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a b s t r a c t

Human T-cell leukaemia virus type I (HTLV-I) preferentially infects the CD4+ T cells. The
HTLV-I infection causes a strong HTLV-I specific immune response from CD8+ cytotoxic T
cells (CTLs). The persistent cytotoxicity of the CTL is believed to contribute to the devel-
opment of a progressive neurologic disease, HTLV-I associatedmyelopathy/tropical spastic
paraparesis (HAM/TSP). We investigate the global dynamics of a mathematical model for
the CTL response toHTLV-I infection in vivo. To account for a series of immunological events
leading to the CTL response, we incorporate a time delay in the response term. Our math-
ematical analysis establishes that the global dynamics are determined by two threshold
parameters R0 and R1, basic reproduction numbers for viral infection and for CTL response,
respectively. If R0 ≤ 1, the infection-free equilibrium P0 is globally asymptotically stable,
and the HTLV-I viruses are cleared. If R1 ≤ 1 < R0, the asymptomatic-carrier equilibrium
P1 is globally asymptotically stable, and the HTLV-I infection becomes chronic but with no
persistent CTL response. If R1 > 1, a unique HAM/TSP equilibrium P2 exists, at which the
HTLV-I infection is chronicwith a persistent CTL response.We show that the time delay can
destabilize the HAM/TSP equilibrium, leading to Hopf bifurcations and stable periodic os-
cillations. Implications of our results to the pathogenesis of HTLV-I infection and HAM/TSP
development are discussed.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Recently, the study of population dynamics of infectious diseases has attracted much attention. Several mathematical
models have been proposed to describe the in vivo infection process with humoral immune response such as human
immunodeficiency virus (HIV), hepatitus B virus (HBV), and human T-cell leukemia virus type I (HTLV-I) [1–5]. These in-host
models can capture some essential features of the immune system and are able to produce a variety of immune responses
many of which are observed experimentally and clinically. Findings from in-host modeling can also be used to guide the
development of efficient antiviral drug therapies.

Because of the importance of the biologicalmeanings, dynamical properties of HTLV-I infectionmodels have been studied
by many authors [6–10]. HTLV-I is the etiologic agent in a progressive human neurologic disease, the HTLV-I associated
myelopathy/tropical spastic paraparesis (HAM/TSP) [11,12]. HTLV-I infection is also known to cause adult T-cell leukemia
(ATL) among other human diseases [13,14]. Approximately 20 to 40million people are infected byHTLV-Iworldwide,mostly
in the Caribbean, southern Japan, Central and South America, the Middle East, and equatorial Africa [15]. The majority
of HTLV-I infected individuals remain lifelong asymptomatic carriers. Approximately 0.25%–3.8% of infected individuals
develop HAM/TSP, and another 2%–3% develop ATL [6]. HTLV-I preferentially infects CD4+ helper T cells [6]. HTLV-I infection
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Fig. 1. Transfer diagram of HTLV-I infection with CTL response.

in vivo is achieved through cell-to-cell contact among healthy and infected CD4+ T cells [7]. The immune system reacts
to HTLV-I infection with a strong cytotoxic T-lymphocyte (CTL) response [6,8]. On one hand, CTL has a protective role by
regulating the proviral load, and on the other hand, evidence suggests that cytotoxicity of the CTL is ultimately responsible
for the demyelination of the central nervous system resulting in HAM/TSP [6,8]. Understanding the role played by the CTL
response in controlling the HTLV-I infection is essential for identifying risk factors for the development of HAM/TSP and
for designing therapeutic measures. Mathematical models have been developed to describe the interaction in vivo among
HTLV-I, the CD4+ target cells, and the CTL immune response [16–18,9,10], and used as a tool to study the role of immune
response in the viral dynamics.

To set up a HTLV-I infection model with CTL response, we partition the CD4+ T-cell population into uninfected and
infected compartments, whose numbers at time t are denoted by x(t), y(t), respectively. Let z(t) denote the number of
HTLV-I-specific CD8+ CTLs at time t . The production of healthy CD4+ T cells is assumed to be at a constant rate λ [19].
Since HTLV-I infection occurs by cell-to-cell contact between infected cells and uninfected cells, a bilinear incidence βxy
is assumed [19,17]. CTL-driven elimination of infected CD4+ cells is assumed to be of the form γ yz, where γ is the rate of
CTL elimination. The CTL response to HTLV-I infection is modeled by a general function f (y, z), dependent of the number of
CTLs and infected CD4+ T cells. The turnover rates of uninfected and infected CD4+ T cells are d1 and d2, respectively, and
the turnover rate of CTLs is d3. All parameters are assumed to be positive. A transfer diagram for the transmission of CTL
response to HTLV-I infection is shown in Fig. 1.

Thepreceding assumptions and the transfer diagram lead to the followingbasicHTLV-I infectionmodelwith CTL response

x′(t) = λ− d1x(t)− βx(t)y(t),

y′(t) = βx(t)y(t)− d2y(t)− γ y(t)z(t),

z ′(t) = f (y, z)− d3z(t).

(1)

This model with several forms of CTL response function f (y, z) have been considered and analyzed in the literature
[16,20–22].

Antigenic stimulation that generates HTLV-I specific CTLs involves a sequence of events and requires a time lag [23,24].
As a consequence, the CTLs produced at time t may depend on the number of CTLs and infected target cells at time t − τ ,
for a time lag τ > 0. Accordingly, the CTL response in (1) can be more realistically modeled by f (y(t − τ), z(t − τ)), and
model (1) replaced by a system of delayed differential equations. Recent studies of HTLV-I infection models with delayed
CTL response were carried out in [23,24]. It is shown through numerical simulations that delayed CTL response can lead to
sustained oscillations.

In the present paper, we assume f (y, z) = µyz and incorporate a time delay into the immune response in (1) to obtain
the following model

x′(t) = λ− d1x(t)− βx(t)y(t),

y′(t) = βx(t)y(t)− d2y(t)− γ y(t)z(t),

z ′(t) = µy(t − τ)z(t − τ)− d3z(t).

(2)

Model (2) was considered in Wang et al. [24] and its dynamics explored numerically. Our goal in this paper is to carry out
rigorous mathematical analysis of dynamic behaviors of system (2). We will show that the global dynamics of model (2) are
determined by two key threshold parameters R0 and R1 as given in (4) and (5), which are termed as the basic reproduction
numbers for viral infection and for CTL response, respectively (cf. [10]). More specifically, if R0 ≤ 1, the infection-free
equilibrium P0 is globally asymptotically stable, and the HTLV-I viruses are cleared. If R1 ≤ 1 < R0, there exists a carrier
equilibrium P1 and it is globally asymptotically stable. In this case, the HTLV-I infection becomes chronic but there is no
established CTL response an risk of HAM/TSP development. If R1 > 1, there exists a HAM/TSP equilibrium P2, at which the
HTLV-I infection is chronic and the CTL response is persistent, as is the risk for HAM/TSP. We show that the time delay can
destabilize P2 and lead to Hopf bifurcations. Using normal form and center manifold theory, we determine the stability of
bifurcating periodic solutions.

Periodic oscillations have been shown to exist in in-hostmodels for HTLV-I infection and CTL response.Wodarz et al. [16]
have shown that periodic oscillations can occur with CTL response and mitosis in infected CD4+ T cells. Wang et al. [24]
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have shown that time delays can induce Hopf bifurcations in a model that is similar to system (2). These earlier works in
the literature rely mainly on numerical simulations. Our results are the first to establish the existence of Hopf bifurcation
in a HTLV-I model with immune response and time delays using rigorous mathematical analysis. Compared to numerical
results in earlier studies such as Wang et al. [24], our mathematical analysis reveals the existence of the carrier equilibrium
P1 and a separate threshold parameter R1, which are neglected in [16,24]. The fact that P1 can be globally stable for a large
range of parameter values justifies the need for rigorous analysis. Since P1 can represent the state of asymptotic carriers of
HTLV-I, its stability analysis and the associated threshold parameter R1 have significant implications for the control of HTLV-
I associated diseases such as HAM/TSP. Our results are also related to earlier studies on the impact of delays on models of
viral infectionswithout immune response. In Li and Shu [25], it is shown thatwhether intracellular delays can cause periodic
oscillations is critically connected to the target cell dynamics: if the target cell dynamics do not contain amitosis component,
then intracellular delays in the viral infection will not cause sustained oscillations. Out results in the present paper show
that a mitosis component is not required for sustained oscillations to occur when the immune response is incorporated in
to the model. These results together have enriched our understanding of the effects of intracellular delays in viral infection
processes and its interaction with the immune response.

The paper is organized as follows. In the next section, the threshold parameters R0 and R1 are derived and existence of
equilibria are discussed in relation to values of R0 and R1. In Sections 3 and 4, global stability of P0 and P1 are established
using global Lyapunov functionals that are motivated by the work in [26]. In Section 5, we consider stability of the HAM/TSP
equilibrium P2 and the occurrence of local Hopf bifurcation using the delay τ as a bifurcation parameter. Stability of the
bifurcating periodic solutions is also analyzed in this section. Results from numerical simulations are presented in Section 6,
to illustrate and support our analytical results. Biological implications of our results are discussed in Section 7.

2. Preliminaries

To investigate the dynamics of system (2), we need to consider a suitable phase space and a feasible region. For τ > 0,
we denote by C = C([−τ , 0],R) the Banach space of continuous real-valued functions on the interval [−τ , 0], with norm
∥φ∥ = sup−τ≤θ≤0 |φ(θ)| for φ ∈ C. The nonnegative cone of C is defined as C+

= C([−τ , 0],R+). Initial conditions for
system (2) are chosen at t = 0 as

ϕ ∈ R+ × C+
× C+, ϕ(0) > 0. (3)

Proposition 2.1. Under initial conditions in (3), all solutions of system (2) are positive and ultimately bounded in R × C × C.

Proof. First, we prove that x(t) is positive for t ≥ 0. Assuming the contrary and letting t1 > 0 be the first time such that
x(t1) = 0, by the first equation of system (2), we have x′(t1) = λ > 0, and hence x(t) < 0 for t ∈ (t1 − ϵ, t1) and sufficiently
small ϵ > 0. This contradicts x(t) > 0 for t ∈ [0, t1). It follows that x(t) > 0 for t > 0 as long as x(t) exists. From the second
equation of (2) we have

y(t) = y(0) e
 t
0 [βx(θ)−d2−γ z(θ)] dθ .

It follows that y(t) > 0 for t > 0. Similarly, we can show that z(t) > 0 for t > 0.
Next we show that positive solutions of (2) are ultimately uniformly bounded for t ≥ 0. From the first equation of (2),

we obtain x′(t) ≤ λ− d1x(t), and thus lim supt→∞ x(t) ≤
λ
d1
. Adding the first two equations of (2) we get

(x(t)+ y(t))′ = λ− d1x(t)− d2y(t)− γ y(t)z(t)
≤ λ−d(x(t)+ y(t)),

whered = min{d1, d2}. Thus lim supt→∞(x(t)+ y(t)) ≤
λd . Adding all the equations of (2) we get

x(t)+ y(t)+
γ

µ
z(t + τ)

′

= λ− d1x(t)− d2y(t)− d3
γ

µ
z(t + τ)

≤ λ− d

x(t)+ y(t)+

γ

µ
z(t + τ)


,

where d = min{d1, d2, d3}. Thus lim supt→∞


x(t)+ y(t)+

γ

µ
z(t + τ)


≤

λ
d . Therefore, x(t), y(t) and z(t) are ultimately

uniformly bounded in R × C × C. �

As a consequence of theproof of Proposition 2.1,weknow that the dynamics of system (2) canbe analyzed in the following
bounded feasible region

Γ =


(x, y, v) ∈ R+ × C+

× C+
: |x| ≤

λ

d1
, ∥x + y∥ ≤

λd ,
x + y +

γ

µ
z
 ≤

λ

d


.

Furthermore, the region Γ is positively invariant with respect to model (2) and the model is well posed.
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System (2) always has an infection-free equilibrium P0 = (x0, 0, 0), x0 =
λ
d1
. In addition to P0, the system can have two

chronic-infection equilibria P1 = (x, y, 0) and P2 = (x∗, y∗, z∗) in Γ , where x, y, x∗, y∗, z∗ are all positive. At equilibrium P1,
the HTLV-I infection is persistent with a constant proviral load ȳ > 0, whereas the CTL response is absent, so is the risk for
developing HAM/TSP. This corresponds to the situation of an asymptotic carrier. At equilibrium P2, both the proviral load
and CTL response persists at a constant level. This corresponds to the situation of a HAM/TSP patient. Which of the three
steady-states is the final outcome of the system will be determined by a combination of two threshold parameters

R0 =
λβ

d1d2
, and (4)

R1 =
λβµ

d1d2µ+ βd2d3
. (5)

They are called the basic reproduction numbers for viral infection and for CTL response, respectively (cf. Gomez-Acevedo
et al. [10]). We note that R1 < R0 always holds.

It can be verified that the carrier equilibrium P1 = (x, y, 0) exists if and only if R0 > 1, and that

x =
d2
β

=
λ

d1R0
, y =

λβ − d1d2
βd2

=
d1(R0 − 1)

β
. (6)

The coordinates of the HAM/TSP equilibrium P2 = (x∗, y∗, z∗) are given by

x∗
=

λµ

d1µ+ βd3
=

d2R1

β
, y∗

=
d3
µ
,

z∗
=
βλµ− d1d2µ− βd2d3

(d1µ+ βd3)γ
=

d1d2µ+ βd2d3
(d1µ+ βd3)γ

(R1 − 1).
(7)

Therefore, P2 exists in the interior of Γ if and only if R1 > 1. We thus have the following result.

Proposition 2.2. If R0 ≤ 1, P0 =


λ
d1
, 0, 0


is the only equilibrium in Γ . If R1 ≤ 1 < R0, the carrier equilibrium P1 = (x, y, 0)

exists and is the only chronic-infection equilibrium in Γ . If R1 > 1, both the carrier equilibrium P1 and the HAM/TSP equilibrium
P2 = (x∗, y∗, z∗) exist.

3. Global stability of P0 when R0 ≤ 1

Intuitively, ifR0 < 1, the viruswill not spread since an infected cell produces on average less than one secondary infection.
In this section, we rigorously show that, when R0 ≤ 1, the infection-free equilibrium P0 is globally asymptotically stable
in Γ .

Theorem 3.1. If R0 ≤ 1, then the infection-free equilibrium P0 of system (2) is globally asymptotically stable in Γ . If R0 > 1,
then P0 is unstable.

Proof. To prove global stability of P0, we consider a Lyapunov functional L : R × C × C → R given by

L(x(t), yt , zt) = yt(0). (8)

Here yt(s) = y(t + s), zt(s) = z(t + s) for s ∈ [−τ , 0], and thus y(t) = yt(0), z(t) = zt(0) in this notation. Calculating the
time derivative of L along solutions of system (2), we obtain

L′
|(2) = y′(t) = βx(t)y(t)− d2y(t)− γ y(t)z(t)

≤ y(t)(βx(t)− d2) ≤ y(t)

β
λ

d1
− d2


= d2y(t)(R0 − 1).

Therefore, R0 ≤ 1 ensures that L′
|(2) ≤ 0 for all x(t), y(t), z(t) > 0, and L′

= 0 only if y = 0 or R0 = 1. It can be verified
that the maximal compact invariant set in {L′

|(2) = 0} is the singleton P0. By the LaSalle–Lyapunov theorem [27, Theorem
3.4.7], we conclude that P0 is globally attractive in Γ if R0 ≤ 1. Furthermore, it can be verified that P0 is locally stable using
the same proof as one for Corollary 5.3.1 in [28]. Therefore, P0 is globally asymptotically stable in Γ when R0 ≤ 1.

The characteristic equation of the infection-free equilibrium P0 is

(ξ + d1)

ξ −

βλ

d1
+ d2


(ξ + d3) = 0. (9)

The eigenvalues of (9) are −d1, βλ/d1 − d2, and −d3. If R0 > 1, then βλ/d1 − d2 = d2(R0 − 1) > 0, and P0 is unstable. �
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4. Global stability of P1 when R1 ≤ 1 < R0

Theorem 4.1. If R1 ≤ 1 < R0, then the carrier equilibrium P1 is globally asymptotically stable in Γ \ {x-axis}. If R1 > 1, then
P1 is unstable.

Proof. Let

g(u) = u − ln u, for u ∈ (0,+∞).

Let P1 = (x̄, ȳ, 0) be the carrier equilibrium with x̄, ȳ given in (6). Define a Lyapunov functional V : R × C × C → R

V (x(t), yt , zt) = xg

x(t)
x


+ yg


yt(0)
y


+
γ

µ
zt(0)+ γ

 0

−τ

yt(θ)zt(θ) dθ. (10)

Since g : R+ → R has the global minimum at u = 1 and g(1) = 1, the Lyapunov functional V is positive definite with
respect to P1 in the interior of Γ . Calculating the time derivative of V along solutions of system (2), we obtain

V ′
|(2) = λ− d1x(t)− λ

x̄
x(t)

+ d1x̄ + β x̄y(t)− d2y(t)− βyx(t)+ d2y + γ yz(t)−
γ d3
µ

z(t).

Using λ = d1x̄ + β x̄ȳ and d2 = βx, we obtain

V ′
|(2) = (d1x̄ + β x̄ȳ)


2 −

x(t)
x̄

−
x̄

x(t)


+ γ


y −

d3
µ


z(t)

= (d1x̄ + β x̄ȳ)

2 −

x(t)
x̄

−
x̄

x(t)


+
γ (d1µ+ βd3)

βµ
(R1 − 1)z(t)

≤
γ (d1µ+ βd3)

βµ
(R1 − 1)z(t) ≤ 0, if R1 ≤ 1, (11)

since
x(t)
x

+
x

x(t)
− 2 ≥ 0.

Furthermore, V ′
= 0 implies that x(t) = x̄ and z(t) = 0, and thus themaximal compact invariant set in the setwhere V ′

= 0
is the singleton {P1}. Positive definiteness of V with respect to P1 and a similar argument as in the proof of Theorem 3.1 prove
that, when R1 ≤ 1 < R0, P1 is globally asymptotically stable in Γ \ {x-axis}. Along the invariant x-axis, solutions converge
to the infection-free equilibrium P0.

When R1 > 1 and for x(t) > 0 such that |x(0) − x0| is sufficiently small, we have V ′
|(2) > 0 from (11). Therefore, the

carrier equilibrium P1 is locally unstable by the standard Lyapunov instability theorem [29]. �

Proposition 2.1, Theorems 3.1 and 4.1 completely characterize the global dynamics of system (2) for the cases when
R1 ≤ 1. They establish R0 and R1 as two sharp threshold parameters that together determine the outcomes of the HTLV-I
infection:
(i) If R0 ≤ 1, then the HTLV-I viruses are cleared.
(ii) If R1 ≤ 1 < R0, then HTLV-I infection becomes chronic with no persistent CTL response. The patient remains as an

asymptotic carrier.
(iii) If R1 > 1, then both HTLV-I infection and CTL response will persist. The patient has a high risk of developing HAM/TSP.

We note that the existence of the carrier equilibrium P1 has been neglected in many earlier modeling studies of HTLV-I
infection and its CTL response. Since HTLV-I infection is lifelong [6], the virus is rarely cleared from the body. Accordingly,
the infection-free equilibrium P0 is not expected to be achieved for a person infected with HTLV-I. The dynamical outcomes
that are biologically relevant are the carrier state P1 and HAM/TSP state P2. Furthermore, considering the majority of HTLV-I
infected population are asymptomatic carriers, a realistic control and treatment strategy for HAM/TSP is to prevent carriers
from developing HAM/TSP by keeping the threshold parameter R1 below 1, rather than reducing R0 to below 1, a more
difficult task given that R1 < R0.

5. Dynamics when R1 > 1

We have shown in Theorem 4.1 that, if R1 > 1, both the infection-free equilibrium P0 and the carrier equilibrium P1 are
unstable, and the HAM/TSP equilibrium P2 exists in the interior of Γ . The patient has a high risk of developing HAM/TSP.
In this section, we investigate the temporal dynamics of the interaction of HTLV-I infection and the HTLV-I specific CTL
response. Earlier numerical evidence has shown that P2 can lose its stability and sustained oscillations can exist. We will
investigate the stability of P2 and identify parameter regions in which the time delay can destabilize P2 and lead to Hopf
bifurcation.
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5.1. Stability of P2 and local Hopf bifurcation

We first translate P2 to the origin through a change of variables x1(t) = x(t)− x∗, y1(t) = y(t)− y∗, z1(t) = z(t)− z∗.
Then system (2) becomes

x′

1(t) = −(βy∗
+ d1)x1(t)− βx∗y1(t)− βx1(t)y1(t),

y′

1(t) = βy∗x1(t)− γ y∗z1(t)+ βx1(t)y1(t)− γ y1(t)z1(t),

z ′

1(t) = µz∗y1(t − τ)+ d3z1(t − τ)− d3z1(t)+ µy1(t − τ)z1(t − τ).

(12)

The characteristic equation associated with the linearization of system (12) at (0, 0, 0) is

ξ 3 + a2ξ 2 + a1ξ + a0 + (b2ξ 2 + b1ξ + b0) e−ξτ
= 0, (13)

where
a2 = d3 + βy∗

+ d1, a1 = d3(βy∗
+ d1)+ β2x∗y∗, a0 = β2x∗y∗d3,

b2 = −d3, b1 = γ d3z∗
− d3(βy∗

+ d1), b0 = γ d3z∗(βy∗
+ d1)− β2x∗y∗d3.

When τ = 0, Eq. (13) becomes
ξ 3 + (a2 + b2)ξ 2 + (a1 + b1)ξ + (a0 + b0) = 0.

Noticing that
a2 + b2 = βy∗

+ d1 > 0, a1 + b1 = γ d3z∗
+ β2x∗y∗ > 0,

a0 + b0 = γ d3z∗(βy∗
+ d1) > 0,

(a2 + b2)(a1 + b1)− (a0 + b0) = β2x∗y∗(βy∗
+ d1) > 0,

and by the Routh–Hurwitz criterion, we know that all roots of Eq. (13) when τ = 0 have negative real parts. We obtain the
following result.

Proposition 5.1. Suppose R1 > 1. Then the HAM/TSP equilibrium P2 of system (2) is locally asymptotically stable when τ = 0.

Remark. Using a Lyapunov function

U(x, y, z) = (x − x∗ ln x)+ (y − y∗ ln y)+
γ

µ
(z − z∗ ln z),

we can show that, if R1 > 1 and when τ = 0, equilibrium P2 of system (2) is globally asymptotically stable in the interior
of Γ .

Time delays are known to cause destabilization of equilibria and produce oscillations through Hopf bifurcations. We will
use the delay τ > 0 as a bifurcation parameter and investigate stability changes at the HAM/TSP equilibrium P2. We will
show that Hopf bifurcation occurs for an open set of parameter values. This rigorously establishes that periodic oscillations
exist in model (2). Since, when τ = 0, all roots of the characteristic Eq. (13) lie to the left of the imaginary axis, a stability
change at P2 can only happenwhen characteristic roots cross the imaginary axis to the right.We thus consider the possibility
of purely imaginary roots ξ = iω (ω > 0) for τ > 0. Substituting ξ = iω into Eq. (13) and separating the real and imaginary
parts, we obtain

−ω3
+ a1ω = (b0 − b2ω2) sinωτ − b1ω cosωτ,

a2ω2
− a0 = (b0 − b2ω2) cosωτ + b1ω sinωτ.

(14)

Squaring and adding both equations of (14) lead to

F(ω) = ω6
+ (a22 − b22 − 2a1)ω4

+ (a21 − 2a0a1 − b21 + 2b0b2)ω2
+ (a20 − b20) = 0. (15)

Let

G(u) = u3
+ (a22 − b22 − 2a1)u2

+ (a21 − 2a0a1 − b21 + 2b0b2)u + (a20 − b20). (16)
Therefore, if iω (ω > 0) is a purely imaginary root of Eq. (13), then we have the equation

G(u) = 0 (17)
has a positive root u = ω2. Note that

G′(u) = 3u2
+ 2(a22 − b22 − 2a1)u + a21 − 2a0a1 − b21 + 2b0b2.

Let

∆ = (a22 − b22 − 2a1)2 − 3(a21 − 2a0a1 − b21 + 2b0b2). (18)
Then
(1) If ∆ ≤ 0, then G′(u) ≥ 0, and thus G(u) is monotonically increasing. Therefore, when a20 − b20 = G(0) ≥ 0 and ∆ ≤ 0,

Eq. (17) has no positive roots, and all characteristic roots will remain to the left of the imaginary axis for all τ > 0.
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(2) If a20 − b20 < 0, since limu→∞ G(u) = ∞, we know that (17) has at least one positive root, and characteristic roots can
cross the imaginary axis.

(3) If∆ > 0, then the graph of G(u) has critical points

u∗
=

−(a22 − b22 − 2a1)+
√
∆

3
, u∗∗

=
−(a22 − b22 − 2a1)−

√
∆

3
. (19)

If u∗ > 0 and G(u∗) < 0, then G(u) = 0 has positive roots.

Let ui, 1 ≤ i ≤ 3, be the positive roots of G(u) = 0 and ωi =
√
ui. Solving Eq. (14) for τ yields

τi =
1
ωi

arccos

(b1 − a2b2)ω4

i + (a0b2 + a2b0 − a1b1)ω2
i − a0b0

(b2ω2
i − b0)2 + b21ω

2
i


, 1 ≤ i ≤ 3. (20)

Define
τ0 = τk = min

1≤i≤3
{τi | ui is a positive solution of G(u) = 0},

ω0 = ωk.
(21)

Then τ0 is the first value of τ when a pair characteristic roots cross the imaginary axis at±iω0. We thus obtain the following
result.

Theorem 5.2. (1) If a0 − b0 ≥ 0 and∆ ≤ 0, then the HAM/TSP equilibrium P2 remains asymptotically stable for all τ ≥ 0.
(2) If either (a) a0 − b0 < 0,

or (b)∆ > 0, u∗
=

−(a22 − b22 − 2a1)+
√
∆

3
> 0 and G(u∗) < 0,

then there exist τ0 > 0 and ω0 as in (21), such that the HAM/TSP equilibrium P2 is asymptotically stable for τ ∈ [0, τ0).
Furthermore, if G′(ω2

0) ≠ 0, then system (2) undergoes a Hopf bifurcation at the HAM/TSP equilibrium P2 when τ = τ0.
Proof. It remains to show the transversality condition for the Hopf bifurcation holds at τ = τ0. Differentiating Eq. (13) with
respective to τ we obtain

dξ
dτ

−1

=
(3ξ 2 + 2a2ξ + a1) eξτ

ξ(b2ξ 2 + b1ξ + b0)
+

2b2ξ + b1
ξ(b2ξ 2 + b1ξ + b0)

−
τ

ξ
.

Using (14) we obtain
d(Reξ(τ ))

dτ

−1

τ=τ0

= Re

(3ξ 2 + 2a2ξ + a1) eξτ

ξ(b2ξ 2 + b1ξ + b0)


τ=τ0

+ Re


2b2ξ + b1
ξ(b2ξ 2 + b1ξ + b0)


τ=τ0

=
1

b21ω
2
0 + (b0 − b2ω2

0)
2


(a1 − 3ω2

0)ω0[(b0 − b2ω2
0) sinω0τ0 − b1ω0 cosω0τ0]

+ 2a2ω2
0[(b0 − b2ω2

0) cosω0τ0 + b1ω0 sinω0τ0] − b21ω
2
0 + 2b2ω2

0(b0 − b2ω2
0)


=
3ω6

0 + 2(a22 − b22 − 2a1)ω4
0 + (a21 − 2a0a1 − b21 + 2b0b2)ω2

0

b21ω
4
0 + ω2

0(b0 − b2ω2
0)

2

=
G′(ω2

0)

b21ω
2
0 + (b0 − b2ω2

0)
2
.

Therefore

sign

d(Reξ(τ ))

dτ


τ=τ0

= signG′(ω2
0).

Therefore, if G′(ω2
0) ≠ 0, the transversality condition holds and a Hopf bifurcation occurs at τ = τ0. This completes the

proof. �

In fact, we can obtainmore information on the transversality condition. If G′(ω2
0) ≠ 0, then d(Reξ(τ0))

dτ ≠ 0. If d(Reξ(τ0))
dτ < 0,

then characteristic Eq. (13) has roots with positive real parts for τ < τ0 and close to τ0. This contradicts that fact P2 is
asymptotically stable for 0 ≤ τ < τ0 as in Theorem 5.2(2). Thus, we obtain the following proposition.

Proposition 5.3. Suppose G′(ω2
0) ≠ 0. Then d(Reξ(τ0))

dτ > 0.

In Theorem 5.2, we have identified parameter regimes in which delay τ can destabilize the HAM/TSP equilibrium and
lead to a Hopf bifurcation. This shows that, when τ > τ0 and is close to τ0, periodic solutions exist. As a consequence,
when HAM/TSP develops, the CD4+ count, proviral load, and the HTLV-I-specific CTL frequency can oscillate around the
equilibrium level. In the next section, we will demonstrate that these periodic solutions tend to be stable.
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5.2. Stability of the bifurcating periodic solutions

In this subsection,we investigate the stability of the bifurcating periodic solutions, using a procedure inHassard et al. [30].
Let τ = τ0 + µ, and we use µ as the bifurcation parameter with µ = 0 the Hopf bifurcation value. We first scale the

time t → (t/τ) in system (12) and set

B1 =


−(βy∗

+ d1) −βx∗ 0
βy∗ 0 −γ y∗

0 0 −d3


, B2 =

0 0 0
0 0 0
0 µz∗ d3


.

Define an operator Lµ : C([−1, 0],R3) → R as

Lµ(φ) = (τ0 + µ)B1φ(0)+ (τ0 + µ)B2φ(−1),

with

f (µ, φ) = (τ0 + µ)


−βφ1(0)φ2(0)

βφ1(0)φ2(0)− γφ2(0)φ3(0)
µφ2(−1)φ3(−1)


,

for φ = (φ1, φ2, φ3)
T

∈ C([−1, 0],R3). We can rewrite system (12) as an abstract FDE in C([−1, 0],R3)

v̇(t) = Lµ(vt)+ f (µ, vt), (22)

where v(t) = (x1(t), y1(t), z1(t))T ∈ R3. Let

δ(θ) =


0, θ ≠ 0,
1, θ = 0,

and define

η(θ, µ) = (τ0 + µ)B1δ(θ)− (τ0 + µ)B2δ(θ + 1).

Then operator Lµ in (22) can be represented in an integral form as

Lµφ =

 0

−1
dη(θ, 0)φ(θ), for φ ∈ C([−1, 0],R3).

Define operators

A(µ)φ(θ) =


dφ(θ)
dθ

, θ ∈ [−1, 0), 0

−1
dη(s, µ)φ(s), θ = 0

and

R(µ)φ(θ) =


0, θ ∈ [−1, 0),
f (µ, φ), θ = 0.

Then system (22) is written as an abstract ordinary differential equation in the Banach space C([−1, 0],R3)

v̇t = A(µ)vt + R(µ)vt .

For ψ ∈ C1([0, 1], (R3)∗), define an operator

A∗ψ(s) =


−

dψ(s)
ds

, s ∈ (0, 1], 0

−1
dηT (t, 0)φ(−t), s = 0

and a bilinear form

⟨ψ(s), φ(θ)⟩ = ψ̄(0)φ(0)−

 0

−1

 θ

ξ=0
ψ̄(ξ − θ) dη(θ)φ(ξ) dξ,

where η(θ) = η(θ, 0). Then A(0) and A∗ are adjoint operators with respect to this bilinear form. From the previous section,
we know that ±iω0τ0 are eigenvalues of A(0) and therefore they are also eigenvalues of A∗.
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Let

(1, q2, q3)T =


1,−

iω0 + d1 + βy∗

βx∗
,
β

γ
+

iω0(iω0 + d1 + βy∗)

βγ x∗y∗

T

,

(1, q∗

2, q
∗

3) =


1,

−iω0 + d1
βy∗

+ 1,
β2x∗y∗

− ω2
0 − iω0(d1 + βy∗)

βd3z∗ eiω0τ0


,

D = (1 + q2q∗

2 + q3q∗

3 + (µz∗q2q∗

3 + d3q3q∗

3)τ0 e
iω0τ0)−1.

It can be verified that the vectors q(θ) = (1, q2, q3)T eiθω0τ0 , θ ∈ [−1, 0], and q∗(s) = D(1, q∗

2, q
∗

3) e
isω0τ0 , s ∈ [0, 1], are

the eigenvectors of A(0) and A∗ corresponding to the eigenvalue iωτ0 and −iωτ0, respectively. Furthermore ⟨q∗(s), q(θ)⟩ =

1, ⟨q∗(s), q̄(θ)⟩ = 0.
Following the procedure in [30], we obtain the coefficients:

g20 = 2τ0D

−q22 + q∗

2q
2
2 − q∗

2q2q
2
3 + µq∗

3q3q2 e
−2iω0τ0


,

g11 = 2τ0D

(−q2 + q∗

2q2)Req2 + (−q∗

2q3 + µq∗

3)Re(q2q3)

,

g02 = 2τ0D

(−1 + q∗

2)|q2|
2
− q∗

2q2|q3|
2
+ µq∗

3q3q2 e
2iω0τ0


,

g21 = 2τ0D


(−q2 + q∗

2q2)


W (1)

20 (0)
2

q2 + W (1)
11 (0)q2 +

W (2)
20 (0)
2

+ W (2)
11 (0)



− q∗

2q3


W (3)

20 (0)
2

q2 + W (3)
11 (0)q2 +

W (2)
20 (0)
2

q3 + W (2)
11 (0)q3



+µq∗

3


W (2)

20 (−1)
2

q3 eiω0τ0 + W (2)
11 (−1)q3 e−iω0τ0 +

W (3)
20 (−1)
2

q2 eiω0τ0 + W (3)
11 (−1)q2 e−iω0τ0


,

where for θ ∈ [−1, 0],

W20(θ) =
ig20
ω0τ0

q(θ)+
ig02

3ω0τ0
q(θ)+ E1 e2iθω0τ0 ,

W11(θ) = −
ig11
ω0τ0

q(θ)+
ig11

ω0τ0
q(θ)+ E2,

E1 = 2G−1

 −q22
q22 − q2q23

µq2q3 e−2iω0τ0

 ,
where

G =

2iω0 + βy∗
+ d1 βx∗ 0

−βy∗ 2iω0 γ y∗

0 −µz∗ e−2iω0τ0 2iω0 + d3 − d3 e−2iω0τ0

 ,
and

E2 = 2


βy∗

+ d1 βx∗ 0
−βy∗ 0 γ y∗

0 −µz∗ 0

−1 
−q2Req2

q2Req2 − q3Re(q2q3)
µRe(q2q3)


.

Consequently, g21 can be expressed explicitly, and we can compute the following quantities:

c1(0) =
i

2ωτ0


g11g20 − 2|g11|2 −

|g02|2

3


+

g21
2
,

µ2 = −
Re(c1(0))
Re(ξ ′(τ0))

,

β2 = 2Re(c1(0)).

(23)

The sign of µ2 determines the direction of the Hopf bifurcation: if µ2 > 0 (µ2 < 0), then the bifurcating periodic solutions
exists for τ > τ0 (τ < τ0); and the sign of β2 determines the stability of bifurcating periodic solutions: they are stable
(unstable) if β2 < 0 (β2 > 0). From Proposition 5.3, Re(ξ ′(τ0)) > 0, and thus signµ2 = −signRec1(0). The following result
holds.
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Fig. 2. When conditions of Theorem 5.2(1) hold, the HAM/TSP equilibrium P2 of system (2) is local asymptotically stable for all τ ≥ 0. Here λ = 160, β =

0.002, d1 = 0.16, d2 = 1.85, γ = 0.2, µ = 0.2, and d3 = 0.6 in (a), d3 = 1 in (b), d3 = 1.2 in (c).

Theorem 5.4. Assume that conditions of Theorem 5.2(2) hold. Then

(1) if Re(c1(0)) < 0, then there exist periodic solutions bifurcating from P2 for τ > τ0, and they are orbitally asymptotically
stable as t → ∞;

(2) if Re(c1(0)) > 0, then the bifurcating periodic solutions exist for τ < τ0, and they are orbitally asymptotically stable as
t → −∞.

Though the complexity in the expression of Rec1(0) will not allow direct verification of its sign for arbitrary parameter
values, formula derived in (23) are useful for verifying stability of bifurcating periodic solutions for a specific set of parameter
values.

6. Numerical simulations

In this section,we carry out numerical simulations to illustrate and support our analytical results on the change of stability
of P2 and the occurrence of Hopf bifurcation for several values of the time delay.

For case (1) of Theorem5.2, under conditions a0−b0 ≥ 0 and∆ ≤ 0, theHAM/TSP equilibrium P2 is locally asymptotically
stable irrespective of the time delay τ . Our numerical simulations show that the time delay can cause damped oscillations
in all compartments, see Fig. 2. Biologically, this implies that time delays in CTL response can cause transient fluctuations in
the proviral load and the CTL frequency in the early stage of infection, while in a longer term these quantities will stabilizes
at a constant level.

Figs. 3–5 describe the phenomenon stated in case (2) of Theorem 5.2. We have chosen a set of parameters as follows:

λ = 160, β = 0.002, d1 = 0.16, d2 = 1.85, γ = 0.2, µ = 0.2, d3 = 0.4. (24)

Correspondingly, R1 = 1.0547 > 1 and P2 = (975.6098, 2, 0.5061). It can be verified that the conditions of Theorem 5.2(2)
are satisfied. We can compute that ω0 = 0.1881 and τ0 =̇ 0.7458. By Theorem 5.2, the HAM/TSP equilibrium P2 is locally
asymptotically stable when τ < τ0 (Fig. 3), and Hopf bifurcation occurs at τ = τ0; a periodic solution exists when τ > τ0
(Fig. 4). Furthermore, we compute c1(0) = −0.0233 + 0.0054i. Therefore Re(c1(0)) < 0. By Theorem 5.4, we know that
the Hopf bifurcation is supercritical: the bifurcating periodic solutions exist for τ > τ0 and they are orbitally asymptotically
stable. Numerical simulations shown in Figs. 4 and 5 support our analytical results. In Fig. 5(a), we show a global Hopf
branch of periodic solutions emanating from the Hopf bifurcation point. In Fig. 5(b), we show that the Floquet multipliers
associatedwith the bifurcating periodic solutions all lie inside the unit circle. All of our numerical simulations are carried out
using DDE32 package in Matlab. Bifurcation diagrams in Fig. 5 are produced using DDE-BIFTOOL developed by Engelborghs
et al. [31,32].

7. Summary and discussions

We have considered a mathematical model for the cytotoxic T-cell (CTL) response to the infection of CD4+ T cells in vivo
by human T cell leukemia virus type I (HTLV-I). Themodel incorporates a time lag in the antigenic activation process of CTLs.
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Fig. 3. When τ = 0.1 < τ0 =̇ 0.7458, the HAM/TSP equilibrium P2 of system (2) is local asymptotically stable.

Fig. 4. A stable periodic orbits when τ = 1 > τ0 =̇ 0.7458.

We have carried out rigorous mathematical analysis of the global dynamics of the model and show that the time delay can
destabilize the positive equilibrium and lead to periodic solutions through Hopf bifurcation.

Compared to earlier modeling studies on the immune response of HTLV-I infection [16,22,17,18,24], our analysis reveals
the existence of a carrier equilibrium P1 = (x̄, ȳ, 0) with ȳ = d1(R0 − 1)/β , at which the proviral load is positive while
the CTL response is absent. Such a carrier equilibrium has been observed in animal studies of HTLV-I. It is reported in
[33] that adult rats orally inoculated with HTLV-1-producing cells develop a persistent HTLV-1 infection with no humoral
and cellular immune responses. The threshold parameter R1 plays an important role since its value will distinguish the
asymptotic carrier state and the HAM/TSP state P2 = (x∗, y∗, z∗), x∗, y∗, z∗ > 0. The fact that P1 is globally asymptotically
stable when R1 ≤ 1 < R0 demonstrates the importance of this equilibrium state in the immune response to HTLV-I and
HAM/TSP development.
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(a) Global Hopf branch from τ0 . (b) Floquet multipliers of bifurcating periodic solutions.

Fig. 5. Numerical exploration of global Hopf bifurcations.

When R1 > 1, we show that the HAM/TSP equilibrium P2 is asymptotically stable when the delay τ is small, and that
increases in the delay τ can destabilize P2 and lead to Hopf bifurcation and stable periodic solutions. This suggests that as
HAM/TSP develops, the proviral load and CTL frequency can either stabilize at a constant level or show oscillations. Stable
periodic oscillations have been observed in other models of CTL response to HTLV-I infection in vivo. Mechanisms leading
to stable oscillations include mitosis division in the HTLV-I-infected CD4+ T-cell population [16] or general CTL response
functions [34]. Our results, together with numerical studies in [24], establish that time delays in the CTL activation process
can also lead to stable oscillations.
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