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Hopf bifurcation analysis in a delayed Nicholson
blowflies equation
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Abstract

The dynamics of a Nicholson’s blowflies equation with a finite delay are investigated. We prove
that a sequence of Hopf bifurcations occur at the positive equilibrium as the delay increases. Explicit
algorithm for determining the direction of the Hopf bifurcations and the stability of the bifurcating
periodic solutions are derived, using the theory of normal form and center manifold. Global existence
of periodic solutions are established using a global Hopf bifurcation result of Wu (Trans. Amer.
Math. Soc. 350 (1998) 4799), and a Bendixson criterion for higher dimensional ordinary differential
equations due to Li and Muldowney (J. Differential Equations 106 (1994) 27).
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1. Introduction

The equation

N ′(t)= −�N(t)+ pN(t − �)e−aN(t−�), t�0 (1)
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was used by Gurney et al.[6] to describe the population dynamics of Nicholson’s blowflies.
HereN(t) is the size of the population at timet , p is the maximum per capita daily
egg production rate, 1/a is the size at which the population reproduces at the maxi-
mum rate,� is the per capita daily adult death rate, and� is the generation time. Eq.
(1) has been extensively studied in the literature. A majority of results on Eq. (1) deal
with global attractivity of the positive equilibrium and oscillatory behaviors of solutions
(see[13,14,7,15,23,16,19,8,2]). These studies were also carried out on Eq. (1) with time-
periodic coefficients (see[28,22]), and on discrete Nicholson’s blowflies equation (see
[11,12,24,17,31]). More recent attention was on diffusive Nicholson’s equations and their
wave form solutions (see, e.g.,[29,25,26,5,4,27]). An earlier result of Kulenovic and Ladas
[13] proved, under the assumptionp> �e2, that solutions of (1) oscillate about the positive
equilibriumN∗ = (1/a) log(p/�) if and only if

��ea�
[
log

p

�
− 1

]
>
1

e
. (2)

A question of mathematical and biological interest is whether stable and sustained oscilla-
tions are possible for Eq. (1). In the present paper, we provide a detailed analysis of this
question. Using the delay� as a parameter, and applying the local and global Hopf bifurca-
tion theory (see e.g. Hale[9] and Wu[30]), we investigate the existence of stable periodic
oscillations for Eq. (1). More specifically, we prove under the assumptionp> �e2 that, as
the delay� increases, the positive equilibriumN∗ loses its stability and a sequence of Hopf
bifurcations occur atN∗. Furthermore, using the normal form and center manifold theory,
we derive an explicit algorithm and sufficient conditions for the stability of the bifurcating
periodic solutions. Existence of periodic solutions for� far away from the Hopf bifurca-
tion values is also established, using a global Hopf bifurcation result of Wu[30]. A key
step in establishing the global extension of the local Hopf branch at� = �0 is to show that
(1) has no nonconstant periodic solutions of period 4. This is accomplished by applying a
higher dimensional Bendixson criterion for ordinary differential equations due to Li and
Muldowney[18].
The paper is organized as follows: in Section 2, we investigate the occurrence of Hopf

bifurcations. In Section 3, direction and stability of the Hopf bifurcation are established.
Global Hopf bifurcation is established in Section 4.

2. Local Hopf bifurcations

The positive equilibriumN∗ = (1/a) log(p/�) of (1) exists if and only ifa >0 andp> �.
These relations are assumed throughout the paper.
SetN(t)=N∗ + (1/a)x(t). Thenx(t) satisfies

x′(t)= −�x(t)− a�N∗ [1− e−x(t−�)
]

+ �x(t − �)e−x(t−�). (3)

The linearization of Eq. (3) atx = 0 is

y′(t)= −�y(t)− �[aN∗ − 1]y(t − �), (4)
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whose characteristic equation is

� = � − �[aN∗ − 1]e−��. (5)

For� = 0, the only root of (5) is� = −aN∗<0, sincep> �. For� �= 0, i� is a root of (5)
if and only if

i� = −� − �[aN∗ − 1] (cos�� − i sin��).

Separating the real and imaginary parts, we obtain

� (aN∗ − 1) cos�� = −�,

� (aN∗ − 1) sin�� = �, (6)

which lead to

�2(aN∗ − 1)2 = �2 + �2,

namely,

� = ±�
√
aN∗(aN∗ − 2). (7)

This is possible if and only ifaN∗>2, or equivalently, ifp> �e2.
Forp> �e2, let

�k = 1

�
√
aN∗(aN∗ − 2)

[
sin−1

(√
aN∗(aN∗ − 2)

aN∗ − 1

)
+ 2k�

]
, (8)

k = 0,1,2, . . . . Set

�0 = �
√
aN∗(aN∗ − 2). (9)

Let�k=�k(�)+ i�k(�) denote a root of (5) near�=�k, such that�k(�k)=0, �k(�k)=�0.
We have the following result.

Lemma 2.1. �′
k(�k)>0.

Proof. Differentiating both sides of (5) with respect to�, we obtain

d�
d�

= −�[aN∗ − 1]e−��
[
−� − �

d�
d�

]
.

Therefore

d�
d�

= �(aN∗ − 1)�e−��

1− �(aN∗ − 1)�e−��
,

and hence

d�
d�

∣∣∣∣
�=�k

= �(aN∗ − 1)�0 sin�0�k + i�(aN∗ − 1)�0 cos�0�k
[1− �(aN∗ − 1)�k cos�0�k] + i�(aN∗ − 1)�k sin�0�k

.
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This implies that

�′
k(�k)=

�

 (aN∗ − 1)�0 sin�0�k = �2

0


 >0,

where
 = [1 − �(aN∗ − 1)�k cos�0�k]2 + �2(aN∗ − 1)2�2ksin
2�0�k, completing the

proof. �

Proposition 2.2. (i) When�<p��e2, all roots of the characteristic equation(5) have
negative real parts. (ii)Whenp> �e2,Eq.(5)has a pair of simple imaginary roots±i�0 at
� = �k, k= 0,1,2, . . . . Furthermore, if � ∈ [0, �0), then all roots of Eq.(5) have negative
real parts; if � = �0, then all roots of(5) except±i�0 have negative real parts; and if
� ∈ (�k, �k+1) for k = 0,1,2, . . ., Eq. (5)has2(k + 1) roots with positive real parts.

Proof. From the analysis leading to relation (7) we know that, ifp��e2, Eq. (5) has no
purely imaginary root i� with� �= 0. Since�=0 is not a solution to (5), we know that, for
any�, (5) has no solutions on the imaginary axis. Applying a result of Ruan and Wei[21,
Corollary 2.4], we arrive at the conclusion (i).
If p> �e2, let�k be as in (8). From (6) and (7), we know that Eq. (5) has purely imaginary

roots±i�0 if and only if � = �k and�0 is given in (9). The statements on the number of
eigenvalues with positive real parts follow from Lemma 2.1.�

Spectral properties in Proposition 2.2 immediately lead to stability properties of the zero
solution of Eq. (3), and equivalently, of the positive equilibriumN =N∗ of Eq. (1).

Theorem 2.3. For Eq. (1), the following hold.

(i) If �<p��e2, thenN =N∗ is asymptotically stable.
(ii) If p> �e2, thenN=N∗ is asymptotically stable for� ∈ [0, �0) and unstable for�> �0.
(iii) Forp> �e2,Eq.(1)undergoesaHopf bifurcation atN∗when�=�k, for k=0,1,2, . . . .

3. Stability and direction of the Hopf bifurcation

In the previous section, we obtained conditions for Hopf bifurcations to occur when
�= �k, k=0,1,2, . . . . In this section, we investigate the direction of the Hopf bifurcation
when� = �0, and the stability of the bifurcating periodic solutions, using techniques from
normal form and center manifold theory (see e.g. Hassard et al.[10]).
Let y(t)= x(�t). Then (3) becomes

y′(t)= −��[y(t)+ aN∗(1− e−y(t−1))− y(t − 1)e−y(t−1)]. (10)

Correspondingly, the characteristic equation (5) becomes

z= −�� − ��[aN∗ − 1]e−z. (11)
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with z= �� for � �= 0. From the conclusion (ii) of Proposition 2.2 we know that, ifp> �e2

and�=�0, all roots of (11) except±i�0�0 have negative real parts. Furthermore, by Lemma
2.1,

z(�)= ��(�)+ i��(�)

satisfies

d(��(�))
d�

∣∣∣∣
�=�0

= �0�′(�0)>0.

Set � = �0 + �, � ∈ R. Then� = 0 is a Hopf bifurcation value for Eq. (10). Rewrite
Eq. (10) as

y′(t)= − (�0 + �)�[y(t)+ (aN∗ − 1)y(t − 1)]
+ (�0 + �)�

[
a(N∗ − 2)

2
y2(t − 1)− (aN∗ − 3)

6
y3(t − 1)

]
+O(y4). (12)

For� ∈ C = C([−1,0],R), let
L�� := −(�0 + �)�[�(0)+ (aN∗ − 1)�(−1)],

and

f (�,�) := (�0 + �)�
[
a(N∗ − 2)

2
�2(−1)− (aN∗ − 3)

6
�3(−1)

]
+O(�4(−1)). (13)

By the Riesz Representation Theorem, there exists a function	(
,�) of bounded variation
for 
 ∈ [−1,0], such that

L�� =
∫ 0

−1
d	(
,�)�(
), for � ∈ C. (14)

In fact, we can choose

	(
,�)= −(�0 + �)��(
)+ (�0 + �)�(aN∗ − 1)�(
 + 1). (15)

For� ∈ C, define

A(�)� :=
{
d�(
)/d
, 
 ∈ [−1,0),∫ 0
−1 d	(t,�)�(t), 
 = 0,

(16)

and

R(�) :=
{
0, 
 ∈ [−1,0),
f (�,�), 
 = 0.

(17)

Then we can rewrite (12) as

y′
t = A(�)yt + R(�)yt , (18)
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whereyt (
)= y(t + 
) for 
 ∈ [−1,0]. For� ∈ C1[0,1], define

A∗�(s) :=
{
d�(s)/ds, s ∈ (0,1],∫ 0
−1 d	(t,0)�(−t), 
 = 0.

For�,� ∈ C[−1,0], define a bilinear form

〈�,�〉 = �̄(0)�(0)−
∫ 0

−1

∫ 


=0
�̄( − 
)d	(
)�()d, (19)

where	(
) = 	(
,0). ThenA∗ andA(0) are adjoint operators. By the discussion at the
beginning of this section, we know that±i�0�0 are eigenvalues ofA(0). Thus, they are
also eigenvalues ofA∗.
It canbeverified thatq(
)=ei�0�0
 is aneigenvector ofA(0)with respect to theeigenvalue

i�0�0, andq∗(s)=Dei�0�0s is an eigenvector ofA∗ with respect to the eigenvalue−i�0�0.
Furthermore,

〈q∗, q〉 = 1, 〈q∗, q̄〉 = 0,

where

D = 1

1+ �0� − i�0�0
. (20)

Using the same notations as in Hassard et al.[10]; we first compute the center manifoldC0
at� = 0. Letyt be the solution of Eq. (12) when� = 0. Define

z(t)= 〈q∗, yt 〉, W(t, 
)= yt (
)− 2Re{z(t)q(
)}.
On the center manifoldC0 we have

W(t, z)=W(z(t), z̄(t), 
),
where

W(z, z̄, 
)=W20(
)
z2

2
+W11(
)zz̄+W02(
)

z̄2

2
+W30(
)

z3

6
+ · · · ,

zandz̄ are local coordinates for the center manifoldC0 in the direction ofq∗ andq̄∗. Note
thatW is real if yt is real. We consider only real solutions. For a solutionyt ∈ C0 of (12),
since� = 0, we have

z′(t)= i�0�0z+ q∗(
)f (W + 2Re{z(t)q(
)})
= i�0�0z+ q̄∗(0)f (W(z, z̄,0)+ 2Re{z(t)q(0)})

:= i�0�0z+ q̄∗(0)f0(z, z̄).

We rewrite this equation as

z′(t)= i�0�0z+ g(z, z̄) (21)
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with

g(z, z̄)= q̄∗(0)f0(z, z̄)= g20 z
2

2
+ g11zz̄+ g02 z̄

2

2
+ g21 z

2z̄

2
+ · · · . (22)

By (18) and (21), we have

W ′ = u′
t − z′q − z̄′q̄

=
{
AW − 2Re{q̄∗(0)f0q(
)}, 
 ∈ [−1,0)
AW − 2Re{q̄∗(0)f0q(0)+ f0}, 
 = 0

:= AW +H(z, z̄, 
),
where

H(z, z̄, 
)=H20(
)
z2

2
+H11zz̄+H02(
)

z̄2

2
+ · · · . (23)

Expanding the above series and comparing the corresponding coefficients, we obtain

(A− 2i�0�0)W20(
)=H20(
),
AW11(
)= −H11(
),
(A− 2i�0�0)W02(
)= −H02(
),
· · · (24)

Note thatyt =W(t, 
)+ zq(
)+ z̄q̄(
) andq(
)= ei�0�0
. We get

y(t − 1)= ze−i�0�0 + z̄ei�0�0 +W20(−1)
z2

2
+W11(−1)zz̄+W02(−1)

z̄2

2
+ · · ·

Therefore,

f0 = �0�
[
aN∗ − 2

2
y2(t − 1)− aN∗ − 3

6
y3(t − 1)

]
+O(y4(t − 1))

= �0�(aN∗ − 2)

2

[
e−2i�0�0z2 + e2i�0�0 z̄2 + 2zz̄+ 2e−2i�0�0W11(−1)z2z̄

+e2i�0�0W20(−1)z2z̄
]

− �0�(aN∗ − 3)

6
3e−i�0�0z2z̄+ · · ·

This relation and (22) imply

g(z, z̄)= q̄∗(0)f0 = q̄∗(0)
{

�0� (aN∗ − 2)

2
e−2i�0�0z2 + �0�(aN∗ − 2)zz̄

+ �0�(aN∗ − 2)

2
e2i�0�0 z̄2 +

[
�0�(aN∗ − 2)

2
(2e−2i�0�0W11(−1)

+e2i�0�0W20(−1))− �0�(aN∗ − 3)

2
e−i�0�0

]}
+ · · · .
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Comparing coefficients with (22) and usingq̄∗(0)= D̄, we have
g20 = D̄�0�(aN∗ − 2)e−2i�0�0,

g11= D̄�0�(aN∗ − 2),

g02 = D̄�0�(aN∗ − 2)e2i�0�0,

g21= D̄[�0�(aN∗ − 2)(e−i�0�0W11(−1)+ ei�0�0W20(−1))

− �0�(aN∗ − 3)e−i�0�0]. (25)

Since, for
 ∈ [−1,0),

H(z, z̄, 
)= − q̄∗(0)f0q(
)− q∗(0)f̄0q̄(
)
= − g(z, z̄)q(
)− ḡ(z, z̄)q̄(
),

comparing coefficients with (23) we get,

H20(
)= −g20q(
)− ḡ02q̄(
),
H11(
)= −g11q(
)− ḡ11q̄(
).

Substituting these relations into (24) we can derive the following equation

W ′
20(
)= 2i�0�0W20(
)+ g20ei�0�0
 + ḡ02e−i�0�0
.

Solving forW20(
) we obtain

W20(
)= − g20

i�0�0
ei�0�0
 − ḡ02

3i�0�0
e−i�0�0
 + E1e

2i�0�0
. (26)

Similarly,

W11(
)= g11

i�0�0
ei�0�0
 − ḡ11

i�0�0
e−i�0�0
 + E2, (27)

whereE1 andE2 are constants and will be determined in the following. From

H(z, z̄,0)= −2Re{q̄∗(0)f0q(0)} + f0,
we have

H20 = −g20 − ḡ02 + �0�(aN∗ − 2)e−2i�0�0,

and

H11= −g11− ḡ11+ �0�(aN∗ − 2).

From (24) and the definition ofAwe obtain∫ 0

−1
d	(
)

[
ig20
�0�0

ei�0�0
 + iḡ02
3�0�0

ei�0�0
 + E1e
2i�0�0


]

= 2i�0�0

[
ig20
�0�0

+ iḡ02
3�0�0

+ E1

]
+ g20 + ḡ02 − �0�(aN∗ − 2)e−2i�0�0
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and ∫ 0

−1
d	(
)

[
g11

�0�0
ei�0�0
 + ḡ11

�0�0
e−i�0�0
 + E2

]
= g11+ ḡ11− �0�(aN∗ − 2).

Thus,

E1 = �0�(aN∗ − 2)e−2i�0�0


2i�0�0 − ∫ 0
−1 e

2i�0�0
 d	(
)

and

E2 = �0�(aN∗ − 2)∫ 0
−1 d	(
)

.

From the definition of	(
), we have

E1 = �(aN∗ − 2)e−2i�0�0


2i�0 + �[1+ (aN∗ − 1)e−i�0�0
]
and

E2 = aN∗ − 2

aN∗ .

SubstitutingE1 andE2 into (26) and (27), respectively, we obtain

W20(−1)= ig20
�0�0

ei�0�0 + iḡ02
3�0�0

ei�0�0 + �(aN∗ − 2)

2i�0 + �[1+ (aN∗ − 1)e−2i�0�0]
and

W11(−1)= ig11
�0�0

e−i�0�0 + iḡ11
�0�0

ei�0�0 + aN∗ − 2

aN∗ .

Hence we get

g21= D̄
{
�0�(aN∗ − 2)

[
−2ig11

�0�0
e−2i�0�0 + 2iḡ11

�0�0
+ 2(aN∗ − 2)

aN∗ e−i�0�0

+ ig20
�0�0

+ iḡ02
3�0�0

e2i�0�0 + �(aN∗ − 2)ei�0�0

2i�0 + �[1+ (aN∗ − 1)e−2i�0�0]
]

−�0�(aN∗ − 3)e−i�0�0
}
. (28)

Substituting expressions forg20, g11, g02 and (28) into the following relation

C1(0)= i

2�0�0

(
g20g11− 2|g11|2 − 1

3
|g02|2

)
+ g21

2
,
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we have

C1(0)= − i
DD̄�0�(aN∗ − 2)

6�0
+ �

2(aN∗ − 1)


 �0(aN∗ − 2)2

3�2�0�3(aN∗ − 1)3

× {[4�0�(�2 − �2
0)((1+ �0�)2)− �2

0�
2
0)

+ 2�0�0(1+ �0�)(�4 + �4
0 − 6�2

0�
2)]

+ i [((1+ �0�)2 − �2
0�

2)(�4 + �4
0 − 6�2

0�
2
0)

− 8�2
0��0(1+ �0�)(�2 − �2

0)]}
− 2�0(aN∗ − 2)2

�aN∗�
{[�(1+ �0�)+ �2

0�0] + i[�0(1+ �0�)− �0�0�]}

+ �0(aN∗ − 3)

��
{[�(1+ �0�)+ �2

0�0] + i[�0(1+ �0�)− �0�0�]}

+�0(aN∗ − 2)2

�

[�2
0�0 − �(1+ �0�)] + i[�0(1+ �0�)+ �0�0�]

� + �2−�2
0

�(aN∗−1) + i2�0
aN∗
aN∗−1


 ,

and its real part

ReC1(0)= �
2(aN∗ − 1)




�0(aN∗ − 2)2

3�2�0�3(aN∗ − 1)3
[2�(�2 − �2

0)(1+ �0�)2 − �2
0�

2
0)

+�0(1+�0�)(�4+�4
0−6�2

0�
2
0)]−

2�0(aN∗−2)2

�aN∗�
(�+�0�2+�2

0�0)

+ �0(aN∗ − 3)

��
(� + �0�2 + �2

0�0)+
�0(aN∗ − 2)2

�

×
(�2�0 − � − �0�2)

�2aN∗−�2
0

�(aN∗−1) + (�0 + 2�0�0�)2�0
aN∗
aN∗−1

(�2aN∗−�2
0)
2

(�(aN∗−1))2
+ 4�2 a2N∗2

(aN∗−1)2


 , (29)

where

� = (1+ �0�)2 + �2
0�

2
0.

Set

�2 = 2ReC1(0), �2 = −ReC1(0)

�0�′(�0)
, (30)

where

�′(�0)= 1

�
(aN∗ − 1)�0 sin�0�0.

Then a general result for the direction and stability of Hopf bifurcation, see e.g. Hassard
et al.[10, Chapter 1, Section 4], implies that the direction of the Hopf bifurcation is deter-
mined by the sign of�2, and the stability of the bifurcating periodic solutions is determined
by the sign of�2. Since�

′(�0)>0, we thus have the following result.
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N

Fig. 1. A Mathematica simulation of a periodic solution to system (1) with� = 10.2 anda = 1.5, � = 2, p= 16.
The delay� is between the two Hopf bifurcation values�1 = 8.20 and�2 = 15.93.

Theorem 3.1. LetReC1(0) be given in(29).Then,

(a) the Hopf bifurcation occurs as� crosses�0 to the right ifReC1(0)<0, and to the left
if ReC1(0)>0; and

(b) the bifurcating periodic solution is stable ifReC1(0)<0 and unstable ifReC1(0)>0.

Theorem 3.1 provides an explicit algorithm for detecting the direction and stability of
the Hopf bifurcation at� = �0. For instance, if the parameter values are chosen asa =
1.5, � = 2, andp = 16, then the relationp> �e2 holds. Furthermore, by (29) we have
ReC1(0)

.= −0.494456<0 (and thus�2<0 and�2>0 by (30)). Therefore, by Theorem
3.1, the bifurcation takes place when� crosses�0 to the right (�> �0), and the bifurcating
periodic solution is asymptotically stable. We have carried out numerical simulations on
system (1) using Mathematica with these parameter values, and for different choices of
initial conditions and for different delays. The simulations support our theoretical result.
Moreover, the simulations consistently show the global existence of asymptotically periodic
solutions: existence of periodic solutions for values of� far away from�0, and solutions
from various initial conditions converge to the periodic solution. InFig. 1, we show one
of the simulations usinga = 1.5, � = 2, andp = 16. In this case it can be calculated that,
for k = 0,1,2, . . ., �k

.= 0.48,8.20,15.93,23.66,31.39,39.12, . . .. The delay� = 10.2 is
between the two Hopf bifurcation values�1 = 8.20 and�2 = 15.93. A periodic solution of
amplitude 1 is shown inFig. 1. These numerical simulations also motivated our theoretical
investigation of the global existence of periodic solutions in the next section.

4. Global Hopf bifurcation

In this section we study the global continuation of the local Hopf branch bifurcating
from the point(0, �k), k=0,1,2, . . ., for Eq. (10). For convenience of the reader, we copy
Eq. (10) in the following.

y′(t)= −��[y(t)+ aN∗(1− e−y(t−1))− y(t − 1)e−y(t−1)]. (31)
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We use the following notations:

C = C([−1,0],R),
� = Cl{(y, �, T ) : y is a T -periodic solution of(31)} ⊂ X × R+ × R+,

N = {(ŷ, �, T ) : ŷ + aN∗(1− ŷ)− ŷe−ŷ = 0}.
LetC(0, �k,2�/(�k�0))denote the connected component of(0, �k,2�/(�k�0)) in�, where
�k and�0 are defined in (8) and (9), respectively.

Lemma 4.1. All periodic solutions to(31)are uniformly bounded.

Proof. Let y(t) be a nonconstant periodic solution to (31), andy(t1) =M, y(t2) = m be
its maximum and minimum, respectively. Then,y′(t1)= y′(t2)= 0, and by (31),

M = y(t1 − 1)e−y(t1−1) − aN∗[1− e−y(t1−1)], (32)

m= y(t2 − 1)e−y(t2−1) − aN∗[1− e−y(t2−1)]. (33)

We claim thaty(t1 − 1)<0 andy(t2 − 1)>0. In fact, if y(t1 − 1) = 0, then (32) implies
M = 0, and thusm<0 andy(t2 − 1)�0. Using (33) we knowy(t2 − 1)<0, and thus

m>y(t2 − 1)e−y(t2−1),

which contradicts the fact thatm is the minimum. Ify(t1 − 1)>0, then, by (32), we arrive
at

M�M − aN∗(1− e−y(t1−1)) <M,

a contradiction. Therefore,y(t1 − 1)<0. A similar argument can show thaty(t2 − 1)>0.
Therefore, we havem<0 andM>0. Again, by (32) and (33), we have

m>aN∗[e−M − 1]>− aN∗. (34)

Also by (32) we have

M = − aN∗ + (y(t1 − 1)+ aN∗)e−y(t1−1)

= − aN∗ + eaN
∗
(y(t1 − 1)+ aN∗)e−(y(t1−1)+aN∗)

� − aN∗ + eaN
∗
e−1 = −aN∗ + eaN

∗−1. (35)

Here we have used the fact thaty(t1 − 1)+ aN∗>m+ aN∗>0 and thatxe−x <e−1 for
x�0. Relations (34) and (35) imply uniform boundedness of the periodic solutions.�

Lemma 4.2. Assume that�e2<p<
√
2�e2. Then (31) has no periodic solutions of

period4.

Proof. Let y(t) be a periodic solution to (31) of period 4. Setuj (t)= y(t − j + 1), j =
1,2,3,4. Thenu(t) = (u1(t), u2(t), u3(t), u4(t)) is a periodic solution to the following
system of ordinary differential equations:

u′
1(t)= −��[u1(t)+ aN∗(1− e−u2(t))− u2(t)e−u2(t)]
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u′
2(t)= −��[u2(t)+ aN∗(1− e−u3(t))− u3(t)e−u3(t)]
u′
3(t)= −��[u3(t)+ aN∗(1− e−u4(t))− u4(t)e−u4(t)]
u′
4(t)= −��[u4(t)+ aN∗(1− e−u1(t))− u1(t)e−u1(t)], (36)

whose orbit belongs to the region

G= {u ∈ R4 | m̄< |uk|<M̄, k = 1,2,3,4} (37)

wherem̄ andM̄ are a pair of uniform bounds for periodic solutions of (31) obtained in
Lemma 4.1. To rule out four-periodic solutions of (31), it suffices to prove the nonexistence
of nonconstant periodic solutions of (36) in the regionG. To do the latter, we use a general
Bendixson’s criterion in higher dimensions developed in Li and Muldowney[18]. More
specifically, we will apply Corollary 3.5 in[18]. The Jacobian matrixJ = J (u) of (36), for
u ∈ R4, is

J (u)= −��




1 f (u2) 0 0
0 1 f (u3) 0
0 0 1 f (u4)

f (u1) 0 0 1


 ,

where

f (v)= (aN∗ + v − 1)e−v. (38)

The second additive compound matrixJ [2](u) of J (u) is, see ([3] and[20]),

J [2](u)= −��




2 f (u3) 0 0 0 0
0 2 f (u4) f (u2) 0 0
0 0 2 0 f (u2) 0
0 0 0 2 f (u4) 0

−f (u1) 0 0 0 2 f (u3)

0 −f (u1) 0 0 0 2


 .

Choose a vector norm inR6 as

|(x1, x2, x3, x4, x5, x6)| =max{√2|x1|, |x2|,
√
2|x3|,

√
2|x4|, |x5|,

√
2|x6|}.

Then, with respect to this norm, the Lozinski˘ı measure�(J [2](u)) of the matrixJ [2](u) is,
see[1],

�(J [2](u))
=max{√2��(−√

2+ |f (u3)|),
√
2��(−√

2+ |f (u4)|/2+ |f (u2)|/2),√
2��(−√

2+ |f (u2)|),
√
2��(−√

2+ |f (u4)|),√
2��(−√

2+ |f (u1)|/2+ |f (u3)|/2),
√
2��(−√

2+ |f (u1)|)}. (39)

By Corollary 3.5 in[18], system (36) has no periodic orbits inG if �(J [2](u))<0 for all
u ∈ G. From (39), we see that�(J [2](u))<0 if and only if

|f (uj )|<
√
2, j = 1,2,3,4, (40)
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for u ∈ G. To establish (40), we first use the assumption eaN∗ = p/�<√
2e2 to improve

the lower boundmgiven in Lemma 4.1. In (33), we now have

y(t2 − 1)+ aN∗<M + aN∗<eaN
∗−1<

√
2e.

Using the fact that the functionxe−x is monotonically decreasing forx >1 and that
y(t2 − 1)+ aN∗>1, we have

m= − aN∗ + eaN
∗
(y(t2 − 1)+ aN∗)e−(y(t2−1)+aN∗)

> − aN∗ + eaN
∗√

2e e−
√
2e>− aN∗ + 2e2

√
2e e−

√
2e

= − aN∗ + 2
√
2e3−

√
2e.

Therefore,u ∈ G satisfies

|ui |>− aN∗ + 2
√
2e3−

√
2e.

For� = 2
√
2e3−

√
2e>1, we can verify

|f (−aN∗ + �)| = eaN
∗−�|� − 1| = eaN

∗−2 e2−�(� − 1)<eaN
∗−2.

Using the graph off (v) we know thatf (v) has a global maximum eaN
∗−2 = e−2p/�.

Therefore, foru ∈ G,
|f (uk)|� max{eaN∗−2, |f (−aN∗ + �)|}�eaN

∗−2 = p

�
e−2<

√
2.

and (40) is satisfied, completing the proof.�

Lemma 4.3. Assume that�e2<p. Then(31)has no periodic solutions of period1 or 2.

Proof. First note that any nonconstant 1-periodic solutionu(t) of (31) is also a nonconstant
periodic solution of the ordinary differential equation

u′(t)= −��(1− e−u(t))(u(t)+ aN∗). (41)

A simple phase-line analysis shows that Eq. (41) has no nonconstant periodic solutions.
As in the proof of Lemma 4.2, ifu(t) is a periodic solution of (31) of period 2, then

u1(t)=u(t) andu2(t)=u(t−1) are periodic solution of the system of ordinary differential
equations

u′
1(t)= −��[u1(t)+ aN∗(1− e−u2(t))− u2(t)e−u2(t)]
u′
2(t)= −��[u2(t)+ aN∗(1− e−u1(t))− u1(t)e−u1(t)]. (42)

Let (P (u1, u2), Q(u1, u2)) denote the vector field of (42), then

�P
�u1

+ �Q
�u2

= −2��<0

for all (u1, u2). Thus the classical Bendixson’s negative criterion implies that (42) has no
nonconstant periodic solutions.�
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Theorem 4.4. Suppose that�e2<p<
√
2�e2 holds.Then, for each�> �k, k=0,1,2, . . .,

Eq. (31)has at leastk + 1 periodic solutions, where�k is defined in(8).

Proof. First note that

F(yt , �,1) := −��[y(t)+ aN∗(1− ey(t−1))− y(t − 1)e−y(t−1)]
satisfies the hypotheses(A1), (A2) and(A3) in Wu [30, p. 4813], with

(ŷ0, �0, p0)=
(
0, �k,

2�
�k�0

)
,

∇(0,�k,2�/�k�0(z)= z+ �� + ��[aN∗ − 1]e−z.
It can also be verified that(0, �k,2�/�k�0) are isolated centers (seeWu[30, p. 4813]).
By Lemma 2.1 and Proposition 2.2, there exist�>0, �>0, and smooth curvez : (�k −

�, �k + �) → C such that�(z(�))= 0, |z(�)− i�k�0|< � for all � ∈ [�k − �, �k + �], and

z(�k)= i�k�0,
dRez(�)

d�

∣∣∣∣
�=�k

>0.

DenoteTk = 2�/(�k�0), and let

�� = {(0, T ) : 0<u< �, |T − Tk|< �}.
Clearly, if|�−�k|��and(u, p) ∈ ��� such that�(0,�,T )(u+2�i/T )=0, then�=�k, u=0,
andT = Tk. This verifies assumption(A4) in Wu [30] for m= 1. Moreover, if we put

H±
(
0, �k,

2�
�k�0

)
(u, T )= �(0,�k±�,T )

(
u+ i

2�
T

)
,

then we have the cross number (seeWu[30])

�1

(
0, �k,

2�
�k�0

)
= degB

(
H−

(
0, �k,

2�
�k�0

)
,��

)

− degB

(
H+

(
0, �k,

2�
�k�0

)
,��

)
= −1.

ByTheorem3.3ofWu[30],weconclude that theconnectedcomponentC(0, �k,2�/(�k�0))

through(0, �k,2�/(�k�0)) in � is nonempty. Meanwhile, we have∑
(ŷ,�,T )∈C(0,�k, 2�

�k�0
)

p1(ŷ, �, T )<0,

and henceC(0, �k,2�/(�k�0)) is unbounded.
Lemma4.1 implies that theprojectionofC(0, �k,2�/(�k�0))onto they-space isbounded.

It can be verified using a phase-line analysis that, when� = 0, Eq. (31) has no nonconstant
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periodic solutions. Therefore, the projection ofC(0, �k,2�/(�k�0)) onto the�-space is
bounded below. From the definition of�k in (8) and that of�0 in (9), we obtain

�k�0 = sin−1

(√
aN∗(aN∗ − 2)

aN∗ − 1

)
+ 2k� (43)

for k�0. Also, from (6) we know that sin�0�k >0 and cos�0�k <0, for k�0. Hence

�
2
<�0�0<�, and 2�<�0�k < (2k + 1)�, k�1.

Therefore

2<
2�

�0�0
<4, and

1

k + 1
<

2�
�0�k

<1, k�1. (44)

Applying Lemmas 4.2 and 4.3 we know that 2<T <4 if (y, �, T ) ∈ C(0, �0,2�/(�0�0)),
and that 1/(k + 1)<T <1 if (y, �, T ) ∈ C(0, �k,2�/(�k�0)) for k�1. This shows that
in order forC(0, �k,2�/(�k�0)) to be unbounded, its projection onto the�-space must be
unbounded. Consequently, the projection ofC(0, �k,2�/(�k�0)) onto the�-space includes
[�k,∞). This shows that, for each�> �k, Eq. (31) hask+1 nonconstant periodic solutions,
completing the proof of the theorem.�

Remarks. 1. From the proof of Theorem 4.4, we know that the first global Hopf branch
contains periodic solutions of period between 2 and 4. These are the slowly-oscillating
periodic solutions. The�k branches, fork�1, since the periods are less than 1, contain
fast-oscillating periodic solutions.
2. Fork�1,

1

k + 1
<

2�
�k�0

<1

automatically holds. The bounds on the periodT for (y, �, T ) ∈ C(0, �k,2�/(�k�0)) hold
without resulting to Lemma 4.2. Thus, the global extension of the�k-branch fork�1 can
be proved without the restrictionp<

√
2�e2.
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