Chapter 5
2D Linear Second-Order Equations

In this chapter, we delve into the realm of linear partial differential equations in 2D domains.
Our focus lies on rectangular and disk-shaped domains, as they provide us with the opportu-
nity to employ the spatial variable separation technique. Within this framework, we explore
a range of partial differential equations, namely: 1) Laplace equations, 2) Poisson equations,
3) heat equations, and 4) wave equations.

Let 2 be an open bounded set in R? with a smooth or piecewise smooth boundary bnd((2).
We begin by considering the Laplace equation, which takes the general form Au(z,y)=0 for
all (x, y)€Q. This equation is defined for all smooth functions u that satisfy a prescribed
boundary condition, typically of the form au+6% =~ on the boundary bnd(2). Here, «, 3,
and 7 are constants.

The Laplace equation is a special case of the Poisson equation, which has the general form
—Au=f, where f is a function that is independent of u and depends only on the spatial
variables (z, ). In this equation, we seek a solution u that satisfies the prescribed boundary
conditions.

Moving on, we explore the steady state of a heat equation, which has the form u
t=kAu+ f. Here, u; represents the partial derivative of u with respect to time, k is a constant
representing thermal diffusivity, Aw is the Laplacian of u, and f represents an external source
of heat.

Finally, we consider the wave equation or damped wave equation, given by
wuy +2&u; =c?Au+ f. In this equation, u, represents the second partial derivative of u
with respect to time, £ is a non-negative constant known as the damping factor, ¢ rep-
resents the wave speed, Au is the Laplacian of u, and f represents an external forcing term.

Throughout this chapter, we aim to study the properties of these equations, investigate
their solutions, and understand their physical interpretations in the context of 2D domains.

5.1 Overview of the eigenfunction expansion method

The eigenfunction expansion method for problems defined on bounded domains in the plane
R? is an extension of the approach used for 1D problems on bounded domains in R. To
demonstrate this method, let’s consider the heat problem:

uy=kAu+h onQ,t>0

au+ =0 onbnd(Q),t>0"
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where () is a bounded domain in R?* with a piecewise smooth boundary bnd(2), and 7 is

a heat source term on (). Here, 88 represents the directional derivative along the outward

normal vector n on the boundary of (2. To solve this problem, we first form the associated
eigenvalue problem:

{A¢:—A¢ on 51)

ozng—ﬁ%:O onbnd(Q)
In this problem, A is referred to as the eigenvalue, and ¢ represents the corresponding
eigenfunction. The following theorem describes the properties of the eigenvalue problem:
Theorem 5.1. The eigenvalue problem possesses the following properties:
a) all eigenvalues are real, and they increases positively unbounded.

b) Eigenfunctions associated with different eigenvalues are orthogonal in the following
sense:

(Gs Srrmr) 1= / G dS =0,

if (n,m)#(n',m’), where dS is the differential area in Q.

c) The set of eigenfunctions {¢,.m} is an orthogonal basis for smooth functions defined
m §2. In other words, a continuously differentiable function f defined on €2 can be

represented as:
=3 Wj;ﬁ; b

Problem 5.1. Prove that if S0 in the eigenvalue problem (5.1), the eigenvalues are greater than or
equal to % If 3=0, then all eigenvalues are strictly positive.

Problem 5.2. Let ¢y, and ¢y, be eigenfunctions associated with Ay, 1, # A7 . Show the following
orthogonality property

(Gn,m> nrm?) == /Aqsn_m Grr s dS =0.

Hint:To prove, write down

Astnnz: —>\n.m ¢n,m
A¢n’,m’ - —An’,m’ ¢n’,m’ '

Multiply the first equation and integrate over {2:

//A¢n.m¢n/,m/dS:—An,m/ ¢n.m¢n/,m/ds
Q Q

Show that A is symmetric over functions satisfying the given boundary condition, i.e.,

//QM’”” Onr,m/dS = //S2A¢n’,m’ G dS

Since the set of eigenfunctions { ¢, ,,} forms a basis for continuously differentiable func-
tions on {2, we can express the desired solution to the given heat problem as the series:

u=>" Unm(t) dnm, (5.2)

n,m
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where U, ,,(t) are undetermined coefficient functions that need to be determined to ensure
that the series is a valid solution to the given problem. Substituting this series into the heat
equation yields:

Z U’r; m ¢TL m x y Z kUTL m ¢7’L TTL('I y)] + h

n,m n,m

Using the equality A[¢y, 1] = —Niim @n.m, We arrive at the following equation:

Z [U/Lm(t) + k)\n,m Un,m(t)] (bn,m(xa y) =h.

n,m

To proceed and determine U, ,,, we express the source term A in terms of the eigenfunction
basis {¢n.m} as well:

h= Z Hn,m(t) ¢n,m>

n,m

where the coefficients H,, ,,,(t) are determined by the inner production as:

h, ¢n.m)
(B bum)

T [ énmll?
Substituting this into the series equation leads to the following ordinary differential equation
for U, m(1):

U/L,m + k)\n,m Un,m - Hn7m<t)

The solution to this equation determines U, ,,(t) and consequently, the solution u(z, y, t)
in the series form (5.2). It is important to note that this method provides us with a series
solution to the problem, and in most cases, this will be an infinite series similar to the 1D
problems studied in the previous chapter.

In particular, if the heat equation is homogeneous (A is identically zero), the coefficient
functions U, ,,, will be exponential functions:

Un7m<t> = Cmm e_k)\n’mt7

which leads to the general series solution for the homogeneous heat equation:

U= Z On,m e_k)\n’mt (Z)n,m(p)a

n,m

where p € (2, and C), ,, are constants that can be determined through the initial condition
u(p,0)= f. The series solution must converge to the given initial condition as ¢ — 0, which
results in:

fzz On,m ¢7L,m(p)-

n,m

Then, the constants C,, ,,, for the homogeneous equation (h=0) can be determined as:

<f7 ¢n7m>
Chom= .
T fnmll?
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The outlined method for solving the heat equation can be extended to homogeneous or
non-homogeneous general second-order partial differential equations. Consider the following
equation:

a(t)utt+b(t) Ut:kAU+h on ()
au+ﬁ%:0 onbnd(Q)
This equation is general enough to encompass heat, wave, damped wave, and Poisson equa-

tions. To find the solution, we represent the desired solution u as a series in terms of the
eigenfunctions { ¢, ,}:

U= Z Umm(t) (bn,ma

where U, ,,(t) are to be determined to satisfy the given partial differential equation. By
substituting the series into the equation, we obtain:

D [a(t) Ul n() 4 5(8) U () + A U (8)] G = .

Expanding the source term A in terms of the basis { ¢, }, we arrive at the following equation
for U, m:

a(t) Uy () +0(t) Up i (t) + Ny oin Unoin () = Hip (1)
where H,, ,,(t) represents the coefficients of the expansion of h in terms of { ¢, ,,}:

h= Z Hn,m(t) ¢n,m-

Solving this resulting second-order ordinary differential equation provides the general series
solution for the given partial differential equation.

5.2 Rectangular domains and Cartesian coordinate

5.2.1 Eigenfunctions of A in rectangles

We will now apply the outlined method to solve the eigenvalue problem in the Cartesian
coordinate system (z, y), where €) is a rectangular domain defined as €: (o, 1) X (Yo, Y1)
The eigenvalue problem can be stated as follows:

A¢(x7 y) = _)‘¢<x7 y) on {2
ap+pB2=0 on bnd(Q)

The rectangular geometry of the domain allows us to use the method of separation of vari-
ables. We assume that the eigenfunction ¢(z, y) can be expressed as the product of two
separate functions, X (z) and Y (y), i.e., ¢(z, y)=X(2)Y (y). Substituting this into the
eigenvalue problem, we obtain the following equation:

X// Y//

Xty



5.2 RECTANGULAR DOMAINS AND CARTESIAN COORDINATE 5

It is evident that this equation holds only if % and 3;/;(;)) are constants. Let us denote
);;E:)) = —n and 1;’;(;)) = —u. We proceed to determine the associated boundary conditions

for the functions X (z) and Y (y).
The general boundary condition agp+ (3 % =0, where n is the unit normal vector on the
boundary of 2, leads to the following boundary conditions for X (x):

{ a1 X (wg) — 1 X'(w0) =0
OéQX($1) + 52 X’(.Tl) =0

Similarly, for Y (y), the boundary conditions are given by:

{ asY (yo) — BsY"(yo) =0
Y (y1) + BaY (1) =0"

In these equations, the values of o and (3 depend on the specific problem and the boundary
conditions imposed on (2. Note that we also made use of the following relations:

0X 0X
= —X"(20)

871 T=x( ’ (971

= X/(x1)7

r=x1

and similar ones for Y. The figure below depicts these relations:

F S y
: Y v
=Y
()X_ / O_X /
=X o =X
Q0
Ny
on T
>

By applying the separation of variables technique, we can split the original eigenvalue
problem for the Laplacian operator A into two separate eigenvalue problems: For the X (z)
function:

X"=—nX
a1 X (zo) — 1 X'(x0) =
ap X (1) + B2 X' (1)

Y

0
0

and for the Y (y) function:

Y'=—puy
azY (yo) — B3Y (o) =0 .
asY (y1) + 1Y (1) =0

Consequently, the original eigenvalue A can be determined by the relation A=7+ u, which
arises from the separation of variables approach.
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Example 5.1. Below are the eigenfunctions and eigenvalues of the Laplace operator A for
some well-known boundary conditions on the domain Q: (0,a) x (0,b):

a)

Dirichlet boundary condition:

¢(Oa y) - ¢(aa y) - QS(I’O) = ¢($,b) =0

Eigenfunctions:
O, y) =sin( o )sin( 2y ).
Eigenvalues:
2 2
_n o m= o
>\n7m— ?TF +?7T

forn=1,2,---, m=1,2,---.

Neumann boundary condition:

92(0,y) = ¢a(a, y) = dy(z,0) = ¢y(z,b) =0.

Eigenfunctions:
Ol y) =cos(“a ) cos( 0y )
Eigenvalues:
2 2
_nt o M
)‘mm—?ﬂ' +Wﬂ- ,

forn=0,1,2,---, m=0,1,2,---.

Dirichlet in z-direction, and Neumann in y-direction

¢(O> y) = (b(aa y) = ¢y($, O) = ¢y($, b) =0.

Eigenfunctions:
On.m(T,y)= sin(%x) cos(% )
Eigenvalues:
2 2
L S L
)\n7m = ﬁﬂ' + ?ﬂ s

forn=1,2,---, m=0,1,2, -
Neumann in z-direction and Dirichlet in z-direction:

9251*(07 y) = ¢x(a7 y) = gz5($, 0) = gz5($, b) =0.

Eigenfunctions:
On.m(T,y)= cos(%x) sin(%y).
Eigenvalues:
2 2
_ N o M7
)\n m = —27T + Wﬂ- 3

forn=0,1,2,---, m=1,2,---.
Mixed in x and y-directions

¢<07 y) = ¢m(a7 y) = ¢<x7 O) = ¢y<x7 b) =0.

G, y) = sin(—(2n2_a1)7rx) sin(—(2m2; 1)7Ty).

Eigenfunctions:
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Eigenvalues: , ,
N = (2n—1) 224 (2m —1) 2

4a? 4h?

forn=1,2,---,m=1,2,---.
f) Mixed in x and y-directions:

¢$(07 y) = ¢<a7 y) = ¢y('r7 0) = ¢($, b) =0.

Sum(z, ) = cos(Wx) COS(W@/).

(2n —1)? (2m —1)?
W T T

Eigenfunctions:

Eigenvalues:

An,m:
forn=1,2,---, m=1,2,---.

Example 5.2. Consider a smooth function f(z,y) defined on (0,1) x (0,1). Let’s fix y for
the function f(z,y) and consider f as a pure function of z. We can express this function
using the basis {sin(nmz)} for n=1,2,--- as:

Fen) =3 Euly) sin(nr),
where F,(y) is given by: =t

Fn(y):2/0 f(z,y)sin(nrx) dz.

Each function F,,(y) can be represented in the basis {sin(mmy)} for m=1,2, - as:

F.(y)= Z Cp,m SIN(M7Y),
m=1

where ¢, ,, is:

1
Crom = 2/ F,(y) sin(mmy) dy.
0

Substituting the series for F,,(y) into the series for f(z,y), we obtain:

flz,y) :Z Z Cp.m SIN(mmy) sin(nmx).
n=1 m=1
It is important to note that the set {sin(nmx)sin(mmy)} for n=1,2,--- and m=1,2,--- forms
an orthogonal basis for functions defined on the rectangle Q2=(0, 1) x (0, 1). Additionally,
the functions in this set satisfy the homogeneous Dirichlet boundary condition on bnd(2).
As a numerical example, let’s consider f(z,y)=xy defined on the rectangle (0, 1) x (0,
1). The series representation of the function in the basis {sin(nmz)sin(mny)} is:

oo

B 4(—=1)ntm .
Ty = n;1 Wsm(mﬂy) sin(nmx).

To observe the convergence of the double series to f(z, y) for (z, y) in the open rectangle,

let’s consider the point x = %, Y= % The figure below depicts the convergence of the series
in terms of the number of iterations:
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As we observe, the double series converges to the true value very slowly. The reason for
this becomes apparent. If we represent the function as a single series:

N 2D
xy—nz::l - ysin(nnz),

then the convergence at y :% requires fewer summations. The single series converges with
an error of less than 0.0033 after 50 summations. Achieving the same accuracy for each
function F'_ n(y) zﬁy requires a similar number of iterations. Consequently, the double
summation needs a significantly larger number of iterations to provide the same level of

convergence accuracy.

Exercise 5.1. Let Q be the square (—m, 7) x (—g, g) in the zy-plane. Find the eigenvalues and

eigenfunctions of the eigenvalue problem A¢ = —\¢ subject to the following eigenvalue problem:

(=, y)=o(m,y)
(bﬂc(_ﬂ—v y) = ¢JE(7T7 y)
dy(x,—5) = dy(x,3)

Use these eigenfunctions to represent the function f(z,y)=ysin(2z) defined on 2. What is the geometry
of the domain with the given boundary conditions of the eigenfunctions ¢, ,,?

Exercise 5.2. Let Q be the unit square (—1,1) x (0, 1).

a) Find the eigenfunctions and eigenvalues of the eigenvalue problem A¢ = —A\¢ on € with the
following boundary conditions

b) Show that these eigenfunctions are orthogonal with respect to the weight function o = 1. Use
these eigenfunctions to approximate the function f(z, y) = z sin(ry). How many terms do you
need to use to obtain an approximation with accuracy of 10737

Exercise 5.3. Let  be the square (0, m) x (0, 7). Find the eigenfunctions and eigenvalues of the
eigenvalue problem A¢ = —\¢ satisfying the following boundary conditions

{ uw(0,y)=0,u(l,y) +uy(l,y)=0
w(z,0)=uy(x,1)=0 '
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Here you may need to find the roots of the trigonometric function sin(z) + z cos(z). Use an online
application to determine a few roots of the function.

5.2.2 Heat, wave and Poisson equations on rectangles

In this section, we will utilize the eigenfunction expansion method to express the solution
of heat, wave, and Poisson equations as series expansions using the eigenfunctions of the
operator A, subject to specific boundary conditions on rectangular domains. To illustrate
this method, we will solve several examples and provide detailed explanations.

Poisson’s equation

The solution to Poisson’s equation —Au= f defined on the rectangle (g, 1) X (y1, y2) in the
xy-plane can be expressed as a series in terms of the eigenfunction basis { ¢, ,.(z, y)} as:

u(x, y) = Z Un7m ¢n7m(x7 y),

where U, ,, are undetermined constants. Substituting this series into the Poisson equation
yields:

> Al bnm(,y) = [, y),

and then U, ,, can be determined using the inner product as:

Un,m: <fa Cbmm)

. )\nym H¢n7m||2’
provided that \,, ,,, 0.

Example 5.3. As a numerical example, let Q2 = (0, 7) x (0, 7), and consider the Poisson
equation:

—Au=f on{
u=0 on bnd(€2) ’

where f(z,y)=ysin(x). The eigenfunctions of A on (2 subject to the homogeneous Dirichlet
boundary condition are given by:
On.m(z,y) € {sin(nzx)sin(my)}.

Since (f, ¢n.m) =0 for n#1, we can seek a solution in the single series form:

u(z,y) = Z Up sin(my) sin(z).

m=1

Substituting this series into the Poisson equation yields:

Z AU sin(my) =y,

m=1

2(-=1™
Al,mm

which determines U, as: U,, = . Therefore, the series solution to the equation is

obtained as: .

u(x,y)=sin(x) Z

m=1

—2(—1)"

msin(my).
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Exercise 5.4. The solution obtained above is a series solution to the given Poisson problem. In some
cases, it is possible to derive a closed-form solution. For the given problem, consider the solution as
u(x,y) =Y (y)sin(x). Substitute this into the equation and show that Y (y) must be equal to:

- 2280

The series representation of Y (y) in terms of the functions {sin(mny)} is as the derived in the solution
of the example. The figure below depicts the function Y (y) and its series truncated up to three terms:

1.2

1,

081

061

0.4r

0.2+

0

0 /2 ™
T

The surface solution is illustrated below:

u(z,y)

Remark 5.1. Consider the Poisson equation

—Au:qbi,j on ¢
u=0 onbnd(2)’

where ¢; ; is the (i, j)™ eigenfunction of A on €. This equation can be interpreted in the
system interpretation as shown in the following block-diagram:

. 1
bi. Poisson system | = Py Gij
L7y _A-L —
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Since ¢; ; is the eigenfunction of A Wlth the given boundary condition, the response of
the system to this input is equal to u= ¢Z . Since the set {¢,, ,,,} is a basis for functions

define don €2, we can use the superp081t10n pr1n01ple to determine the solution to the equation

—Au= f = Z Fn,m Cbn,m-

The above equation is equivalent to the following system

Fij
_ . u=32 5 bi
f_Zi‘jE‘J(le] Poisson system b X
— >
—A!

Exercise 5.5. Let Q2 be the square (0, ) x (0, 7). Solve the Poisson equation —Au =y sin(%) on
where u satisfies the following boundary conditions

(TO)—%( ) 0

Exercise 5.6. Let ) be the square (—1,1) x (=1, 1). Solve the Poisson equation —Au = (1 + x)sin(7y)
on (2 where u satisfies the following boundary conditions

uz(0,y) =uu(1, y)
u(z,0)=u(x,1)=0

Exercise 5.7. Let Q) be the unit square (0,1) x (0,1), and consider the Poisson equation —Au= f where
u satisfies the following boundary conditions

{ um(ov 1/) = um(lv 1/) =0
Uy(z,0) =uy(x,1)=0

a) Find the solution to the problem if f =y cos(nz).

b) Show that there is not a solution to the problem if f=ysin(7z). Explain the reason for the non-
existence of the solution.
Heat problems on rectangles
Let’s solve the following heat problem on €2: (0,1) x (0, 1)

u=Au+h onf
u=0 onbnd(£2) .
u(z,y,0)=0

Since the set ¢, € {sin(nmz) sin(mmy)} forms a basis for the functions defined on €, we
express the solution u(z,y,t) as

u= Z Umm(t) an,mu

n,m=1

for undetermined coefficients U, ,,,(). This series is a valid solution if it satisfies the equation:

[e.e]

S Unn® bnm(@ v) =D =AomUnm(t) dnm(x,y)+h(z,y,1),

n,m=1 n,m=1
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where )\, ,, = (n? 4+ m?)7?. Moving the second summation to the left side, we can write

o0

Z [Uri,m(t) + Anm Un,m(t)] ¢n7m(x> y)=h(z,y,t).

n,m=1

To proceed, we use the representation of h as a series in terms of eigenfunctions {¢,, ..} as:

h(z,y,t)= Z Hyy () o2, ),

n,m=1

where H,, ,,(t) are determined by the inner product

1 r1
Hpm(t) = 4/ / W, y,t) dnm(z,y) dedy.
0 Jo
For instance, let h= ¢y 1(x, y). In this case, we have:

) m)=(1,1)
H"””(”‘{ 0 (nm)#(11)"

According to the given initial condition, we can write the initial value problems for U, ,, as:

UAm(t) + An,m Umm(t) =0
{Un,m(O):o (n,m) # (1,1),

and

{ Uionll) + gn,m Unn =1 oy = (1,1).

Un,m(0)

Solving the above system yields: U, ,,,(t) =0 for (n,m)+# (1,1) and

1 2
ULl(t) = W(l — 6_27r t).

Finally, we arrive at:

u(z,y,t)= #(1 — 727 sin () sin(7y).

System interpretation

Consider the equation

ur=kAu+ H; j(t) ¢i j(z,y) on€
u=0 onbnd(£2) ,
u(z,y,0)=0

where ¢; ;(x,y) is an eigenfunction of A with the given boundary condition. From a system
perspective, the heat system is triggered by the source terms H; ;(t) ¢; j(x,y). This can be
depicted in the following diagram:
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H; j(t) i Heat system u="U;(t) b
" (0= kA) '

In this diagram, the function U; ;(t) is the solution to the ordinary differential equation
Uij+kXi U= Hi ;.

In the above example, the heat system is triggered by the source ¢ 1(z, y), resulting in the

response:
1—e Mt
U1 = )\—¢1,1($a y)~
1,1

Now, if the heat system is triggered by the source term

h=>" H (1) ¢i (x,y),
i,J

then by the superposition principle, the response can be written as the summation depicted
in the following diagram:

Zi,jHi-,j(t)@ivj Heat system u:Zi,j Ui,;(t) ¢i,;
EA—— —
(0; — kA)~H

A heat system can be triggered by the initial condition itself. Consider the following
problem on Q= (0,1) x (0,1):

u = Au on
u=0 onbnd(£) , (5.3)
u(z,y,0)= O,

where ¢;; =sin(imx)sin(jmz). It can be shown that the response of the heat system to this
initial condition is given by:

uig= e~ gy, y).
Now, let’s consider a slightly different problem:
ur=Au+6(t) ¢i; onf)

u=0 on bnd(92) ,
u(z,y,0)=0

where the initial condition appears as an external source multiplied by the Dirac delta
function §(¢). In this case, we seek the solution in the form:

ui;=U(t) dij(, y).
Substituting this into the equation yields:
U'+\i; U=4(t).
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This ordinary differential equation can be solved using the Laplace transform method,
resulting in: U(t) = e *'u(t), where u(t) is the Heaviside function defined as:

1 t>0
u(t) = .
®) { 0 t<0
Thus, the solution u;;(x,y,t) for t >0 is the same as the solution to the problem (5.3), namely
e N, y).
Exercise 5.8. What is the difference between the solution to the problem

ur=Au+ ¢;; onf)
u=0 onbnd(Q?) ,
u(z,y,0)=0

and the solution to the following one

ur=Au~+u(t)p;; onQ
u=0 onbnd(Q) ,
u(z,y,0)=0

where u(t) is the Heaviside function.

Geometrical interpretation

From a geometric perspective, we can rephrase the argument in the above remark as follows:
each eigenfunction ¢; ; defines a direction in an infinite-dimensional vector space. Along
each direction (eigenfunction), the heat partial differential equation reduces to an ordinary
differential equation, as depicted in the following diagram:

(/)1}]’

-~

Ui j+kX\i ;Ui j=Hi;

N b1,

$1,1
Exercise 5.9. Write down the series solution of the following heat problem defined on Q: (0, 7) x (0,7)
ur = Au

w(0,y, 1) =u(m, y,t) =
w(z,0,t) =uy(x,m,t)= 0

u(z,y,0) —xsm( )
Exercise 5.10. Write down the series solution of the following heat problem defined on Q: (0, ) x (0,7)

ur=Au—+et

UI(Ov yvt) :uﬂﬁ(wv yvt)
uy(z,0,t) =uy(x,m,t)=
u(z,y,0)=0

0
0"
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Exercise 5.11. Consider the heat problem

uy = Au+ sin(7x) si

U(O,y, )_u(l Y, t)
u(x,0,t)=u(x,1,t)=

( y)

a) The source terms is independent of time ¢. For this, we can consider the solution as
w,y,t)=V(z,y) +w(z,y,t).
Substituting u into the equation leads to a Poisson equation for V.

b) The equation for a w will be a homogeneous equation with the general solution

(r,y,t chme nmt¢ m(T, )

where ¢y, n, =sin(nmx) sin(mny). Find the solution of the problem if u(z,y,0)=0. This solution
is the same the solution we obtained by employing the eigenfunction expansion method.

Exercise 5.12. Consider the heat problem
uy=Au — ysin(z)
w(0,y,t) =u(m, y,t) =

0
u(z,0,t) =u(z,m,t)=0"
u(z,y,0)=0

a) The source terms is independent of time ¢. For this, we can consider the solution as

u(.r,y,t):V(.r,y)—l—w(.r,y,t).

Substituting u into the equation leads to a Poisson equation for V. Find a closed form solution
for V(z,y).

b) The equation for a w will be a homogeneous equation. Choose a single series for w based on the
form of the source term. Use the initial condition for u and obtain the valued series solution of
the problem.

Wave problem
Let’s solve the following wave equation defined on the unit square Q= (0, 1) x (0, 1):

up=c?Au+h onf

u=0 on bnd(2)
u(z,y,0)=0 '
ut(xa ya O) :O

Representing the desired solution u in terms of the eigenfunctions {¢, ,,}, we reach the

following equation:

Z [Urlzl,m(t) + Cz)‘n,m Un,m] (Z)n,m(xy y) = h({L‘, y7 t)

n,m=1

Using the representation of h as a series in terms of ¢, ,, as

h: Z Hn7m<t) ¢n7m('r7y)7

n,m=1
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we arrive at the following equation for the coefficients U, ,,:
Ul o4 X Un o= Hy ().

For example, let h =sin(inz) sin(jry). Since H,;(t) =1, and H, ,,(t) =0 for (n,m) # (i, j),
we obtain the following system for U, ,,:

(]7;{7{+>\ijc2Uij:1 UT/Lcm+>\n,mC2Un,m:O o
{@-(0):%(0):0’ Un(0) = U (0) =0 * 07 ().

The solution to the second system is U, ,,(t) =0, and for the first one is

Us(t) =53 (1~ cos(v/Aget)

Therefore, the solution to the given wave problem is:

wij(x,y,t) :% [1—cos(\/Njct)] dij(z, ).

]

Remark 5.2. The logic behind the solution of the above example is clear. From a system
perspective, the response of the wave system (9 — ¢?A)~! to the input H; ;(t) ¢ j(z, y)
is given by U; ;(t) ¢; ;(x, y), where U; ;(t) satisfies the second-order ordinary differential
equation:

Ui,,/j —+ CQ)\Z.’]. Ui,j = Hl’j(t)

Thus, we can represent the solution as shown in the block-diagram below:

H; (1) Wave system u="U; ;(t) ¢ ;
(aﬁ, — CQA) -1

For general source terms h=) ", sz', @i, the response of the system will be smmation
as depicted in the diagram below:

Zi,]‘ H; ()i ; Wave system U= Zm. U,L;’j(t) G
N (O A

An equivalent interpretation, which is geometric, is that the wave partial differential
equation reduces to a second-order ordinary differential equation along each direction defined
by ¢;; in an infinite-dimensional vector space spanned by the set {¢,, ,,(x,y)} for n=1,2, -,
m=1,2,--.

Exercise 5.13. Solve the following problem

uy = c?Au+ sin(t) sin(mz) sin(my) onQ

u=0 on bnd(12)
u(z,y,0)=0 ’
ug(z,y,0)=0
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where € is the unit square Q= (0,1) x (0, 1).
Exercise 5.14. Solve the following wave problem defined on Q= (0,1) x (0, 1)

upr = Au —sin(t)y sin(g:v)

’U,(O, y) :um(la y) =0
u(z,0) =uy(x,1)=0
u(z,y,0)=0
ug(x,y,0)=0

Exercise 5.15. Consider the following wave equation

U = Au — ysin(
u(0, y) =uz(1,y) =0
u(z,0) =uy(z,1)=0 -
u(z,y,0)=0

Ut(I, yao) =0

NI

T

a) Since the source term is independent of time, we can consider the solution u as follows
u(z,y,t)=V(z,y)+w(x,y,t).

Substituting u into the equation results to a Poisson equation for V. Find the closed form solution
for this equation.

b) Write a single summation series solution for w based on the form of the source term. Use the
initial condition and determine the solution wu.

Exercise 5.16. Consider the following wave equation Q= (0,1) x (0,1)

g = Au — sin(mz) sin(my)
u(0,y) =u(l,y) =0
u(z,0)=u(x,1)=0
u(z,y,0) =sin(mx) sin(ry)
u(z,y,0)=0

Exercise 5.17. Solve the following damped wave equation

uy +0.2u; = Au

u(0,y) =u(l,y)=0
u(z,0)=u(x,1)=0
u(z,y,0) =sin(mx) sin(ry)
ug(x,y,0)=0

5.2.3 Laplace equation

So far, we have solved partial differential equations with homogeneous boundary conditions.
To illustrate the solution to problems with non-homogeneous boundary conditions, let’s
consider the following heat problem:

uy = Au on )
u=f onbnd(€2) .
u(z,y,0)=0
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Since the source term in the heat equation is the time-independent boundary condition f,
we can express the solution u as:

u(z,y,t)=V(x,y)+w(z,y,t).
By substituting u into the equation, we obtain the Laplace equation:

AV =0 on{)
V=f onbnd(Q)"

In this section, our focus is on solving Laplace’s equation.
Let €2 be the rectangle (0, a) x (0, b). Consider the Laplace equation Au =0 subject to
the boundary condition shown below

A Y
aqu+ Byuy = g(x)

b

ot + Gott, =0
0 T

»
14

au+ Bru, =0

asu+ Gauy = f(x) a

Using the separation u(x,y) = X (x) Y (y), we arrive at the equation:

X// Y//
x Ty =0

Since u satisfies the homogeneous boundary condition in the z-direction as:

ozlu—l—ﬁlumzo
ot + Potty=0"

we arrive at the following eigenvalue problem for X (z):

X"=-)\X
a1 X(0)+ 41 X'(0)=0 .
as X(a)+ P X'(a)=0

Problem 5.3. Prove that eigenvalue A of the problem are non-negative.

Let this eigenvalue problem to be solved for eigenfunctions ¢,(z) and eigenvalues A, for
n=1,2,---. The equation for Y satisfies the second-order ODE:

Y= \Y =0.

If \p=0 is an eigenvalue, the is solved for Yy(y) = Ao+ By y. For n > 1, the equation is solved
for the following functions:

Y, (y) = A, cosh(v/A, y) + B, sinh(v/A, y).
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The general solution of the Laplace equation is then obtained as:

u(z, y) = (Ao+ Boy) ¢1(x —I—Z [A,, cosh(v/ A, y) + B, sinh(vV/A, y)] ¢n().

The parameters A,,, B,, are determined by applying the boundary conditions at y =0 and
y=0>.

Example 5.4. Let’s solve the following Laplace’s equation on the rectangular domain €2: (0,
1) x (0,1):

Au=0
u(0,y)=u(l,y)=0 .
u(z,0)=sin(27rx), u(xr,1) = —sin(27z)

Since the boundary condition is Dirichlet homogeneous in the z-direction, the eigenfunctions
corresponding to this condition are given by ¢,(x)= sin(nnz), with associated eigenvalues
A, =n’m2. We can express the general series solution as:

Z [A,, cosh(nmy) 4+ By, sinh(nmy)| sin(nmz).
n=1

To determine the coefficients A,, and B,,, we apply the boundary conditions at y=0 and y=1.
From u(x,0)=sin(nz), we find that As=1, and A,,=0 for all n#2. From u(z,1)=—sin(27x),

we obtain: By = _1:#5(2;2;)7 and B,, =0 for n# 1. Thus, we obtain
sinh(27(1 — y)) — sinh(27y) .
= 2mx).
u(z,y) Sinh(27) sin(27z)

The figure below illustrate the surface of u(z, y):
u(z,y)

Example 5.5. Let’s solve the Laplace equation Au=0 on the unit square (0,1) x (0,1) with
the following boundary conditions:
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Since the problem is homogeneous in the y-direction, we first solve the following eigenvalue
problem for ¢(y):

¢ =—¢
8(0) + ¢/(0) =0
#'(1)=0

It can be shown that the eigenvalues of the problem are strictly positive and satisfy the
equation:

Vsin(v/A) + cos(v/A) =0.

Accordingly, the eigenfunctions are obtained as:

Dn(y) =sin(vAn y) — VA cos(vVAn )

The general series solution to the problem is:
Z [A,, cosh(v/\, ) + B, sinh(v A, )] ¢n(y).
n=1

To determine the coefficients A, and B,,, we apply the boundary conditions. At =0, we

obtain:
—1= Z A dnly

which gives

A= H%H?/ Puly) dy = \/_||<Z>n||2

At x =1, we reach the equation

:Z [m cosh(v/A, ) + By sinh(vV/A, )] Pn(y),

and thus:
B __ 1+ cosh(v/An)
" VA l|énl2sinh(V/A,)

The final series solution is obtained as:

[e.e]

ww ) =S| s ) Lt cosh(vAn) sinh(v/An 2)
Y ;[mnw RN WA sinh(m)]%(y)-

Example 5.6. Consider the following Laplace equation on 2= (0, 1) x (0,1)

Au=0

u(0,y)=0,u(l1,y)
u(z,0)=0,u(x, 1)

Yy .
i
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Since the boundary conditions are non-homogeneous in both directions, we can split the
problem into two sub-problems, each homogeneous in one direction:

Au=0 Au=0
(1)q w(0,y)=u(l,y)=0 ,(2)] u(0,y)=0,u(l,y)=y
u(z,0)=0,u(z,1)==x u(z, 0)—u( ,1)=0

The solution to the first problem is given by:

nm smh (n) Smh(”ﬂy) sin(nnz).

IIM

And the solution to the second sub-problem is:

Z nm smh () Smh(mrfc) sin(nmy).

The superposition solution to the original equation is

Z — smh () [smh(mry) sin(nmz) + sinh(nmx) sin(nry)].

On the other hand, it can be verified that the function u=xy satisfies the given Laplace
equation. According to the uniqueness theorem, this closed-form solution and the series
solution must be equal, resulting in the equation:

Ty = Z — smh () [smh(mry) sin(nmz) + sinh(nmz) sin(nry)].

Exercise 5.18. Solve the LAPLACE equation Au =0 satisfying boundary conditions given below
a)
u(z,0)=—1u(r,y)=0,u(x,7)=1,u(0,y) =0
b)
u(z,0)=1,u(l,y)=1,u(z,7)=0,u(0,y) =0
¢)
u(z,0)=—-1Lu2r,y)=1Lu(z,rm)=—1u(r,y)=1
d)
uy(z,0)=0,u2m,y) =1, uy(x,m)=0,u(r,y)=1

Exercise 5.19. Consider the Laplace equation Au =0 for function u(z, y) defined on the domain :
(0,1) x (0,1) with the following boundary conditions

w(0, ) =0,u(1, y) =sin( 5 ), u(z, 0) =0,u(z, 1) =sin( ")

a) Find a series solution to the given equation.
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b) The solution derived in part a) is a series form of the closed form solution u(z,y)= sm( 5 ) sm(Ty )
verify that this function satisfies the Laplace equation and the given boundary conditions.

¢) To make sure that these two solutions are the same, choose some arbitrary point or points inside
) and verify that the series and the closed form solution are the same.

Exercise 5.20. In the domain = (0,1) x (0, 1):

a) Solve the LAPLACE equation
Au=0

u(z,0) = (0 )
(Ly) su(z, 1

b) Solve the POISSON equation Au =y with the boundary conditions given in part a).

5.2.4 Problems
Problem 5.4. Let Q be the unit square (0,1) x (0,1). Consider the following Poisson equation on (2

Au=zy onf)
u=0 onbnd(2)

a) Find the double series solution of the problem in terms of the eigenfunctions of A satisfying the
given boundary condition.

b) As we observed above, the convergence of double series is usually slower than single series. Let’s
consider the solution to the problem as the following single series

o0
u(x,y)= Z ) sin(nmx).

Substitute this series into the Poisson equation as obtain an ordinary differential equation of order
2 for Up(y).

¢) Repeat the argument for the single series

oo
Z ) sin(nmy).

Problem 5.5. Let Q be the rectangle (0,1) x (0,1). Consider the Poisson equation
Au =z sin(my)
on  where u satisfies the homogeneous Dirichlet boundary condition: « =0 on bnd(2).

a) To solve the equation and determine u=wu(x,y), we express the solution u as the series in terms
of the eigenfunctions in the set {sin(nmz)sin(mny)}. Note that these functions satisfy the given
boundary condition:

u(x,y :Z Z Ch.msin(nmz) sin(mmy).

Substitute the series into the differential equation and determine the coefficients C), ,,,. Hint: Note
that the solution could be expressed as

u=sin(my) Z Cysin(nmz),

n=1
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according to the source terms of the equation: x sin(my).

b) Try a closed form solution of the form u(x, y) = U(z) sin(mry). Substitute this into the equation
and show that U(z) is of the form

U(m)z%(%—x).

¢) According to the uniqueness theorem of the problem, the series solution derived in part a) must be
equal to the closed form solution derived in part b). Chose an arbitrary point on {2 and compare
two solutions at the chosen point.

Problem 5.6. Consider the following Poisson equation on 2= (0,a) x (0, b)
{ Au=f(z,y) onQ
ou .
o =0 on bnd(2)

Show that the problem is solvable only if

//Qf(a:, y) dxdy =0.

Problem 5.7. Consider the following Poisson equation

Au=y sin(%x)

u(0,y) =ug(1,y)=0"
u(z,0)=u(xz,1)=0

Find a series solution to the problem and then find a closed form solution to it.
Problem 5.8. Find a series or closed form solution to the following Poisson equation
Au=sin(x)
on the domain §2: (0, 7) x (0, 7) satisfying the following boundary conditions
w(0,y) =0, u(m, y) =0,uy(x,0)=0,uy(z,m)=0.

Problem 5.9. Let Q be the rectangle Q:(0,1) x (0,1). Solve the following heat equation on :

ur=kAu on ()
ou
=0 onbnd(Q) .

u(z,y,0)=cos(2mx) cos(my)

Problem 5.10. Let  be the rectangle (0, 7) x (0, 7). Consider the following damped wave equation
on 2

Upe + 0.2us = c2Au

uz(0,y,1) =ug(m, y

; 0.
u(z,0,t) =u(z,m,t)

t)=
=0

a) Write down the general series solution of the equation in terms of the appropriate eigenfunctions
of the operator A.

b) Determine the solution of the problem if the initial conditions are given by: u(z, y,0) =0, and
ut(x, y,0) = cos(z) sin(2y).
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Problem 5.11. Let Q be the rectangle (0, 7) x (0,7). Consider the heat equation

U(O,y,t)zum T, )
w(z,0,t) =uy(x, m t)
u(z,y,0)=0

).

wy = Au + sm(%) sm( )
(
(z,

The initial condition of the system is zero, and the dynamic is driven by the source term i = sm( 3 ) mn( 5 )
This source term is independent of time ¢. To solve the equation and determine the solution u(x,
y,t), we first write u as

w(z,y,t)=V(z,y) + W(z,y,t).

a) Substitute u into equation. This leads to a Poisson equation for V(x,y). Determine V.
b
c

d

Write down the general series solution for W (z, y,t).

Apply the initial condition for u, and determine the solution to the given problem.

— = D

An alternative and more straightforward way to solve the given equation is as follows: the source
term is an eigenfunction of the operator A with the given boundary condition. The response of
the heat system to this input is

u(z,y,t)=U(t) sin(g) sin(%).

Determine U (t) and verify that the result confirms the result of part (c).

Problem 5.12. Now, let us transfer the source term h to the initial condition and consider the following
equation on :=(0,7) x (0,7)
ur=Au

U(Oa yvt) :Uz(ﬂ', yat) =
U(I,O,t):Uy(I,ﬂ',t):

u(z,y,0)= sin(%) sin %)
a) Determine the solution to the given equation.

b) Show that the solution is equal to the solution to the following system

=Au+6(t )mn( )sin(Z)

u( Y, ): (vav ):O
u(:v, t)= (w,w,t)zO
u(z,y,0)=

where 0(¢) is the Dirac delta function.
Problem 5.13. Solve the following wave problem defined on €= (0, 7) x (0, )
ur = Au
UI(Ov Y, t) :UI(W, Y, t) = 0
uy(z,0,t) =uy(x,m,t)=0"
u(z,y,0)=3cos(2z) +y
Problem 5.14. Use the superposition principle and solve the following heat problem on Q:=(0,7) x (0,
)
up = Au+ sm( ) (

U(O y7 )—’U,m(’ﬂ' ya
w(z,0,t) =uy(z, 7
7)

)

|| SIES

t)
1)

51n(3y) — sin(?’z ) sin(%)

u(z,y,0) =sin(5 5 5
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Problem 5.15. Consider the following heat equation on ©:=(0,1) x (0,1)

ur=Au

u(0,y,t)=u(l,y,t)=0
u(w,O,t): ( 1,t)=0

a) Write the solution of the problem as the series
u(z, y,t) Z Un,m(t) ¢n,m(, y),
n,m=1

where ¢,, ,,, are the eigenfunctions of A with given boundary conditions. Derive an ordinary
differential equation for undetermined coefficients Uy, ,(¢)

b) Solve the obtained differential equation and write the general series solution of the equation.
¢) Apply the given initial condition and derive the particular series solution of the problem.

d) Verify that the solution is equivalent to the superposition of the solution of the following equations

wy = Au ur = Au

w(0,y,6) = u(l, y,t) = w(0,y,8) = u(l, y,t) =0
(3 ur.01) = ( ): DN w01 = ( =0

u(z,y,0)= u(z,y,0)=

Problem 5.16. Let ) be the rectangle (0,1) x (0,1). Consider the following wave equation

ug = Au+ zsin(ry) on

u=0 on )
u(x,y,0)=0
ut(xayvo)zo

a) Since the external source term is independent of time ¢, we can express the solution u as
u(@,y,t)=V(z,y)+wz,y,t),
where V' satisfies the Poisson equation

—AV =zsin(my) on
V=0 onbnd(2)

Find a closed form solution for V (z, y).

b) The function w satisfies the following equation

wy = Aw on )
w=0 on bnd ()
’lU(.T, y,O) = _V(‘Ta y)
wi(z,y,0)=0

Find the series solution for w(x, y,t).
Problem 5.17. Let Q be the set Q= (0,7) x (0, 7).

a) Solve the POISSON equation
Au=xy onf)
u=0 onbnd(2)
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b) Use the result obtained in the above part and solve the following heat problem

ur=Au—zxy onf}
u=0 onbnd(9) .
u(z,y,0)=x

Problem 5.18. Solve the following problem on Q= (0, 7) x (0, )

=Au+try onl
u=0 on bnd(£2)
u(z,y,0)=x.

Problem 5.19. Let Q be the rectangle (0, 1) x (0, 1). Find a series solution for the following wave
equation

1t =Cc*Au+e trsin(my) on{

u=0 on 2
u(x,y,0)=0
’u,t(l',y,O):O

Problem 5.20. We aim to solve the following heat problem on :=(0,1) x (0,1)

ui = L{u]
U] bnda()=0 ,
u(z,y,0)=e “sin(mx) sin(my)

where L is the following operator
L{u] = tgq + 2up + Uyy.

a) Determine the eigenvalues and eigenfunctions of the operator L satisfying the given boundary
conditions. In what sense are these eigenfunctions orthogonal?

b) Write the series solution of the given problem in terms of this eigenfunctions.

Problem 5.21. We aim to solve the following wave equation on = (0,1) x (0,1)

utt:Au
u(z,0,t) =

u(z,1,1)
(0, Y, 1) = uq(1,

=0
y,t)=0

a) Find the eigenvalues and eigenfunctions of the associated eigenvalue problem, that is

Ap=—X¢
¢(,0) = d(z,1) =0
¢2(0,y) = ¢2(1,4) =0

b) Use the eigenfunctions expansion method and write the general series solution of the wave equa-
tion as follows:

tTy:ZZ (;5an7;)

n=0 m=1

Find differential equations that U, ,, satisfy, and then solve them.
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¢) Assume that the initial conditions are given by u(x, y,0) =0, us(x, y,0) =y cos(mz). Show that
the solution looks like the following one

u(t,x,y) = cos(mx Z B sin(v/ A1 t) sin(mmy),

for some constants 3,,. Determine these parameters.
If you are interested in making a video to visualize your solution, the following code can helps
%set time of running
T=5;
[x,y,t]=meshgrid(0:0.01:1,0:0.01:1,0:0.05:T);
u=zeros(size(x));
for m=1:10
u=u-2*(-1) "m*cos (pi*x) .*sin(sqrt (1+m~2*pi~2)*t) .*sin(m*pixy)/
(m*pi*sqrt (1+m~2*pi~2));
end
% The file filename.avi is saved on your system. You can change the name if
you wish
obj=VideoWriter(’filename.avi’);
open(obj) ;
for i=1:20*T+1
surf(x(:,:,1),y(:,:,1),u(:,:,1i),’edgecolor’, ’none’) ;
axis([0 1 0 1 -0.25 0.25]);
hold off;
f= getframe(gcf);
writeVideo(obj,f);
pause(0.1)
end
obj.close();

Problem 5.22. Consider the following heat problem on = (0,1) x (0,1)

ur=0.1(Au+2u,) onQ
u=0 onbnd(Q)

a) Find the eigenfunctions and eigenvalues of the following eigenvalue problem

Adp+2¢p,=—\p onf
¢=0 onbnd Q)

b) Write the solution of the given heat equation as follows:

ult,z, )= > Unm(t) dnm(z, ).

n=1 m=1

Find a differential equation for U,,,(t). Solve it and write down the general solution of the
equation.

¢) Assume u(z,y,0) =ze *sin(2my). Find the solution that satisfies the given initial condition.

d) Run the following code and observe the change of the temperature with respect to time:
%set time of running
T=1;
[x,y,t]=meshgrid(0:0.01:1,0:0.01:1,0:0.05:T);
u=zeros (size(x));
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for n=1:10
1=1+(4+n"2) *pi~2;
u=u-2*(-1) "n*sin (2*pix*y) . *exp(-0.1*1xt) .*sin(n*pi*x)/ (n*pi);
end
% The file filename.avi is saved on your system. You can change the name if

you wish
obj=VideoWriter(’filename.avi’);
open(obj);
for i=1:20%T+1
surf(x(:,:,1),y(:,:,1),u(:,:,i),’edgecolor’, ’none’); view(2);colormap(jet);

axis equal;
caxis([-0.2,0.2]); axis([0 1 0 1]);
hold off;
f= getframe(gcf);
writeVideo(obj,f);
pause(0.2)
end
obj.close();

Problem 5.23. In the domain Q= (1,¢) x (0,1):
a) Solve the eigenvalue problem
{ 2 G +06s + by =—A6 o0

$p=0 onbnd(Q)
b) Solve the wave equation

1ut:aﬁumm+xum+4@y+¢y on ()
u=0 on bnd()
u(z,y,0)=0 '
ug(z,y,t)=0

Problem 5.24. Let ) be the set Q= (—m,7) x (—7, 7). Consider the following eigenvalue problem

Ap=—Xp

a) Show the eigenvalues are non-negative: A > 0.

b) Show that eigenfunctions of the problem are

Gnm(z, y) = {cos(nz + my), sin(nz + my)},
for n,m=0,1,---.

c¢) Show that
1 s T 1 ,
p/ (@, Y) Gnrm(T, y) dedy = { 0 (n,m)

d) solve the following heat problem:

u = Au

¢(—ﬁ7 Y, t) = Qs(ﬂ'v Y, t)a QSE(_Wa yvt) = ¢$(7Tv Y, t)
(b(xa -, t) = (b(xa T, t)7 (b’u(xa -, t) = (b’u(xa ﬂ—at) .
u(z,y,0)=zy
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Problem 5.25. Let D be the domain shown below
rF S y

~ =1

Consider the following equation on D

Up = 208U — 2y,

29

with the homogeneous Dirichlet boundary condition. Use a transformation to transform the domain D
to an unit square. Derive the appropriate differential equation in the new coordinate. Solve the new

equation and then write down the solution of the given equation on D.

Problem 5.26. Let ) be the unit square (0, 1) x (0,1). Consider the following Laplace equation

Au=0

’U/(O, y) =-1, u(la y) =1.
Oyu(z,0)=0yu(xr,1)=0

a) Find a series solution to the equation.

b) Verify that the the function u=2x — 1 solves the equation and thus it is equal to the series solution

obtained in part a).

¢) Now consider the following Poisson equation

Au=y

u(0,y)=—1,u(l,y)=1 .

Oyu(x,0)=0yu(x,1)=0

Consider the solution u as u=V 4 w, where V satisfies the Laplace equation given above. Find

a series solution for w, and determine u(x, y).

Problem 5.27. Solve the following POISSON equations

a)

Au = sin(7y)
u(0,y) =0, u(l,y) =0
u(z,0)=-1u(z,1)=1

Problem 5.28. We aim to solve the following equation

w=Au~+2u, +u+y, (x,y)€(0,1)x(0,1),
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with the boundary conditions
U(O, Y, t) = ’U,(l, Y, t) = u(gc, 17 t) = 0; ’U,((E7 Oa t) = 1a
and the initial condition u(z,y,0)=0.
a) Show that the steady state solution V' (z,y) is
Viz,y)= Z (Bn sinh(nmy) —1—%34}3_3E sin(nmx).
n=1
Determine the value of B,,.
b) Show that the transient solution has the form

U)(.T,y,t)z Z

m=1mn

o0

Ape P HmAIT e —Tgin (n2) sin(mary)
=1

Determine the value of A,, .

Problem 5.29. Let © be the rectangle (0,1) x (0,1)

u=0 u=sin(my)

A 4

u=20

a) Find a closed form solution to the LAPLACE equation Au =0 with the boundary conditions given
in the figure.

b) Solve the following wave problem

ug=Au —sin(t) onf
u|pnd(): given in the figure

sinh(7z)

’U/t(l', Y, 0) = 0
Problem 5.30. In the domain Q= (0,1) x (0, 1):
a) Solve the eigenvalue problem
Ap+2¢,—2¢p,=—Ap on)
¢»=0 onbnd ()’
b) Find o(x, y) such that the obtained eigenfunctions are orthogonal with respect to o.

¢) Solve the heat equation

ur=Au+ 2uy — 2u,y on (2
u=3 onbnd(Q2) .
u(z,y,0)=xye¥ *+3

d) Find the steady state solution.
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Problem 5.31. Solve the following heat problem

ur=Au
u(0,y,t)=0,u(l,y,t)=1
u(z,0,t) =z, uy(z,1,t)=0"
U(ZC, 1/,0) =Ty

Problem 5.32. Let ) be the square (0,1) x (0,1). Solve the following wave equation on €

Uy = 4Au+ 4ay onf{)
u=1 on bnd()
u(z,y,0)=1;u(x,y,0)=0

Problem 5.33. Consider the equation 0,,u+ 0yyu — 0zyu=0 in the domain shown in the following figure

1
U=Tr+vy U=Yy—x
-1 1
u:x%/:—x—y

-1

Use an appropriate transformation to rewrite the equation in the normal form. Note that this
transformation will rotate the domain too. Find a solution to the new problem, and then obtain the
solution to the original problem.

5.3 Disk domain and polar coordinate

In this section, we focus on studying partial differential equations defined on a disk or a
semi-disk. Unlike the rectangular domain, the geometry of a disk does not lend itself easily
to the separation of variable technique when using Cartesian coordinates. However, we can
overcome this challenge by introducing polar coordinates, which involves a transformation
from the rectangular domain [—7, 7| x [0, a) to the (0, 7)-plane. By employing the separation
of variable technique in polar coordinates, we can effectively solve the eigenvalue problems
associated with these domains.

5.3.1 Eigenfunctions of A in a disk
Let €2 be a disk of radius a. We consider the following eigenvalue problem for ¢(r,6) on

Ap=—\o
é(a,0)=0"

Recall that in polar coordinates, the Laplacian operator A takes the form:

1 1
A(r,9)¢ - Cbrr + ;Cbr + ﬁ(beé-



32 2D LINEAR SECOND-ORDER EQUATIONS

By using the separation of variables ¢(r,0)=R(r)O(d), the eigenvalue problem for ¢ reduces
to:
TQR” + rR’ e B )
————Er————F75——=—AT
This equation holds true only if the ratio %N is a constant, denoted as —«. Therefore, we
have the eigenvalue problem for ©(f):

0"=—-a06.

To determine suitable boundary conditions for ©(6), we take into account the geometry of
the disk. We impose the following boundary conditions:

{ O(—m)=0(n)
Q' (—m)=0'(r) "

These conditions ensure that the eigenfunctions of the eigenvalue problem ©”=—a0O are
smoothly 27-periodic, as required by the geometry of the disk.
The eigenpairs of the eigenvalue problem ©”=—a0 for the disk are given by:

0,(0) € {1, cos(nh), sin(nh)},

for n =1, 2, ---. This set of eigenfunctions forms the Fourier orthogonal basis for functions
defined on the interval [—7, 7]. Let f(6) be a continuously differentiable function defined on
[—7,7|. This function can be expressed in terms of the eigenfunctions as:

f(0)=ao+ i a, cos(nf) + i b, sin(nf),
n=1 n=1

where the coefficients are given by:

/f )dl,a,= /f ) cos(nf)db, b, = /f )sin(nf) d

These coefficients represent the contributions of the different eigenfunctions to the function
f(0).

Problem 5.34. Solve the eigenvalue problem for ©(6) with the periodic boundary condition and show
that the eigenfunctions are 1, cos(nf),sin(nf) with associated eigenvalues n € N.

For a=n* (n=0, 1, 2, ---), the equation for R(r) reduces to the following ordinary
eigenvalue problem:

r?R"+rR' —n’?R=—-\r’R.

The boundary condition that R(r) satisfies is R(a) = 0 in accordance with the condition
¢(a,0)=
Since A > 0, we can use the substitution z= \/Ar to rewrite the above equation in the
following standard form known as a Bessel equation:
d2R dR

_|_

R + (22 —n*)R=0. (5.4)
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In our book on ordinary differential equations, we have studied this equation in detail using
the power series method. If we represent the solution R(x) in the form:

o0

R(z)=2z" Z cpx®,

k=0

substituting the series into the differential equation and performing some algebraic manip-
ulations, we arrive at the following series:

Rz)=Y" %(2)

k=0
This series is known as the first-type Bessel function and is denoted by J,(z). The figure
below depicts J,(x) for n=0,1,2
Jl(:zc)

0.4l J2(x)

VAVaRN DN

-0.4

For z =+/Ar, the solution to the equation for R(r) is:

R,L(T) = Jn(\a )

The eigenvalues \ are determined by the boundary condition R(a)=0. This condition leads
to the equation Jn(ﬁ a)=0. This equation can not be solved in closed form, we have to use
numerical methods to draw the zeros of the equation .J,,(x) =0. As we observe from the above
graph, there are infinitely many zeros for each fixed n. Let us denote these zeros as z, ,, i.e.,
Jn(zn.p) =0 for p=1,2,--- for each fixed n. The table below includes some of zeros of J,(z):

p <0p Z1p Z2p Z3p

1 2.4048 3.8317 5.1356 6.3802
2 5.5201 7.0156 8.4172 9.7610
3 8.6537 10.1735 11.6198 13.0152
4 11.7915 13.3237 14.7960 16.2235
5 14.9309 16.4706 17.9598 19.4094
6 18.0711 19.6159 21.1170 22.5827
7 21.2116 22.7601 24.2701 25.7482
8 24.3525 25.9037 27.4206 28.9083
9 27.4935 29.0468 30.5692 32.0648
10 30.6346 32.1897 33.7165 35.2187

The eigenvalues )\ are determined in terms of these zeros as:
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Therefore, the eigenfunctions for the eigenvalue problem for R(r) are obtained as: .J,( Z';”’ r).
For sake of simplicity, we denote these functions by J,, (7).

Remark 5.3. For each fixed n, we obtain a set of infinite eigenfunctions {.J,, ,(r)} for p=1,
2, ---. For example, for n =0 we obtain

{Joa(r), Joa(r), Jos(r), -},

and for n=1:
{J1a(r), Jia(r), Jis(r), -}

For each fixed n, the set {J, ,(r)} forms a basis for piecewise continuously differentiable
functions f(r) defined on [0, a]. The figure below illustrate the set {.J; ,,} for n=1,---,4.

0.6
0.4r
021
. /

-0.2 +

0.4 : - - - -
0 0.2 0.4 0.6 0.8 1

Problem 5.35. Prove that for each fixed n, the eigenfunction J, ,(r) are orthogonal with respect to
the weight function o =r, i.e.,

<Jn7p,Jn,p/>r::A I, p(1) Jn pr(r) rdr =0,
for p#p'.

To understand how each set in the family of sets {J, ,(r)} is a basis, let’s express the
function f(r)=r? in terms of two bases: {Jo 1, Jo.2,...} and {J1.1, J12),...}. We will truncate
both approximations by summing up to ten terms. For the first basis {Jo 1, Jo2, ...}, the
approximation of f(r) is given by:

f(T) ~C J071<7’) + o J()’Q(T) —+ -+ Cio J(),lo('f’),

where ¢; are coefficients which are determined by the relation

{f Jop)r /0 f(r) Jop(r) Tdr‘

C;= =
J 2 1
|| O,pH / ngp(r) 'r'dr
0

Similarly, for the second basis {J; 1,1 2), ...}, the approximation of f(r) is given by:

f(’f’) ~ dl J171<7’) + dg J172<7’) + 4 le J1710(T),
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where d; are coefficients which are determined by the relation

_mhﬁeﬂfmhww@

- J 2 1
70l /0 JE () rdr

The resulting approximations will give us an idea of how well the sets {Jo 1, Jo2, ...} and

{J11, J12, ...} approximate the function f(r)=7? when truncated to ten terms. The figure
below illustrate the result:

d;

Approximation by Jy, Approximation by J;,
]
081 1
06l 0.8
0.6
0.4}
0.4
021 0.2
0 0
-0.2 . -0.2 .
0 0.5 1 0 0.5 1
r r

Exercise 5.21. As we know, the set {sin(n7r)} is an orthogonal basis for functions defined on [0, 1].
The figure below show sin(nzr) for n=1, -, 4.

sin(nmr)

1r

0.5}

-0.5 ¢

0 0.2 0.4 0.6 0.8 1
r

Approximate the function f(r) =72 in terms of {sin(nmr)} for n =1, -, 10 and compare the error
with the approximation in terms of {J; ,(r)} for p=1,---,n. The error is defined as

1

exvi ([ 150wty par )

where Sy(r) is the truncated series approximation up to N terms.

Exercise 5.22. Approximate function f (r) =sin(nr) for r € [0, 1] in terms of basis {.Jy ,(r)} for p=1,---,

10. Draw f(r) and its approximation in the same coordinate. If you wish, you can use the following
code in Matlab:

Z0=[2.4048 5.5201 8.6537 11.7915 14.9309 18.0711 21.2116 24.3525 27.4935 30.6346];
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f=0@(r) sin(pix*r);

C=integral (@(r) r*f(r)*besselj(1,Z0(:)*r),0,1,’arrayvalued’,true)./...
integral(@(r) r*besselj(1,Z0(:)*r).~2,0,1,’arrayvalued’,true);
r=0:0.01:1;

S=besselj(1,Z0(:)*r);

fhat=C’*S;

plot(r,f(r),r,fhat)

Remark 5.4. The obtained solutions J,(x) for the equation (5.4) correspond to the first-
type of Bessel functions. In the book on ordinary differential equations, we also encountered
the second solution to the Bessel equation, denoted by Y, (x). The series expansion of Y, ()
is given by:

Y (x) =cJn(z)log(z) + :C_”Z Cra®,
k=0

where ¢ and C} are constants. It can be observed that these solutions are singular at =0,

which corresponds to the center of the disk (r=0). The figure below illustrates a few examples
of Y,,(x):

0.4 5(x)

—0.4 +

For partial differential equations defined on the interior of a disk, we typically ignore these
singular solutions (V) as they are non-physical. However, for equations defined on a annulus
shape or the exterior of a disk, we need to consider both .J,, and Y,, functions for the solution.

In our discussion of equations defined on the interior of a disk, we will focus on the first-
type Bessel functions (J,) and disregard the singular solutions (Y;,) for their non-physical
nature.

Having ©,,(0) and J,, ,(r), the eigenfunctions of the eigenvalue problem A, g = =A@
are obtained as

Onp(1,0) € {Jn p(1) cos(nb), J,, p(r) sin(nb) },

2
“n,p

with the associated eigenvalues A, , = — where z, , are zeros of the Bessel functions .J,,,
i.e., Ju(zn,p)=0for n=0,1,2,---, and p=1,2, -

Theorem 5.2. The set of functions {.J, ,(r)cos(nb), J,, ,(r)sin(nd)} for n=0,1,---, p=1,
2, -+, forms an orthogonal basis for continuously differentiable functions defined in the region
[—7, 7| x [0,a]. These functions are orthogonal with respect to the weight function o =r.
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This means that any continuously differentiable function f(r, #) defined in the region
[—m, 7| x[0,a] can be expressed as a linear combination of these eigenfunctions as follows:

ZAOP']OP Z Ap p I p(r) cos(n) + Z By, p Jn p(1) sin(nd).

n,p=1 n,p=1

The orthogonality property ensures that the expansion coefficients can be determined using
the inner product weighted by the weight function o=r as follows:

f(r,0) Jop(r)rdrdd
A(] :<f7J0,p>r:/_ﬂA ( ) P()
ol 27r/ Jg () rdr
0

/—n/ f(r,0) Jnp(r) cos(nd) rdrde

(f, Jn,pcos(nd))

A, = 2 _ |
H‘]"WCOS(nQ)H 7r/ Jr () rdr
0
{f, Jnpsin(nb)) / / f(r,0) Jup(r) sin(nb) rdrdf
B, ,= n,p 2 _Jox |
||Jn,p51ﬂ(n0)|| 7T/ Jﬁ,p('r) rdr
0

These formulas allow us to determine the expansion coefficients A ,, A, ,, and B,, , using
the given function f(r,#) and the properties of the Bessel functions J,, ,(7).

Example 5.7. Let us represent the function f(r,0)=r0 defined on [—7, 7| x [0,1] in terms
of {¢n,»(r,0)}. Since 6 is an odd function in [—7, 7], the series representation of f contains
only sin(nf):

r@zi i B, p Jo,p(r) sin(nf),

n=1 p=1
where
/ / 1760 Jn,p(1) sin(n®) rdrdf
R
mp /0 J2 () rdr

The double integral at the top can be calculated as

/_ ’; /0 0.7, (r) sin(nd) rdrdd = ( /0 ()12 dr) ( /_ Ze sin(né) de) _

n 1
_ (=" / T p(r) r2dr.
0

n
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Therefore, B,, , are simplified as

Exercise 5.23. Consider the function f(r,0)=sin(r0) inside the unit disk.

a) Represent this function in terms of basis {J, »(r) cos(nf), J, p(r)sin(nf)} for n=0,1,2,---. Note
the the representation holds only for points inside the disk and is not valid at the boundary r=1.

b) As a function of #, write the Fourier series of f in terms of the basis {cos(n#),sin(né)}, for n=0,

1,2,--- as

o0

T@zz r) cos(nb) +Zb ) cos(nd).

c) As a function of r, write the series representation of f in terms of basis {J1 ,(r)} as

T@Zi le

5.3.2 Heat, wave and Poisson equations on a disk

We utilize the eigenfunction expansion method to solve partial differential equations on a
disk. In order to demonstrate the method, we will solve a few examples.

Poisson equation on a disk

In this section, we will address the Poisson equation on a disk €2 of radius a > 0:

{ —Au= f(r,0)
u(a,d)=0 '

To solve this equation, we express the desired solution as a series in terms of the basis

{Jnp(r) cos(nb), J,, ,(r) sin(nb) }:

Z Ay p I p(r) cos(nd) + Z By, p Jn p(1) sin(nd),

n=0,p=1 n,p=1

where A, , and B,, , are undetermined coefficients. To determine these coefficients, we sub-
stitute this series into the Poisson equation, yielding:

> AapAnp Jup(r) cos(nd) + Z An.pBu.p Jnp(r) sin(nf) = f(r,0)

n=0,p=1 n,p=1

Next, we find the coefficients A, , and B,, , by taking the inner product of both sides of the
Poisson equation with .J,, ,(r) cos(nf) and J, ,(r) sin(nf), respectively.
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Example 5.8. Let’s consider the Poisson equation on a disk of radius a = 1:

—Au=r%sin(36)
u(1,0)=

We seek a series solution of the form:

Z A, p I p(1) cos(n) + Z By, p Jn p(1) sin(nd).

n=0,p=1 n,p=1

Substituting this series into the Poisson equation, we obtain:

Z A pAnp o p(1) cos(n) + Z MipBn.p I p(1) sin(nf) =r?sin(30).

n=0,p=1 n,p=1

The equality holds for A, ,=0, for all n, and for B,, ,=0 for n# 3. For n=3, we have

Z A3.pBs.p J3.5(1) sin(36) =r?sin(30),

p=1
This yields the expression for Bj
2 J >
By = - Sl
2P Nl s 12

Finally, the solution for u(r, ) is given as:

S < , J3.p)r
u(r, ) =sin(30) I; )\03HJ3 P J3.p(1).

In the example above, we obtained the solution in a series form. However, it is also
possible to find a closed-form solution for the equation as follows. If we interpret the problem
in the system form as:

U= _A_l[f(ra 0)])
we can represent this mathematical equation in a block-diagram form as shown below:
r?sin(30) A U(r)sin(36)
—’ —’ .

Since the system A~! is triggered by the function sin(36), and since sin(36) is part of the
eigenfunctions of A, we can assume that the response of this system is of the form:

u(r,0) = R(r)sin(30),

where R(r) is an undetermined function. We determine this function such that w(r, 6)
satisfies the Poisson equation and the boundary condition R(1)=0. Substituting u(r, ) into
the Poisson equation yields:

9R(r)

r2

R"(r)sin(30) + %R/(T) sin(30) — sin(36) = —r?sin(30),
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leading to the following Cauchy-Euler equation:

r? R"(r)+rR'(r) —9R(r)=—r" ‘
U(1)=0

The general solution to this Cauchy-Euler equation is:
U(r)=Ar3+ Br—3 — %T4.
Assuming that the solution remains bounded at » =0, B must be equal to zero, and thus:

U(r) :Ar?’—%r‘l.

By performing the boundary condition at » =1, we obtain the solution as:

U(r)=2r*(1—7),

and consequently:
u(r,f)= %7’3(1 — 1) sin(360).

This solution is known as the closed-form solution to the given problem. By the uniqueness
theorem, these two solutions must be the same, i.e.,

l 3 - . s - <T27 J37P>7"
= (1—r)sin(36) —sm(30)pz:; Mool s o2 J3p(7).

Exercise 5.24. Find a series solution to the Poisson equation Au = r on the unit disk satisfying the
homogeneous Dirichlet boundary conditions. Find a closed form solution for the equation. Draw the
functions and a truncated series in the same coordinate. You can use the following code to generate the
figure

Z0=[2.4048 5.5201 8.6537 11.7915 14.9309 18.0711 21.2116 24.3525 27.4935 30.6346];

f=0(r) r;

C=-integral (@(r) r*f(r)*besselj(0,Z0(:)*r),0,1,’arrayvalued’,true)./...

integral(@(r) rxbesselj(0,Z0(:)*r).~2,0,1,’arrayvalued’,true)./(Z0(:)."2);

r=0:0.01:1;

S=besselj(0,Z0(:)*r);

fhat=C’%*S;

plot(r,(r.~3-1)/9,r,fhat)

Exercise 5.25. Find a series and closed form solution for the Poisson equation Au=1sin(30) satisfying
the boundary condition u(1,80)=0.

Heat problems on a disk

Let’s solve the following heat problem

u=Au+h(r,0,t)
u(a,0,t)=0
u(r,0,0)=0
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Since the set of eigenfunctions { ¢, ,(r,0)} is a basis for functions define don the unit disk,
we can express the desired solution u(r, 6, t) as:

u(r,0,t) = Z Un.p(t) ) cos(nf) + Z Vip »(7) sin(nd),
n=0,p=1 n=1,p=1

for undetermined coefficients functions U, ,(t) and V,, ,(¢). Substituting these series into the
heat equation, we reach the following equation:

> U0+ A pUn gl Jnp(r) cos(nb) + > Vi () + A p Vi gl I p(7) sin(nf) = h.
n=0,p=1 n=1,p=1

To proceed, we write the function / in terms of the basis {¢, ,} as

h(r,0,t)= Z A p(t) T p(r) cos(nb) + Z B p(t) Jn,p(1) sin(nh),

n=0,p=1 n=1,p=1
where o, , and 3, , are respectively:

~ (h, Jn,p(r) cos(nd))

S (h, Jn,p(r) sin(nd))
P [, p(r) cos(nd) |2

[ p(r) sin(nd) |2

ﬁn,p:

From these representation, we arrive at the following equations for U, , and V}, ,

U, pT A pUnp=0anp Mz,,p+)‘n,p%,p:ﬁn,p
Un,p(O) =0 "] Vap(0)=0 '

Note that the initial condition is in accordance with the initial condition u(r,6,0)=0.

Example 5.9. Let’s consider the following heat problem on a unit disk

ur=Au+e " J31(r)sin(30)
u(1,6,t)=0
u(r,6,0)=0

From a system point of view, the heat system is triggered by the source term:
h=e""Js1(r)sin(30). Since the term J;3 1(r)sin(30) is an eigenfunction of the Laplacian oper-
ator, we seek a response of the system in the form:

u(r,0,t)=U(t)Js1(r) sin(36),
where U(t) is an undetermined function. The block-diagram below illustrates this approach:

e~tJs1(r)sin(30) (O— ) u="U(t) J3,1(r) sin(30) .

Substituting w = U (t) J5 1(r) sin(360) into the heat equation yields:
U'+ A3 U = e !,
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which is solved for the general solution

e—t

— —)\3’115
U(t)y=Ce +—>\3,1— T

The initial condition u(r, 6, 0) = 0 implies U(0) = 0, that in turn determines C' as: C' =

% 11_ - Finally, the given equation is solved for:
et — 6_/\3,1t
u(r,0,t) = ngyl(r) sin(30).

The figure below illustrates the change of disk in some instances of time:

u(r,0,0.1) u(r,6,0.5)

1

0.5

1

0.5

0

-0.5

-1

u(r,0,2)
1

Exercise 5.26. Consider the following heat problem:

ur=Au+e ' r?sin(30)
u(1,0,t)=0
u(r,0,0)=0

The only source terms that triggers the heat system is h =e~*r2sin(36). This source can be represented
as the series

h= Zap tJ5,p(r) sin(36).

The system block-diagram is illustrated below:

sin(39)Z;°:1 ap J3 (1) sin(SH)Z;C’Zl Vp(t) Js,p(r)
_» (8t — A) -1 —
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Take the solution u as follows:
oo
u(r,0,t)= Z t) Js,p(r) sin(30).
p=1
Determine the coefficients functions V,(¢) and write down the series solution of the problem.

Exercise 5.27. Consider the following heat problem on the unit disk

wy = Au
u(1,0,t)=0 .
u(r,0,0) =rcos(f)

The only source that triggers the system is the initial condition r cos(f) which can be represented as

r cos(f) = cos(d E ap J1,p(7)

Consider the solution of the equation as:
u(r,0,t) Z Up(t) Ja,2(r) cos(6).

Determine Up(t) as write down the series solution of the problem.
Exercise 5.28. Consider the following heat equation
ug=Au —rsin(f)
u(1,60,t)=0
u(r,0,0)=0
a) Take u as the summation
u(r,0,t)=V(r,0)+w(r,0,t).
Find a closed form solution for the Poisson equation for V.

b) What differential equation does w(r, 0, t) satisfy? Find the series solution of this equation and
then write the solution for the original problem.

Wave problem

Let’s solve the following wave equation on the unit disk:
Uy = c2Au+h(r,0,t)
u(1,60,t)=0

u(r,8,0)=
uy(r,0,0)=0

Employing the eigenfunction expansion method, the solution u can be expressed as:

u(r,0,t) = Z Up,p(t) Jn p(r) cos(nb) + Z Vi p(t) T p(1) sin(nd).

n=0,p=1 n=1,p=1
The ordinary differential equations for U, , and V,, , are:
" 2 " 2 _
Unpt cAnpUnp=anp Vot Anp Vap= Bnp

Ump(O) =0 ) V;up(o) =0 )
Uy, p(0) =0 Vi p(0)=0
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where o, ,(t) and [, ,(t) are respectively the coefficients of the expansion of % in terms of
{Jn.p(r) cos(nb)} and {.J,, ,(r)sin(nd)}.

Example 5.10. Let’s consider the following wave problem

uy = c2Au+sin(t) sin(0)
u(1,6,t)=0
u(r,0,0)=0
u(r,0,0)=0

Since the expansion of A is:

[e.e]

1 e]lp
=sin(60 E sin(t) Ji,,(r),
p=1 |J1 ;DH2 ) p< )
we seek for u as:

u(r,0,t) :Z Uy(t) sin(8) Jy »(r),
p=1

where U, satisfies the equation:

U+, Uy = % sin(?)
Up(0)=0
Uy(0)=0
For ¢+ %, the above ODE is solved for
Lp

<17 ']LP>7'

. 1 .
Up(t) = TP, —T) <sm(t) - c\/mSHl(C Al,pt)>.

Finally, the solution can be expressed as:

(1, i) | 1
0,t)= L t) — AMpt) | Jip(r).
0. =an 0 )(S“““ oy VA >> ol

Exercise 5.29. Find a series solution to the following wave equation

up=Au+e tr

u(1,0,t)=0
u(r,0,0)=0
uy(r,0,0)=0

Exercise 5.30. Find a series solution to the following wave problem

Utt:AU

u(1,0,t)=0

u(r,0,0)=Jy o(r)sin(9) -
uy(r,0,0) = Jy 3(r)sin(0)
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Exercise 5.31. Consider the following wave equation

u = Au — rsin(6)

u(1,0,t)=0
u(r,0,0)=0
us(r,6,0)=0

Since the source term is independent of time ¢, we can take the solution u as
u(r,0,t)=V(r,0)+w(r,0,t),
where V satisfies a Poisson equation.
a) Solve the Poisson equation and determine its solution V' (r,6).
b) Based on the solution V', determine the correct series solution to the wave equation for w(r,,t).
Exercise 5.32. Find the series solution for the following wave problem
uy = c?Au
u(1,0,t)=0

u(r,0,0)=rsin(f)
ug(r,0,0)=0

5.3.3 Laplace equation

We consider the following problem on the domain Q: [—m, 7| x [0, al:

{ Au=0
u(a,0)=f(0)
To solve this problem, we employ the method of separation of variables and assume a solution
of the form wu(r,#)=R(r)©(#). This leads to the equation:

,,nQR// + rR’ e

R o

Noting that the ratio %" should be a dimensionless constant, we express it as %N =—\. As

mentioned before, the function ©(#) must satisfy periodic boundary conditions:

{ O(—m)=0(n)
O (—m)=0'(r)’

0.

This gives rise to the following eigenvalue problem:

0"=-)0
O(—m)=06(r)
O/(—m)=©'(r)

Solving this eigenvalue problem yields the eigenfunctions {cos(nf),sin(nd)} for n=0,1,2,---.

Considering the ratio ©

5 = —n?, the equation for R(r) simplifies to the Cauchy-Euler equa-
tion:

r?’R"+rR' —n’R=0.
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For n =0, the equation is solved as

Ro(r) = Ag+ Boln(r),
and for n > 1, the solution becomes

R.(r)=A,r"+ B,r~™

Additionally, the boundedness condition R(0) being bounded implies B,, =0 for n>0. Con-
sequently, the separated solution can be written as:

un(r,0) = R, (1) ©,(0) = {r" cos(nb), r" sin(nd)}.

The general series solution of the Laplace equation is a linear combination of the separated
solutions:

=Ao+ Z "[A;, cos(nb) + B, sin(nd)]
The coefficients are determined by the boundary conditions: u(a, )= f(0):

A0+Z "[A,, cos(nb) + B, sin(nd)].

Using the inner product and orthogonality properties of the functions {cos(n#),sin(n#)}, we
can determine the coefficients as follows:

:%/_Zf(e), mn/ £(6) cos (nf), mn/ F(6) sin (nf).

Example 5.11. Let’s solve the following equation on the disk r <1:

Au=0
u(1,0) =14 3cos(20)

The contribution of the boundary terms 1 to the solution is the constant function u=1. The
contribution of the second boundary term to the solution is: u =373 cos(30). Consequently,
the solution to the given Laplace equation is given as:

u(r, ) =14 3r3cos(30).

The figure below depicts the surface solution of this Laplace equation:
u(r, 0)
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Example 5.12. Let’s solve the following equation on the disk r < 1:

[audd .

Since 0 can be expressed by the series:

the contribution of this term to the solution is

u(r,6) =" _72(—1)"7’"sin(m9).

Exercise 5.33. Solve the LAPLACE equation Awu =0 inside the unit disk with the boundary conditions
given below

a) u(l,0)=06?
b) u(1,9):cos(§)
c) u(1,6)=sin?0

Exercise 5.34. Solve the following Laplace equation on the unit disk

{ Au=0
u(1,0) +u.-(1,0) =sin(d)

Show that the Laplace equation does not have a solution if the boundary condition is changed to the
following one:

u(1,6) —u.(1,0) =sin(0).

Exercise 5.35. We aim to prove that the following equation defined inside the unit disk has a unique
solution

{ Au=0
u(1,0) +u.(1,0)= f(0)

a) Assume that uy(r,0), us(r, ) are two solutions to the problem. The function u = u; — uy solves
the following equation:

Au=0
{u(1,9)+ur(1,9):0'

Since u(r, 6), the solution to the equation, is smooth, we can express it as the following Fourier
series:

u(r,0)=Us(r) + Z Ap(r) cos(nb) + By(r) sin(nd).

Substitute this into the equation Au=0 and conclude A, (r)= A4, r", By(r)=B,r" forn=0,1,---.
b) Finally use the boundary condition and show u(r, ) =0 and conclude ui(r, 0) =ua(r,0).

Exercise 5.36. Consider the following LAPLACE equation inside the unit ball

{ Au=0
ur(1,0) = f(6)
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where f(0) is a smooth function in 6.
a) Is there a unique solution to the problem?
b) Find a solution if f(6) = cosf.
¢) Is there any solution if f(0)=17?
)

d) Show that the necessary condition for the problem to have a solution is

" f(6)a0 =o.

Exercise 5.37. In the case of solving a LAPLACE equation in the exterior of a disk, that is, in the region
0= {(r,0),r > a}, we keep only the terms R, (r) =r"" and reject R,(r) =" and In(r). The reason
is that only the bounded solutions of Laplace equation are meaningful physically. Solve the following
LAPLACE equation in the exterior of a disk of radius a =2

Au=0
u(2,6) =1+ 2sin(20)

Exercise 5.38. Let 2 be the region outside of the unit disk and interior of the disk of radius 2. SOlve
the following Laplace equation on (2

Au=0

u(1,0)=-sin(0)

u(2,0) =sin(20)

5.3.4 Eigenvalue problem on an annulus
Let © be the region enclosed by two disks » <b and r <a, i.e.,
Q={(r,0),a<r<b}.

Consider the following eigenvalue problem

{ Ap=—Ap
¢(a,0)=¢(b,0)=0"

For the separated solution ¢,(r, ) = R,(r) ©,(0), the solution for R,(r) reduces to the
following one:

Ry (1) = An Ja(VAT) + BuYa(VAT).

Note that in this case we should keep the second type of the Bessel functions Y, (/A7) as the
origin is excluded and thus Y, is bounded in the annulus domain 2. The boundary conditions
for R, (r) results to the following equations:

Ay Ju(VXa)+ B, Y, (VA a) =0
Ap Ju(VAb) + B, Yo (vVAb) =0

A straightforward algebraic manipulation leads to the following equation:

Tn(VAa) Yo(VAD) = T, (VAD) V(v Aa) = 0.
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Taking = = v/Aa, the above equation reduces to the following one:

To(z) Yn(ﬁx) _ Jn(gx)yn(x) 0.

a

If the zeroth of the above equation are denoted by z = s, the eigenvalues are obtained as

82 . . . . .
Anp=—7. Substituting A, into the above system of equations gives

Anp In(8np) + Brp Ya(8np) =0
Anpjn<snpb)+Ban;L<sn;b):0 .

a

Now, constants A,,, and B,,, are simply determined by the relation

Anp _ Yo (np)

By Jn<5np).

Hence
Rnp(r) = Yn(snp)Jn( \/V 7") - Jn(snp) Y;L( \/)‘_np T)-

Note that R,,(r) satisfy the equation

anp - annp - _)\np Rnpa

d’R

2 np

" dr? T dr
and therefore

<Rnp7 an>r - 07 p # q.

The eigenfunctions of A in () are

Onp(1,0) ={ Rpp(1) cos(nb), Ry,(r) sin(nb)},

2
for n=0,1,2,--- with associated eigenvalue \, ,= % These eigenparis satisfy the following
relation:

32
n
A(bnp == _a—2p ¢np-

The table below gives some values of s, for b=2a.

p Sop Sip S2p

1 3.1230 3.1966 3.4069
2 6.2734 6.3123 6.4278
3 9.4182 9.4445 9.5228
4 12.5614 12.5812 12.6404
d 15.7040 15.7198 15.7673

The figure below depicts a few of eigenfunctions R; ,(r) in the region Q:{(r,6),1 <r <r}.
As we observed they satisfy the homogeneous boundary conditions at r=1 and r =2




50 2D LINEAR SECOND-ORDER EQUATIONS

0.1

0.05

-0.05

-0.1F

-0.15

-0.2

Example 5.13. Let’s solve the following Poisson equation on Q:={(r,0);1 <r <2}
Au=rsin(0)
u(l,0)=u(2,0)=0"

The series solution of the problem is expressed as

u(r,0) = sin(é’)z B, Ry (7).

p=1

Substituting this into the equation gives B, as

—1 <7’ Rl >r
B,=_-\ W,
Post, (Rl

Here, we calculate a few of coefficients B,:
B1=1.1314 By=—0.143, B3=10.13416, By = —0.0362, B5 = 0.0486

We also can find a closed form solution as follows. We take the solution of the form u(r,
0) = R(r) sin(f). Substituting this solution into the Poisson equation gives the following
equation for R(r):

rR'"+rR — R=r3.
This equation is solved for

R(r)=Ar+Br~'+ % rs.

Applying the boundary conditions gives: A= %5 and B = %, and consequently:

u(r,f)= (—gr + %r‘l +%r3) sin(#).

by the uniqueness, we conclude the equality
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The figure below depicts This function and its approximation up to only three terms in the

same coordinate:
0 T

-0.05

-0.1 |

-0.15

-0.2
1

Exercise 5.39. Solve the following heat equation on the domain Q:={(r,0);1<r <2}

uy=Au+ e sin(h)
u(1,60,t)=0
u(2,6,t)=0
u(r,0,0)=0

5.3.5 Problems

Problem 5.36. Let ) denote a disk with radius a =1. Consider the following problem on 2

Au=rcosb
u(1,0)=0

a) Find a double series solution to the problem in terms of the eigenfunctions {.J,, ,(r) cos(né),
JIn,p(r)sin(nd)}.
b) Find a closed form solution to the problem and justify it is equal to the series solution.

Problem 5.37. Consider the Poisson equation Au =6 defined on the unit disk satisfying the homoge-
neous Dirichlet boundary condition.

a) Find a series solution to the problem in terms of the basis {J,, ,(r)cos(nf), Jp p(r)sin(nd)}. This
is a double series solution to the problem.

b) Consider the solution u as follows

T@:i r) sin(nd).

Note that 0 is an odd function on [—, 7], and its Fourier series contains only sine terms. Obtain
a differential equation for U, (r) and solve it to determine the single series solution.

Problem 5.38. Let ) denote a disk with radius a =1. Consider the following problem on 2

Au=sin(0)
{ ur(1,0)=0 "

Here the boundary condition is the homogeneous Neumann boundary condition.

a) Find a closed form solution to the problem by take u as: uw=U(r)sin(0).
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b) To find a series solution to the problem, we need to solve the eigenvalue problem

{ Ap=—\¢

or(1,0)=0"
Show that the eigenfunctions are

Gn,p(1,0) € {Jn(Cn,pr) cos(n), Jn(Cp,pr) sin(nd) },
for n=0,1,2, - where (,_, are the roots of J),(x). Here are a few of them:

Cl,l - 1.8412, CLQ = 5.3314, 41,3 = 85363, 4174 = 11.7060, 4175 =14.8636

Problem 5.39. Let Q be the unit disk. Consider the Poisson problem Au= f(r,0) on Q satisfying the
homogeneous Neumann boundary condition u,(1, ) =0.

a) Show that the condition for solvability of the problem is:

/Af(r,o)rdrdezo.

Hint: Use the Gauss theorem for the integral

/A}AudS.

Ap=-Xp

¢(1,0)=0"
accepts the eigenvalue A =0. What is the relationship of this result to the solvability condition
of the Poisson equation?

b) Show that the eigenvalue problem

Problem 5.40. Find a single series solution to the following problem on the unit disk

Au=40
u(1,0) =cosf

Problem 5.41. Let Q¢ denote the exterior domain of the unit disk in R?. Find a closed form solution
to the following problem on ¢

Au= % sinf
w(1,0)=0
Problem 5.42. Consider the following differential equation
Au+ %ur =rsin(f)
u(1,0)=0 '
We do not have any information about the eigenfunctions of the operator (A + %5}). However, we can

find a closed form solution to the problem. Take u as u(r, §) = R(r) sin(f). Obtain a Cauchy-Euler
equation for R(r), solve and and determine the solution w.

Problem 5.43. Consider the Poisson equation Au=sin(f) on the region Q: {(r,0),1 <r <2}. Assume
that v satisfies the boundary conditions u,(1,6) =0 and u(2,0)=0.

a) Find eigenvalues and eigenfunctions of the eigenvalue problem

Ap=—X\p onf)
or(1,0)=0
$(2,0)=0

Use a numerical method to find first five eigenvalues. Use the results and write a series solution
for the given problem.



5.3 DISK DOMAIN AND POLAR COORDINATE 53

b) Consider the closed form solution u as uw= R(r)sin(f). Determine R(r).

¢) With the result in part a), solve the following heat equation on {2

u=Au—e'sin(f) on

ur(1,0,t)=0
u(2,0,t)=0
u(r,0,0)=0

Problem 5.44. Solve the Poisson equation Au = cos(f) on the domain Q= {(r,0);0<r<1,0<0 <r}
satisfying the boundary conditions

u(r,0)=u(r,7)=0.
Problem 5.45. Let €2 be the unit disk. Consider the following heat equation on 2
w=Au—r
u(t,1,6)=0
u(0,7,0) =cosf
Take the solution u as
u(r,8,t)=V(r,0)+w(r,0,t),

where V satisfies the following Poisson equation
Au=r
u(1,0)=0"
a) Find a closed form solution to the equation for V.

b) Use the result in part a) and write downs the value series solution for w. Write down the solution
for w.

Problem 5.46. Let €2 be the unit disk. Consider the following heat problem on 2:
ug = Au —r?
u(1,6,t) =cos(9)
1
u(r,0,0) = 1—6(7"4 -1)
Consider the solution u as
u(r,0,t)=V(r,0)+w(r,0,t),

where V' satisfies the following Poisson equation

Au=1?
u(1,60) =cos(f)
a) Find a closed form solution to the equation for V.

b) Use the result in part a) and write downs the value series solution for w. Write down the solution
for w.

Problem 5.47. Let Q) be the unit disk. Consider the following wave equation

we = Au — cos 0

u(1,6,t)=0
u(r,6,0) :%73 cosf
us(r,6,0)=0

Take the solution u as
u(r,0,t)=V(r,0)+w(r,0,t),
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where V satisfies a Poisson equation.
a) Solve the Poisson equation for V
b) Use the result of part a) and write the series solution for w.

Problem 5.48. Let C denote the unit circle of radius 1. As it is known, the Laplacian A on C' has the
form Awu=wugg. Solve the following problem on C'

Ur =ugg — e sind
u(6,0)=0

Problem 5.49. Let C' denote the unit circle of radius 1. Solve the following wave equation on C

Uit = Ugo
u(0,0)=f(0) ,
uy(0,0)=0

where f(0) is the following function

64
0 otherwise

f(9)={92_l —§<0<%

Problem 5.50. Let €2 be the unit disk. Write a series solution to the following problem

uy = Au — e fcosh
u(1,0,t) =cos(20) .
u(r,d,0)=cos(30)

Problem 5.51. Let 2 be the unit disk. Write the series solution to the following problem on € in the
series form

=c2Au+sin(t)f

,0,1)=0

,0,0)=0

r,0,0)=0

(
(

Ut

= =

(%
[

—

Problem 5.52. Let Q2 be the domain outside of the disk » = 1 and inside the disk » = 2. We aim to
solve the heat problem u; = Au on {2 subject to the boundary condition shown in the figure:

u=1

2

a) Solve the Laplace equation AV =0 subject to the boundary condition given in the figure. Hint:
the solution is a pure function of r and independent of 6.

b) Solve the given heat problem if u(r,0,0) =0 by taking u as u=V (r) +w(r,0,t).
Problem 5.53. Solve the following wave equation on Q:={(r,0),1<r <2}

U“ZZAU
ur(1,6,t)=0
u(2,0,t)=0

u(r,0,0) = cos(g(r —1)) sin(6) .
ue(r,6,0)=0
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Problem 5.54. Let € be the domain {(T, 0);0<r<1,0<0< %} We aim to solve the following wave
equation for the function u(r,0,t):

uy=c? Au+rsin(30) onQ

Subject to the following boundary conditions:

u(r,0,t)=0

(’2’;

u(1,0,t)

a) Find the eigenvalues and eigenfunctions of the associated eigenvalue problem

b) Find a series solution to the problem if the initial conditions are given by: u(r, #, 0) = 0 and

ug(r,0,0)=0.
Problem 5.55. Let ) denote the first quarter of a unit disk shown in the following figure
1 o
u=2sin(46)
u=0
u=0 1

a) Solve the LAPLACE equation Au=0 in Q with the boundary conditions given in the figure

b) Find a closed form solution to the POISSON equation
Au=sin(20) onf
u=0 onbnd () -
¢) Find a series solution to the following heat problem

uy = Au — sin(20)

u(r,0) —u(r,g) =0

u(1,0) =2sin(40)
u(r,0,t) =2r%sin(40) + %7’2 lnr sin(26)

Problem 5.56. Consider the following figure
u=1

[

u=0 u=0

) Solve the Laplace equation AV =0 on the domain shown in the figure and associated boundary
condition.

b) Solve the Poisson equation Au =60 onf). Hint: Use the single series for u as:

Z U, (r) sin(nd).
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Problem 5.57. We aim to solve the heat equation u; = Aw inside the domain Q:={(r,0),0 <r <1,
0<6 <r} subject to the boundary conditions

{ u(1,0,t) =1.

u(r,0,t)=u(r,m,7)=0"

a) Determine the eigenfunctions and eigenvalues of the Laplacian operator A on ) satisfying the
homogeneous boundary conditions:

Ap=—X¢p on{l
$=0 onbnd(Q)
b) Solve the Laplace equation AV =0 on 2 adheres to the prescribed boundary conditions.
¢) Solve the given heat problem utilizing the separation u =V (r,0) + w(r,0,t).
Problem 5.58. Let Q) be the semi-disk: Q= {(r,0);0<r<1,-F <6<}

a) Determine the eigenfunctions and eigenvalues of the Laplacian operator A in € subject to toe
homogeneous Dirichlet boundary condition.

b) Consider the following heat problem on §2:
ur=Au —rsin(20) on

onbnd(Q) .
,0)=0

Since the source term is independent of time, we can consider the solution u as:
u(r,0,t)=V(r,0)+w(r,6,1),
where the function V satisfies the Poisson equitation

AV =rsin(260) onf)
V=0 onbnd(Q)

Take V of the form V = R(r) sin(20) for an undetermined function R(r). Substitute V' into the
Poisson equation and derive a Cauchy-Euler equation. Solve this equation and determine V. This
is a closed form solution for the Poisson equation.

¢) Write down the equation for w, and determine the correct series solution to it based on the form
of the source term h=rsin(260). Determine the solution u(r,#,t).

Problem 5.59. Consider the following domain:

u=1

a) Determine the eigenfunctions and eigenvalues of the Laplacian operator A on the domain 2
subject to the homogeneous Dirichlet boundary condition.

b) Solve the Laplace equation AV = 0 on the above domain with the given boundary conditions
shown in the figure.

¢) Solve the heat equation
ur=Au
u(r,0,t)=0"

where u satisfies the given boundary conditions in the figure.
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