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Abstract

We study central extensions of the Lie superalgebra sl,(A) when A is a Z/2Z-graded superalgebra
over a commutative ring K. Steinberg Lie superalgebras and their central extensions play an essential
role. We use a Z/2Z-graded version of cyclic homology to study the center of the extensions in question.

1 Introduction

The article [KaLo] is one of the main references on the subject of central extensions of the Lie algebra sl,,(A)
when A is an associative ring. Its results have been extended to many other related algebras: for instance,
when A is commutative, sl,, can be replaced by a simple Lie algebra [Kal] or by a Lie superalgebra [IoKol].
[Ne] is a good reference for the general theory of central extensions. To the authors’ best knowledge, it seems
however that the central extensions of the Lie superalgebra sl,(A) when A is a Z/2Z-graded associative
superalgebra over a unital commutative ring K have never been studied, so the aim of our paper is to
provide general results about these extensions in the spirit of [KaLo]. The paper [IoKol] provides general
results about central extensions of Lie superalgebras of the form g ®; A where A is a commutative k-
algebra, k a commutative ring and g is a basic classical Lie superalgebra. The article [IoKo2] of the same
authors computes the second homology groups of Lie superalgebras of the form g ®x A where K is a field of
characteristic zero, A is a supercommutative superalgebra and g is a Lie superalgebra.

This work is an outgrowth of a section of [ChGu] where the following two cases are considered: if
K = C and A is the Clifford algebra C(c)/(c? + 1) with ¢ an odd element of degree 1, then gl,,(A) is the
Lie superalgebra ¢,, and sl,,(A) is its derived Lie subsuperalgebra sq,,. (The quotient psq,, of sq,, by the
subspace spanned by the identity matrix is isomorphic to the “strange” simple Lie superalgebra of type @,
in Kac’s classification [K]). If K = C and A is the affine Clifford algebra C(c,z,z71)/(c* -1, cx —x~1c) with
deg(r) = 0 = deg(r1),deg(c) = 1, then gl,(A) is a twisted loop superalgebra of type @ and it admits a
non-trivial central extension. Quantized enveloping superalgebras attached to these Lie superalgebras have
received some attention lately [GJKK, GJKKK, ChGu] since they have an interesting representation theory.
(See also [Na] for Yangians of type @.) It is thus natural to try to develop a more general theory for extensions
of Lie superalgebras of the form sl,,(A) when A is Z/2Z-graded. We should mention that [IoKo2] provides
results about central extensions of Lie superalgebras of the form psq, ®x A with A a supercommutative
superalgebra over the field K. In particular, proposition 5.9 in [ToKo2] states that sq,, is the universal central
extension of psq,,. This is in agreement with the following corollary of the results of our paper: when A is
C(c)/(c* + 1) as above, then sl,(A) is centrally closed since HC;(A) = 0 - see [ChGu]. Another paper on
this subject is [MiPi2].

A central role is played by Steinberg Lie superalgebras, whose definition is a natural super version of
the Steinberg Lie algebras denoted st,, in [KaLo]. When n > 5 and for arbitrary base ring K, they are the
universal central extensions of s, (A); moreover, the kernel of this extension is isomorphic to HC4(A) where
HC; is the first Z/2Z-graded cyclic homology group of A. (The Z/2Z-graded version of cyclic homology
that we use was introduced in [Ka2].) When n = 3 or n = 4, st,,(A) is not the universal central extension of
50, (A): to obtain the latter, we need to construct the universal central extension of st,,(A). The Steinberg
Lie superalgebras that we consider are different from those studied in [CGS, MiPil]: in those two articles,
they provide central extensions of the Lie superalgebras sl,,|,,(4) (with A viewed as an ungraded algebra).
Many of the arguments in our paper are similar to those used in [CGS] and in [GaSh].
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3 Extensions of Lie superalgebras

Let K be a unital commutative ring. We will use the definition of Lie superalgebra over K given in section
1.2 of [Ne].

Let L = Ly @ Ly be a Lie superalgebra over K. The pair (E, ©), where L= Eo @ El is a Lie superalgebra
and ¢ : L — L an epimorphism, is called a central extension of L if [Ker(ep), Z] = 0. A central extension
(E, ) of L is called universal if for any central extension (L', ) of L there exists a unique homomorphism
h:L — L' such that ¢ o h = ¢.

Let A = Ay ® A; be a unital, Z/2Z-graded, associative K-superalgebra. Elements of K have degree
0 and we always assume that A has a homogeneous K-basis {ag}sep (B is an index set), which contains
the identity element 1 of A. Let M,(A) be the n X n matrix superalgebra with coefficients in A and
deg(E;j(a)) = deg(a) = |al, for any homogeneous element a € A. Under the Lie superbracket [A®a, B&b] =
AB ® ab — (-1)I*I’|BA ® ba, where A,B € M,(K) and a,b € A, M,(A) becomes a Lie superalgebra
denoted gl,,(A). (A more general construction in the context of Leibniz superalgebras and super dialgebras
is considered in [HuLi].) For n > 3, the Lie superalgebra sl,,(A) is the subsuperalgebra of gl,,(A) generated
by the elements E;j(a), 1 < i # j < n, a € A. One can show that s[,(A) can be equivalently defined as
50, (A) = [gl,(A4), gl,,(A)], the derived subsuperalgebra of gl,,(A), or as the set of matrices X € gl,,(A) such
that Tr(X) € [4, A].

Definition 3.1. Forn > 3, the Steinberg Lie superalgebra st,,(A) is defined to be the Lie superalgebra over
K generated by the homogeneous elements F;j(a), a € A homogeneous, 1 < i # j <n and deg F;;(a) = |al,
subject to the following relations for a,b € A:

a— Fij(a) is a K-linear map, (1)
[Fij(a), Fji(b)] = Fig(ab), for distinct i, j,k, (2)
[Fij(a), Fii(D)] = 0, fori#j#k#1#i. (3)

st,(A) is a central extension of sl,(A) which is centrally closed most of the time: this is explained below.

4 Central extensions of st,(A) constructed from super 2-cocycles

Definition 4.1. Let L = Ly ® Ly be a Lie superalgebra and C = Cy ® C1 be a Z/2Z-graded free module over
K. A K-bilinear map v : L x L — C is called a super 2-cocycle if it is super skew-symmetric and

(—1) 20 aE ([, y], 2) + (=1) 9O LI ([y, 2], 2) + (—1) DI [z, 2], y) = 0
for homogenous elements x,y,z € L and ¥(w,w) =0 for w € L.
A central extension of the Lie superalgebra L can be constructed from a super 2-cocycle in the standard

way. (See [Ne] for instance.) The following definition provides a priori a slightly different construction.

Definition 4.2. Let & be a super 2-cocycle on st,(A) with value in C as above. Let st,(A)* be the Lie
superalgebra generated by elements Ffj (a),a € A1 <i#j<n, and by elements of C with deg(Ffj (a)) = |a



and satisfying the relations:

[C,C] = [Ffj(a),C] =0, for distinct i,j, a+— F;*(a) is a K-linear map, (4)
[Ff(a), FF (b)) = Ff (ab) + £(Fj(a), Fjr(b)), for distinct i, j. k, (5)
[P (a), FE(D)] = E(Fis @), F(®)), for distinct i £ j # k #1#i (©)

where a,b € A1 <i,5, k1 <n.

The following lemma shows that this construction of a central extension of st,,(A) is actually the same
as the classical construction if £ is surjective.

Lemma 4.1. If0 — C — st/,(A) — st,(A) — 0 is a central extension of st,(A) constructed from
a surjective super 2-cocycle £ (so that st, (A) = st,,(A) ® C as K-modules), then there is an isomorphism
p sty (A)F — st (A) with p(Fiﬂj(a)) = Fjj(a) and p(c) =c¢ fora € A,ceC.

Proof. Since C and Fj;(a) in st/ (A) satisfy (4)-(6), there is a Lie superalgebra epimomorphism p : st,,(4)* —
st (A) with p(Ffj (a)) = Fi;(a) and p(c) = ¢, for a € A,c € C. Also, since C is an ideal of st,(A)* and since
(4)-(6) for st, (A)* reduce mod C to (1)-(3) for st,(A), there exists a homomorphism 6 : st, (A) — st, (A)!/C
with 0(F;j(a)) = Fiﬁj (a). Moreover, C C ker(mop), so there is an induced homomorphism 76 p : st,,(A)!/C —
st,(A) with (70 p)(Fiﬁj(a)) = Fjj(a). Since {Ffj(a)\l <i#j<mn,a€ A}is aset of generators of st,(A)?/C,
we see that 7o p is an isomorphism and 7o p = =1, Thus, C = ker(w o p), ker(p) C C. But p|c = id yields
ker(p) = 0. Therefore p is injective and it is thus an isomorphism. O

5 Universal Central Extension of st,(A)

For n > 3, both Lie superalgebras sl,,(A) and st, (A) are perfect. Let ¢ be the epimorphism of Lie superal-
gebras ¢ : st,,(A) — 5[, (A) given by ¢(F;;(a)) = Eij(a) for 1 <i# j <n. Let H;;(a,b) = [Fij(a), F;;(b)].
Let 91t and M~ be the K-submodules of st,,(A) generated by Fj;(a) for 1 < i < j < n and Fj;(a) for
1 < j <i < n, respectively. Let H be the K-submodule of st,(A) generated by H;;(a,b) for 1 <i# j < n.

Before stating and proving the main theorem of this section (theorem 5.1), we need a few lemmas.

Lemma 5.1. For n > 3, we have a triangular decomposition st,,(A) = N & H & N~. Moreover, we have

sty (A) = HP ( ) FZ--(A)> .

1<iZj<n

Proof. The proof is the same as for lemma 1.11 in [KaLo]. O
Lemma 5.2. For n > 3, we have Kerp C H and (st,(A),p) is a central extension of sl,(A), i.e.,
[Kery, st,,(A)] = 0.

Proof. The proof is the same as for proposition 1.12 in [KaLo]. O

Cyclic homology of Z/27Z-graded algebras was studied in [Ka2] - see also [IoKo2]. We define the chain
complex of K-modules C,(A) where Cp(A) = A and for n > 1 the module C),(A) is the quotient of the
K-module A®(*+1) by the K-submodule I,, generated by the elements

n—1
ntlan] Y lail
ap®a1 ® - Qap —(—1) =0 a4, ®ag®a; ® - Q -1,



with homogeneous elements a; € A, for 0 <7 < n. The homomorphism EZ; : A®(HD)  A®7 i given by

n—1

— i n+lan| E lail
dn(a0®a1®~~®an):2(fl) ap® Q41 Q- Qap+(—1) =0 4,40 Qa1 Q- Rap—1. (7)
i=0

One can check (fi\;(ln) C I,_1, hence it induces a homomorphism d,, : C,,(A) — C,_1(A) and we have
dn_1d, = 0. This is a Z/2Z-graded version of the Connes complex. The n'!' Z/2Z-graded cyclic homology
group HC,,(A) of the superalgebra A is defined by HC, (A) = Ker(d,,)/Image(dp+1).

The following is the Z/2Z-graded analog of one of the main results in [KaLo].
Theorem 5.1. If n > 3, the kernel of the central extension (st,(A),¢) of the Lie superalgebra sl (A) is
isomorphic to HC1(A).

To prove this theorem below, we will need a few more lemmas.

Lemma 5.3. For H;j(a,b) = [F;j(a), Fj;(b)],1 <i# j <n and homogeneous elements a,b,c € A we have

1. (=1)lellel i (ab, ¢) = (—1)lellel By (a, be) + (= 1) 19 Hy (b, ca) for pairwise distinct i, j, k.
2. Hyj(a,b) — (=D)L ;(1,ba) = Hig(a,b) — (—1)1¢I Hy (1, ba) for any j, k # 1.
From 2 in the previous lemma, we see that it is possible to define, for a,b € A homogeneous, the elements
h(a,b) = Hy;(a,b) — (—1)1*IIP1H;;(1,ba) and this definition does not depend on j, j # 1.
Lemma 5.4. The elements h(a,b) satisfy the relation
(=D)lellelp(ab, ¢) = (=1)lelleln(a, be) + (=1)14PTh(b, ca).

Proof. (—1)lellelp(ab, ¢) equals

(~1 )|ch|H1j(ab7 ) — (_1)|a||c\(_1)Ic\<\a\+\bl)Hlj(1’cab)

Dty (a,b¢) + (= 1) W H; (b, ca)) — (= 1) (H1x (1, cab) + Hi; (1, cab))
Dlallelp(a, be) + (=1)191PT Hy (b, ca) — (=1)11PL G5 (1, cab)

1)\ Ey (1, bea) — (=1) P Hy (1, cab)
)
)
)

+

=(=
= (=
(=
= (—1)lellelh(a, be) + (—1)1elIPl(Fyy (1, bea) + Hoj(b, ca))

— (—1)lelll (Hp1(1, cab) + Hy (1, cab)) + (1)l H (1, bea) — (—1)11P Hyg (1, cab)
= (=)l p(a, be) + (=PIl b (b, ca)

O

Lemma 5.5. Every element x € H can be written as v =) ;; h(a;, b;) —|—Z;L:2 Hi;(1,¢;) where a;, b;, ¢ €
A and I is a finite indexing set.

We now collect some formulas which may be useful to prove some of the results below. For ¢, j, k all
distinct,
[Hij(a,b), Fy(0)] = Fig(abe), [Hij(a,b), Fri(e)] = —(=1)!V0HD F(cab) )
[H;;(a,b), Fy;(c)] = Fij(abe + (—1)lllbIlleltlalielepg) - [h(a,b), Fji(c)] = 0 for j,k > 2 )
[h(a,b), F1;(c)] = Fh((ab — (-1 )l ”blba)c), [h(a,b), Fi1(c)] = —(—1)‘C|(|a|+|b‘)Fi1 (c(ab — (—1)‘“”b|ba)) (10)
[Hyx(a,1), Hypm(b,1)] = h(a,b), [Hig(a,1), H1x(b,1)] = 2h(a,b) — H1x(1,]a,b]),2 <k#m<n (11)
[h(a,b), Hix(c,1)] = h([a,b],c), 2 < k <n, [h(a,b),h(c,d)] = h([a,b],[c,d]) (12)



Note that, as a consequence of these formulas, if ¢ and b supercommute, then h(a,b) is in the center of
st, (A).

Proof of theorem 5.1. Let (A, A) be the quotient of A® A by the two-sided K-submodule I (= I;+Image(ds))
generated by a; ®a2—|—(—1)|‘“”a2|a2®a1 and (—1)‘“2H‘“‘a2a3®a1—&—(—1)‘“3”“2‘a3a1 ®a2—|—(—1)|a3”“1|a1a2®a3.
Hence (A, A) = C1(A)/Image(dz). The first cyclic homology group HC;(A) is, by definition, the kernel of
the map d : (A, A) — [A, A], a1 ® ag — [a1, az] = ayas — (—1)1111%2laya; (d is induced by dy).

The proof follows the same ideas as the proof of theorem 1.7 in [KaLo]. The main steps of the proof in
loc. cit. are to show that the kernel of the map st,, (A) — sl,,(A) is contained in the submodule H, that this
kernel is central in st,,(A) and, finally, isomorphic to HCy(A). The first two steps are lemma 5.2, and the
last one reduces to showing that the map 7 : (4, A) — st,,(A) given by n(a®b) = h(a,b) identifies HC7(A)
with the kernel of the projection st (A) — sl,,(A). (Note that lemma 5.4 implies that 7 is well-defined.) O

Corollary 5.1. Suppose Q C K. Formn > 3, st,(A) = sl,(A) ® HC1(A) as super vector spaces and we have
a Lie superalgebra isomorphism st,(A) = (sl,(K) @k A) @ (A, A) where the Lie superbracket with respect to
this second decomposition is given as follows:

ewls ® [ab), (13)

e ®ay©b = (@ y)ab) + e @ b+

(a1, as), (b1, b2)] = (a1, az], [b1, bol), [{a1,a2),y ® 0] =y @ [[ar, az], b]. (14)
where
[,y = 2y +yz — %(x, NI, [a,b]4 = ab+ (—1)1"1lpg

and (-,-) is the Killing form on sl,(K).

Proof. We have a Lie superalgebra homomorphism st,,(4) — (sl,(K) ®x A) & (A, A) given by Fj;(a) —
E” ® a for 1 < i # j <n and one can check, using relations (8)-(12), that its inverse is given by E” ®ar—

Fij(a) for 1 <i+#j <n, (Ey; — Ej;) ® a — H;;j(a,1) and (A, A) 3 (a,b) — nh(a,b) — > ;_, Hix([a,b],1).
Detailed computations are available in the appendix. O

Since sl,(A) and st, (A) are perfect Lie superalgebras and (st,(A4), ) is a central extension of s, (A)
for n > 3, the universal central extension ;[n(A) of the Lie superalgebra sl,,(A) is also the universal central
extension of st,(A), which is denoted st,(A). Indeed, by the universal property of sl,(A), we have a
homomorphism f; : g[n(A) — st,(A) with Ker(f;) central in ;[n(A) Moreover, f; is surjective since
st,,(A) is generated by any choice of preimages of E;; ® a € sl,,(A). Therefore, f/,\[n(A) is a central extension
of st,(A), so we have a homomorphism f; : st,(4) — ;[n(A) whose kernel is central in st,(A4). Moreover,

f2 is onto because ;[n(A) is perfect and thus generated by a set of preimages of the elements in a K-spanning
set of sl,,(A). (Note that the composite st,,(A) — st,(A) — sl,(A) is onto, hence Image(f2) contains a set

of generators of sl,, (A).) Slnce f> is an epimorphism and s, (A) is its own universal central extension, f,
must admit a splitting f3 sl,(A) — st, (A): this can happen only if fs is an isomorphism, in which case
f3 = f5*. In conclusion, sl,, (A) is isomorphic to st, (A).

Our purpose now is to calculate 5Atn(A) for any ring K and n > 3.

6 Universal central extension of st,(A), n > 5.

When n > 5, we have the following super analog of one of the main results in [KaLo].



Theorem 6.1. Let n > 5 and let (e,v)) be a central extension of the Lie superalgebra sl,(A). Then there
exists a unique homomorphism 1 : st,(A) — e such that ¢ = 1) o . Therefore st,,(A) is centrally closed and
is the universal central extension of sl,(A).

Since 9 is surjective, for any E;; ® a € sl,(A) we can choose some Ej(a) € ¢y (E;; @ a). We need the
following lemmas.

Lemma 6.1. The commutator [E] (a), Fiy(b)] doesn’t depend on the choice of representatives in Y (E;;®a)
and v~ (Ey @b).

Proof. This follows from the fact that, if F;(a) € ¢~'(E;; © a), then Fi;(a) — Fy;(a) € Ker(y) and Ker(y)
is central in e. O

Lemma 6.2. Let 1 <i# j <n, and suppose that 1 < k,l <n, and k,[ are different from i and j. Then we
have [Fix(a), Fi;(b)] = [Fu(a), F1; (D)].

Proof. If k # 1, then

[Fir(a), Frj(0)] = [Fin(a), [Fu(1), B (0)] + a1] = [[Fir(a), Fr(1)], Fi;(0)] + [Fr(1), [Fix(a), Fiy ()]
= [Fula) + c2, Fi;(0)] + [Fru(1), cs] = [Fu(a), Fy; (b)]
where ¢y, c2, c3 are central elements in e. O]

Proof of Theorem 6.1. For 1 < i # j < n, set w;;(a) = [Fil(a),ﬁ'lj(l)] for some [ # i, j; by lemma 6.2,
this does not depend on the choice of [.

We would like to define a homomorphism 7 : st,,(A) — e is by n(F;;(a)) = w;j(a). To see that this makes
sense, we have to prove the following relations in e.

w;j(za + yb) = zw;;(a) + yw;;(b), foralla,be A, z,y € K. (15)
[wij(a), wjk(b)] = wik(ab), for distinct i, 7, k, (16)
[wij(a), wr(b)] = 0, for j # k,i # L. (17)

Equality (15) follows from the fact that Fy(za+yb) = xFy(a) 4+ yFi(b) + ¢ with ¢ € Ker(1)). As for (16),
choose [ # i, j, k; then
[wij(a), wix ()] = [wi(a), [Fu(b), Fir(1)]]
= [[wij(a), Fj®)], Fie(1)] + (=) [F51(0), [wis (@), Fin(1)]]
[Fa(ab) + ex, Fix (V)] + [Fyu(b), c2] = wire(ab)

where ¢1, ¢ € Ker(z)).
We need our assumption that n > 5 to prove that equality (17) holds. Choose m # i, j, k,l. Then
[wij(a), w ()] = [wij(a), [Frm(b), Fmi(1)]]
[[wij (@), Frm (0)), Fr (V)] + (=1) W [Fn (0), [wij (@), Fru(1)]
[e1, it (1)] + [Fiom (b), c2] = 0

b
b

where again ¢, ca € Ker(v).

We have thus established relations (15)-(17), which proves that 7 is a well-defined homomorphism. The
uniqueness of 7 follows from the fact that, since Fj;(a) = [Fix(a), Fi;(1)] for any distinct 4, j, k, we must

have n(Fi;(a)) = [n(Fi(a)), n(Fi; (1))] and n(Fy(a)) — Fi(a), n(Fi;(1)) = Fiy (1) € Ker(s). N



7 Central Extension of st;(A)

In this section, we define a super 2-cocycle on sty (A) and construct the Lie superalgebra 5At4(A) as a covering
(eventually a universal covering) of st4(A).

For any positive integer m, let Z,, be the 2-sided Z/2Z-graded ideal of A generated by the elements: ma
and ab — (—1)lllpa, for homogeneous elements a,b € A.

Lemma 7.1. 7, = mA + A[A, A] and [A, A]A = A[A, A].

Proof. Since ma and ab — (—1)1*l1®lba generate Z,,, Z,, = mA + A[A, AJA. Moreover, [A, A]JA C A[A, A] +
[[4, A], A] C A[A, A] + [A, A] C A[A, A], and similarly we have A[A, A] C [A, A]A, so [A4, A]A = A[A, A] and
the lemma is proved. O

Let A,, := A/Z,, be the quotient superalgebra over K; it is super commutative. Write a = a + Z,, for
a€ A. If m =2 and 2 is invertible in A, then Ay = 0.

For {i,j,k, 1} = {1,2,3,4}, let €;1(A2) denote a copy of Ay and identify €;;5i(7), €in;(7), €xji(7)
and ep;;(7) for 7 € Ap. Thus, we have six distinct copies of Ay whose direct sum is denoted by W.
Using the decomposition in lemma 5.1 of st4(A), we define a K-bilinear map 9 : st4(A) x st4(A) — W by
Y(Fij(a), Fra(b)) = €ijra(ab) for {i,j, k,1} = {1,2,3,4} and a,b € A, and by (x,y) = 0 for all other pairs of
elements from the summands of lemma 5.1. Note that, if m = 2, then @ = —a in As.

The following lemma is central to the construction of sty(A).

Lemma 7.2. The bilinear map 1 is a super 2-cocycle.

Proof. Since there is a Lie superalgebra homomorphism « : st4(A) — sty(A2) with «(Fi;(a)) = Fi;(a)
and Y(a(x),a(y)) = ¥(x,y) is well-defined for =,y € st4(A), it suffices to verify the lemma for A, i.e.,
we can assume that A = As and the proof is similar to the corresponding one in [GaSh]. In this case,
it is clear that v is super skew-symmetric and ¥(z,z) = 0 for all = in st4(A4)g. Now let J(z,y,z) =
(=1)=l=lp ([, y], 2) + (=)= N¥lp([y, 2], ) + (=1)WI12lp([2, 2], y). for homogeneous elements @, y, z € sty(As).

We will show J(z,y,z) = 0 by taking homogenous elements z,y,z in summands of lemma 5.1. If
a term of J(z,y,%) is not 0, we can reorder to assume that z = Fy(d) and 0 # [z,y] € F;;(A) with

{i7j7 k’ l} = {]‘7 27 37 4}'

Case 1: If z or y is in H, we can assume without loss of generality z = Hp,(a,b) and y = F;;(c). Since
A(= As) is (super) commutative with 24 = 0, [z,y] # 0 forces precisely one of p or ¢ to be in {7, 5} (so the
other to be in {k,} by (8),(9)). Moreover, in this case, [z,y] = F;;(abc), [y, 2] = 0 and [z, x] = Fy;(abd), so

J(x,y,2) = P(Fij(abe), Fr(d)) + (0, Hpg(a, b)) + ¢ (Fr(abd), Fij(c))
= €;k1(abed) + 0 + €45 (abde) = 0.

Case 2: If neither x nor y is in H, we can assume that z = Fj,(a) and y = F,;(b) with p € {k,l}, so
[z,y] = F;j(ab). For p =k, we have [y, 2] = 0 and [z, z] = F;;(ad), so

J(x,y,2) = (Fij(ab), Fi(d)) + (0, Fig(a)) + ¢ (Fu(ad), Fi;(b))
= eijkl(abd) + 0+ €ixj (adb) = 0.

For p = [, we have [y, 2] = Fj;(db) and [z,z] = 0, so

J(I, Y, Z) = w(Fij (ab)a Fkl(d)) + ¢(ij (db)v le(a)) + 77[}(()’ Flj (b))
= eijkl(abd) + ijil(dba) +0=0.



We therefore obtain a central extension of the Lie superalgebra st4(A), 0 — W — sty (A) 5 sty(A) — 0,
ie. sty(A) = sty(A) @ W, with Lie superbracket [(z,c), (y,c)] = ([z,y], ¥(x,y)) for all z,y € sty(A) and
¢, ¢ € W. 7 is the projection on the first summand 7 : st4(A) & W — sty(A).

We can now apply definition 4.2 with C = W and £ = 1) to obtain the Lie superalgebra sts(A). Since
A is a unital algebra, st;(A)*! is perfect. By lemma 4.1, there exists a unique Lie superalgebra isomorphism
p: sta(A)! — sty(A) such that p(Fiﬁj(a)) = F;;(a) and ply = id.

8 Central Extension of st3;(A)

In this section, we shall handle st3(A). Recall that Z3 = 34+ A[A, A] and A3 = A/T3 is an associative super
commutative K-algebra.

For {i,7,k} = {1,2,3}, let €;pq(As) for (p,q) = (i,k) or (k,j) denote a copy of As and identify
€ijpq(T) With €pgi;(—7). Thus, we have six distinct copies of A3 whose direct sum is denoted U. Us-
ing the decomposition in lemma 5.1 of st3(A), we define a K-bilinear map v : st3(A) x st3(4) — U by
Y(Fi5(r), Fpq(s)) = €ijpg(TS) for (p,q) = (i,k) or (k,7) with {i,7,k} = {1,2,3} and r,s € A, and by
Y(x,y) = 0 for all other pairs of elements from the summands of lemma 5.1.

As for st4(A), we have the following lemma.
Lemma 8.1. The bilinear map 1 is a super 2-cocycle.
Proof. As in the proof of Lemma 7.2, we can assume A = As, i.e., A is super commutative and 34 = 0. By
definition, 1 is super skew-symmetric and ¢ (z,z) = 0 for all x in st3(A)o.

Similarly to the proof of lemma 7.2, we show that J(z,y, z) = 0 by taking homogeneous elements z, y, z in
summands of lemma 5.1. If a term of J(z, y, ) is not 0, we can assume that z = Fpq(d) and 0 # [z,y] € Fs(A)
with (p,q) = (s,u) or (u,t) and {s,t,u} = {1,2,3}.

Case 1: If z or y is in H, we can assume z = H;;(a,b) and y = Fg(c). By (8),(9) for A = Az, we have
J(z,y, 2) = €stpq(fabed) with 6 = 0,3 or —3, thus J(z,y,2) = 0.

Case 2: If neither z nor y is in H, we can assume that © = Fy,(a) and y = Fu:(b). We have, if
(p,q) = (s,u),

J(z,y,2) = (_1)‘aud‘¢(Fst(ab)» Fyu(d)) + (_1)‘a“b|¢(_(_1)lb"d‘Fst(db% Fyy(a))
= (*1)‘a‘|d‘€stsu(abd) _ (71)‘“”“*'l’“d‘eswu(dba) =0,

while, if (p,q) = (u,t),
J(@,y,2) = (=DM (Fyp(ab), Fur(d)) + (= 1)1 (= (1)1 Fyy (ad), Fu (1))
= (—=1)lelldle, , (abd) — (—1)lelld+blldle L (adb) = 0.
O
As in the st;(A) case, we have a central extension of sts(A4), 0 — U — stz(A) 5 stg(A) — 0 i.e. st3(A) =

st3(A) @ U, and we can apply definition 4.2 with C = U and & = ¢ to obtain the Lie superalgebra stz(A)*.
st3(A)¥ is perfect and, by lemma 4.1, there exists a unique Lie superalgebra isomorphism p : st3(A)* — st3(A).



9 Proof of the main theorem when n = 3, 4.

In last two sections, we constructed the Lie superalgebra an(A) as a covering of st, (A) for n = 3,4. Now
we can prove the main theorem when n = 3,4. We follow ideas used in [CGS, GaSh].

Theorem 9.1. Forn =3 or 4, the universal central extension of st,(A) is (st,(A),).

Proof. Suppose that
00—V —g—5st,(A) — 0

is a central extension of st,(A). We will show that we can choose a preimage E-j (a) of Fij(a) under x for
1 <i#j<mnaéc Aand a linear map p : C — V which satisfy the relations (4)-(6) for st, (A)* with
¢ =pov and C =U,W for n = 3,4 respectively. Thus, we will have a homomorphism 6 : st,,(A)* — g with

G(Fiﬁj(a)) = ﬁij (a) so x o8 = mwop as in lemma 4.1 (with 6,y playing the roles of p, 7). This will give us

the homomorphism 6 o p~1 : st, (A) — g satisfying x o (§ o p~!) = m and we will be able to conclude that

(stn(A),7) is the universal covering of st, (A).

We begin by choosing any preimage Ej(a) under x of Fjj(a) for a in a K-basis of A and extend
linearly to all elements in A. We observe as before that, since g is a central extension, H;;(a,b) =

[f‘ij(a),ﬁji(b)] is independent of the choice of Ej(a),f'ﬂ(b). Moreover, if [Hp4(a,b), Fij(c)] = F;;(d), then
[Hpq(a,b), Fij(c)] € Fij(d)+V. Also, if [H,q(1,1), F;j(c)] = F;j(mc), where m € {0, £1, £2}, then we always
have [Hpq(1,1), Fji(d)] = Fj;(—md) for any d € A. Therefore,

[Hyq(1,1), Hij(a,b)] € [Eyj(ma) +V, Fji(0)] + [Fyj(a), Fji(=mb) + V] = {0} (18)

Now fix some k # 4, j and replace Ej (a) by F;j(a) with Fjj(a) = [H,(1,1), Fy;(a)]. Tt then follows that

[Hlk(l,l),ﬁ'”(a)] = [Hlk(l,].), [Hlk(l, 1),FZJ(CL)H = [sz(]., 1),ﬁij(a) —+ I/] = E;;j(a) for some v c V. Fij(a)
a).

is another element in the preimage of Fj;(a) under x, which we will rename Fj;(a). In other words, we can

assume, without loss of generality, that [H;x(1,1), Fj;(a)] = F;j(a) and this holds for any a in a K-basis of
A.

Using (18), we see that

[Hpq(a,b), Fyj(c)] = [Hpg(a,b), [Hix(1,1), Fy;(c)]] = [Hix(1,1), [Hpg(a,b), Fi(c)]] = Fij(d)

if [Hpq(a,b), Fj(c)] = Fij(d). In particular, taking (p,q) = (4,1), we observe that ﬁij(a) does not depend on

the choice of k # 4, j. Applying ad(H;;(1,1)) to [F;;(a), ﬁjk(b)] € Fip(ab) + V (with i, j, k all distinct) yields

[Fij(2a) + v1, Fj(b)] + [Fij(a), Fjr(=b) + 1a] = Fi(ab) with v1,v5 € V, hence [Fy;(a), Fjx(b)] = Fi(ab).

Thus, Fjj(a),V satisty relations (4)-(5). (Recall that ¢(Fj;(a), Fjx(b)) = 0.)

We now focus on relation (6). Applying ad(Fz(1)) to [ﬁkj(d),ﬁij(b)] €V for 4,7,k all distinct gives
[Fij(a), Fij(b)] = 0. When n = 4, picking | # 4,7,k and applying ad(Hgi(1,1)) to [Fy;(a), F;;(b)] yields
[Fj(a), Fij(b)] = 0; similarly, if n = 4, [Fj;(a), Fix(b)] = 0.

Therefore, when n = 3 or 4, all cases in relation (6) are satisfied, except perhaps

[Fj(a), Fpq(b)] = pl€ijpg(ab)) with (p,q) = (i,k) or (p,q) = (k,j), if n=3 (19)

[Ej(a), Fr(b)] = wleijri(ab)) if n =4, and i,3j,k,1 are all distinct. (20)

for some map g which remains to be defined.



Let us establish (19). Define a K-linear map pjpq : A — V by setting iijpq(c) = [Fij(c), Fpg(1)] for

(p,q) = (i,k) or (k,j). Applying ad(H;;(a,b)) to this central element gives

igpq(abe + (= 1)l PllelHIellel cha) 4 (—pylellel I F (c), Fyg(d)] = 0 (21)

where d = ab if (p,q) = (i,k) and d = (—1)1*®lba if (p,q) = (k, 7). Setting a = b = 1 implies f1;jpq(3c) = 0
for any ¢ € A, while setting ¢ = 1 gives 1;jpq(ab + (—1)19lblba) + [ﬁij(l),ﬁpq(d)] = 0, so that fi,q:;(d) =
tijpg(ab + (=1)14blba). In particular, b = 1 gives ppgij(a) = pijpg(2a0) = —piijpe(a) for any a € A, so
Hijpq(2d) = Hijpq(—d) = Hpgij(d) = Hijpe(ab + (_1)|allb\ba)7 which implies fi;pq(ab) = (:UlallbLﬂiqu(b‘Z)
whether d = ab or (—1)l%lI*lba. Using this and letting b = 1 in (21) yields (—1)I?lIl[F};(c), Fpy(a)] =
—pijpglac + (=D)lllelea) = —p;i00(ac + ac) = pijpe(ac). We can now deduce that (21) is equivalent to
tijpg(abe + (=1)Plelaeh) 4+ 504 (de) = 0, hence to piijpe(abe — (—1)1Pllelach) = 0. Therefore, p;jpq(Zs) = 0
since T3 is linearly spanned by the elements 3a and a[b, c] for a,b,c € A by lemma 7.1. We can now define
U=V by pl€ijpg(@)) = pijpg(a) such that (19) holds.

To establish (20), we set uijz1(c) = [Fi;(¢), Fa(1)] € V for {4, j, k, 1} = {1,2,3,4}. Applying ad(H,;(a,b))
gives p;jxi(abe+ (—1)lallblFbleltlellalchg) = 0. If we set b = ¢ = 1, we get ;;x1(2a) = 0; using this and setting
¢ =1, we obtain p;;x(ab) = —(—1)'“”b|,uijkl(ba) = ;11(ba). Moreover,

pigri(alb, c]) = pigra(abe) — (1)1 pigp(ach) = pijua(abe) — (=1)1P1 a5 (= (= 1)@Vl cha)
— tigua(abe + (—1)lallb-HbleHellal gy —
Therefore, ki (Z2) = 0. We now have to verify the invariance property of i, upon certain permutation of
its indices. Note that [Fj;(a), Fiu(b)] = —[Fi(ab), Fi;(1)] = —pir;(ab); in particular, b =1 gives p;jri(a) =

—pakj(a), hence pijki(a) = pukj(a) for any a € A because p;jri(a) = —pijri(a). It now follows that
[Fij(a), Fra(b)] = pijri(ab).

Furthermore, prij(a) = [Fr(1), Fij(a)] = —[Fij(a), Fu(1)] = —piri(a) = pir(a). In conclusion,
Prjit(a) = pikj(a) = pijri(a). This implies that we can now define p: W — V by p(€;jri(a)) = pijri(a) so
(20) holds.

We have now established that (19) and (20) hold and this completes the proof of theorem 9.1. O
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10 Appendix

In this appendix, we present computations which establish the relations (11),(12) and are useful in the proof
of theorem 5.1 and corollary 5.1. We set Fy, = Fyp(1).

f1<k#m<n

[Hlk(a’ 1)7 Hlm(b7 1)] = [[Flk(a)7 Fk1]7 [F1m<b)7 leH
= | [Fik@), [Fn (®), Fon]], Fia | + | Fi(@), [Fia, [Fim (8), Fo] |

= —(=D)Pl[Fy(ba), Fr1] + [Fik(a), Fra(b)] = Hig(a,b) — (1)1 H (1, ba)
= (a7b)

[Hik(a, 1), Hix(b,1)] = [Hik(a,1), [Fix(b), Fri])
= [[Hi(a,1), Fix(b)], Fra] + (=1)11" [Py (b), [Hik(a, 1), Fial]
= [Fir(ab+ (—=1)"Plba), Fy] — 2(=1)1WPI[Fy4(b), Fra(a)]
= Hiyp(ab,1) 4+ (=) Hy (1, ba) — 2(—1)19 Hy (b, a)
= Hyp(ab,1) 4+ (=D)L H (1, 0a) — 2(=1)1 h(b, @) — 2H1(1, ab)
= 2h(a,b) — Hyx(1,]a, b))

We have proved the two relations in (11). If 2 < k <n,
[h(a, b)’ [Flk(c)7 Fkl]] = Hh(a’ b)? Flk(c)]7 Fkl] + (_1)|c‘(‘a‘+‘b|) [Flk(c)7 [h(a7 b>7 Fle
[Flk([av b]C), Fkl] - (_1)|c‘(‘a|+‘b|)[F1k(C)v Fkl([a’ b])]

Hlk([av b]C> 1) - (71)‘6‘(|a|+‘b|)Hlk(67 [av bD
= (=)l D (e, [a,b]) = h([a, ], c)

[h(a,b), Hix(c,1)]

This establishes the first relation in (12). As for the second one,

[h(a.b),h(e,d)] = [h(a,b), Hyj(c,d) — (=)< (1, do)]

= Hiyj([a,ble,d) — (=)UAHDUlHD 17 5(c, dla, b]) — (1) Hy([a, ], de)
+(—1)lelldl+Cel+aDal+1D f, 5(1, defa, b])

= h(la,ble,d) + (—1)‘d|(‘c‘+‘“‘+|b‘)HU(1,d[a,b]c) — (=1)UelFldDal+ D b (e d[a, b])
—(—1)ldial+blHeD fr, 5(1, d]a, bc)
—(—1)|c‘|d‘h([a, b],dc) — (fl)ld\d\+(IC\+|d|)(|al+|b\)H1j(1, dela, b))
+(_1)IC\Id\+(IC\+|d|)(\a\+|b\)Hlj(1’dc[a’b])

= N(a,b],[c.d])

We now give all the computations relevant for the proof of corollary 5.1. In order to verify that the
natural homomorphism st,,(A) — (s0,(K) @k A) ® (A, a) admits an inverse given by the formula in the
proof of corollary 5.1, we have to replace, in relations (13),(14), the elements F;; ® a, (a,b) by their images
as specified in that proof and see if the relations that we obtain are satisfied in st,, (A). Relation (13) can be
checked quickly if (z,y) = 0, so we verify only the case x = Fj;,y = F}; with 1 <i # j <n. The right-hand
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side becomes

h(a,b) —*ZHM a,b), Hm(ab—l—( )‘a‘lb‘ba 1) —|——ZHH€ a,bl, —&——Z
"07’51 k#]

— hab) - ikz_szlk([a, b, 1) + %Hij(ab (= 1)lallblpg, 1) 4 %Hﬂ (a. ), 1)

+%Hj1([a, b, 1) + % Z Hu([a;b],1)

— h(a,b) + H”(ab+( )‘“Hb|ba,1)+%Hﬂ([a,b],l)+%Hj1([a,b],1)

= h(a,b)+ %Hﬂ(ab (1) lba, 1) 4 2 (ab o+ (~1)Mba, 1) 4 Hia(fa, 6 1) + 5 i (fa, b, 1)

1

2
= h(a, b) + Hﬂ(ab, 1) + (—1)‘a||b‘H1j (ba, 1) = Hz_] (a, b)

The first relation in (14) is very similar to the second one in (12) but it does not follow automatically from

it. It left-hand side equals

h(a1,az) ZHlk a1, az], 1), nh(by, b2) — ZHlm [b1, b2], )1

n

= n’h([a1,az], [b1,b2]) — 1 Zh([al,aQ} [bl,bg])+n(_l)(|a1|+\a2\><|b1|+|b2|>ih([bhbﬂ’[ahaﬂ)

m=2 k=2
+ Z CL1,G,2 b17b2 +Z( al,ag bl,bg])7H1k(1,Hal,ag],[bl,bg}]))
k,m=2 k=2
k;ém

= nh(lay, az), b1, bo]) = 3 H1k<[[a1, as), [bs, ba]]. 1)
k=2

As for the second relation in (14), it follows from (8), (9) when ¢ # 1 and j # 1; when ¢ = 1,5 # 1, its
left-hand side equals

nFyj(la, as)b) = > [Huk([a1,a2]),1), Fi;(b)] = [Hyj(la1, az], 1), Fy;(b)]
k=2,k#j
= nFy;(lar, az)b) z”: Fyj(Jay, as]b) — Fij([a1, as]b + (—1)Peal¥lo2Dp[a, qy])
k=2 k#j
= Fy([la1,a2],0])
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