1 L )
Rp:—HjO 7/, Jop(r) r2dr.

We write the solution to (a) as :

S Ry —t ~GBptY 4

Wa(t7rue7¢)zz C2 _1<€ —€ i )jOp(T)'

p=1 0P

Finally, the solution is
u(t,r,0,¢)=rcos(d)+ Z §2Ri 1 (et— e_cgpt) Jop(T) + Z %e_C%Ptjlp(r)cos(Q).
p=1 Op p=1

Example 6.17. Let us solve the following wave equation in a unit solid ball

O = Au — 107rcos(0)
uw(0,7,0, ) =7r(r*—1)cos(f), du(0,r,0, ) =sin(f)sin(¢)

Write the solution as
u(t7 r? 9? ¢) :,U(T7 07 ¢) _I_ w(t7 r? 07 ¢)7
where v satisfies the POISSON equation

Av=10r cos(0)
v(1,0,6)=0

If we write v="V(r) cos#, then V (r) satisfies the ordinary equation

V"4 2rV' =2V =10r3
V(1)=0,V(0): bounded

This is a CAUCHY-EULER equation and is solved for V (r) = %r(ﬂ —1). Therefore, we obtain

where w satisfies the equation

&gtw:Aw
w(1,0,¢)=0 :
w(0,7,6, ) =0,0aw(0,7,0, ¢) =sin(0)sin(¢)
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Note that P/(cosfl)=sinf and thus the solution of the above equation is written in the series
form as

w(t,r,0, ) Z Wy(t) j1p(r) Pra(cosd) sin(¢),

where W,(t) satisfies the equation W= —(7,W,. Since WW,(0) =0, the solution W (¢) is
Wy(t) = Bpsin((ipt).
Therefore, w is

w(t,r,0,¢)= Z B, sin(Cipt) jip(r) Pri(cosf) sin( o),

p=1

where constants 5, satisfy the relation

1= Z Cip By Jip(r),
p=1

1 1
B=— - / i,(r) T2 dr.
=Tl y D)

Finally, the series solution to the problem is the series

and

u(t,r,0,¢)=r(r*—1)cos(d +Z B, sin(Cipt) jip(r) sin(f) sin(¢).

Problems

Problem 6.27. Show that P;"(x) are orthogonal in the following sense
a)
1
/ Pn,m(x) Pn/,m(x) dx =0, TL#TL/.
~1
b)

1
.LlﬁPmm(x) Py om(x)de=0, m+#m'

Problem 6.28. Find series of the following functions in terms of LEGENDRE polynomials {P,(x)} for
€[—1,1] and draw the first 5 terms of each series.

) )= T
b) f(x)=sin(rz)

Problem 6.29. Write the series representation of the following functions in terms of functions in the
list {P}(z)} for —1 <z <1. Draw each series for first 5 terms.

a) f(z)=1-2?
b) fl(x)=a?
Problem 6.30. Repeat the above problem in terms of { P, a2(x)}.

Problem 6.31. Solve the LAPLACE equation Au =0 inside the unit ball with the following boundary
conditions

a) u(1,0,¢)=3cos?) —1
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b) u(1,0,¢)=0+1
c) u(1,0, ¢)=sin(3¢) + cos(26)

Problem 6.32. Solve the LAPLACE equation Au =0 in the exterior of the unit ball with the following
boundary conditions

a) u(l,6, ¢)= P,(cosd)
b) u(1,0,¢)=¢

Problem 6.33. Solve the LAPLACE equation Au =0 defined on the space 1 <7 <2 in R? (the space
between two sphere r =1, r =2) with the following boundary condition:

a) wu(l,0,0)=-1, wu(2,0,¢)=1.
b) u(1,6,¢)=sin(¢), w(2,0,p)=sin(e).

Problem 6.34. Solve the following LAPLACE equation inside the unit ball

Au=0
u(1,0, ¢) =sin(¢) -
Use a calculator to find the coefficients of first 4 terms.

Problem 6.35. Verify that the spherical BESSEL functions j,(x) =, /%Jn+1/2(m) satisfies the spherical
BESSEL equation

a?y" +2zy’ + (2 = n(n+ 1))y =0,
where J,,(x) is the solution to the BESSEL equation
22 y" +zy’ + (22 —n?)y=0.

Problem 6.36. Write the series representation of the following functions in terms of { jo,(7)} in 0<r <1
and plot each

a) f(r)=1
b) f(r)=r
c) f(r)=r2

Problem 6.37. Repeat the above problem for functions in the list {j1,(r)}.

Problem 6.38. Solve the POISSON equation A g 4)u=0 on the surface of the unit ball. Use a calculator
to determine the coefficients of the first 4 terms.

Problem 6.39. Solve the POISSON equation A, 4yu =sin?¢ on the surface of the unit ball.

Problem 6.40. Explain why the eigenfunction expansion method does not work for the POISSON
equation Ay gyu=1 defined on the surface of the unit ball. Is there a unique solution to the problem?

Problem 6.41. Solve the following heat problem on the surface of the unit ball

Oru= Ag,p)u — Py(cost)

u(0,0,4)=0 ’
where k> 1 is a fixed integer. Draw the temperature of the circle (1,7 /4, ¢) in time for n=2.
Problem 6.42. Solve the following heat problem on the surface of the unit ball

{ atu = A(97¢)u

(0,0, ¢) = Py(cosh) ’
where n > 0.
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Problem 6.43. Solve the following wave problem on the surface of the unit sphere
Gttu = A(9,¢)u
U(O, 97 ¢) :07 8tu(07 97 ¢) = .f(oa QS) .

Plot the solution at § =7 /4, if f(#, ¢)=0.1cosf in terms of time ¢.

Problem 6.44. Even though the DIRAC delta §(z) is not a function in usual sense, let us write a
symbolic series of §(x) in terms of P,(x) as

0(z) = Z D,, P,(x).
n=0

The coefficients D,, are determined by the aid of inner product as

P,(0) 2n+1
=l =212 P (0).
P2
a) Plot the series of §(z) for 30 terms in the interval (—1,1).

b) Solve the following equation on the surface of the unit ball

{ Op=Ag gyt — 5(t—1)6(6 — 7 /2)

U(O, 97 QS) :atu(oa 97 ¢) :0

Problem 6.45. Consider the following POISSON equation inside the unit ball

Au=1
u(1,0,6)=0"

a) Find a series solution to the problem.
b) Find the solution in closed form.
Problem 6.46. Consider the following POISSON equation inside the unit ball
Au= P,(cosf)
u(1,0,¢)=0
a) Find a series solution to the problem.
b) Find the solution in closed form.
Problem 6.47. Solve the following POISSON equation inside the unit ball

Au=¢
u(1,0,¢)=14+cos(0)

Problem 6.48. Solve the following heat equation inside the unit ball
O = Au — cos(0)
ult, 1,6, ) =2 cos(0)

u(0,7,0, ¢)= %2 cos(f)

and find first 3 terms of the transient solution.
Problem 6.49. Solve the following heat problem inside the unit ball
Oyu =k Au — Pj(cos 0) sin(¢)

U(t,1,9,¢):0 ’
u(O,r,O, ¢):0
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and draw few terms of the series solution at the point r =0.5,0 =7 /2, =7 /2 with respect to time ¢
for £=10.001.

Problem 6.50. (10 points) Let € denote the space between the spheres r =1 and r =2.
a) Solve the LAPLACE equation Au=0 in Q with the boundary conditions
u(1,0,¢) =14+ cos(0),u(2,0, d) =2+ 2cos(0)
b) Use P#(cosfl) and find a closed form solution to the following POISSON equation

Au =187 sin0 sin(2¢)
u(1,0, ) =1+ cos(0)
u(2,6, ¢) =2+ 2cos(d)

Problem 6.51. Solve the following heat problem inside the unit ball

Dyu=0.001Au — 6(t — 1) P} (cos ) sin( )
u(t,l,@,(b):O )
U(O7T797 ¢):0

and draw few terms of the series solution at the point »=0.5,0 =7 /2,9 =7 /2 with respect to time ¢.

Problem 6.52. Solve the following damped wave equation inside the unit ball

Opu+20u=c?Au
U(t,1,9,¢):0 :
U(O,T, 95 QS) = 07 atu(oa T, 97 ¢) = QS

Assume that & >0 is small enough and the system is in the under-damped mode.

Problem 6.53. Solve the following wave problem inside the unit ball
Opu=c>Auy—e?
u(t,1,0,9)=0
U(O,T, 07 (b) =T

Problem 6.54. Let D be the following section of the unit ball:

D:{(T,@,¢),0<T<1,0§9§7T,0§¢§%}.

Solve the following heat equation on D:

Oiu= Au
u(t,r,0,0)=u(t,r,0,7/2)=0
u(t, 1,0, ¢) =cos(#) sin(2¢)
u(0,7,6,¢)=0

6.4 LEGENDRE polynomials

The force field generated by a mass m in R? is
mG

==z

|2

=y
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where e, is the unit vector in the direction of r, the line connecting a point (x,y, z) to the
location of m. P. S. LAPLACE observed that the above force field is the gradient of a scalar
function which is equal to

G
vo-58.

and moreover, V satisfies the equation AV = 0 if r # 0. The British Mathematician G.
GREEN was the first person who called V' a potential function for f For this reason, the
LAPLACE equation is sometimes called a potential equation. The French mathematician, J.
LEGENDRE gave a series representation of the potential generated by a mass which is located

at the point (0,0, R); see Fig.6.2.

Figure 6.2.

The potential (assuming m =1 and omitting the constant () is equal to

ol 1
Irl \/R?4s2—2sRcos(6)

Substituting p=— and x = cos(f), we reach

1 1

E\/H—pQ—pr'

Let us write the series of the right hand side of V' (p) in terms of p as follows (omitting %)

V:

1 o0
= P.(x) p", 6.38
V14 p2=2px 7;) (©)p (6.38)

for some functions P,(z). From (6.38) it is immediately obtained that P, is of the following
form
1 oo

=gt 2px) ) p=0.

P(z)




6.4 LEGENDRE POLYNOMIALS 35

On the other hand, it turns out that P,(z) satisfies a differential equation called the

LEGENDRE equation. In fact, since V is a potential, we have AV = 0 or equivalently
A(P,(cosf)p™) =0. We have

n(n+1) s"Td

A(Py(cost) p) = =5 sn—2Pn(cos9)+RnTn<9) (50 Po(cos ) = 0.

Simplifying the above relation gives the following equation:

1 d
n(n+1) P, <y (@) de(sm@P) 0.
For x =cosf, the above equation reads
d o APy, B
%((l—x ) . )+n(n+1)Pn—O. (6.39)

From (6.38) we have

1 Z P2 p2n+ Z P P (x) pn—i-m7

and then
1 00 1
dx 2/ 2
S — [ Pix)dx
/_11+p2—2px ;p 1 (@)
But
1
dx p+1
/_11+p2—2px P ' ' ZQn—l—lp

and we obtain

/_1Pn(x) dz = SRSIE

Again, from (6.38) we obtain for x =1

1 1 N
V14 p2—2p _1—0_;:0p’

and thus P,(1)=1 for all n>0. For x=—1 we have

1 1
Vi+p+2p 14p ,;)( )

and therefore P,(—1)=(—1)". Also changing p to —p gives

1 [e.e]
P.(x)(—=p)"= P,(—
; (@) (=) V1+p2+2p2 \/1+p —2p —) Z

n=0

Therefore P,(—z) = (—1)" P,(z). The list {P,(x)}3>, is an orthogonal basis for smooth
functions in [—1, 1]. Therefore if f(x), x € [—1,1] is a smooth function, it can be represented

by the series
)~ Z fo Pu()
n=0
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where the coefficients f,, are calculated by the aid of inner product as

2n
fn:

-l /_ 11 (@) Po(x) da (6.40)

It is simply seen that the above series can be written in an integral form. In fact, we have

f@yVE:(?”;1/;f@)ﬂxwdy)Rxw=iziﬂw<§:ZQ;ERJ@FMw>dy
and if we denote the kernel K(x,y) as
K(r,y) =3 2P () Paly), (6.41)

then the function f(z) can be represented as the integral

f@~[}@@ﬂw@. (6.42)
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