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Local mean decomposition (LMD) is a promising approach to implement time-frequency
representation (TFR) for multicomponent amplitude-modulated (AM) and frequency-
modulated (FM) signal analysis; however, its performance usually suffers from end effect
and mode mixing problems. To address this issue, this paper proposes a novel comprehen-
sive scheme to improve LMD performance. The novel scheme can automatically determine
the fix subset size of the moving average algorithm and the optimal number of sifting iter-
ations in a sifting process. Extensive simulations have been explored for multicomponent
AM-FM signal analysis by means of TFR with the improved LMD. Moreover, the improved
LMD shows potential application in bearing fault diagnosis in conjunction with the well-
known fast kurtogram.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

One of the most important aspects in signal processing is to extract and present useful information from a signal, usually
as a function of time, from physical or mechanical systems. Amplitude-modulated (AM) and frequency-modulated (FM) sig-
nals are such useful information, and thus, accurate location and representation of AM-FM signals is quite important to inter-
pret systems’ health status.

Frequency representation occupies a central role in the vast subject of signal processing. The combination of Hilbert
transform (HT) and Fourier transform (FT) is a common approach of frequency representation for AM-FM signals. However,
there are two limitations when it is used to analyze multicomponent AM-FM signals [1]. First, HT estimates the instanta-
neous amplitude and frequency data for monocomponent signals only, and thus, for multicomponent signals, the interfer-
ence among multiple components leads to a mode mixing problem in HT. Second, the representation of the FM part is
more crucial compared to the representation of the AM part due to the fact that the parametric estimation of the time-
varying amplitude given the time-varying frequency is always linear. Therefore, locating and representing useful information
for multicomponent AM-FM signals is quite challenging in signal processing. The former limitation concerns information
location. The most common solution uses signal separation methods, e.g., filters, to extract monocomponent signals from
multicomponent signals. The aforementioned HT and FT can further process each monocomponent. The latter limitation con-
cerns information presentation. To alleviate this limitation, time-frequency representation (TFR) is an approach to depict

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ymssp.2017.03.035&domain=pdf
http://dx.doi.org/10.1016/j.ymssp.2017.03.035
mailto:Zhiliang_Liu@uestc.edu.cn
http://dx.doi.org/10.1016/j.ymssp.2017.03.035
http://www.sciencedirect.com/science/journal/08883270
http://www.elsevier.com/locate/ymssp


Z. Liu et al. /Mechanical Systems and Signal Processing 95 (2017) 468–487 469
AM-FM signals. Recently, a new trend of combining signal separation and the TFR method as a hybrid solution, e.g., Hilbert-
Huang transform (HHT), has emerged to address the two aforementioned limitations for multicomponent AM-FM signals.
Inspired by HHT, local mean decomposition (LMD), which Smith [2] pioneered, demodulates multicomponent AM-FM sig-
nals into a set of product functions (PFs), each of which is the product of an envelope signal and FM signal. Each PF can
be considered a monocomponent AM-FM signal, and TFR can be derived based on instantaneous amplitude and frequency
data from all of the PFs. LMD has many promising properties; in particular, it avoids the limitation of doubtful negative
instance frequency occurring in HT [3] because LMD can generate instantaneous amplitude and frequency data without
using HT, as HHT does. Moreover, LMD is specifically designed for AM-FM signals, whereas this property is not reflected
in HHT. From the above evidence, LMD is a suitable and promising technique to process multicomponent AM-FM signals
[4,5]. However, end effect and mode mixing problems are two main limitations in LMD. These two limitations can be alle-
viated by proper parameter selection with regard to boundary condition, envelope estimation, and sifting stopping criterion
[6].

Most reported studies that aim to improve the performance of LMD can be grouped into three categories corresponding to
the above three parameters. Among them, boundary condition and envelope estimation have been the twomain focuses over
the past ten years. Regarding boundary condition, most researchers try to extend the left and right side ideally by a variety of
methods, e.g., the boundary processing method [7], mirror extension method [8], neural networks [9], self-adaptive wave-
form matching [10], and integral local waveform matching [11]. Regarding envelope estimation, researchers have put for-
ward new methods in roughly two directions. One uses the moving average algorithm as the smoothing algorithm and
tries to find an optimal fixed subset size for better envelope estimation, e.g., a third of the longest local mean [2], and a local
mean step-based strategy [7]. The other focuses on alternative smoothing algorithm design, e.g., the rational Hermite inter-
polation method [12], B-spline interpolation method [13], cubic spline interpolation method [14,15], and cubic Hermite
interpolation method [16]. In addition, Cheng et al. [17] proposed an ensemble LMD that uses noise to alleviate the limitation
of mode mixing. Smith [2] already defined the principle of sifting stopping criterion in LMD; however, it is so ideal that can-
not be directly realized in a numerical computation. Some referable criteria have already been proposed and used in EMD,
e.g., the standard deviation criterion [18], three-threshold criterion [6], bandwidth criterion [19], and orthogonality criterion
[20]. The sifting process is similar between EMD and LMD; however, the effectiveness of the above criteria still needs to be
validated when they are embedded in LMD. Regarding sifting stopping criterion, a few methods that transform the original
principle of sifting stopping criterion to a practical expression have been reported. Zhang et al. [21] introduced an orthog-
onality criterion into LMD. Cheng et al. [5] proposed a two-condition criterion that makes decisions based on evaluation
of condition 1: 1–d � smoothed local magnitude (i.e., a1p(n) in Section 2) � 1 + d and condition 2: –1 � pure frequency signal
(i.e., s1p(n) in Section 2) � 1, where d is a predefined variation. Li et al. [22] and Jiang et al. [23] have adopted this criterion
with the condition 1.

It is notable that boundary condition, envelope estimation, and sifting stopping criterion are all associated with the end
effect and the mode mixing problems. In other words, LMD performance cannot be thoroughly enhanced unless all three
parameters are properly tuned. Considering the key role of LMD in the proposed method, a comprehensive solution is pro-
posed in this paper to improve the performance of TFR for multicomponent AM-FM signal analysis. Finally, the proposed
method will be extensively validated on simulated multicomponent AM-FM signals and tested for its effectiveness in bearing
fault diagnosis.

This paper is organized as follows. Section 1 introduces the background, motivation and a brief literature review of the
progress of current research. Section 2 introduces the theoretical basis of LMD, which is necessary in the following sections.
Section 3 proposes the robust LMD based TFR, and improvements on LMD’s three aspects are also detailed. Numerical val-
idations with simulated signals and real-world signals are carried out in Sections 4 and 5, respectively. Finally, Section 6 pro-
vide the final conclusion of this paper.

2. LMD fundamentals

LMD is an iterative signal process that aims to extract a set of ‘‘best fit” product functions (PFs) of a pure FM signal and an
envelope signal. The algorithm of LMD includes a nested loop structure, which is a loop within a loop, i.e., an inner loop
within the body of an outer one. The outer loop in LMD aims to extract PFs from an original discrete signal, whereas the inner
loop aims to extract pure FM and envelope signals from a PF. In the following, we briefly introduce LMD, which provides
basic fundamentals for the proposed scheme. The materials in this section are mostly based on [2].

With a sampling frequency Fs or sampling period Ts (Ts = 1/Fs), a continuous signal x(t) is sampled to a discrete signal x(n),
where n = 1, 2, 3, . . ., Ns, and Ns is the total number of sampling points. The signal x(n) can be decomposed into a set of PFs by
LMD with the following steps.

Step 1. Find all local extremes, including maxima and minima, in the signal x(n). The extreme points are denoted as ek,
and the corresponding extreme values are denoted as x(ek), where k = 1, 2, 3, . . ..

Step 2. Calculate the smoothed local mean m(n) and the smoothed local magnitude a(n). This is achieved through two
substeps. First, the preprocessed local meanm0(n) and local magnitude a0(n) are computed following Eqs. (1) and (2), respec-
tively. Obviously, the above two signals are step functions.
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m0ðnÞ ¼ xðekÞ þ xðekþ1Þ
2

for ek 6 n < ekþ1: ð1Þ

a0ðnÞ ¼ jxðekÞ � xðekþ1Þj
2

for ek 6 n < ekþ1: ð2Þ
Secondly, m0(n) and a0(n) are postprocessed by a smoothing algorithm to generate the smoothed local mean and local
magnitude, which are denoted by m(n) and a(n), respectively. Smith [2] suggests the moving average algorithm that can sur-
pass the cubic spline method commonly used in EMD as the smoothing algorithm in LMD, and it can be viewed as a low-pass
filter, the cut-off frequency of which is determined by an important parameter, i.e., fixed subset size k.

Step 3. Calculate the estimated zero-mean signal h11(n) and FM signal s11(n) with the three given signals: x(n), m(n) and a
(n). This is achieved through two substeps. First, subtract the signalm11(n) from the original data x(n), and get the estimated
zero-mean signal h11(n). Secondly, divide the signal h11(n) by a11(n), and get the estimated FM signal s11(n). The subscripts in
hij(n), mij(n), sij(n), and aij(n) refer to the ith PF and jth sifting process.

The signal s11(n) may not be a pure FM signal after the first round local mean decomposition. If this is the case, we need to
use s11(n) as the new signal and repeat the steps 1–3 for p times until the criterion in Eq. (3), which means that the envelope
is flat, is satisfied. This is the so-called sifting process or the inner loop of LMD, as we previously mentioned.
lim
p!1

a1pðnÞ ¼ 1: ð3Þ
Step 4. Calculate the pure FM signal s1(n), envelope signal a1(n), and product function PF1. If the criterion in Eq. (3) is sat-
isfied, the estimated envelop a1p(n) is flat, and the signal s1p(n) is a pure FM signal. Therefore, the extracted pure frequency-
modulation signal and corresponding envelope signal can be derived from Eqs. (4) and (5). Multiplying a1(n) and s1(n) gives
the first product function PF1(n).
s1ðnÞ ¼ s1pðnÞ: ð4Þ

a1ðnÞ ¼
Yp

j¼1

a1jðnÞ: ð5Þ
Step 5. Extract all of the PFs from the signal x(n). As the natural signal usually contains more than one PFs, the rest of the
PFs need to be extracted by the following procedures. The signal PF1(n) is subtracted from the original signal x(n), and then a
residual signal u1(n) is repeated in the steps 1–5 for q times until uq(n) is a constant or contains no oscillations. This is the so-
called outer loop of LMD. Finally, the signal x(n) can be reconstructed according to Eq. (6).
xðnÞ ¼
Xq

i¼1

PFiðnÞ þ uqðnÞ: ð6Þ
3. Proposed robust LMD and time-frequency representation

Based on Section 2, we know how LMD deals with signal processing for multicomponent AM-FM signals. As we also men-
tioned in Section 1, boundary condition, envelope estimation, and sifting stopping criterion are three crucial aspects of LMD.
Therefore, in this section, we propose a comprehensive solution to all three aspects to improve the performance of LMD-
based TFR. To distinguish from conventional LMD, we call the proposed method the robust LMD. In addition, we also intro-
duce how to implement TFR based on the robust LMD.

3.1. Proposed robust local mean decomposition

3.1.1. Boundary condition
The first step of the robust LMD is to determine local extremes, although the end points may not be the real extrema. If

this happens, it induces a wrong trend in the following envelope estimation for the signal end points. This may lead to a
divergence phenomenon that propagates to signal components extracted in subsequent sifting processes. As a result, these
contaminated components cannot reflect characteristics of the original signal. To deal with the boundary condition, the mir-
ror extension algorithm [6] is employed by the proposed robust LMD. The procedure of this algorithm is briefly summarized
as follows.

Step 1. The first step is to determine symmetry points for the left and right ends of the signal. We use only the left end
case to illustrate the idea of the mirror extension algorithm, and one can determine the right symmetry point in the same
way. The mirror extension algorithm needs to differ four cases for the left end case. If the first local extreme is a maxima, we
check whether the function value at the end point is smaller than the first local minimum. If it is true (case A in Fig. 1), we
consider the end point as a minima and set it as the symmetry point; otherwise (case B in Fig. 1), we set the first maxima as
the symmetry point. If the first local extreme is a minima, we check whether the function value at the end point is larger than
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Fig. 1. Four cases to determine the symmetry point.
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the first local maximum. If it is true (case C in Fig. 1), we consider the end point as a maxima and set it as the symmetry
point; otherwise (case D in Fig. 1), we set the first minima as the symmetry point.

Step 2. Put ‘‘mirrors” on the symmetry point determined in the step 1 and extend the signal. The extended ratio controls
the total length of the extended signal.

Step 3. Use the extended signal instead of the original signal to perform the moving average algorithm, and then cut the
extended outputs back to the same length as the original signal.

3.1.2. Envelope estimation
The moving average algorithm is the smoothing algorithm of envelope estimation for the local mean and local magnitude

in Eqs. (1) and (2). The fixed subset size k is the only parameter that usually needs to be predefined with prior knowledge. It
is the number of points used for taking the average. Notably, k is an important and sensitive parameter that must be properly
considered. If the value of k is small, the envelope signal cannot be totally smoothed. The smoothed envelope signal still
includes flat steps, which is exactly the case with a fixed subset size of 10 in Fig. 2. If the value of k is large, the smoothing
process will remove the local characteristics of the envelope signal. Taking the case with a fixed subset size of 1000 in Fig. 2
for example, the global increasing trend is clearly kept, whereas the local fluctuation characteristic disappears after the
smoothing process. Both of the two extreme cases deteriorate envelope estimation and then lead to a poor sifting process.
Thus, they cannot be adopted in LMD. A proper value of k, e.g., 50 in Fig. 2, can achieve a relatively accurate envelope esti-
mation. In the following, we propose a statistical method based on the statistics theory to automatically determine a reason-
able fixed subset size k⁄ for accurate envelope estimation.

In the proposed method, we first obtain all step lengths in the signal ofm0(n) or a0(n). The step length is numerically equal
to (ek+1�ek)+1. It may be different for different k values. It has no relationship with the moving average algorithm. Second, we
apply histogram bin counts to the step length set and obtain the probability in each bin (denoted by S(k)) and the bin edges
(denoted by edge(k)). An automatic binning algorithm developed by MALTAB and embedded in the histcounts function is
used to determine the bin edges. Third, we define the center and standard deviation of the step length set by Eqs. (7) and
(8), respectively.
ls ¼
XNb

k¼1

sðkÞSðkÞ; ð7Þ



Fig. 3. Fixed subset size selection illustration.

Fig. 2. Smoothing a step function with three fixed subset sizes.
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and ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XNb

k¼1

ðsðkÞ � lsÞ2SðkÞ
vuut ; ð8Þ
where s(k) = (edge(k) + edge(k + 1))/2, ms is the step length center, rs is the standard deviation of the step length, and Nb is the
number of bins in the histogram.

Finally, the selected subset size k⁄ is calculated by
k� ¼ oddðls þ 3� dsÞ; ð9Þ
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where odd() is a function that rounds its input to the nearest odd integer greater than or equal to the input.
We interpret Eq. (9) as follows. Fig. 3 shows an example of the selected fixed subset size determined by the proposed

method. In this example, we have ms and rs equal to 26.64 and 8.13, respectively, and thus the fixed subset size is 53 by sub-
stituting the two values into Eq. (9). From the figure, the selected size is greater than most of the step lengths. This is not
surprising because we introduce the three standard deviations principle into Eq. (9). A relatively large value of k can guar-
antee that (1) no (almost no) flat step exists in the smoothed envelope signal, as shown in Fig. 2, and (2) local information
retains in the smoothed envelope signal.
3.1.3. Sifting stopping criterion
Smith [2] defined the principle of sifting stopping criterion in Eq. (3). According to this principle, two challenges need to

be solved: (1) how to describe the target signal in a practical way under the original principle and (2) how to realize a self-
adaptive mechanism for the criterion. We introduce the solution as follows.

The first challenge is considered as follows. As the target signal a1p(n) has a baseline of one, we get a zero-baseline envel-
ope signal by subtracting 1 from a1p(n). We describe the zero-baseline envelope signal from both global and local viewpoints.
From a global viewpoint, root mean square (RMS) is used to measure overall energy in the zero-baseline envelope signal.
RMS is a statistical measure defined as the square root of the arithmetic mean of the squares of a set of numbers. If the envel-
ope signal is approaching one, the zero-baseline envelope signal is approaching zero, and its RMS value is approaching zero
as well. Based on the original principle, RMS is expected to be as small as possible. In addition, excess kurtosis (EK) is used to
measure local anomaly from a local viewpoint. EK is an adjusted version of conventional kurtosis, which is kurtosis minus
three. If the envelope signal is approaching zero, the EK of the zero-baseline envelope signal is approaching zero as well.
Based on the original principle, the EK is expected to be as small as possible.

The above two viewpoints are both important and necessary to implement a relatively reasonable estimation of the zero-
baseline envelope signal. If only the global characteristic is considered, it may lead the envelope signal to stop at a case in
which most samples are zeros, whereas a very few outliers have extremely large amplitudes. If only the local characteristic is
considered, it may lead the envelope signal to stop at a case in which all samples are very similar, whereas their amplitudes
are far beyond zero. Both of the two cases can deteriorate a sifting process and finally result in poor performance of LMD.

Based on the above discussions, the proposed objective function to describe the zero-baseline envelope signal is defined
as follows:
f ¼ RMSðzðnÞÞ þ EKðzðnÞÞ; ð10Þ
where z(n) = a(n) – 1, i.e., the zero-baseline envelope signal,
RMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
Ns

XNs

n¼1

ðzðnÞÞ2
vuut ; ð11Þ
and EK ¼
1
Ns

PNs
n¼1ðzðnÞ � zÞ4

1
Ns

PNs
n¼1ðzðnÞ � zÞ2

� �2 � 3: ð12Þ
The second challenge is as follows. As most of the reported methods in Section 1 have done, we can simply use the objec-
tive function in Eq. (10) with a predefined threshold to establish a sifting stopping criterion. However, this straightforward
approach still requires a prior knowledge of the target signal. Different thresholds may lead to a quite diverse performance of
LMD, and an improper one may also lead to a very slow stop for a sifting process.

Usually, a maximum number of sifting iterations forcedly stops the sifting process; however, this kind of sifting stop
introduces potential risks, mostly caused by envelope estimation. LMD must estimate the local mean m(n) and local magni-
tude a(n) in each sifting process, and thus there is a difference between the estimated and the true signals. That is, errors
always exist for each time of estimation. These errors can be cumulated and amplified along with the number of sifting pro-
cesses in LMD. In addition, numerical computation and the division operation used in LMD could make the sifting process
even worse. We simply call this issue the error accumulation effect of LMD. All above aspects related to error accumulation
may lead to a divergence in the sifting process. However, the objective function in Eq. (10) and the reported sifting stopping
criteria do not consider a negative effect on LMD performance for a large number of sifting processes.

With the objective function, the proposed sifting stopping criterion is described as follows. For a sifting process of the ith
PF, aij(n) is the smoothed local magnitude generated from the jth iteration. In each iteration, the objective function value fij
can be calculated by its definition in Eq. (10). The proposed sifting stopping criterion makes it decision depending on fij, fij+1,
and fij+2 obtained from three successive iterations. If fij+1 > fij and fij+2 > fij+1, the sifting process stops and returns the corre-
sponding results at the (j – 1)th iteration; otherwise, the sifting process continues until the iteration number reaches a pre-
defined value that indicates the maximum iteration allowed in each sifting process.
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3.2. Time-frequency representation based on the robust LMD

The robust LMD gives an envelope signal ai(n) and a pure FM signal si(n) for each PFi. Obviously, the instantaneous ampli-
tude for the ith PF is the envelop signal ai(n). Based on the FM signal si(n), the instantaneous phase and frequency for the ith
PF can be derived from Eqs. (13) and (14), respectively.
/iðnÞ ¼ arccosðsiðnÞÞ: ð13Þ

f iðnÞ ¼
d/iðnÞ
2pTs

: ð14Þ
Notably, the signal si(n) must be in the range of 1 to –1. For practical application of the robust LMD, the extreme values of the
signal si(n) can be compulsively set to ±1 because its corresponding estimated envelope signal is approximately equal to one [2].

TFR based on the robust LMD is introduced as follows. With time scale as the horizontal axis and frequency scale as the
vertical axis, a null time-frequency matrix is created. In this null matrix, indexes of the column are regarded as new ‘‘fre-
quency” series that are discretized again, and indexes of the row are regarded as new ‘‘time” series multiplied by the sam-
pling frequency. For all instantaneous amplitude data of each PFi, traverse all entries in the matrix and add them to the time-
frequency matrix one by one. Finally, the complete time-frequency matrix is generated and can be viewed as a spectrum.

In summary, as shown in Fig. 4, TFR based on the robust LMD can be viewed as three blocks, i.e., signal separation, demod-
ulation analysis, and TFR. Signal separation is used to extract monocomponent AM-FM signals from multicomponent ones.
Demodulation analysis is used to obtain instantaneous amplitude and frequency data for each monocomponent AM-FM sig-
nal. These two blocks are actually implemented simultaneously by the robust LMD. The block of TFR is used to fuse all the
information and present it in the time-frequency domain for multicomponent signals.

4. Numerical validation with simulated multicomponent signals

In this section, we use simulated multicomponent AM-FM signals to demonstrate TFR’s performance based on the robust
LMD. We compare the proposed method with three reported and recognized methods: conventional LMD implemented by
Smith [2], HHT implemented by Rilling [6], and short time Fourier transform (STFT) implemented by MATLAB. We randomly
select four distinguishing cases of AM and FM combinations for this comparison, and the details are described as follows.

(1) Case 1: A multicomponent signal with two pure AM components

In the first case, we generate a simulated signal including two pure AM signals. The signal is expressed in Eq. (15). The
signal is sampled at a frequency of 5000 Hz, and has a length of 5000 data points.
xðtÞ ¼ 5� ð1þ cosð2pt � 20ÞÞ cosð2pt � 500Þ þ 15� ð3þ cosð2pt � 20ÞÞ cosð2pt � 1500Þ þ nðtÞ ð15Þ

where n(t) is the Gaussian white noise with a signal-to-noise ratio (SNR) of 5 dB generated by the built-in function of awgn in
MATLAB.

Figs. 5–8 show the TFR plots from the four methods. In these figures, the x-axis and y-axis represent time and frequency,
respectively, and the color represents the instantaneous amplitude of a frequency at a time. Our observations from the four
figures are as follows. STFT, the conventional LMD, and the robust LMD can successfully locate the 2 AM components at
500 Hz and 1500 Hz, which correspond to carriers of the two pure AM components in Eq. (15). We also observe the AM effect
at the two frequencies. STFT shows a low time-frequency resolution in its TFR spectrum, the robust LMD shows a high
resolution in its TFR spectrum, and the conventional LMD is in the middle. Unfortunately, HHT cannot locate the correct
x(n)
PF1(n)
PF2(n)
...

a1(n)
s1(n)

a2(n)
s2(n)
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Fig. 4. Time-frequency representation based on the robust LMD.



Fig. 5. STFT spectrum in case 1.

Fig. 6. HHT spectrum in case 1.
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place for the second AM component in this case. This may be caused by cross interference among the 2 AM components.
From Fig. 6, HHT generates three unexpected components, i.e., 1600 Hz, 1450 Hz, and 1350 Hz, and it shows a large fluctu-
ation in its TFR plot. Both the conventional and robust LMD methods work better in decomposition accuracy and time-
frequency resolution than the other two comparison methods, which shows the natural advantages of LMD theory to process
multicomponent AM-FM signals. From the above comparison in the case 1, the robust LMD not only finds the right compo-
nents but also has a high time-frequency resolution with fewer fluctuations (approximately 10 Hz).

(2) Case 2: A multicomponent signal with a pure AM component and a pure FM component

In the second case, we generate a simulated signal in Eq. (16) with a pure AM component and a pure FM component. The
sampling configuration and noise setting are the same as in the first case.



Fig. 7. Conventional LMD spectrum in case 1.

Fig. 8. Robust LMD spectrum in case 1.
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xðtÞ ¼ 5� ð5þ cosð2pt � 20ÞÞ cosð2pt � 1000Þ þ 11� cosð2pt � 400þ 2� cosð2pt � 10ÞÞ þ nðtÞ ð16Þ
Figs. 9–12 show the TFR plots from the four methods, and our observations from the four figures are as follows. From Fig. 9
and Fig. 12, STFT and the robust LMD can successfully locate the two components at 1000 Hz and 400 Hz, which correspond
to carriers of the two components in Eq. (16). STFT shows a much lower time-frequency resolution than the robust LMD.
From the robust LMD spectrum, we can clearly observe the pure FM component with a frequency-modulation sinusoidal



Fig. 9. STFT spectrum in case 2.

Fig. 10. HHT spectrum in case 2.
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signal that has a period of 0.1 s. From Fig. 10 and Fig. 11, HHT and the conventional LMD can roughly find the right two com-
ponents, whereas their energy is quite scattered around the two carrier frequencies in their TFR plots. For example, the first
component scatters between a large frequency range from approximately 800 Hz to 1200 Hz for HHT. Moreover, some con-
fused mess components also appeared between 0 and 200 Hz in the two plots. This reflects cross interference with TFR after
introducing a FM component that often shows more complex characteristics. This example shows that the robust LMD has
the best performance in component recognition and time-frequency resolution among the four methods.



Fig. 12. Robust LMD spectrum in case 2.

Fig. 11. Conventional LMD spectrum in case 2.
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(3) Case 3: A multicomponent signal with two pure FM components

In the third case, we generate a simulated signal in Eq. (17) with two pure FM components. The sampling configuration
and noise setting are the same as in the first case.
xðtÞ ¼ 5� cosð2pt � 600þ cosð2pt � 20ÞÞ þ 15� cosð2pt � 1200þ 4 cosð2pt � 20ÞÞ þ nðtÞ ð17Þ
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Figs. 13–16 show the TFR plots from the four methods, and our observations from the four figures are as follows. The first FM
component with a carrier frequency of 600 Hz can be recognized in the STFT spectrum and the robust LMD spectrum, but it is
hardly recognized in the HHT spectrum and the conventional LMD spectrum. The second FM component with a carrier fre-
quency of 1200 Hz can be clearly observed in all spectrums. Again, this example shows that the robust LMD keeps the best
performance in component recognition and time-frequency resolution among the four methods.

(4) Case 4: A multicomponent AM-FM signal of gear vibration

In the final case, we apply both the proposed method and HHT to a simulated gear vibration signal in Eq. (18). The vibra-
tion signal from a faulty gear usually shows an AM-FM characteristic; that is, TFR to the AM-FM signals is very important in
accurate fault diagnosis of gears.
yðtÞ ¼
XM
m¼1

Xmð1þ dmðtÞÞ cosð2pt �mzfr þ /m þ bmðtÞÞ ð18Þ
where fr is the rotation frequency of the shaft, z is the number of the teeth in the gear, Xm is the amplitude of the m-th order
harmonic component, /m is the initial phase of the m-th order harmonic component, and dm(t) and bm(t) correspond to the
amplitude-modulation function and phase-modulation function of the m-th order harmonic component.

According to Eq. (19), we generate a simulated gear fault vibration signal including two order harmonic components that
are shown in Eq. (19). This means that the number of gear teeth is 30 and fr = 20 Hz. The sampling configuration and noise
settings are the same as in the first case.
xðtÞ ¼ 5� ð1þ cosð2pt � 20ÞÞ cosð2pt � 600þ cosð2pt � 20ÞÞ þ 15� ð1þ cosð2pt � 20ÞÞ cosð2pt � 1200
þ 4 cosð2pt � 20ÞÞ þ nðtÞ ð19Þ
Figs. 17–20 show the TFR plots from the four methods, and our observations from the four figures are as follows. We can
roughly recognize two sinusoidal waves at approximately 600 Hz and 1200 Hz in all four plots, and they correspond to the
two components in Eq. (19). The color changes along each sinusoidal wave reflect amplitude-modulation effects. This case
has the most complex signal structure among the four cases, and it is also very challenging to the robust LMD. Fortunately,
from Fig. 20, the robust LMD successfully extracts the right AM signal with a frequency of 20 Hz and the right FM signal with
a frequency of 20 Hz for the simulated signal. Even though it shows a larger fluctuation than that in the first three cases, the
proposed method is still the best method for this case.

(5) Summary

To summarize the above four cases, the proposed robust LMD consistently shows the best performance in both decom-
position accuracy and time-frequency resolution over STFT, HHT, and the conventional LMD. STFT is stable but has a low
Fig. 13. STFT spectrum in case 3.



Fig. 14. HHT spectrum in case 3.

Fig. 15. Conventional LMD spectrum in case 3.
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time-frequency resolution. HHT shows the worst performance in the four cases because it is not designed for multicompo-
nent AM-FM signals. The conventional LMD can roughly locate the right component places in the four cases; however, it is
strongly affected by cross interference among multiple components and between the AM and FM parts. Besides, it shows up
a low resolution with a relatively large fluctuation. This motivates us to further explore the robust LMD. In addition, the
robust LMD greatly improves the efficiency of LMD. The following data support this conclusion. The elapsed CPU times of
the conventional LMD are 651.6885, 615.4055, 2262.1773, and 2687.5211 s for the four cases. The elapsed CPU times of
the robust LMD are 3.2261, 6.2656, 2.2235, and 2.3174 s for the four cases. CPU time is collected by two functions of tic
and toc in MATLAB R2013a (64-bit) on a computer with a Intel Core i5-3337U processor (1.8 GHz, 1.8 GHz), 8 GB RAM
and an operating system of Windows 8 (64-bit). In conclusion of this section, the robust LMD significantly improves the per-
formance of LMD in terms of both accuracy and efficiency.



Fig. 16. Robust LMD spectrum in case 3.

Fig. 17. STFT spectrum in case 4.
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5. Application to machinery fault diagnosis

In this section, we apply the proposed robust LMD in conjunction with fast Kurtogram to perform fault diagnosis of a
bearing fault that usually presents an AM-FM characteristic. The fast kurtogram proposed by Antoni [24] is a fourth-order
spectral analysis tool for detecting and characterizing non-stationarities in a signal and is a powerful analysis tool to detect
incipient transient faults [25]. It is worth pointing out that TFR is a crucial component of the fast kurtogram, and it is usually
implemented by finite impulse response (FIR) filters and STFT. However, FIR filters cannot guarantee the best fit for any field
signals. STFT has a limitation in its time-frequency resolution capability due to the uncertainty principle. Considering this



Fig. 18. HHT spectrum in case 4.

Fig. 19. Conventional LMD spectrum in case 4.
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challenge in the fast kurtogram, we try to apply the robust LMD as an alternative TFR tool for the fast kurtogram to improve
the accuracy of bearing fault diagnosis.

The bearing fault data are from an accelerated degradation test (ADT) experiment that is conducted on PRONOSTIA shown
in Fig. 21. More details about the PRONOSTIA test rig are described in [26]. With this test rig, 17 ADT datasets were collected
and opened on the IEEE 2012 prognostic and health management (PHM) data challenge competition. We selected one data-
set, namely bearing3_1, for the purpose of demonstrating the proposed method. The dataset of bearing3_1 was collected by
two acceleration sensors in the vertical and horizontal directions at a sampling frequency of 25,600 Hz under a consistent



Fig. 20. Robust LMD spectrum in case 4.

Fig. 21. The PRONOSTIA Test Rig [26].
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Fig. 22. Time-domain waveform in the vertical direction.
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working condition that has a 5000 N radial load and a 1500 rpm speed. There are 515 time records in this dataset, and we
selected the 496th time record with a 0.1-s duration in the vertical direction as the test bearing fault data. Fig. 22 shows the
temporal waveform of this time record. The selected data concern the outer race fault [27] that is naturally generated rather
than artificially created. Based on the parameters of this test bearing [26], the characteristic frequency for the outer race fault
(fBPFO) is 5.6113 � fn, where fn is the shaft rotating frequency (i.e., 25 Hz for the test data).

Figs. 23–25 show kurtograms with three different TFR approaches, i.e., FIR filter, STFT, and the robust LMD. From the three
figures, we obtain an optimal frequency band. For example, in Fig. 23, the fast kurtogram find the optimal frequency band
with a center frequency (fc) of 400 Hz and a bandwidth (Bw) of 800 Hz corresponding to the maximum kurtosis (Kmax) of 7.4
at the level 4. Most importantly, the robust LMD significantly increase the Kmax value of the fast Kurtogram to 60. This reflects
that the robust LMD is more sensitive to abnormal signals than FIR filter and STFT do for fast kurtogram by means of the
proposed scheme. Next, the temporal signal is filtered with the optimal center frequency and bandwidth obtained from
the kurtogram. The envelope spectrum is then generated by FT for the squared envelope of the filtered signal. Fig. 26 shows
three envelope spectrums derived from FIR filters in Fig. 23, STFT in Fig. 24, and the robust LMD in Fig. 25. From Fig. 26, the
characteristic frequency for the outer race fault (fBPFO = 140 Hz) in the robust LMD-kurtogram-Envelope shows a large ampli-
tude, which mostly indicates that an outer race fault occurring in the test bearing. Unfortunately, such increase at fBPFO is not
Fig. 23. Fast kurtogram with FIR filter.



Fig. 24. Fast kurtogram with STFT.

Fig. 25. Fast kurtogram with the robust LMD.
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apparent in the FIR filter-kurtogram-Envelope and the STFT-kurtogram-Envelope, which means no evidences of bearing fault
diagnosis. Recall Fig. 25, we can conclude that the large Kmax with the value of 60 is mainly contributed by the outer race
fault, and the robust LMD in conjunction with the fast kurgoram can successfully detect this fault. Although it is difficult
to know the real multiple AM-FM components in the collected signal, we can say that the proposed method provides a better
TFR estimation than FIR filter and STFT do, and thus greatly enhance performance of the fast kurtogram for bearing fault
diagnosis.



Fig. 26. Amplitude spectrum of the squared envelope.
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6. Conclusions

Extracting and presenting multicomponent AM-FM signals are important aspects of signal processing. This paper presents
a TFR method based on robust LMD with a novel scheme to solve the end effect and mode mixing problems. The proposed
scheme focuses on the improvement for three parameters, i.e., boundary condition, envelope estimation, and sifting stopping
criterion. All three parameters show their great influence to TFR performance for multicomponent AM-FM signals. The mir-
ror extension method, fixed subset size selection method, and self-adaptive sifting stopping criterion have been proposed for
a better selection of the above three parameters, respectively. The results of four simulation cases show that the robust LMD
outperforms the conventional LMD, HHT, and STFT in terms of decomposition accuracy and time-frequency resolution for
multicomponent AM-FM signal analysis. Last but not the least, the improved fast kurtogram with the robust LMD success-
fully finds a natural outer race fault for a test bearing. The experimental results of both simulated and experimental signals
demonstrate that the robust LMD shows a significant improvement over the conventional LMD, and it can be used as a
promising tool of TFR to characterize multicomponent AM-FM signals.
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