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CMPUT204 Term Test

Question 1. [10 mMARKS]

Consider the following recursive definition of function f:

1 ifn=0
fn)=14¢ 3 ifn=1
fln=1)+2f(n—2) ifn>2

Using induction, prove that for all values of n: f(n) < 3™.

Solution: We prove the statement by induction on n.

Base cases: Forn =0: f(n) =1<3% Forn=1: f(n) =3 < 3.

Induction Step: Let n > 2 be an arbitrary integer and assume that the statement is true for all
values smaller than n. Since n > 2, from the definition we have:

fn) = fln—1)+2f(n—2)
< 3" l42x3"2 bylLH.
< 3n—1 +2x 3n—1
= (1+2)3"!
= 3",

as wanted.
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Question 2. [20 mMARKS]

Find asymptotic tight bounds (i.e. ©) for the following recurrences. Assume that in each case,
T'(n) is some positive constant for sufficiently small n. You can use the master theorem or iterated
substitution, but must show how it applies. If you use iterated substitution, you do not need to
prove your closed-form is correct.

a) T(n) = 8T(%) + 5n.

b) T(n) = 5T (%) + n*

c¢) T(n) =8T(%) + ny/n.

d) T(n) =T(n—1) + logn.
Solution:

a) We use the simple version of master theorem. a = 8, b = 2, and f(n) = ©O(n), i.e. ¢ = 1.
Since log, 8 = 3 > ¢ master theorem implies: T'(n) € O(n?).

b) Again we use the master theorem. This time, e =b =5 and ¢ = 2. So logs 5 = 1 < ¢ which
implies that T'(n) € O(n?).

c¢) Yet again, we use the master theorem, with @ = 8, b = 4, and ¢ = 1.5. Since 8§ = 23 =
(22)1% = 415 we have logy 8 = 1.5 = c. So master theorem implies that 7'(n) € ©(n'-®logn).

d) For this part master theorem does not help. So we use iterated substitution:

T(n) = T(n—1)+logn
T(n —2) +log(n — 1) +logn
= T(n—3)+log(n —2)+1log(n—1)+logn

= T(1)+ Zlogi.
i=2

Since each term in the summation is at most logn and because T'(1) is constant we have T'(n) <
T(1)+nlogn € O(nlogn). On the other hand, if we consider only the last  terms in the summation
each of them is at least log § and there are 5 of them. So T'(n) > % log(5) = 5(logn —log2) €
Q(nlogn). Thus T'(n) € O(nlogn).
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Question 3. [20 MARKS]

Indicate (without proof) whether the following statements are true.
. Tf—g +5n? € ©(n®) True
e (2nlgn)® € O(n') True
e 2+1€0(l) Truebecuase2+ L <3forn>T.
e Ig(n® —2n) € Q((Ign)?) False because lg(n® — 2n) <lgn? = 3lgn € o((Ign)?).
e 25" ¢ O(6") False becuase lim,, o, 263—: = lim, oo Z—Z — 00.

n3—4n’lgn —1>0

e n® —4n?lgn € Q(n®) True because lim, 3

502

5n2 : lgn  _ 7 5n
* n € O(nlgn) False becuase lim, ﬁg_n = lim;, o0 gin 00

e (n+1) € O(n”) Truebecausen!=1x2x3x...xn<lxnxnx...xn=n""1 So
m+D=m+1)xn<(n+1)xn*=n" 40"t <=2n" € O(n").
e n'87 € O(2") True because nls™ = (2&n)len — 2(sn)” ¢ O(2n).

. nt .
Vn+ lgln € ©(n). False because lim;,_, fnlg" = lim,, 00 lgLn =0.
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Notes on Logarithms
e Definition of log,n (b,n > 0): bl°8e™ =1n
e log, n as a function in n: increasing, one-to-one
e log,1 =0
e log, z” = plog, =
o log;(zy) = log, = + logy y
o Zlogy — ylog,®
e log, z = (log; c)(log, z)
e Inn = log, n (natural logarithm)
e lgn = log, n (base 2, binary)
® O(logyn) = O(l0g whatever positive} ™) = O(logn)
° % Inz = %

(logn)* € o(n¢), for any positives k and ¢

Master Theorem (Simple Version)

Let a > 1 and b > 1 be constants, let f(n) € ©(n°) for some positive ¢, and let T'(n) be defined by
the recurrence

n
T(n) =aT (5) + f(n).
Then T'(n) can be bounded asymptotically as follows:
o if c = logy a, then T'(n) € ©(nlogn),
e if ¢ > logy a, then T'(n) € O(n°),

e if ¢ < logy a, then T'(n) € O(n'o8s2),

Common Summations

n

. on(n+1
.ZZ:%

=1

n

° ZQ’L — 2n+1 -1
=0
n

. n+l _
e Yow =t
=0
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