FROM QUANTUM LOOP ALGEBRAS TO YANGIANS

NICOLAS GUAY AND XIAOGUANG MA

ABSTRACT. The main purpose of this note is to give a proof of a statement of V. Drinfeld in [Drl] regarding
Yangians and quantum loop algebras, namely how the former can be constructed as limit forms of the latter.
We also apply the same ideas to twisted quantum loop algebras to recover the (non-twisted) Yangians.

INTRODUCTION

Quantum loop algebras and Yangians are examples of affine quantum groups that representation theorists
have all heard about since they have been well studied for over twenty-five years. It is also well-known
that Yangians are, in some sense, limit forms of quantum loop algebras, but, as far as the authors know, a
complete proof had never appeared until very recently [GaTL] ! although a precise statement of this fact is
formulated in [Drl] and a proof is certainly known to some experts. The main purpose of this note is to give
a detailed proof of how to realize Yangians as limits of quantum loop algebras since this may be useful to
other mathematicians who may not be experts in the field (like the present authors). The precise statement
is given in theorem 2.1 below. Some of the ideas in the proof were applied in [Gul] to quantum toroidal
algebras to obtain affine Yangians and deformed double current algebras. Those ideas were also used in
[Gu2] to propose a generalization of deformed double current algebras to semisimple Lie algebras other than
those of type A. We should also mention the articles [DHZ1, DHZ2] where a certain correspondence between
quantum affine algebras and double Yangians is used to study representations of the latter. The authors
believe that it is important that a proof of theorem 2.1 be published to fill a gap in the literature, hoping
that it will give more visibility to theorem 2.1 whose statement is buried in a paragraph in [Drl] instead
of being stated in a more conspicuous way. Moreover, the proof is connected to the very important recent
paper [GaTL] which provides, among other results, a strengthening of theorem 2.1. Indeed, the degeneration
isomorphism 7 in the proof of theorem 2.1 is the inverse of the associated graded of the homomorphism ®
of geometric type in [GaTL]: see theorem 6.5 in loc. cit.

After proving theorem 2.1 for untwisted quantum loop algebras, we realized that the same ideas could be
applied to twisted quantum loop algebras. These are examples of quantum Kac-Moody groups which have
been studied in a few papers over the years by mathematicians (see for instance [CFS, ChMo, ChPr, Hel,
JiMi, Sz]) and by mathematical physicists [DGZ, GMW]. We show that the limit forms of these quantum
groups that we consider yield the usual (non-twisted) Yangians associated to complex simple Lie algebras of
type A, D, E (under one assumption).

We treat the untwisted and the twisted cases at the same time. The first section contains a definition
of quantum loop algebras, of Yangians and of seemingly new algebras Y (g,o) (for o a Dynkin diagram
automorphism) which are proved to be isomorphic to Y(g). The second section starts with two versions of
the main theorem and continues with its proof. In the last section, we explain briefly the relation between
quantum toroidal algebras, affine Yangians and deformed double current algebras.

ACKNOWLEDGMENTS

The first author thanks Valerio Toledano Laredo and Sachin Gautam for pointing out some inaccuracies
in an earlier version of this paper. We also thank Naihuan Jing for answering a question about twisted

Most of this paper was written before [GaTL] was made public.
1



2 NICOLAS GUAY AND XIAOGUANG MA

quantum affine algebras, I. Damiani for sending us a copy of her manuscript [Da], and the referee for a
careful reading of our manuscript and for pointing out a gap in the original proof. The research of N.G.
has been supported by a Discovery Grant from the Natural Sciences and Engineering Research Council of
Canada and by a start-up grant from the University of Alberta. The second author has been partially
supported by a postdoctoral fellowship of the Pacific Institute for the Mathematical Sciences.

1. QUANTUM LOOP ALGEBRAS AND YANGIANS

1.1. Definitions. In this subsection, after introducing the notation, we simply recall the definition of un-
twisted and twisted quantum loop algebras and of Yangians associated to a complex simple Lie algbra g.
Let C = (¢45)i,jer be the Cartan matrix of g and let d;,i € I, be coprime positive integers such that the
matrix (d;ci;)ijer is symmetric.

Let o be a Dynkin diagram automorphism, so o : I — I be a bijection such that c,;)s(;) = ci; for
all i,j € I. Let m be the order of o, so m = 1,2 or 3. Denote also by ¢ the corresponding Lie algebra
automorphism of g. The different possibilites for the pair (g,c) are given explicitly in [JiZh]: in particular,
if m # 1, then g is of type A, D or E.

Fix a primitive m™ root of unity w € C*. For d € Z/mZ, let g; be the eigenspace of ¢ on g with

eigenvalue w?. Then, g = Daecz/mz8d is a Z/mZ-gradation of g. The fixed point set gy of o is a simple Lie
algebra. The nodes of its Dynkin diagram are naturally indexed by I, the set of g-orbits in I. For i € I,
let 7 be the g-orbit of ¢, so 7 € I,. Moreover, gy is an irreducible representation of gg. The twisted affine Lie
algebra g° is the universal central extension (with one dimensional centre) of the twisted loop algebra

L(g)” = {f € g @c Clt,t ]| f(wt) = a(f(1))}.

§° is a symmetrizable Kac-Moody algebra whose Dynkin diagram has nodes indexed by I, = I, [1{0}. Let
A° = (ng)i el be the generalized Cartan matrix of g%, and let {df}ief be the coprime positive integers

such that the matrix (dzc) is symmetric (except that, in the Aéﬁ} case, one of the d; equals 1 - see [JiMi]).
Let (-, ) denote a symmetric, non-degenerate, bilinear form on the dual of a Cartan subalgebra b of g which is
invariant under the Weyl group action and normalized so that (o, &) = 2 if « is a short root. Let {o;}icr be
a set of simple roots of g and let {az}s¢c1, be a set of simple roots of go. The entries ¢;; of the Cartan matrix
22?:701 Ciod(y) _ 2 Zg;}l(ai7@ad(j))

Z;n;ol Ciod(4) - Z:;:?)l(ai’aud(i))

2(o,a5)
of g are ¢y = Taialy

_ (ou,04)
= T2

and we set d; . Fori,j € I, we have ¢;; =

Z,’;L:T)I (o X pd () )

and d; = 5

Instead of working with the twisted quantum loop algebras for a fixed numerical value of the parameter
g € C*, we will need to work with its h-adic complete version defined over the ring C[[h]]. Set ¢ = ezm. We
neefdusome more notation. For ¢,j € I, we define d;; € Q, Pf;(uhug), Fg(ul,ug), Giij (u1,u2) € C[[h]][u1, us]
as follows:

o If o(i) =i, then dj; = %, P (uy,up) = 1
o if ¢jp(s) = 0 and o(j) # j, then dij = 5= P (uy,uz) = 1;

2mo T i

m_+2m __ m
e if ¢;p(;) = 0 and o(j) = j, then d;; = %,Pfj:(ul,UQ) = %Tuu;;
e if ¢jp(;y = —1, then d;; = i,Pij;(ul,uQ) = urqt + uy;

. Ff;(uhuz) = HdeZ/mZ(ul — wdqidici,odomg);

+
* ij(ul,uQ) = acz/mz(wg Luy).

dic; gy _
In order to present a definition of quantum loop algebras which encompasses both the untwisted and the

twisted cases, we use the definitions given in the original paper [Dr2] in theorems 3 and 4 with ¢ = ezn and
trivial central element (¢ = 0 in the notation of loc. cit.).

Definition 1.1. The quantum loop algebra 4, (L(g)?) (or just LUp(L(g)) if o is trivial) is the associative
complete C[[h]]-algebra topologically generated by elements Xi,’HM for i € I,r € Z, which satisfy the
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following relations for i,i1,i2 € I and r, ki, ks € Z:

(1) Xj(i),r = erzirv ,HU(i)ﬂ” =w Hir;  Hiyr Higro = Higra iy s
1
+ +
(2) [Hi1’07 Xig,r] = i% Z dilcil,dd(iz) X’Lz r
dez/mZ
T1dig € pd(iy) _ 4 T1di1C pd ()

4 _ q 1 2 q 1 2 + ) .

(3) [Hil’rl,Xi27T2] =4+ de;/: i Tlh wart Xi277"1+7"2 Zf T1 7& Oa
m

U — U
+ — 11,7147 11,7147
(1) XX = S e ( e e )

d€Z/mZ

where the \Ilfr are defined by
Z\IJ u~" =exp :i:ﬁH' exp :I:hZ’H- u!
7, ERNC ) 1,0 =)
1>1
and \I'i[r =0ifFr > 0;

() Fiyy, (un, ua) X (w) X (un) = Gy, (ur, u2) X (u2) X5 (ua), => X

11122
reZ
X (1) X% (u2) = X (u2) X (u1) if Ciyiy = 0= Ciy o1 (59);5
Sym{ P (uy,un) (X (ug) X () X5 (ug) — (2% + ¢ 20 ) X7 (un) Xt (us) X7 (uz)

(6)
+Xi(u1)xi(u2)xi(u3))} —0

if ¢ii, = —1 and o (i) # i3, where Sym denotes symmetrization over u; and usg;
3 1 _1 _3
(7) Sym{(qzufl - (qé +q é)u;Fl +4q 2U?Tl)Xii(ul)Xii(UZ)Xii(UB)} =0
and
(8) sym{ (¢~ Fuf! = (aF + a7 )ug! + gFud") X () X (u2) X (ug) | = 0
if Cig(iy = —1, where Sym denotes symmetrization over uy,us and usz;
Finally, if m = 1, the quantum Serre relations are:
xt + + pt + _
(9) Z Z [ } (1) ”Xif«(k)Xj’SXi’Tw(Hl) ”'Xiﬂ“wuv) =0
TeSN k=0

Vi,j € 1,1 # j and for all sequences of integers ri,...,rn € Z where N =1 — ¢;; and []]ﬂ is the usual
q
q-binomial coefficient.

Remark 1.1. The untwisted quantum loop algebra corresponds to the case when m =1 and o is trivial.

We will need the following result [En].

Przplosition 1.1. U (L(g))/hihn(L(g)) = W(L(g)) and Up(L(g)) is isomorphic to U(L(g))[[h] as C[[h]]-
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Remark 1.2. [t is expected that proposition 1.1 holds in general for Uy (L(g)?) and this may even be known
to be true to some experts, but the authors have not been able to locate any reference. Theorem 1.3 in [En]
applies only to untwisted loop algebras; theorem 1.1 in loc. cit. is valid for symmetrizable quantum Kac-
Moody algebras. It seems that the proof of the isomorphism in theorem 4.2 in [JiZh] uses the twisted analog
of proposition 1.1, so it does not appear possible to combine both results to obtain an analog of theorem 1.3
in [En] for twisted quantum loop algebras.

Definition 1.2. The Yangian Y (g) is the algebra generated by X+
following relations (Vi,j € I, Vr,s € Z>o):

H; i€ l,r € Z>y, which satisfy the

1,77

(10) [Hir, H; o] =0, [Hio,X;,]=*dici; X

(1) (i1, XA = i X ] = 558 (0, X+ XE o)

(12) (X X5 o] = 033 Hires;

(13) X500 XA — X X) = £ P58 (X X+ XA XE ),

(14) > [Xim>,[-~- 7[X3TLT"(N)7X}‘,LS]---]} =0 Vri,...,*n, s> 0dfijeli#j

TESN

where N =1 — ¢;;.

We now define an algebra Y (g,o) which is seemingly different from the Yangian Y (g). The notation
suggests that they are related to Yangians: actually, we will prove below in theorem 1.1 that Y(g,0) =2 Y (g).

As for twisted quantum loop algebras, we will need the following notation:

o If o(i) = i, then p;j(v1,v2) = 1;

o if ¢;p(;y = 0 and o(j) # j, then p;;(vi,v2) = 1;

o if ¢jp(5y = 0, 0(j) = j, then p;(v1,v2) = v1 +v2 € Clog, 2]/ (v — 1,05 —1) if m = 2 and p;;(v1,v2) =
v? + v1vg + v3 € Clog, va]/(v3 — 1,03 — 1) if m = 3;

o if ¢;ps) = —1, then py;(v1,v2) = v1 4+ v2 € Cloy, v2]/(v] — 1,03 — 1);

1 _
® Fg(uhuz’vhvz) =u1—u2¥§ZZLol (Z;n olw dee(])) e v§ € Clug, ug,v1,v2]/(v]" =1, 05" —
1) and G?;(Ul,UQ,'Ul,UQ) = _F,L-:J‘-:(UQ,U1,'U1,1)2).

Definition 1.3. Assume that o is non-trivial. Y (g,0) is the associative C-algebra generated by elements
Xfr,k, Hi,p withi€l,r € Z>0,0 <k <m — 1, which satisfy the following relations:

(15) X*

ok XE ok + g dk + .
o)k =@ Xivw  Hoyrke =@ Hirk, (Hio ks Xj g, = £ E wdiCigagy | Xk tha'

de€Z/mZ

. . —_0- + 2
(16) [H74177”1¢k17H22a7’27k52] =0; [Xil,rl,kl io, rg,kQ E ) od(iy),igW 11,T1+7‘2 k1+kas
deZ/mZ

(A7) OuyOuy FiE, (ur, un, w1, 02) X5 (g, 01) X (us, v2) = 4y 0, G5

o L, (u1, 2, v1,02) X;7 (U2, v2) X;- (u, 01);

1182

(18) 8 8 F (ul,ug,vl,vg)Hil(ul,Ul)X?;(ug,vg) aulaU2G

o Fili, U1,U27U1,Uz)Xi(uzwz)Hil(uhm);

2122(
(19) X;‘;(Ul,vl)Xi:s(UQ,vQ) = XZ‘:;:(U%UZ)X?I:(Ul,Ul) Z'fCiLi2 =0= Cil,ail(ig);
Sym{piig(vluUZ)(XZ‘:E(U&UB)X?:('U/I"Ul)Xii(u%UZ) —2Xzi(u1701)Xif(U3,U3)Xii(u2702)

+Xii(ul,’Ul)Xii(UQ,UQ)Xi::(Ug,1}3))} =0
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if ciiy = —1 and o(i) # i3, where Sym denotes symmetrization over (u1,v1) and (ug,vs);
(21) Sym{ (v1 — 2vg + v3) X" (g, v1) X;" (ug, v2) X" (us, U3)} =0
if Cio(sy = —1, where Sym denotes symmetrization over (uy,v1), (uz,v2) and (u3,v3).

Here we use the notation X (u,v) = D orelsg 2akel m7 anku*’”*lv’k € Y(g,0)[[u1]]@cClv,v™1]/(v™—
1), which we view as an element of Y (g,0)[[u~']] @c Clv,v1]/(0™ — 1).

Remark 1.3. We could extend definition 1.8 to the case when o is trivial by adding relation (14) to it.
However, it will be more convenient for us to refer to a separate definition in the proof of theorem 1.1 below.

Theorem 1.1. The algebras Y (g,0) and Y (g) are isomorphic.

We will use the following notation: if a,b € A for some ring A, then S(a,b) = ab + ba.

Proof of theorem 1.1. We would like to construct an algebra homomorphism ¢ : Y (g,0) — Y (g) by setting

m—1 m—1
r —sk v+t _ r
(22) ”k =m w™ X oo (i) O(Hirr)=m W Hys (3, -
s=0 s=0

We will now perform a few computations to check that ¢ is an algebra homomorphism. This will be
enough since ¢ is surJectlve on generators, hence an epimorphism, and it is also injective: Y(g,0) is a
filtered algebra with XZ vk Hir i of degree r and that the associated graded homomorphism gr(p) is one-
to-one follows from the PBW theorem for Y (g) [Le] which states that gr(Y( )) = Ug(Clu]). Alternatively,
one could also verify that Xij;, m}+1 ZL 01 X + vk and H; , — m,ﬂ Z i.rk define a homomorphism
Y(g) — Y(g,0) which is the inverse of ¢. We are assuming that o is non—trlvial, so d; = 1 for the rest of

the proof.

1. Relation (15): The first two relations can be obtained from the definition of ¢ easily, so we show the last
one. Using (10), we have

—1

3

—ski— th . +
w US(Z%OvXat(j),r]

=
(]

[e(Hio,k, ), @(Xfr,@)] = m

3
|

»
T~
I
= o

|
3

— sk, —tk =
0T T2 e ) ot () X g ()

®
T
- o

(setd=t—3s) = i(

|

which is exactly the rightmost relation in (15).

dk‘l —t(k1+k2 +
wie; La g)> Z mlw R X

t=0

.
Il
=]

3

wdklci,o'd(j)> QD(X]:{:,,.,k),

0
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2. Relation (16): The first one is trivial. Let us prove the second one. Using (12) we have
m—1m—1
+ — _ 172 E E —s1k1, ,—saka[y+ -
[(P(Xilvrl’kl)’SD(X@’T%]C?)} = m w w [ a’sl(il)vT‘17X0'52(i2)vT2]
S1=O 82=0
m—1m—1
— r1+T —s1k —sok
= mie Z Z WM W T G001 (11,002 (i) Hoo1 (i1) 1 472
81:0 82:O
m—1m-—1
— ri+r —s1(k1+k s1—s2)k
= mE Z Z w skt (on=es) 26051752(7;1)7i2H0'51(il)ﬂ"l“r"‘z
81:0 82:()
m—1
— dk
= E 60‘1(1‘1),1’2‘*) 290(Hi1,T1+T2J€1+7€2>'
d=0

3. Relations (17), (18): Using (13) and the definition of ¢, we have

(23) [o(X5 1) P )]
m—1
—s1k; v —soko v
:mr1+r2+1 Z ([w 1 lXosl(il),n’w 2 2Xa'*2(i2),7‘2+1])
s1,52=0
mritratl R —s1k1 yk —saka
:I:T Z Casl(il)JS?(iz)S(w o o1 (i1),r 0 Y o 052(1'2)77“2)
51,82:0
+
= [@(Xh,?"hkl)’ SO(Xij;r2+1,k2)] + Rm7
where
r1+re— + k + * k =
Ry = 2 2 1(ci17i2 + cilﬁ(h))S(Xil,Tl + (_1) 1AX(T(il)J'l’)(1.2’7"2 T (_1) QXJ(Q)’W)
S + + + +
4oritre l(cil,ig . Ci1,0(i2))S(Xi1,r1 . (_1)k1XU(i1),T17Xi2’T2 — (_1)k2Xa(i2),T2)
1 + +
- i§ ((cilﬂé + Cilﬁ(h))s(@(‘xh,h,kl)’ (p(Xi2v’“2ak2))
+ +
+(Ci1,i2 - Cil,a(iz))S(<P(Xi1,r1,k1—1)’ <‘0(Xi2,7"2,k2*1)))’
gritra+l + + - —ko v
RS = iT (Cil )22 (S(Xiu?"l ’ XiZﬂ"Z) + S(w XU(il)""l W Xg(i2)’rz) +
—2ky v+ —2ko v + —ko y+
S X iy @ X o)) F Cinoin) (SO 0™ X )
—2ky yt + ~k1 x & D
+S(w XU2(i1),r1aXi2,rz> + S(w Koty ¥ XUQ(i2),T2))
_ + + + — +
+Cil,02(i2)(s(w leU’(il)”f‘NXimTz) +S(X’i17Tl’w 2k2X02(i2)fr2)

—2kq + —k +
+S(w XUQ(il);Tl’w 2X0(i2)7r2)))
1
= :l:§ <(Ci1,i2 + Ciy,o(i2) + Ci1,02(i2))s(<p(X?1:,7'17k1)’ SD(X?Q:J'ZJW)) +
(Ci1,i2 + wcil,U(iz’) + chh702(i2))s(¢(X;‘1:7T1,k1 +2)’ SO(X;;T%I‘?Q"FI)) +

+ +
(Ciyin + chil,a(iz) + wcil,ﬁ(h))S(‘P(Xil,n,klﬂ)v ‘P(Xi2,r2,k2+2)))'
This shows that relation (17) holds. Similarly, one can show that relation (18) holds.

4. Relations (19), (20), (21): ¢ respects relation (19) because of relation (14) in the case ¢;; = 0. As for
the other two, they can be proved case-by-case: the details are in Appendix A.

From steps 1-4, we can deduce that ¢ is a homomorphism of algebras, hence an isomorphism (as explained
before). 0
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2. STATEMENT AND PROOF OF THE MAIN THEOREM

We have the following sequence of algebra homomorphisms:

t—1

Un(L(9)7) — Un(L(9)7)/hthn(L(9)7) — U(L(g)7) — U(g).

Let K be the kernel of this composite. Let Y (g,0) be the C[[h]]-subalgebra of C((h)) ®cqiny) Un(L(9)7)

generated over C[[h]] by U, (L(g)?) and . In the case when o is trivial, the following theorem was asserted
in [Drl].

Theorem 2.1. If proposition 1.1 holds true for U, (L(g)?), then ?(g,a)/hf/(g, o) is isomorphic to Y (g,0).
We rephrase this theorem in a slightly different form as suggested in [GaTL] (see theorem 6.4 when o is triv-
ial). We have a decreasing filtration on 4 (L(g)?) given by the powers of K. The graded ring gri (4, (L(g)?))

associated to this filtration is @, , K" /K"t The algebras Y (g) and Y (g,0) can be defined over the ring
C[h] (and are then denoted Y3 (g) and Y, (g,0)) if we add a factor of & in the right-hand side of relations

(11) and (13) (respectively, if we set F; (u1,ug,v1,v2) = ug —us F g ZZZOI (ZT;OI WEddiCi7ge(j)) o Mg,
Whenever ¢ € C\ {0}, we have isomorphisms between Yj,—_.(g) and Y,—1(g) and between Y;_.(g,0) and
Yih=1(g,0). Yn(g) and Y4(g,0) become graded algebras if we assign degree one to h. Theorem 1.1 is also
true for Y, (g) and Y (g,0).

Theorem 2.2. If proposition 1.1 holds true for U, (L(g)?), then Yi(g,0) is isomorphic to gri (M (L(g)7)).

Before proving this version of the main theorem below, let us state a lemma which will be necessary.

Lemma 2.1. The following relation holds in 4 (L(g)7):

+ + + _ ot + +
(24) Fij (z,0)¥; (Z)Xj (w) = Gij(z7w)Xj (W)W (2),
where \Il:r(z) = Zkzo \lekz*k and in(w) = ez Xﬁw*l,

Proof. The proof in general is similar to the one found in section 3.2 of [He2] when o is trivial. For details,
see Appendix B. O

Denote by O(h) an arbitrary element in h‘U;,(L(g)?). For r,k > 0, define elements Xfr,mHi,r,k in
U (L(g)7) by:

+ 2 ™\ v+ - r W+k+ — Vi
_ — i,k+ms i,k+ms
Xk = Z(_l)T ) <s> Xikyms Hirk = Z(_l)r ) (s> h '
s=0 s=0
. 1 . . . .
Using (T l_ ) = <Z> + <s i 1), we obtain the inductive relations
(25) Xii,rJrl,k: = X?,Er,lwrm - Xi[r,k’ Hiri10 = Hipktm — Higge

Lemma 2.2. For anyi € I,r,k >0, we have X+ H;,, c K"

2,7,k
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Proof. The proof is by induction on r. We can assume that K™ contains XiiFk for 0 <7 <randall k € Z.
(This is true at least when 7 = 0,1.) We have

[Hi,m - Hi’o’ X;:T’»k] = Z(_1)7 < ) ([HZ moy g k+ms] - [Hiao’ Xi:,tk+ms])

s=0
r md;c, g —md;c, q,;
s [T qg "t —gq het 4 diCi,gii) o p
- % Z(_l) ’ (S> Z < mh Xi,k+m(s+1) - m Xi,kers
s=0 de€Z/mZ
— (=) (r + 2
==+ Z m s Z di iCi, (i) ( i, k+m(s+1) Xi,k+ms) + O(h ) i k+nl(€+1)
s=0 d€Z/mZL
T+1 (7‘+1) s r
2
_iz <<S—1) ( >> Z dclﬂd() zk+m9 O(h )XlTk'-‘rm

d€Z/mZ

:ia Y diciany X x FOBDXE, 4,
d€Z/mZ

Since H;m —Hio € K and X7, , € K" by assumption for any ¢ € Zx (so that O(h?)X7,, € K't2 C K'*1),

we deduce that X e € K"t!. By induction, this must be true for any r € L.

7, r+1,

From equation (4), we get

- . r—Ss r —
[X?:r,lei,O,O} = Z(—l) (S> [XiJ,rk+msa Xi,O]
s=0
r ’ ot O
= Z(_l)r—s (S) Z 6Jd(i),i Lhtms n zk+ms = Z 4 od(i),i H; .k,
s=0 deZ/mZ d€Z/mZ
which implies H; ;. € K" for any r, k£ > 0 since ZdeZ/mZ Sod(iy,i 7# 0. O

Given an element X € K", we denote by X its image in the quotient K" /K" 1.

Lemma 2.3. X, ., =X, and H; ;. jym = Hi k.

Proof. This is a corollary of lemma 2.2. O
Proof of theorem 2.2. Let m™*, m™ be two scalars such that m™m™ = m. Define
(26) m:Y(g,0) — grx(Un(L(g)?)) by Xz ek m mrxz ok Hirk— m" T H, . g

where r > 0,k € Z/mZ and n(h) = h € K/K?. From lemma 2.2, we know that this map makes sense. Now
we show that it is an algebra homomorphism, that is, it respects the relations in definition 1.3.

Remark 2.1. To prove theorem 2.1, the homomorphism Y (g,0) — }7(9, U)/hf/(g,a) to consider is given
by the same formula except that Xl rk?Himk should be replaced by h_TXfrk,h_THimk (and it should be

proved that these elements of C((h)) @cyny Un(L(g)7) belong to Y(g,0)).

1. Relations (15), (16): Relations (15) for W(Xfr,k),w(HM’k) follow from (1), (2), (3). The first one on line
(16) is also a direct consequence of (1). Let us now verify that 7 respects the second relation on line (16),
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that is, let us see that [r(X ;" ),W(XZ;TZM)] = ZdEZ/mZ 6gd(i1)7i2wdk27r(Hi1,r1+r2,k1+k2)~

i1,71,k1

71 r2
_ _ . 1 _ T1 b T2 _
MK ] = T [D—l)“ (008 a0 (b)wam]

a=0 b=0

1T
_ 1 —a—b(T1)[T2 + _
— mritret ZZ(_I)erm a <a) <b>[Xi1,k1+am7Xi2,kz+mb}

a=0 b=0

r1+r2 € \I/+ U
_ mr1+r2+1 Soaii s s wdkg (_1)r1+r2—e T1 T2 i1,k1+ko+em i1,k1+ka+em
o o (i1),i2 al\e—a h

d€Z/mZ e=0 a=0

[mtm™ X

i1,71,k1°

ri+r2 \I/+ U
— pritratl Soari . o2 (_1>r1+r2—e Tt T2 i,kit+katem i,kit+katem
= o (i1),iz e h
d€Z/mZL e=0

_ r1+ro+1 dk
=m' 2 E 6ad(i1),i2w 2Hi1,7"1+7"2,k1+k2'
deZ/mZ

2.1. Relation (17): m = 1 case. We will give full details in the case m = 1 and just a few computations
when m = 2 or m = 3. Taking the coefficients of u=% w2 in (5), rearranging the terms and simplifying
yields:

[x* x*

i1,k1+1 i1,7€17Xi2,/€2]+(1 -4 e 2)')(’ X

i2,k2 Vi1, k1+1
xE, xE

(27) + + + +d; ciys
= [Xi1,k1’)(i2,k2+1 - Xiz,kz] + (q e — 1) 11’k1Xi2J€2+1'

Assume by induction that we know that
(28)

[Xi177‘1+1,’€1 ’ Xizykz] + (1 - Z)Xiz,k2Xi1;T17k1+1

_ :l: :t :t idL Ciqi _ :t :t
- Xi177’1,k17')6i2,k2+1 - Xi’z,’@] + (q e 1)Xi1,r1,k1Xi2,k2+1'

We have already shown this to be true when r = 0 and all kq, ko € Z by (27). Using the inductive relation
(25), we can conclude by induction that (28) is true for any k1, ke € Z, 11 € Z>o.

Now, let us do the same for is, ko instead of i1, k;. Arguing again by induction, we conclude that the
following equality holds for any 1,72 € Zx>q, k1, k2 € Z:

+ + +di,ciii + +
[Xi177”1+1,k1’Xi2,7‘2,k?2] + (1 - 1112)Xiz,T’2J€2Xi1ﬂ“1J€1+1
_ + + +d; ciii + +
- [Xil,T1,k1’Xi27T2+1,k2] + (q = 1>Xi1,r17k1Xi2ﬂ“2,k2+1'

Therefore, in K" /K", we obtain the desired relation:

— —t — —t diy Ciyigh (< — — —t
Xi17T1+1,7€17Xi27T2J€2] - {Xi17T1,7€17X1'27T2+1J€2 ==+ 2 ( i2,72,k2 Xi17T17k1+1 + Xi177'1;k1 i277“2,]€2+1) :

This is true in particular when k; = 0 = kg, so we deduce that 7(X* ) and 7(X ) satisfy relation (13).

11,71 12,72

2.2. Relation (17): m =2 case. (5) can be rewritten as:

+ + + + + + FCiigTCiy 0(in) _ + +
[Xi17k1+2 o Xil,kl’Xi%l@] o [Xi17k17Xi27k2+2 B Xi27k2} (q e pel) 1)(Xi2,k2Xi17k1+2

1 ot teis fei, ot + 4
+ Xi1>7€1Xi27k2+2) + (q vz —grte 2))S(Xi27k2+1’ Xi1,k1+1)'

Using the induction relation (25) as in the case m = 1, we can deduce by induction that

+ + + +
(29) [Xil,rl-&-l,kl ’ Xiz,rg,kQ] - [Xil,rl 10 Xig,rg—i-l,kz]
- (q e ) 1)(Xi2,T2,k2XZ‘1’T1,k1+2 + Xil""l,klxi27r2:k2+2)

Fciji *ciy o0 + +
+(gT iz — gF 2))S(Xi2,r2,k2+1’Xil,rl,kﬁ—l)
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From Lemma 2.3, after passing to the quotient K™+ /K", equation (29) becomes (17) (up to a factor of L
on the right-hand side, but it is accounted for in the definition of ).

2.3. Relation (17): m = 3 case. (5) can be rewritten as (d;, = 1 when m = 3):

+ + + + + +
Xi177€1+3 o Xihkl ) Xiz,kz] [Xll k1’ Xi2»k2+3 B Xi27k2:|

2
h +
=+— ((Z Ciy,od(iz) T O(h)> (X’Lz k2le k1+3 + le kIXZQ k2+3)

2m
d=0

2
(Z Ciy,od 22)0‘) +O( )> S(le7k2+1’Xi:f7k1+2)

d=0

(Z Ci1,0d(i2)w2d + O(h’)> S(Xg ko422 Xf,kﬁrl))

d=0

Using relation (25) and induction, we get:
LGIRTID GNP E s GNP GO

= :I:g ((Ci1i2 + Ciro(iz) T 01102(12)) (Xiyrz,kz Xiil,m,k1+3 + Xi,rl,kl Xi,r2,k2+3>
+ (Civiy + Ciro(in)w + Ci102(i2)w2)5(ii,r2,k2+1’X?I,h,kﬂﬂ)

9 — —
+ (CiliQ + Cilo'('l'Q)w + 6110'2(iQ)W)S(XiQ,TQ,k2+27 Xi1,’l“1,k1+1)) .

From Lemma (2.3), equation (30) shows that Tr(Xijl:yTl’kl) m(XE

i2,72,k2

) with 1, T2 € ZZO7 klakQ = 071727
satisfy equation (17).

3. Relation (18): This is quite similar to the previous case, starting this time with relation (24), so we give
a few explanations only when m = 2. d;; =1 when m = 2 and (18) can be written as

h(Ciyia + Ciio(in))
+ + i1 (i2) +
[Hil’rl+17k1’Xi2,T2,k2] o [Hilvrl’kl’Xiz,TQJrl,kz] - — 2 - S(Hi17T17kI)Xi27T25k2)
h(ciliz -

2

+

C'Llo'(iz)) +
S(Hi177‘17k1+1) Xi2,7"2,k2+1)'

In order to show that this equation is satisfied when Hi,r’k,Xiirk are replaced by W(Hi,r’k)ﬂr(Xﬁ k)s We
need the following equation:

+ +
[Hilirl+17kl7Xi27r27k2]_[Hi17r1)k17X”L27T2+17k2]
EeijigtCiy o + +
(3]_) :(q Ciyig TCiy,o(in) 1)(X Hil,rl,k1+2 + Hilvrlvk1Xi27r2,l~c2+2)

i2,72,k2

+ciqi +ei o ) +
+ (q 2 — g 1,0( 2))S(Hll,’rl,kl‘f’hX'L’Q,'r‘g,kg—&-l)'

Notice that relation (24) can be written as
+ + + + £ £
[\Iji1,k1+2 - \Ijiu/ﬂ ? Xim’w} {\Ijh k12 Ximkz-‘r? - Ximkz}
— tcijioECiy o + +
(32) = (g7 2 et — 1) (Xzz ke Ui gz T \Ijzl,leig,kz-i-Q)
g Ciy,o(i +
+ (g5 — gFonoi) S (‘I’Z,klﬂ’Xm,kQH)

Using (32),(25) and induction, it is possible to establish (31) when k; > 0.
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To establish (31), when k; = 0, rewrite (32) as
} - {\I’zt,o ‘I’z:,OszQ ka2 X?fk2:|
(33) = (qFnizEen etz — 1) (le k2‘1’+ ot ‘I’zl Ong,k2+2)

teigi iy ,00 + + - +
+ (q Ciyig __ q Ciq, (2))5 (\I/il,l’XiQ,k2+1) + I:\IJZ1 07Xi2,k2+21|

+ + - +
[‘1’11,2 V0tV 0X

i2,k2

Using [¥; o, Xf; kotol = (1= qECi2 i) ) U 0X2 k12 and dividing by h, we obtain relation (31) when
k1 =0 and ry = 0 = r9. The general case follows again by induction using (25).

4. Relations (20), (21): Let us see why m respects relation (20), (21) being rather similar. We start with
equation (6). We can expand that relation as

Z Piigt (u17u2)0ii3(Xi,iklaXzik2 Xi kg) o zk U?:kg + {u1 «— u2} =0,
ki1,k2,k3

where Cij, (z,y,2) = (zay — (q%s + ¢~ %is)zzy + 2y2).

Notice that Cy;, (x,y, 2) is linear in each of x,y, z. So using again (25) and induction, we obtain

By + + —ky, —ka —ks \ _
Sym E Pijg (u1, uz C“S(Xz 1.k , X; ra,ka? Xig,Tg,kg)ul Ug “Ug =0.
k1,k2,k3

Thus
(34) Sym { Pi (1, 02) Cuty (X, (1, 00), X5, (02, 02), XE (3, 09)) =0,

Since we have P;;(u1,u2) = pij(u1,u2) + O(h) and Cj;, = (zay — 222y + 2yz) + O(h), we can see that, after
passing to K" +r2+7rs JKmitr2trs 1 the equation (34) becomes equation (20). Similarly we can prove (21)
by using (7) and (8).

5. Relation (14). This applies only to the case m = 1. Since XﬁXﬁ = X]iXi—LT if ¢;; = 0, it follows that
W(X;FT)W(X;FS) = W(XfS)W(XfT) in this case, which is relation (14) when ¢;; = 0. From (9), we deduce by
induction that, for any ki,...,kn,k € Z, r1,..., 7N € Z>0:

i + + + + _
Z Z l: ] 1,77 (1) k(1) Xi,TT(e)Jff(e)Xj,S’kXiﬂ‘T(Hl),kr(z-*-l) Xi7TT(N)7kT(N) -

TESN (=0

Passing to the quotient K" /K"*! where r = s + Zf;l r;, we obtain, when k =0 and k; =0 for 1 <i < N,

relation (14) but with Xﬁ ., Teplaced by W(Xli, e ))

From steps 1-5, we can conclude that 7 is an algebra homomorphism.

We now have to check that the images Xz vk Hir i of X ke
grx(Up(L(g)?)). This will prove that the homomorphism 7 is surjective. Let Y be the subalgebra of
9rr (Mn(L(g)7)) generated by Xzi,,k,iz rk V1 € Z>o and for 0 < k < m — 1. The kernel K is generated
as an ideal by hil,(L(g)?) and Xt R Hirtm — Hiy for i € I,r € Z, so we have to see that

i,r+m 9,77

H, , for r € Z>9,0 < k < m — 1 generate

Xfﬂrm - Xi and H; y4m — Hir are in Y. This follows from lemma 2.3 which implies that, if 7 = k modm
with 0 <k < m — 1, then XfH_m — Xij; = fil,r = Xi,k, SO Xfr+m — Xi € Y because XZ 1k €Y. The

same argument works for H; ,ym — Hir.

We are left to show that the map 7 : Y(g,0) — grx(Un(L(g)?)) is injective. This is where we need
proposition 1.1. We will assume that this proposition holds also when o is non-trivial. For each o € A™ and
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for each integer k such that 0 < k < |O(a)| —1 where |O(«)] is the size of the orbit O(«), choose a sequence
i1,...,1; € I such that setting

m—1 m—1 m—1 m—1
1 1 1 1
+ _ | = + - + 72: + 72: —ks v+
Ea,k - [m z : Xas(il),07 [m 2 : Xas(ig),()’ [m Xas(it,fl)i)’ m w XUS(it)»O] ‘|‘|

s=0 s=0 s=0 s=0

gives a non-zero vector in (Z‘Si(oa)l_l ggs(a)) N gy, (here we view EZ, as belonging to 4(g) C Yi(g)). We

require the same choice of indices iy,...,4; for a,...,0™ 1 (a), so that E(i(a) e = wkSEfk Set Xa k=
[Xfio,o, [Xi 000" [Xiil,o,m Xir,k] . H The elements Xair w € Un(L(g)?) are defined similarly: Xir’k

+ + + + +
|:Xi1,0’ [Xi2707 : [th 1,0’Xit,k:+rm] o ]:| and we have X o(a),rk =w on k>’ Xa(a),rk =w Xa rk* Under

Un(L(g)?)/hihn(L(g)?) = U(L(g)7), Xi »x 18 equal to Ei @ uk*r™ (see [Dr2]), and in Yy, (g, 0)/hYs(g,0) =
U(L(g)), XTI, , = 77”LT+75EO{E7,C ®u" (see [Le]).

a,r.k
Y1 (9) (so Y3 (g,0) with 0 = id, m = 1) is a free C[h]-module spanned by the set of ordered monomials in the
elements X * ', Hi ,(for any choice of total ordering on these elements) - see [Le]. Because of theorem 1.1, for

any o, a basis for Y1 (g, 0) as a module over Cl|h] is provided by the set B of ordered monomials in the elements
XE  Hi,pforalla € At icI,r>0andfor 0 <k< |(9( )] — 1 (respectively, 0 < k < |O(«;)| — 1).

a,rk’
If @ and § are in the same orbit under o, then X . and X ., are scalar multiples of each other, so it is
enough, for each r, k, to choose only one generator for each root orbit. Let By be the basis over C of the

piece of Y3, (g, ) of degree s provided by elements of the form h! M where M € B has degree s — t.

Because we are assuming that proposition 1.1 holds true for £l (L(g)?), ordered monomials in the elements
XF,, Hi, provide a (topological) basis of Uy(L(g)?) over C[[h]]. (As in the previous paragraph, some
restrictions should be imposed on r,«,i to avoid zero elements and repetitions.) However, we need to
compute the associated graded ring for the descending filtration given by the powers of K and this necessitates

a different basis. For r € Z>¢,0 <k <m—1and * = 4 or * = —, set X: gn = S (1) 9( )X; -
ot W
and H; 44 = D0 _o(—1)77s (1) —kdme

icthEms
From proposition 1.1, a free topological basis of ;,(L(g)?) is provided by the set B of ordered monomials
(for some choice of total ordering) in the set of non-zero elements among X; otk X; drth H; . 4 for
r € Z>o and for 0 < k < |O(a)| — 1 (respectively, 0 < k < |O(a;)| — 1). Again, one should note here that if
a and 8 are in the same orbit under o, then X7 |, . is a multiple of X | ;. hence only one of the two
should be included; the same holds for H; +, +, and H; 4, 4+, if 4 and j are in the same orbit under o.

We can now determine a basis of grk (4, (L(g)?)). What we need is a basis of K*/K*™! for each s € Zx.
Note that X;ir’ik, H, +, +1r € K". Furthermore, it follows from the proof of lemma 2.2 that Xa rm—k —
(— )TXZ r_k € K"*! for any r,k > 0, = + and the same is true for H;, ;. Therefore, to obtain a
spanning set of K*/K*T! it is enough to consider (ordered) monomials in the elements X5k and Hy . with
r>0,0<k<m-—1,+==+. If M issuch a monomial and h! M € K?, then h! M € K*Nhil,(L(g)?), hence
ht=IM € K*~1 (see [GaTL] section 6.3; proposition 1.1 is necessary here), thus M € K*~t. If the sum of all
the indices r appearing in such a monomial M is > s, then M € K?*. The converse is also true: if M € K2,
the image of M under the composite U, (L(g)%) — U(L(g)?) = U(L(g)) - (g ®c (C[t,t71]/(t —1)%)) is 0
since K?® belongs to the kernel of this composite, and we deduce from this that the sum of all the indices r
appearing in M is > s.

Therefore, a basis for K*/K**+1 is provided by the set B, of elements of the form htM where M is an
ordered monomial in the elements Xa ko X;)T’k and H; , , which are nonzero and the sum of the indices
in M is equal to s —t. (Again, it should be taken into account that some of the elements are scalar multiples
of each other if they correspond to roots in the same o-orbit, as for Y, (g,0).) It follows that m maps the

basis B; of each graded piece of Yj (g, o) of degree s to the basis B, of K*/K**1: this ends the proof that
7 is an isomorphism. O
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3. FROM QUANTUM TOROIDAL ALGEBRAS TO AFFINE YANGIANS AND DEFORMED DOUBLE CURRENT
ALGEBRAS

The ideas of the previous section can be extended to the quantum toroidal case: this was used in [Gul, Gu2]
and we give here just a few explanations.

Definition 3.1. The quantum toroidal algebra Ui°"(g) (respectively, the affine Yangian ?(g)) is the algebra
which is defined exactly as Up(L(g)) (respectively, as Y (g)), except that the Cartan matrix of finite type must
be replaced by the corresponding affine Cartan matrizx.

Remark 3.1. To obtain the “full” quantum toroidal algebra, a central element should be added. This explains
why it is necessary to take the quotient by the one-dimensional subspace spanned by t~1dt in the next lemma.

Lemma 3.1. Ui°"(g)/hUi"(g) is isomorphic to the enveloping algebra of the quotient of the universal central
extension g(C[s™, t*1]) of g(C[sT!,tF1]) by the one-dimensional subspace spanned by the central element

+ +
t=ldt (under the identification of the center with the quotient % of the space of all 1-forms on

C* x C* by the subspace of all exact forms - see [MRY]).

Proof. This follows, for instance, by comparing the relations in definition 3.1 and those in section 3 in
[MRY]. |

It is not known in general if the quantum toroidal algebras are flat deformations of the enveloping algebra
ﬂ(ﬁ(@[sil,til]) /(Ct_ldt). At least, it was proved in [He2] that they possess a multiplicative triangular
decomposition.
=
7,7
of the enveloping algebra of the universal central extension g(C[s*!,#]) of g(C[s*!,¢]). (Conjecturally, they
are isomorphic.) For any positive real root « of the affine Lie algebra g(C[s*!]) and for each r € Zx, one can

?(g) admits a filtration by giving generators X", H; , degree r and its associated graded ring is a quotient

define elements Xir € ?(g) with principal symbol in gr(}/}(g)) corresponding to X*t" ; it is also possible
to define elements H; , , € ?(g) fori € I,p € Z,r € Z>¢ corresponding to H;sPt" in gr(}A’(g)). However,
ordered monomials in the elements X Ofr, H, , - are not enough to form a spanning set of ¥'(g): one also has

to lift to Y (g) the central elements of §(C[s*, ¢]).

We have a sequence of algebra homomorphisms
47 (g) — L0427 (0) /M8t (@) 7 U(G(CIs* +51) /1 dr) 2 (L)
let K be the kernel of this composite and let ¥(g) be the C[[h]]-subalgebra of 4;°"(g) @c(in)) C((h)) generated

by Ut°"(g) and by h~'K. One can define a homomorphism 1) : ?(g) — ?(g)/hi}(g) (the formulas (26) are
also valid when i is the extending vertex (usually labelled 0) of the affine Dynkin diagram of §) and show
that it is onto as in the case of Y (g). Using the same ideas as in the proof of the main theorem, one could
try to prove the following conjecture.

Conjecture 3.1. Y (g) is isomorphic to Y (g)/hY (g).

To prove this, one should first establish that $({°"(g) is a flat deformation of U (g(C[s*!,t*1])/Ct~1dt).
In type A, the quantum toroidal algebras ng‘fg (sl,) studied in [VaVa] depend on two parameters d,q € C*.

One can define a similar algebra £/ , (sl,,) over C[[h]] using the same relations and setting ¢ = e2h d = efh
for some A, 5 € C. Moreover, the affine Yangian of type A depends also on two parameters A, 8 - see [Gul].
Conjecture 3.1 is true when g = sl,,(C) in this two-parameter setting: in [Gul], it was possible to avoid the
question of the flatness of iifz‘jg, 5 (8) by using a family of representations coming from the Schur-Weyl functor.

Let S be the subalgebra of Y (g) ®¢ C[h] generated by hTXl-jfr7 h"H; i € I,r > 0. Set S = S/hS. Since

S is the Rees ring of Y (g) (for the same filtration as above), 5 = gr(Y(g)). There is a canonical map
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U(g(Cls*, 1)) — gr(Y(g)): it was proven in [Gul] that this map is an isomorphism when g = sl,. In
general, this is not known although/\believed to be true, so we will proceed by assuming that we have an
isomorphism 4(g(C[s*',¢])) — gr(Y(g)). Under this assumption, we have a map S — £((g(C[s**,])).

Consider the composite S — § —» 8(sl,[s!, #]) — 8U(s[,[t]), where the last map is obtained by setting
s = 1. Let K be the kernel of this composite map. Let S be the C[h]-subalgebra of Y (g) ®c C[h, h™}]
generated by S and h~'K. It is argued in [Gu2] that S/hS should be an interesting deformation of the
enveloping algebra of the universal central extension of g(Cls,t]); when g = sl,, S/hS is the deformed
double current algebra of type A studied in [Gul]. It is also possible to define the affine Yangian Yy, (g) over
C[h] by adding a central variable h to the right-hand side of the relations (11),(13) as in [GaTL] and define
a subalgebra of Y}, (g) ®cin) Clh, h™'] similar to S. Note that there is a homomorphism Y5, (g) — S which

induces a map }A’h(g) / h}?h(g) — S which is conjecturally an isomorphism.

APPENDIX A

Let us show that ¢ preserves the relation (20). Assume ¢;;; = —1 and o(i) # i3.

Assume first that m = 2. Then ¢ = 1 and @(Xfr’k) = 2T(X$,+ (-DkxE

o(i),r

). We consider the following
cases.

Case 1: 0(i) = i. We have py;,(v1,v2) = 1 and ¢;(;,) = —1. (20) is equivalent to the following identities in
Y (g) (we use (14) here):

sym((_n'w[[xi XEL XS (DR XA L XE ]

13,737 < i,r1 o 13,737 ““o(i),r1 i,72
ki+k + + + k + + +
(35) +(71) Lk [[Xig,rg7Xo‘(i),rl}’Xo(i),rrz] + (71) ? “Xo'(ig),rg.’Xi,ﬁ]’Xiﬂ‘z]

+(_1)k2+k3 [[X:i: X:I: ],Xi ] + (_1)k1+k3 [[X:I: Xj: ),Tl]vX'i ]) —0

o(iz),r3’ “T i, o(i),r2 o(i3),rs’ T o(i 1,72

Here, Sym means symmetrization with respect to (1, k1) and (re,k2). Using o(i) = i and (14) again, we
can see that this equality holds.

Case 2: 0(i3) # i3, Cio(s) = 0. In this case, we have p;, (v1,v2) = 1 and ¢;y(;,) = 0. (20) is also equivalent
to (35). Using (14), we have [XT .  X* XE | XE]=[X%. ,X1]=0 which implies (20).

o(i),s’ zw]:[ o(is),s’ z,r}:[ o(i),s? “ri,r

Case 3: 0(i3) = 13, Cio(sy = 0. We have py;, (v1,v2) = v1 + v2 and ¢, (;);, = —1. If we replace p;;, (v1,v2) by
just vy on the left hand side of (20), compute the coefficient of u]* us? uggvlflvgz vlgf?’ and apply ¢ to it, we find

that it equals (after some minor simplifications)

k + + + k + + +
Sym((_l) 2 [[Xig,r3’Xi,m]’Xo(i),rg] - (_1) ' [[Xisﬂ“cs’Xa(i),n]’Xi,w]
ko+k + + + k1+k + + +
HEDP T IX ) e Xin b Xoyra) = GO (XG0 0 X)) X i)

SRR (XX LX) (DR (IXE) L XL X))

13,737 o (i),r1 o(i o(iz),rs? “ " i,r1 ©,72

If now we replace p;i,(v1,v2) by just vy on the left hand side of (20), compute again the coefficient of

r1, T2, T3,k ks k3
Uy Up ™ U3" Uy " Vp~ Ug

sym( = (~1)R[[XE,, X5, ] XZ,) ) + (CD [IXE,, XE,) ) X

93,737 “ 1,71 o(i 43,737 “ o (i),r1 1,72

_(_1)k2+k3 [[Xi Xi ],Xi ] + (_1)k1+k3 [[Xi Xi },Xi ]

o(iz),r3’ " i,r1 o(i),r2 o(iz),r3? T o(i),r 1,72

XE,1LXE])

1,72

and apply ¢ to it, we find that it equals (after some minor simplifications)

+
Xa(i

_(_1)k1+k2 [[Xi Xi

13,137 rr(z'),h]’

)77‘2] + (_1)k3 [[Xi

o (i3),r3’

The sum of these two expressions vanishes in Y (g).
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Case 4: c;p(;y = —1. Then cy(;y;, = 0 and py, (v1,v2) = v1 + ve. This is analogous to the previous case, but
both sums simplify even more since ¢, ()i, = 0.

Assume now that m = 3. Then 0% = 1 and p(X;’ Tk) = 37’(Xi + W Xy w0 X2y )

We have the following cases.

Case 1: o(i) = i. We have py;,(vi,v2) = 1 and ¢;ps(;,) = —1 for s = 0,1,2. The relation (20) is equivalent
to the following identity:

2
Sym < Z w —(s1k1+s2ka+ssks) [[X:Es(zg) . Xz TJ X;tm]> =0

s1,82,53=0

where Sym denotes symmetrization over (r1, k1), (2, kz) The previous equality holds since, from (14), it
follows that [[X7 XELXE )+ [IXE XA L XE ] =o.

s3 (7,3) r3’ 1,72 7,71 s3 (7,3) r3’ 7 rl] 7,72

Case 2: o(i3) = i3, Cig(;y = 0. We have py;, (vi,v2) = v} + vivg + v3 and Cos(iyis = —1 for s = 0,1,2. The
relation (20) can be written as

2
Sym ( Z w$3k3 (w_(sl(kl+2)+52k2) +w—(81(k1+1)+82(1€2+1))

$1,82,83=0

—(s1k1+s2(ka+2 + + + _
bty L xE L ]) =0

. + + + + + . .
Since (X, . X3 w2 (i) X iy ) X s X ()]s Xt (49.00) = 0 51 = 52 by relation (14), the
left-hand side can be written as

2 2
Sym( Z Zw83k3(w—(s(k1+2)+(s+t)k2) +w—(s(k1+1)+(s+t)(k2+1))+
s,53=0t=1

w (skaF(s+) (ka+2)) ) I:[Xz;z,,'rg?Xj?‘H( Do ],X{i(i)m])

2
_ 36k3,0 Z(l + w-t + w—Qt) Zw—s(k1+k2)—23—tk2 [[Xzﬂg: 7”37)(6:::8%

t=1 s=0

L X5 ()

(i)ﬂTQ

which is zero.

Now let us prove (21). We have c;,;) = —1 and m = 2. Applying ¢ to (21) reduces to the following
identity:

L X5

o(i),r2

Sym(( Dk [XE X

4,737 “o(i),r

] +2(_ )k2 [[X'Lirl’Xai(z) 7"2] X’Li’fs]) =0

where Sym denotes symmetrization over (r, k1), (2, k2), (73, k3). This equality holds by (14).

APPENDIX B

We give a proof of lemma 2.1.



16 NICOLAS GUAY AND XIAOGUANG MA

Let H (2) = Ygsq kHinz "1 and X (w) =3, X > “w~!. We have

[H(2), X5 (w)] = Z E[Hi g, X55)zF ™
k>1,leZ
kdic, a.. —kdic, 4
g et —gq PO ke ) ot k=1,
= > (= X W AW
k>1,l€Z d€Z/miZ h
k}dLC da —deC d:
q i,0%(5) —q i,0% () kd. —1 (w)k N
= =+ - -
> > p W (Z) A w)

deZ/mZ k>1

1 1 1 N
= :I:E . Zz/: . 5 qdiciﬁd<3)wdw o z— qidiciqf’d(j)wdw)xj (U))

ezZ/m
d; —dic, 4.

S (g0t — g T X (w)

d€Z/mZ (Z —q dic;, C'd(J)de))(Z —q —d Ci, Vd(a)wdw) J

Define
_ h _
(36) UH(z) = ];)qﬁkz k= exp (2%,0) exp hk;%i,kz k

Then the above cross relation between H; () and in(w) is equivalent to the data of a ai(z,w) €
C[w,w~1][[2]] such that

(37) U ()X () = ax(z,w) X (w) ¥ (2).
Now we calculate ay (z,w). Applying 9, to (37), we get
8Z\I/j(z)XJi(w) = 0,4 (z, w)in(w)\Ilj(z) + ay(z, w)é\.’]i(w)azlllj(z).
From (36), we have 9,¥; (2) = —hH; (2)¥] (2). Thus we have
—hace (2, w) [, XFE (W)W (2) = 0z0 (2, w0) X (w) U] (2),

Therefore, oy (2, w) satisfies the following differential equation:

0,04 (z,w) (¢5iot) — g bt () )
ax(ew) Tt (e )z g et ut)
The solution is
_c. z—q¢“6d<ﬂ)ww
H +d;c i,09(5) d
dez/mz © — 4 Dl

The constant term of W} (z) is exp (2H; ) and
exp (M0 ) Xt () = g Soesrne i i hesp (2 ).

which implies C' = g Zaez/mz4%.04G) - So we have

q:i:dici ol 5 — ol Gitj(Z, w)

ay(z,w) = = —F .
7 dez/mz * — Y qid et F(Z7w)
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