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Abstract. Repeat–accumulate–accumulate (RAA) codes combine a very
simple linear-time encoding procedure with strong distance behavior,
making them attractive both in classical coding theory and in recent
cryptographic applications such as code-based polynomial commitments,
zkSNARKs, and pseudorandom correlation generators. Existing concrete
analyses of RAA codes are strongest over the binary field, while large-
field cryptographic applications require distance guarantees over fields
whose size grows with the block length. In this regime, the usual binary-
field weight-enumerator and union-bound arguments lose the large-field
cancellation gains needed to obtain sharp tails.
We give a gap–covering proof of an optimal-tail distance bound for the
large-field RAA ensemble G = RP1AP2A. For every fixed repetition
factor r ≥ 9 and every field size satisfying q − 1 ≥ (eN)2, we prove

P[dmin(G) ≤ δN ] ≤ Õr(N
1−r)

for every fixed 0 < δ < 1/2, where N denotes the code length. We also
prove the matching large-field lower bound Ωr(N

1−r), showing that the
upper bound is optimal up to polylogarithmic factors.
In addition, we prove a binary-field companion lower bound. In particu-
lar, for every fixed 0 < δ < 1/2 and even r,

PF2 [dmin(G) ≤ δN ] ≥ cr,δN
1−r/2.

For even r, together with the improved binary upper bound in the liter-
ature, this identifies the binary tail up to polylogarithmic factors, while
our large-field result gives the tight tail Θ̃r(N

1−r). Thus the binary and
large-field RAA ensembles have genuinely different low-distance tail ex-
ponents: the large-field improvement is an actual polynomial separation,
not merely a separation between available proof techniques.
We also record two complementary obstructions clarifying the role of the
large-field assumptions. If q − 1 = Nγ with 0 ≤ γ < 1, then weight-one
paired cancellations give a lower bound with polynomial exponent strictly
larger than 1−r, so a sublinear field cannot support an N1−r-order tail. If
the random diagonal scalings are removed, then opposite-valued weight-
two messages give low-distance events of order Ωr,δ(N

2−r), showing that
the scalings are essential for the optimal large-field exponent.
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1 Introduction

Error-correcting codes with fast encoding and large distance are a basic tool in
both coding theory and modern cryptography. In code-based proof systems, a
linear code is often used to encode a large witness or polynomial-evaluation table;
the encoding time contributes directly to prover time, while the relative distance
controls soundness and proof size. Similar requirements arise in pseudorandom
correlation generators (PCGs), where security is tied to the hardness of finding
low-weight codewords in a structured linear code. These applications motivate
the search for codes that are simultaneously simple to encode, concretely efficient,
and provably far from having low-weight nonzero codewords.

Repeat–accumulate (RA) and repeat–accumulate–accumulate (RAA) codes
are among the simplest candidates in this direction. An RA code repeats each
message symbol, randomly permutes the repeated coordinates, and applies an
accumulator, i.e., a prefix-sum map. This gives a highly structured linear-time
encoder, but RA codes are not asymptotically good: their minimum distance
does not grow linearly with the block length in the usual random-interleaver en-
semble [6,2]. RAA codes add a second permutation and a second accumulator.
This additional accumulator changes the distance behavior substantially: ran-
dom RAA ensembles are known to achieve linear minimum distance with high
probability, and related repeat–multiple–accumulate ensembles approach strong
rate–distance tradeoffs as the number of accumulators increases [2,9]. The result-
ing codes are attractive because the encoder remains essentially just repetition,
permutation, and prefix sums. This simplicity also motivated work on explicit
or partially explicit RAA interleavers [8].

The recent cryptographic interest in these codes comes from a different pa-
rameter regime. Code-based SNARKs and polynomial commitment schemes re-
quire codes with efficient encoders and concrete distance guarantees. Brakedown
showed that linear-time, field-agnostic SNARKs can be built from suitable lin-
ear codes, but the concrete distance of the underlying code is a major driver
of proof size [7]. Blaze later used interleaved RAA codes to obtain a very effi-
cient multilinear polynomial commitment scheme over binary extension fields,
relying on a refined binary-field distance analysis of RAA codes [5]. In par-
allel, expand–accumulate (EA) codes were introduced for PCGs, where sparse
expansion followed by an accumulator gives efficient generation of correlated
randomness [4]. EA codes were later generalized to arbitrary finite fields and
used in field-agnostic SNARKs [3].

These developments leave a central large-field question. Many cryptographic
systems naturally operate over large prime fields, either because the computa-
tion itself is over such a field or because algebraic proof systems use random
challenges and Schwartz–Zippel-type soundness bounds. Binary RAA analyses
do not directly transfer to this setting. A naive large-field union bound must
range over roughly (q − 1)w nonzero assignments for a message of weight w,
which can overwhelm the combinatorial decay coming from the accumulator.
Earlier finite-field analyses of related repeat–multiple–accumulate codes typi-
cally treated regimes where the field size is fixed or small compared with the
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block length, while cryptographic applications often require q to be polynomi-
ally or even super-polynomially large in the security parameter. Recent work of
Akhiani and Zhang gave the first large-field RAA analysis showing that RAA
codes achieve constant relative distance over large finite fields and that large
fields improve the provable distance behavior compared with the binary case [1].
The goal of the present work is to sharpen this large-field picture and identify
the correct polynomial order of the low-distance tail.

We study the large-field RAA ensemble

G = RP1AP2A, Pi = ΠiVi,

where R repeats each message coordinate r times, A is the accumulator matrix,
each Πi is a uniform random permutation, and each Vi is an independent random
diagonal matrix with entries in F∗

q . The diagonal scalings are the large-field
analogue of random signs: they do not change the support geometry, but they
make accidental prefix cancellations unlikely. Our main theorem proves that, for
every fixed r ≥ 9 and every q − 1 ≥ (eN)2,

P[dmin(G) ≤ N/2] ≤ Õr(N
1−r).

Consequently, the same upper bound holds for every smaller fixed threshold δN
with 0 < δ < 1/2. We also prove a matching lower bound Ωr(N

1−r) at the half-
distance threshold. Thus the large-field tail is determined, up to polylogarithmic
factors, by a simple weight-one obstruction: all r repeated copies of a message
coordinate may land near the end of the first accumulator and then remain
confined to the last half of the second accumulator. No stronger polynomial
upper bound is possible for this ensemble at this threshold.

At a high level, the proof separates the geometry of accumulator gaps from
the algebra of large-field cancellation. The geometric part counts the possible
locations of active positions and low-weight accumulator outputs. The algebraic
part uses the random nonzero diagonal scalings to show that every surplus zero-
prefix cancellation beyond the message degrees of freedom costs a factor of order
(q − 1)−1. This surplus penalty is the main reason the large-field tail is smaller
than the binary one.

The rest of the upper-bound proof sums this reduction over message weights.
Weight-one messages give the dominant obstruction and the matching lower
bound. Sparse weights are controlled directly by the covering count and the
surplus cancellation penalty. High weights are ruled out by combining a deter-
ministic zero-budget lower bound with a deficit summation showing that the
remaining surplus-cancellation configurations are negligible.

Our results also make the large-field versus binary separation precise at the
level of tail exponents. Prior work had identified the improvement of RAA dis-
tance over large fields as an open conjectural phenomenon: large-field random
scalars should suppress the deterministic cancellations available over F2. We
show that this intuition is reflected in the actual low-distance tails. The large-
field ensemble has tight tail Θ̃r(N

1−r) at the half-distance threshold, while the
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binary ensemble has unavoidable low-distance events of much larger probability.
In particular, for every fixed 0 < δ < 1/2 and even r, we prove

PF2
[dmin(G) ≤ δN ] ≥ cr,δN

1−r/2.

Together with the improved binary upper bound in the literature, this identifies
the binary tail up to polylogarithmic factors. Thus the binary and large-field
RAA ensembles have genuinely different low-distance tail exponents, not merely
different known provable guarantees.

We also include two short complementary appendices that clarify which in-
gredients of the large-field ensemble are responsible for the exponent 1−r. First,
the field size cannot be made sublinear without changing the polynomial tail:
if q − 1 = Nγ with 0 ≤ γ < 1, then weight-one paired cancellations already
give a low-distance lower bound with exponent strictly larger than 1 − r. Thus
some essentially linear field-size growth is necessary for an N1−r-order tail, even
though our upper bound assumes the stronger condition q− 1 ≥ (eN)2. Second,
the random diagonal scalings are not merely a proof device. If they are removed,
opposite-valued weight-two messages create deterministic first-accumulator can-
cellations and yield low-distance events of order Ωr,δ(N

2−r), polynomially larger
than the Õr(N

1−r) large-field tail proved here.
The rest of the paper is structured as follows. Section 2 defines the large-field

RAA ensemble, records the accumulator gap identities, and collects elementary
counting estimates used throughout the proof. Section 3 proves the large-field
distance tail bounds: it develops the deterministic and scalar lemmas, reduces
bad codewords to marked covering sums, estimates the weight-one, sparse, and
high-weight regimes, and proves the matching lower bound. The conclusion sum-
marizes the main consequences and remaining directions. Appendix A gives the
binary companion lower bound. Appendix B records the sublinear-field paired-
cancellation obstruction, and Appendix C shows that removing the random di-
agonal scalings creates a larger weight-two obstruction.

2 Setup

Fix an integer r ≥ 4, a prime-power field size q ≥ 3, and an even integer N
divisible by r. Write

N = rn.

Throughout, log denotes the natural logarithm and log2 denotes the base-2 log-
arithm. We use one-based indexing:

[N ] = {1, . . . , N}.

We use the convention that(
u

v

)
= 0 whenever v < 0 or v > u.
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Let
G = RΠ1V1AΠ2V2A ∈ Fn×N

q .

Here R is the repetition matrix, A is the accumulator matrix, Π1, Π2 are in-
dependent uniform permutation matrices on [N ], and V1, V2 are independent
diagonal matrices whose diagonal entries are i.i.d. uniform in F∗

q . All vectors are
row vectors. The accumulator satisfies

(yA)j =

j∑
i=1

yi, 1 ≤ j ≤ N.

Put
Pi := ΠiVi, i = 1, 2,

so that
G = RP1AP2A.

For a realization of G, define

dmin(G) := min
x∈Fn

q \{0}
wt(xG), δ(G) := dmin(G)/N.

For a set S ⊆ [N ], write 1S for its indicator row vector. For permutation
matrix Π, define

Π(S) := supp(1SΠ).

2.1 First-stage active positions

For a vector v ∈ FN
q , we call a coordinate j ∈ [N ] active if vj ̸= 0. Thus the

active positions of v are exactly supp(v).
Let x ∈ Fn

q \ {0}, and write

w := wt(x), T := supp(x) ⊆ [n].

For u ∈ [n], let
Bu := supp(euR) ⊆ [N ]

be the set of the r repeated copies of coordinate u. For this support T , put

BT :=
⋃
u∈T

Bu, |BT | = rw.

The vector entering the first accumulator is

xRΠ1V1.

Since V1 is diagonal with nonzero diagonal entries, it does not change support.
Hence the active positions entering the first accumulator are

supp(xRΠ1V1) = supp(xRΠ1) = Π1(BT ).
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We order these positions as

Π1(BT ) = {p1 < p2 < · · · < pm}, m := rw.

For each ℓ ∈ [m], let λℓ ∈ T be the unique message coordinate whose repeated
copy lands at pℓ, equivalently the unique coordinate satisfying

pℓ ∈ Π1(Bλℓ
).

Set
αℓ := (V1)pℓ,pℓ

∈ F∗
q .

Thus the nonzero increment entering the first accumulator at position pℓ is

αℓxλℓ
.

Conditional on Π1, the active scalars α1, . . . , αm are independent uniform ele-
ments of F∗

q .
Define the first-stage prefix sums

σℓ(x, α) :=

ℓ∑
s=1

αsxλs
, 1 ≤ ℓ ≤ m.

With pm+1 := N + 1, the first accumulator output

z := xRP1A

satisfies zj = 0 for j < p1 and

zj = σℓ(x, α) for pℓ ≤ j < pℓ+1.

Define the first-stage gap lengths

∆ℓ := pℓ+1 − pℓ, 1 ≤ ℓ ≤ m.

Then

wt(xRP1A) =
m∑
ℓ=1

∆ℓ 1[σℓ(x, α) ̸= 0]. (1)

Finally, define the first-stage zero-prefix index set

Z1(x) := {ℓ ∈ [m] : σℓ(x, α) = 0}.

2.2 Second-stage active positions

Let y ∈ FN
q \ {0}, and write

h := wt(y), S := supp(y) ⊆ [N ].
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The vector entering the second accumulator is

yΠ2V2.

Since V2 is diagonal with nonzero diagonal entries, it does not change support.
Hence the active positions entering the second accumulator are

supp(yΠ2V2) = supp(yΠ2) = Π2(S).

We order these positions as

Π2(S) = {q1 < q2 < · · · < qh}.

For each j ∈ [h], let µj ∈ S be the unique original coordinate of y whose image
under Π2 is qj , equivalently the unique coordinate satisfying

qj ∈ Π2({µj}).

Set
βj := (V2)qj ,qj ∈ F∗

q .

Thus the nonzero increment entering the second accumulator at position qj is

βjyµj .

Conditional on Π2, the active second-stage scalars β1, . . . , βh are independent
uniform elements of F∗

q .
Define the second-stage prefix sums

Θj(y, β) :=

j∑
ℓ=1

βℓyµℓ
, 1 ≤ j ≤ h.

With qh+1 := N + 1, the second accumulator output

yP2A

satisfies (yP2A)i = 0 for i < q1 and

(yP2A)i = Θj(y, β) for qj ≤ i < qj+1.

Define the second-stage gap lengths

Γj := qj+1 − qj , 1 ≤ j ≤ h.

Then

wt(yP2A) =

h∑
j=1

Γj 1[Θj(y, β) ̸= 0]. (2)

Define the second-stage zero-prefix index set

Z2(y) := {j ∈ [h] : Θj(y, β) = 0}.

When y = xRP1A, we also record the corresponding zero-prefix positions in [N ]
by writing

Ẑ2(x) := {qj : Θj(xRP1A, β) = 0}.
Thus

|Ẑ2(x)| = |Z2(xRP1A)|.
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2.3 Elementary counting inequalities

We repeatedly use the following elementary estimates. All binomial coefficients
are interpreted with the convention stated above.

Lemma 1 (Basic binomial estimates). Let all parameters below be nonneg-
ative integers. The following inequalities hold.

(i) For 0 ≤ b ≤ a and 0 ≤ d ≤ c,(
a

b

)(
c

d

)
≤
(
a+ c

b+ d

)
. (3)

(ii) For 0 ≤ K ≤ M ≤ N , (
M
K

)(
N
K

) ≤
(
M

N

)K

. (4)

(iii) For 1 ≤ K ≤ M , (
M

K

)
≤
(
eM

K

)K

. (5)

(iv) The sequence
(
M
j

)
is increasing for 0 ≤ j ≤ ⌊M/2⌋.

(v) If 0 ≤ t ≤ K and K − t ≤ H, then(
H

K − t

)
≤
(
H + t

K

)
. (6)

Proof. For (3), view the two factors as choosing b elements from a set of size a
and d elements from a disjoint set of size c; this is one subfamily of all choices
of b+ d elements from the union.

For (4), (
M
K

)(
N
K

) =

K−1∏
i=0

M − i

N − i
≤
(
M

N

)K

,

since M ≤ N . The estimate (5) is the standard bound obtained from
(
M
K

)
≤

MK/K! and K! ≥ (K/e)K . The monotonicity claim follows from(
M
j+1

)(
M
j

) =
M − j

j + 1
≥ 1 for j < M/2.

Finally, (6) follows by adding t dummy elements: each choice of K − t elements
from a set of size H, together with all t dummy elements, gives a choice of K
elements from a set of size H + t.
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3 Optimal Distance-Tail Bounds

We now prove the large-field distance-tail bounds. The upper bound is proved
by reducing bad codewords to marked covering sums and then estimating those
sums in three weight regimes: weight one, sparse weights, and high weights.
The same section also proves the matching lower bound, which comes from a
weight-one terminal-window obstruction. Together these results determine the
large-field tail up to polylogarithmic factors.

3.1 Basic deterministic and scalar lemmas

Lemma 2 (Zero prefixes are nonadjacent). Let v ∈ FN
q be an accumulator

input with active positions

i1 < i2 < · · · < im, supp(v) = {i1, . . . , im}.

For 1 ≤ ℓ ≤ m, define the active-order prefix sums σℓ :=
∑ℓ

s=1 vis . Let Z :=
{ℓ ∈ [m] : σℓ = 0}. Then |Z| ≤

⌊
m
2

⌋
.

Proof. Since i1, . . . , im are active positions, each increment viℓ is nonzero. Hence

σ1 = vi1 ̸= 0.

Moreover, two consecutive active-order prefixes cannot both vanish: if σℓ−1 =
σℓ = 0, then

viℓ = σℓ − σℓ−1 = 0,

contradicting the activity of iℓ. Thus Z is a nonadjacent subset of {2, . . . ,m},
whose maximum possible size is ⌊m/2⌋.

Lemma 3 (Deterministic two-stage zero-prefix bound). Let x ∈ Fn
q \{0}

have message weight w. Then

wt(xG) ≥ rw − |Z1(x)| − |Ẑ2(x)|. (DHW)

Proof. Before the first accumulator, xRΠ1V1 has exactly rw active positions.
By (1), and since every gap length is at least one,

wt(xRP1A) ≥ rw − |Z1(x)|.

Writing y = xRP1A, the second-stage identity (2) gives

wt(yP2A) ≥ wt(y)− |Ẑ2(x)|.

Combining the two inequalities proves (DHW).
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Lemma 4 (Joint scalar anti-cancellation). Fix a message support T ⊆ [n]
of size w. Fix the first-stage active positions together with their labels λ1, . . . , λrw ∈
T , and fix a set I1 ⊆ [rw]. Fix also a possible first-stage support S ⊆ [N ] of size
h, the second-stage active positions together with their labels µ1, . . . , µh ∈ S, and
a set I2 ⊆ [h]. Put

a := |I1|, b := |I2|.
Then the probability, over V1, V2, that there exists a message x with supp(x) = T
such that

I1 ⊆ Z1(x), supp(xRP1A) = S, I2 ⊆ Z2(xRP1A)

is at most
(q − 1)−(a+b−(w−1))+ ,

where t+ := max{t, 0}.
Proof. The claim is trivial when a+b ≤ w−1, so assume a+b > w−1. Quotient
the nonzero message values on T by global nonzero scaling. There are at most
(q − 1)w−1 projective assignments.

Fix one projective assignment. We first expose the active first-stage scalars in
active order. Whenever an index ℓ ∈ I1 is encountered, the condition ℓ ∈ Z1(x)
has the form

c+ αℓxλℓ
= 0,

where c is determined by previously exposed scalars. Since supp(x) = T , we
have xλℓ

̸= 0. Hence at most one value of the fresh scalar αℓ ∈ F∗
q satisfies this

constraint. Therefore the first-stage prescribed zero-prefix constraints contribute
a factor at most (q − 1)−a.

Now condition on any realization of the first-stage scalars for which the first-
stage constraints hold and for which

y := xRP1A satisfies supp(y) = S.

If no such realization exists, there is nothing to prove. Otherwise, for every j ∈ I2,
the condition j ∈ Z2(y) has the form

c+ βjyµj = 0,

where c is determined by previously exposed second-stage scalars. Since µj ∈
S = supp(y), we have yµj ̸= 0. Hence each prescribed second-stage zero-prefix
constraint is satisfied by at most one value of the fresh scalar βj ∈ F∗

q . Thus the
second-stage constraints contribute a factor at most (q − 1)−b.

Consequently, for the fixed projective message assignment, the probability
of satisfying all prescribed zero-prefix constraints and the additional support
condition supp(xRP1A) = S is at most

(q − 1)−(a+b).

Union bounding over the at most (q − 1)w−1 projective assignments gives

(q − 1)w−1(q − 1)−(a+b) = (q − 1)−(a+b−(w−1)).

Since a+ b > w − 1, this is the claimed bound.



Asymptotically Optimal Distance-Tail Bounds for Large-Field RAA Codes 11

3.2 Marked covering reduction

For 2 ≤ w ≤ n, 0 ≤ a ≤ ⌊rw/2⌋, and 1 ≤ h ≤ N , define

C•
1 (w, h, a) :=

(
h

a

)(
N − h+ 1

a

)( h
rw−a

)(
N
rw

) . (C1•)

For 1 ≤ h ≤ N and 0 ≤ b ≤ ⌊h/2⌋, define

C•
2 (h, b) :=

(
N/2

b

)(
N/2 + 1

b

)(N/2
h−b

)(
N
h

) . (C2•)

Lemma 5 (Marked joint covering reduction). Fix 2 ≤ w ≤ n, exact zero-
prefix counts a, b, and an intermediate weight h. For a fixed message support
of size w, the joint geometric cost of having first-stage output weight h, exactly
a first-stage zero-prefixes, final weight at most N/2, and exactly b second-stage
zero-prefixes is at most

C•
1 (w, h, a)C•

2 (h, b).

After including the scalar penalty and union bounding over message supports,
the corresponding contribution is at most(

n

w

)
C•
1 (w, h, a)C•

2 (h, b)(q − 1)−(a+b−(w−1))+ .

Proof. We first record the covering count used for both accumulators. Consider
an accumulator input with m active positions and output support of size H.
Suppose that exactly A active-order prefixes are zero, and mark those A zero-
prefix positions. The marked zero-prefix gaps split the nonzero output into at
most A+1 nonzero pieces. Such a marked output pattern is encoded by choosing
the A separations among the H nonzero coordinates and the A marked zero gaps
among the N −H + 1 zero gaps, giving at most(

H

A

)(
N −H + 1

A

)
possibilities. Once this marked output pattern is fixed, the remaining m − A
active positions, namely those with nonzero prefix value, must lie inside the H
nonzero coordinates. This gives at most(

H

m−A

)
choices. This count is only an upper bound: it forgets ordering restrictions and
the nonadjacency of zero prefixes, which can only reduce the number of patterns.

For the first stage, take m = rw, H = h, and A = a. For a fixed message sup-
port T , the first-stage active set Π1(BT ) is a uniform rw-subset of [N ]. Therefore
the first-stage geometric cost is at most(

h

a

)(
N − h+ 1

a

)( h
rw−a

)(
N
rw

) = C•
1 (w, h, a).
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The bound is uniform in the labels λ1, . . . , λrw, which will be fixed when the
scalar lemma is applied.

Now condition on a first-stage support S of size h. In the second stage, the
final output is required to have weight at most N/2. Enlarging its support to a
set of size exactly N/2 can only increase the count. Applying the same covering
count with m = h, H = N/2, and A = b, and using that Π2(S) is a uniform
h-subset of [N ], gives the second-stage geometric cost(

N/2

b

)(
N/2 + 1

b

)(N/2
h−b

)(
N
h

) = C•
2 (h, b).

Again the estimate is uniform in the second-stage labels µ1, . . . , µh.
Finally, for each fixed labeled geometric pattern, Lemma 4 bounds the prob-

ability of realizing the prescribed first- and second-stage zero-prefix constraints
by

(q − 1)−(a+b−(w−1))+ .

There are
(
n
w

)
choices for the message support. Multiplying the two geometric

costs, the scalar penalty, and the number of supports gives the stated contribu-
tion.

3.3 Weight-one messages

Lemma 6 (Weight-one end-to-end bound). Assume N is even and divisible
by r. Fix r ≥ 4, and write n = N/r. Assume q−1 ≥ N . Then, for all sufficiently
large N ,

PP1,P2

[
∃x ∈ Fn

q , wt(x) = 1 : wt(xG) ≤ N

2

]
≤ Or(N

1−r).

Proof. Fix a message coordinate u ∈ [n]. Every nonzero message supported on
u is a global scalar multiple of eu, so one representative suffices.

Let p1 < · · · < pr be the first-stage active positions of the r repeated copies
of u, and let a = |Z1|. Since the first active prefix cannot be zero, we have
0 ≤ a ≤ r− 1. If the first stage has output weight h and exactly a zero prefixes,
the marked first-stage cover and the scalar penalty give

P[wt(euRP1A) = h, |Z1| = a] ≤
(
h

a

)(
N − h+ 1

a

)( h
r−a

)(
N
r

) (q − 1)−a.

We bound this uniformly in a. Since r is fixed,

1(
N
r

) ≤ CrN
−r

for all sufficiently large N . Also,(
h

a

)
≤ ha,

(
h

r − a

)
≤ hr−a,
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and, using q − 1 ≥ N ,(
N − h+ 1

a

)
(q − 1)−a ≤

(
N − h+ 1

q − 1

)a

≤ Cr,

because 0 ≤ a ≤ r − 1. Therefore(
h

a

)(
N − h+ 1

a

)( h
r−a

)(
N
r

) (q − 1)−a ≤ Cr h
ahr−aN−r

= Cr

(
h

N

)r

.

Summing over the Or(1) possible values of a, we obtain

P[wt(euRP1A) = h] ≤ Cr

(
h

N

)r

. (7)

Now condition on a first-stage support of size h, and write the corresponding
first-stage output as y. If the second stage has exactly b zero-prefix active po-
sitions and output weight at most N/2, the marked second-stage cover and the
scalar penalty give

P[wt(yP2A) ≤ N/2, |Z2(y)| = b | supp(y)] ≤
(
N/2

b

)(
N/2 + 1

b

)(N/2
h−b

)(
N
h

) (q− 1)−b.

For all sufficiently large N ,(
N/2 + 1

b

)
(q − 1)−b ≤ (2/3)b.

Hence the conditional second-stage bad probability is at most

1(
N
h

) ∑
b

(
N/2

b

)(
N/2

h− b

)(
2

3

)b

.

The numerator is the coefficient of Xh in

(1 + (2/3)X)N/2(1 +X)N/2.

Since
(1 + (2/3)X)(1 +X) ≤ (1 + (5/6)X)2

coefficientwise, this coefficient is at most(
5

6

)h(
N

h

)
.

Thus the conditional second-stage bad probability is at most (5/6)h.
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Combining this with (7), for fixed u,

P[wt(euG) ≤ N/2] ≤ Cr

∑
h≥1

(
h

N

)r (
5

6

)h

≤ C ′
rN

−r.

Finally, union bounding over the n = N/r message coordinates gives

PP1,P2

[
∃x ∈ Fn

q , wt(x) = 1 : wt(xG) ≤ N

2

]
≤ Or(N

1−r).

3.4 Sparse weights

Lemma 7 (Sparse marked joint covering bound with surplus zeros).
Assume N is even and divisible by r. Fix r ≥ 4, and write n = N/r. Assume
q − 1 ≥ (eN)2. Then, for all sufficiently large N ,

⌊N/ log2 N⌋∑
w=2

(
n

w

) ⌊rw/2⌋∑
a=0

N∑
h=1

⌊h/2⌋∑
b=0

(eN)−2s(w,a,b)C•
1 (w, h, a)C•

2 (h, b)

≤ Õr(N
1−r),

(SM)

where s(w, a, b) = (a+ b− (w − 1))+. Consequently, the same bound holds with
(q − 1)−s(w,a,b) in place of (eN)−2s(w,a,b).

Proof. All constants may depend on r. Put k = a + b and s = (k − (w − 1))+.
By Vandermonde,(

h

a

)(
N − h+ 1

a

)
≤
(
N + 1

2a

)
,

(
N/2

b

)(
N/2 + 1

b

)
≤
(
N + 1

2b

)
.

Thus, after summing over pairs a+ b = k,∑
a+b=k

(
h

a

)(
N − h+ 1

a

)(
N/2

b

)(
N/2 + 1

b

)
≤
(
2N + 2

2k

)
.

For k ≤ w − 1, the sum over k is at most

w

(
2N + 2

2(w − 1)

)
≤ Cw

(
CN

w

)2(w−1)

.

For k = w − 1 + s, s ≥ 1,

(eN)−2s

(
2N + 2

2k

)
≤ (eN)−2s

(
e(N + 1)

k

)2k

≤ C

(
CN

w

)2(w−1)

(w + s)−2s.
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Since
∑

s≥0(w + s)−2s = O(1) uniformly for w ≥ 2,

∑
a,b

(eN)−2s(w,a,b)

(
h

a

)(
N − h+ 1

a

)(
N/2

b

)(
N/2 + 1

b

)
≤ Cw

(
CN

w

)2(w−1)

.

(8)
For a nonzero first-stage marked ratio, rw− a ≤ h. Since a ≤ rw/2, we have

h ≥ rw/2 and hence a ≤ h. Thus, by (6),(
h

rw − a

)
≤
(
h+ a

rw

)
≤
(
2h

rw

)
.

If 2h ≤ N , then (4) gives (
h

rw−a

)(
N
rw

) ≤
(
2h

N

)rw

.

If 2h > N , the right-hand side is at least 1, while the ratio on the left is at most
1 by binomial monotonicity, since rw ≤ N/2 in the sparse range for large N .
Hence, uniformly, (

h
rw−a

)(
N
rw

) ≤
(
2h

N

)rw

.

For the second-stage marked ratio,(
N/2
h−b

)(
N
h

) ≤
(
N/2+b

h

)(
N
h

) ≤
(
1

2
+

b

N

)h

.

If k > N/4, then, because w ≤ N/ log2 N , we have s ≥ N/5 for all suf-
ficiently large N ; the factor (w + s)−2s in the preceding compression gives
exp(−Ω(N logN)), which dominates all remaining factors. Hence it remains to
consider k ≤ N/4, where b ≤ k ≤ N/4 and(

1

2
+

b

N

)h

≤
(
3

4

)h

.

Combining the estimates gives, for fixed w,(
n

w

)∑
a,h,b

(eN)−2s(w,a,b)C•
1 (w, h, a)C•

2 (h, b)

≤ Cw
r

(
n

w

)(
N

w

)2(w−1)∑
h≥1

(
2h

N

)rw (
3

4

)h

+ exp(−Ω(N logN)).

Since ∑
h≥1

hrw

(
3

4

)h

≤ (Crw)
rw,
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we get ∑
h≥1

(
2h

N

)rw (
3

4

)h

≤
(
Crw

N

)rw

.

Using
(
n
w

)
≤ (eN/(rw))w, the fixed-w contribution is at most

N−2
(
Cr

w

N

)(r−3)w

+ exp(−Ω(N logN)).

The maximum over 2 ≤ w ≤ N/ log2 N occurs at w = 2 up to harmless constants
and is Or(N

4−2r); summing over w gives Õr(N
1−r) for r ≥ 4. Finally, (q−1)−s ≤

(eN)−2s.

3.5 High weights

Throughout this section all logarithms are natural unless explicitly marked oth-
erwise. Set

κr :=
1

2
+

1

2(r − 1)
=

r

2(r − 1)
, cr := − log κr > 0.

For 0 < p < 1, define
C(p) := (1− p)−(1−p)/p.

For every fixed p > 0 and every ε > 0, for all sufficiently large M ,(
M

K

)
≤
(
(1 + ε)C(p)

M

K

)K

whenever pM ≤ K ≤ M/2. (EBC)

For the rest of this section fix r ≥ 9, put

pr :=
1

2r4/3
,

and choose εr > 0 so small that

Dr := (1 + εr)C(pr) < e. (9)

This is possible because C(p) → e from below as p ↓ 0, and pr is fixed once r is
fixed. Define

D(w) :=

{
e, w < N/r4/3,

Dr, w ≥ N/r4/3.

Lemma 8 (Elementary constants for r ≥ 9). For every integer r ≥ 9 the
following three assertions hold.

(i) There exists η
(1)
r > 0 such that, for all u ≥ r,

−4

3
(r − 3) log r + 3− log r + r log u− cr(u− 1) ≤ −η(1)r . (C1)
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(ii)
e3r3κ2r−1

r < 1. (C2)

(iii) With

Φr(α) := α log
e3

rα3
+rα log(rα)+

(
1

2
+ α

)
log

(
1

2
+ α

)
, α∗ :=

1

2(r − 1)
,

one has
Φr(α∗) < 0. (C3)

Proof. For (i), the function u 7→ r log u−cr(u−1) is concave and has its maximum
on [r,∞) at u = r/cr, since 0 < cr < 1. Therefore the left side of (C1) is at most

Mr := −4

3
(r − 3) log r + 3− log r + r log

r

cr
− r + cr.

Let c0 := log(16/9). Since r ≥ 9, cr ≥ c0 and cr < log 2. Hence

Mr ≤
(
3− r

3

)
log r + r log

1

c0
− r + 3 + log 2.

The right side is decreasing for r ≥ 9 and is negative at r = 9. This proves (i).
For (ii), use

log κr = − log 2− log(1− 1/r) ≤ − log 2 +
1

r − 1
.

Then
log(e3r3κ2r−1

r ) ≤ 3 + 3 log r − (2r − 1) log 2 +
2r − 1

r − 1
.

The final expression is decreasing for r ≥ 9 and is negative at r = 9.
For (iii), note that α∗ = κr/r, so

Φr(α∗) = κr

[
2 log κr +

3 + 2 log r − 3 log κr

r

]
.

Since 1/2 ≤ κr ≤ 9/16 for r ≥ 9,

2 log κr +
3 + 2 log r − 3 log κr

r
≤ 2 log

9

16
+

3 + 2 log r + 3 log 2

r
.

The second term on the right is decreasing for r ≥ 9, and at r = 9 the whole
right side is negative. Hence Φr(α∗) < 0.

Lemma 9 (Endpoint compression). Let

EN (h, a, b) :=

(
h

a

)(
N − h+ 1

a

)(
N/2

b

)(
N/2 + 1

b

)
, k := a+ b.

Assume w > N/ log2 N and w ≤ n = N/r. For all sufficiently large N , uniformly
in h, a, b, the following bounds hold.
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(i) If k ≤ w − 1, then

EN (h, a, b) ≤ Cr

(
D(w)N

w

)2w

. (EC0)

(ii) If k = w − 1 + s with s ≥ 1 and k ≤ N/4, then

(eN)−2sEN (h, a, b) ≤ Cr

(
D(w)N

w

)2w

k−2s. (ECs)

Proof. By Vandermonde,(
h

a

)(
N − h+ 1

a

)
≤
(
N + 1

2a

)
,

(
N/2

b

)(
N/2 + 1

b

)
≤
(
N + 1

2b

)
.

A second application of Vandermonde gives the pointwise bound

EN (h, a, b) ≤
(
2N + 2

2k

)
. (10)

If k ≤ w − 1, then 2k ≤ 2w − 2. Since w ≤ N/r ≤ N/9, the coefficients
(
2N+2

j

)
are increasing for 0 ≤ j ≤ 2w. In the range w < N/r4/3,(

2N + 2

2k

)
≤
(
2N + 2

2w

)
≤
(
e(N + 1)

w

)2w

≤ C

(
eN

w

)2w

.

In the range w ≥ N/r4/3, apply (EBC) with M = 2N + 2 and K = 2w. Since
pr(2N + 2) ≤ 2w ≤ (2N + 2)/2 for large N ,(

2N + 2

2k

)
≤
(
2N + 2

2w

)
≤ Cr

(
DrN

w

)2w

.

This proves (EC0).
Now let k = w − 1 + s ≥ w and k ≤ N/4. In the range w < N/r4/3,

(eN)−2s

(
2N + 2

2k

)
≤ (eN)−2s

(
e(N + 1)

k

)2k

=

(
e(N + 1)

k

)2(w−1)(
N + 1

Nk

)2s

≤ C

(
eN

w

)2w

k−2s.

In the range w ≥ N/r4/3, apply (EBC) with M = 2N + 2 and K = 2k. The
hypotheses hold because k/(N + 1) ≥ pr and k ≤ N/4. Thus

(eN)−2s

(
2N + 2

2k

)
≤ (eN)−2s

(
Dr

N + 1

k

)2k

=

(
Dr

N + 1

k

)2(w−1)(
Dr

e

)2s(
N + 1

N

)2s

k−2s

≤ Cr

(
DrN

w

)2w

k−2s,
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where Dr < e and s ≤ N were used. This proves (ECs).

Lemma 10 (Feasible no-surplus high-weight kernel). Assume N is even
and divisible by r. Fix r ≥ 9 and write n = N/r. For all sufficiently large N ,

⌊N/(2(r−1))⌋∑
w>N/ log2 N

(
n

w

) ∑
a+b≤w−1

∑
1≤h≤N : rw−a≤h≤N/2+b

(
D(w)N

w

)2w (
h+ a

N

)rw (
1

2
+

b

N

)h

≤ exp

(
−Ωr

(
N

logN

))
.

(NSK)

Proof. We split according to D(w).

Range I: N/ log2 N < w < N/r4/3. Put u = (h + a)/w. Then u ≥ r, and since
a ≤ a+ b ≤ w− 1, one has h ≥ (u− 1)w. Also b ≤ w− 1 and w ≤ N/(2(r− 1)),
so 1/2 + b/N ≤ κr. Using

(
n
w

)
≤ (eN/(rw))w, one Range I summand is at most

exp

{
w

[
−(r − 3) log

N

w
+ 3− log r + r log u− cr(u− 1)

]}
.

Since w < N/r4/3, log(N/w) > (4/3) log r. Lemma 8(i) gives a constant ηr > 0
such that every Range I summand is at most exp(−ηrw). There are at most N3

choices of (w, a, b, h), and w > N/ log2 N , so Range I contributes exp(−Ωr(N/ logN)).

Range II: w ≥ N/r4/3. Here w ≤ N/(2(r−1)). Since a+b ≤ w−1, the feasibility
constraints imply

h+ a ≤ N

2
+ a+ b ≤ N

2
+ w − 1 ≤ κrN, h ≥ rw − a ≥ (r − 1)w.

Moreover b ≤ w − 1, so 1/2 + b/N ≤ κr. Hence each summand is at most[
eD2

r

r

(
N

w

)3

κ2r−1
r

]w
.

Since w ≥ N/r4/3, (N/w)3 ≤ r4, and the bracket is at most eD2
rr

3κ2r−1
r <

1 by (9) and Lemma 8(ii). Thus each Range II summand is exp(−Ωr(w)) =
exp(−Ωr(N)), and the polynomial number of summands is harmless.

Lemma 11 (Surplus perturbations with leftover gain). Assume w >
N/ log2 N . Let

s1, s2 ≥ 0, s = s1 + s2, k = w − 1 + s.

Let a0, b0, h be nonnegative integers, and set

a := a0 + s1, b := b0 + s2.
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Assume

h+ a ≥ rw, h ≤ N

2
+ b, a ≤ rw

2
, 1 ≤ h ≤ N, b ≤ h

2
.

Define U0 := max{h+ a0, rw}. Then, for all sufficiently large N ,

k−2s

(
h+ a

U0

)rw
(

1
2 + b

N
1
2 + b0

N

)h

≤
(
k

2

)−2s

. (SP-left)

Proof. The case s = 0 is immediate. Assume s ≥ 1. First, U0 ≥ rw and h+ a ≤
U0 + s1. Also s1 ≤ a ≤ rw/2 ≤ U0/2. For 0 ≤ t ≤ 1/2, log2(1 + t) ≤ 2t, so

rw log2
h+ a

U0
≤ rw log2

(
1 +

s1
U0

)
≤ 2s1.

For the second-stage perturbation, put M = N/2 + b0. Then

1
2 + b/N
1
2 + b0/N

= 1 +
s2
M

.

The feasibility hypothesis h ≤ N/2 + b = M + s2 and the condition b ≤ h/2
imply s2 ≤ h/2 ≤ (M + s2)/2, hence s2 ≤ M . With x = s2/M ∈ [0, 1] and
(1 + x) log2(1 + x) ≤ 2x, we get

h log2

(
1 +

s2
M

)
≤ M(1 + x) log2(1 + x) ≤ 2s2.

Thus the total perturbation in base-2 logarithm is at most 2s, and

rw log2
h+ a

U0
+ h log2

( 1
2 + b/N
1
2 + b0/N

)
− 2s log2 k

≤ 2s− 2s log2 k = −2s log2(k/2).

Exponentiating proves the claim.

Lemma 12 (Deficit summability). Assume w > N/ log2 N . For all nonneg-
ative integers d1, d2 and all sufficiently large N ,

∑
s1≥d1, s2≥d2

(
w − 1 + s1 + s2

2

)−2(s1+s2)

≤ C
(w
2

)−2(d1+d2)

. (DS)

Proof. Put d = d1 + d2 and write si = di + ti. For fixed m = t1 + t2 there are
m+ 1 choices of (t1, t2). If d+m ≥ 1, then w − 1 + d+m ≥ w, and hence(

w − 1 + d+m

2

)−2(d+m)

≤
(w
2

)−2d (w
2

)−2m

.
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The exceptional case d = m = 0 contributes 1. Therefore the whole sum is at
most (w

2

)−2d

1 +
∑
m≥1

(m+ 1)
(w
2

)−2m

 ,

and the parenthesized factor is bounded by an absolute constant for large N .

Lemma 13 (Deficit kernel summation). Fix w > N/ log2 N and nonnega-
tive integers a0, b0 satisfying a0 + b0 = w − 1. Put

L := rw − a0, U :=
N

2
+ b0, v0 :=

1

2
+

b0
N

, θ :=
(w
2

)−2

,

and U0(h) := max{h+a0, rw}. Then the following bounds hold for all sufficiently
large N .

(i) If L ≤ U , then

N∑
h=1

(
U0(h)

N

)rw

vh0 θ
(L−h)++(h−U)+ ≤ C

U∑
h=L

(
h+ a0
N

)rw

vh0 . (DK-below)

(ii) If L > U , then

N∑
h=1

(
U0(h)

N

)rw

vh0 θ
(L−h)++(h−U)+ ≤ CN

(rw
N

)rw
vU0 θ

L−U . (DK-above)

Proof. Assume first that L ≤ U . If h < L, then U0(h) = rw = U0(L), and

vh0 θ
L−h = vL0

(
θ

v0

)L−h

≤ vL0

(
8

w2

)L−h

,

because v0 ≥ 1/2. Hence the lower tail is bounded by a constant times the
boundary term at h = L. If h > U , then U + a0 ≥ rw, so U0(h) = h + a0 and
U0(U) = U + a0. Writing t = h− U ,(

U0(h)

U0(U)

)rw

vh−U
0 θh−U ≤

(
1 +

t

U + a0

)rw

θt ≤
(
4e

w2

)t

,

since U + a0 ≥ rw. Thus the upper tail is bounded by a constant times the
boundary term at h = U . The interval contribution is exactly the right side of
(DK-below).

Now assume L > U . If h < U , comparison with h = U gives the geometric
factor (8/w2)U−h. If h > L, comparison with h = L gives the geometric factor
(4e/w2)h−L. For U ≤ h ≤ L, one has U0(h) = rw and (L − h)+ + (h − U)+ =
L− U . Also vh0 ≤ vU0 , since 0 < v0 < 1. There are at most N values of h in this
middle interval. This proves (DK-above).
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Lemma 14 (Above-cutoff master sum). For fixed r ≥ 9 and all sufficiently
large N ,

N/r∑
w>(N/2−1)/(r−1)

(
n

w

)(
DrN

w

)2w (rw
N

)rw (1

2
+

w

N

)N/2+w (w
2

)−2((r−1)w+1−N/2)

≤ exp(−Ωr(N)).
(ACM)

Proof. Put α = w/N and α∗ = 1/(2(r− 1)). The positive part of the summand,
that is, the summand without the final surplus factor, is at most

exp{NΨr(α) +Or(logN)},

where

Ψr(α) := α log
eD2

r

rα3
+ rα log(rα) +

(
1

2
+ α

)
log

(
1

2
+ α

)
.

Since Dr < e, we have Ψr(α) ≤ Φr(α), where Φr is the function from Lemma 8(iii).
That lemma gives Φr(α∗) < 0. By continuity, there are constants γr, ηr > 0 such
that

Ψr(α) ≤ −γr whenever |α− α∗| ≤ ηr.

The part of the sum with α ≤ α∗ + ηr is therefore exp(−Ωr(N)); the surplus
factor is at most 1.

For α ≥ α∗+ηr, the positive exponent Ψr(α) is bounded above by a constant
Br, because α ∈ [α∗, 1/r]. On the other hand, (r− 1)w+ 1−N/2 ≥ (r− 1)ηrN
for all sufficiently large N , and hence the surplus factor contributes at most

exp{−2(r − 1)ηrN log(w/2) +Or(N)} ≤ exp(−Ωr(N logN)).

This dominates exp(BrN). Summing over at most N possible values of w proves
the lemma.

Lemma 15 (High-weight marked joint covering bound with surplus
zeros). Assume N is even and divisible by r. Fix r ≥ 9, and write n = N/r.
Assume q − 1 ≥ (eN)2. Then, for all sufficiently large N ,

n∑
w=⌊N/ log2 N⌋+1

(
n

w

) ⌊rw/2⌋∑
a=0

N∑
h=1

⌊h/2⌋∑
b=0

(eN)−2s(w,a,b)C•
1 (w, h, a)C•

2 (h, b)

≤ exp

(
−Ωr

(
N

logN

))
,

where s(w, a, b) = (a+ b− (w − 1))+. Consequently, the same bound holds with
(q − 1)−s(w,a,b) in place of (eN)−2s(w,a,b).

Proof. Write k = a+ b and s = (k− (w− 1))+. A nonzero summand necessarily
satisfies

h+ a ≥ rw, h ≤ N/2 + b. (11)

Indeed these are the nonvanishing conditions for
(

h
rw−a

)
and

(
N/2
h−b

)
.
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No-surplus terms. Assume k ≤ w − 1. Then (11) implies

rw ≤ h+ a ≤ N/2 + a+ b ≤ N/2 + w − 1,

so no such term exists unless w ≤ (N/2 − 1)/(r − 1). By Lemma 9(i), the four
endpoint factors are bounded by Cr(D(w)N/w)2w. Also h + a ≤ N/2 + k ≤
N/2 + w − 1 < N and N/2 + b < N . Hence the standard binomial-ratio bound(
X
M

)
/
(
N
M

)
≤ (X/N)M , valid for X ≤ N , gives(

h
rw−a

)(
N
rw

) ≤
(
h+a
rw

)(
N
rw

) ≤
(
h+ a

N

)rw

,

and (
N/2
h−b

)(
N
h

) ≤
(
N/2+b

h

)(
N
h

) ≤
(
1

2
+

b

N

)h

.

Therefore the total no-surplus contribution is bounded by a constant multiple
of (NSK), and is exp(−Ωr(N/ logN)).

Large surplus totals. If k > N/4, then, since w ≤ N/r ≤ N/9,

s = k − (w − 1) ≥ N/8

for all sufficiently large N . The scalar factor contributes at most (eN)−N/4, while
the remaining combinatorial and ratio factors are at most exp(Or(N)) and there
are only polynomially many indices. Thus the total contribution of k > N/4 is
exp(−Ω(N logN)).

Surplus terms with k ≤ N/4. It remains to consider s ≥ 1 and k ≤ N/4. For
each surplus pair choose a surplus decomposition

a = a0 + s1, b = b0 + s2, a0 + b0 = w − 1, s1 + s2 = s.

For example, take a0 = min{a,w− 1} and b0 = w− 1− a0. In the upper bound
we may sum over all such decompositions.

By Lemma 9(ii), the endpoint factors together with (eN)−2s contribute at
most

Cr

(
D(w)N

w

)2w

k−2s.

Since k ≤ N/4, the feasibility inequalities give h + a ≤ N/2 + k ≤ 3N/4 and
N/2+b ≤ 3N/4. Therefore the same marked-ratio bounds used in the no-surplus
case are valid. They, followed by Lemma 11, give the pointwise comparison

(eN)−2sC•
1 (w, h, a)C•

2 (h, b)

≤ Cr

(
D(w)N

w

)2w (
U0

N

)rw (
1

2
+

b0
N

)h(
k

2

)−2s

,
(S-point)
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where U0 = max{h+ a0, rw}.
For fixed w, a0, b0, h, set

L := rw − a0, U :=
N

2
+ b0.

The feasibility inequalities (11) imply

s1 ≥ (L− h)+, s2 ≥ (h− U)+.

Summing (S-point) over all surplus decompositions and using Lemma 12, the
surplus contribution is at most a constant multiple of∑
w>N/ log2 N

(
n

w

) ∑
a0+b0=w−1

N∑
h=1

(
D(w)N

w

)2w (
max{h+ a0, rw}

N

)rw

·
(
1

2
+

b0
N

)h (w
2

)−2((rw−a0−h)++(h−N/2−b0)+)

.

(D-kernel)
If w ≤ (N/2 − 1)/(r − 1), then L ≤ U . Lemma 13(i) bounds the h-sum in

(D-kernel) by a constant times the feasible exact-budget kernel
U∑

h=L

(
h+ a0
N

)rw (
1

2
+

b0
N

)h

.

After summing over w, a0, b0, this is a sub-sum of the feasible no-surplus kernel
in Lemma 10; hence the below-cutoff surplus contribution is

exp

(
−Ωr

(
N

logN

))
.

It remains to consider w > (N/2− 1)/(r− 1). For r ≥ 9 this range lies inside
w ≥ N/r4/3 for all sufficiently large N , so D(w) = Dr. Now L > U , and

L− U = (r − 1)w + 1−N/2.

Lemma 13(ii) bounds the h-sum in (D-kernel) by

CN
(rw
N

)rw (1

2
+

b0
N

)N/2+b0 (w
2

)−2((r−1)w+1−N/2)

.

The function v 7→ vNv is increasing on [1/2, 1], because its logarithmic derivative
is N(log v + 1) > 0. Since b0 ≤ w − 1, the preceding display is at most

CN
(rw
N

)rw (1

2
+

w

N

)N/2+w (w
2

)−2((r−1)w+1−N/2)

.

There are at most w choices of (a0, b0), so the above-cutoff surplus contribution
is bounded by a polynomial factor times the master sum in Lemma 14. Hence it
is exp(−Ωr(N)).

Combining the no-surplus part, the k > N/4 part, the below-cutoff surplus
part, and the above-cutoff surplus part proves the high-weight estimate. Finally,
(q − 1)−s ≤ (eN)−2s under q − 1 ≥ (eN)2.
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3.6 Main theorem

Theorem 1 (Distance tail bound for r ≥ 9). Assume N is even and divisible
by r. Fix r ≥ 9 and a constant 0 < δ ≤ 1/2. Assume q − 1 ≥ (eN)2. Let
G = RP1AP2A be the large-field RAA generator matrix above. Then, for all
sufficiently large N ,

P [dmin(G) ≤ δN ] ≤ Õr(N
1−r).

Proof. It suffices to prove the claim for δ = 1/2, since

{dmin(G) ≤ δN} ⊆ {dmin(G) ≤ N/2} (0 < δ ≤ 1/2).

We therefore bound the latter event.
Split nonzero messages by weight. The case w = 1 is Lemma 6. For 2 ≤

w ≤ N/ log2 N , apply the marked covering reduction, the joint scalar anti-
cancellation lemma, and Lemma 7. For w > N/ log2 N , apply the same reduction
and Lemma 15. The three contributions are respectively Or(N

1−r), Õr(N
1−r),

and exp(−Ωr(N/ logN)).

3.7 Matching lower bound

Lemma 16 (Weight-one lower bound). Fix r ≥ 4 and a constant 0 < δ ≤
1/2. Assume N is even and divisible by r, and write n = N/r. Then there exists
a constant cr,δ > 0 such that, for all sufficiently large N ,

P [dmin(G) ≤ δN ] ≥ cr,δN
1−r.

Proof. Let I = {N − r + 1, . . . , N}. For each message coordinate u ∈ [n], let

Au := {Π1(Bu) = I}.

Then

P[Au] =

(
N

r

)−1

.

The events Au are pairwise disjoint, because the sets Bu are pairwise disjoint
and two disjoint r-sets cannot both be mapped onto I.

On Au, the first-stage output y = euRP1A is nonzero and supported inside
I, hence 1 ≤ h := wt(y) ≤ r. Conditional on the first-stage realization, let
S = supp(y).

Put
L := ⌊δN⌋, H := {N − L+ 1, . . . , N}.

The event
Π2(S) ⊆ H

has probability (
L
h

)(
N
h

) ≥ c′r,δ > 0
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uniformly for 1 ≤ h ≤ r and all sufficiently large N . If it occurs, the second
accumulator output is supported in the final L coordinates, so

wt(euG) ≤ L ≤ δN.

Hence, for Eu equal to the intersection of these two events,

P[Eu] ≥ c′r,δ

(
N

r

)−1

.

The events Eu are pairwise disjoint, so

P[dmin(G) ≤ δN ] ≥
n∑

u=1

P[Eu] ≥
N

r
c′r,δ

(
N

r

)−1

≥ cr,δN
1−r.

Corollary 1 (Tightness up to polylogarithmic factors). Assume N is
even and divisible by r. Fix r ≥ 9, a constant 0 < δ ≤ 1/2, and assume

q − 1 ≥ (eN)2.

Then, for all sufficiently large N ,

cr,δN
1−r ≤ P [dmin(G) ≤ δN ] ≤ Õr(N

1−r)

for some constant cr,δ > 0.

4 Conclusion

We proved an asymptotically optimal distance-tail bound for the large-field RAA
ensemble. For every fixed r ≥ 9, every fixed 0 < δ ≤ 1/2, and every field size
satisfying q− 1 ≥ (eN)2, the probability that the minimum distance falls below
δN is at most Õr(N

1−r). A matching weight-one lower bound shows that this
polynomial order is unavoidable, up to polylogarithmic factors.

The proof identifies the mechanism behind the large-field improvement. The
random diagonal scalings turn accumulator cancellations into scalar equations,
so cancellations beyond the message degrees of freedom incur field-size penal-
ties. Combined with the gap-covering reduction and the high-weight deficit sum-
mation, this suppresses all bad-codeword contributions except the weight-one
terminal-window obstruction.

The binary companion lower bound shows that this improvement reflects a
genuine difference between the ensembles. Over F2, adjacent repeated copies can
cancel deterministically, leading to low-distance events of order N1−⌈r/2⌉, and of
order N1−r/2 for even r. Thus the large-field and binary RAA ensembles have
different low-distance tail exponents, not merely different currently known proof
guarantees.

The complementary obstructions in the appendices clarify the assumptions
needed for the exponent 1−r. First, the field size cannot be made sublinear with-
out changing the polynomial tail: if q− 1 = Nγ with 0 ≤ γ < 1, then weight-one
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paired cancellations give a lower bound with exponent strictly larger than 1− r.
Thus some essentially linear field-size growth is necessary for an N1−r-order
tail, although our upper bound assumes the stronger condition q − 1 ≥ (eN)2.
Second, the random diagonal scalings are essential to the large-field exponent.
If the scalings are removed, opposite-valued weight-two messages create deter-
ministic first-accumulator cancellations and yield low-distance events of order
Ωr,δ(N

2−r), polynomially larger than the Õr(N
1−r) tail for the randomly scaled

ensemble.
Several natural questions remain. One is to sharpen the field-size require-

ment between the linear lower obstruction and the quadratic-size assumption
used in the upper bound. Another is to sharpen the constants and evaluate the
pre-compression covering sums numerically for cryptographic parameter sets. It
would also be interesting to extend the optimal-tail analysis to smaller repeti-
tion factors, especially r = 4, which is important in applications, and to develop
matching upper bounds for related variants such as the no-scaling ensemble in
large characteristic. Finally, the gap-covering and scalar anti-cancellation frame-
work may be useful for other accumulator-based code families.

A Binary Companion Lower Bound

In this appendix we record a lower bound for the binary RAA ensemble

G = RΠ1AΠ2A ∈ Fn×N
2 .

Theorem 2 (Binary lower bound). Fix an integer r ≥ 4 and a constant
0 < δ < 1/2. For the binary RAA ensemble

G = RΠ1AΠ2A ∈ Fn×N
2 , N = rn,

where Π1, Π2 are independent uniform permutation matrices on [N ], we have,
for all sufficiently large even N divisible by r,

P[δ(G) ≤ δ] ≥
(

r!

r⌊r/2⌋!
δ⌈r/2⌉ + or,δ(1)

)
N1−⌈r/2⌉.

In particular,
P[δ(G) ≤ δ] ≥ cr,δN

1−⌈r/2⌉

for some cr,δ > 0.

Proof. Set

s :=
⌊r
2

⌋
, t :=

⌈r
2

⌉
.

For each u ∈ [n], let Bu = supp(euR), so |Bu| = r and the sets Bu are pairwise
disjoint.
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Call an r-subset T ⊆ [N ] admissible as follows. If r = 2s, then T consists
of s disjoint adjacent pairs. If r = 2s+ 1, then T consists of s disjoint adjacent
pairs together with the final coordinate N . The number of admissible subsets is

Mr(N) =

(
N − t

s

)
.

Indeed, the starting positions of the adjacent pairs are transformed by bi =
ai − (i− 1) into an arbitrary s-subset of {1, . . . , N − t}.

Let

Eu := {Π1(Bu) is admissible}, X :=

n∑
u=1

1Eu
.

Then
P(Eu) =

Mr(N)(
N
r

) =

(
r!

s!
+ or(1)

)
N−t,

and hence
EX =

(
r!

rs!
+ or(1)

)
N1−t.

If r is odd, all admissible sets contain N , so the events Eu are mutually exclusive
and P(X > 0) = EX. If r is even, Bonferroni gives the same asymptotic lower
bound: for u ̸= v,

P(Eu ∩ Ev) ≤
Mr(N)(

N
r

) Mr(N)(
N−r
r

) = Or(N
−2t),

so
E
(
X

2

)
= Or(N

2−2t) = or(N
1−t)

because t ≥ 2. Therefore

P(X > 0) ≥
(

r!

rs!
+ or(1)

)
N1−t. (12)

On Eu, the first accumulator output zu = euRΠ1A has weight t. Each ad-
jacent pair contributes exactly one nonzero prefix coordinate over F2, and in
the odd case the forced final coordinate N contributes one additional nonzero
coordinate. Conditional on X > 0, choose one witness u. Let L = ⌊δN⌋ and
H = {N − L+ 1, . . . , N}. Since Π2 is independent,

P[supp(zuΠ2) ⊆ H | Π1, X > 0] =

(
L
t

)(
N
t

) = δt + or,δ(1).

If this event occurs, then zuΠ2A = euG is supported in the final L coordinates
and is nonzero, so δ(G) ≤ δ. Combining with (12) proves the theorem.

Remark 1. When r is even, ⌈r/2⌉ = r/2, so the lower bound is of order N1−r/2.
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B A Small-Field Weight-One Obstruction

In this appendix we record a complementary lower bound showing that the large-
field tail N1−r cannot hold uniformly over sublinear field sizes. The obstruction
is already visible for weight-one messages: pairs of adjacent repeated copies can
cancel after the first random diagonal scaling.

Theorem 3 (Small-field paired-cancellation lower bound). Fix an inte-
ger r ≥ 4 and a constant 0 < δ < 1/2. Put

s :=
⌊r
2

⌋
, t :=

⌈r
2

⌉
.

For the large-field RAA ensemble

G = RΠ1V1AΠ2V2A ∈ Fn×N
q , N = rn,

where V1, V2 have independent uniform diagonal entries in F∗
q , we have, for all

sufficiently large even N divisible by r,

P[dmin(G) ≤ δN ] ≥
(

r!

rs!
δt + or,δ(1)

)
N1−t(q − 1)−s.

In particular, for even r,

P[dmin(G) ≤ δN ] ≥ cr,δN
1−r/2(q − 1)−r/2 = cr,δN

(
N(q − 1)

)−r/2
.

Proof. For u ∈ [n], let Bu = supp(euR), so |Bu| = r and the sets Bu are pairwise
disjoint.

Call an r-subset T ⊆ [N ] paired-admissible as follows. If r = 2s, then T
consists of s disjoint adjacent pairs. If r = 2s + 1, then T consists of s disjoint
adjacent pairs together with the final coordinate N . As in Appendix A, the
number of such subsets is

Mr(N) =

(
N − t

s

)
.

Indeed, if the adjacent pairs start at positions a1 < · · · < as, with ai+1 ≥ ai+2,
then bi = ai − (i− 1) gives an arbitrary s-subset of {1, . . . , N − t}.

Let Fu be the event that Π1(Bu) is paired-admissible and that, within each
adjacent pair, the two first-stage scaled copies cancel. Conditional on a paired-
admissible first-stage active set, each pair-cancellation condition has the form

α+ α′ = 0

with α, α′ independent uniform elements of F∗
q . Hence each pair cancels with

probability (q − 1)−1, independently across the s pairs. Therefore

P(Fu) =
Mr(N)(

N
r

) (q − 1)−s =

(
r!

s!
+ or(1)

)
N−t(q − 1)−s.
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Let

X :=

n∑
u=1

1Fu .

If r is odd, every paired-admissible set contains N , so the events Fu are mutually
exclusive. Hence

P(X > 0) = EX =

(
r!

rs!
+ or(1)

)
N1−t(q − 1)−s.

If r is even, Bonferroni gives the same asymptotic lower bound. Indeed, for u ̸= v,

P(Fu ∩ Fv) ≤
Mr(N)(

N
r

) Mr(N)(
N−r
r

) (q − 1)−2s = Or

(
N−2t(q − 1)−2s

)
.

Thus
E
(
X

2

)
= Or

(
N2−2t(q − 1)−2s

)
= or

(
N1−t(q − 1)−s

)
,

because t ≥ 2 and q − 1 ≥ 1. Therefore, in both parity cases,

P(X > 0) ≥
(

r!

rs!
+ or(1)

)
N1−t(q − 1)−s. (13)

On Fu, the first accumulator output

zu := euRΠ1V1A

has weight exactly t. Each adjacent canceling pair contributes exactly one nonzero
output coordinate, namely the first coordinate of the pair. In the odd case, the
forced final coordinate N contributes one additional nonzero output coordinate.

Condition on X > 0, and choose a deterministic witness u, for example the
least u such that Fu occurs. Let

L := ⌊δN⌋, H := {N − L+ 1, . . . , N}.

The second permutation Π2 is independent of Π1, V1. Since wt(zu) = t, we have

P[Π2(supp(zu)) ⊆ H | Π1, V1, X > 0] =

(
L
t

)(
N
t

) = δt + or,δ(1).

If this event occurs, then zuΠ2V2 is supported inside the final L coordinates.
Therefore the second accumulator output

zuΠ2V2A = euG

is also supported inside the final L coordinates. It is nonzero because zuΠ2V2 ̸= 0
and the accumulator matrix A is invertible. Hence

wt(euG) ≤ L ≤ δN,

and so dmin(G) ≤ δN .
Combining this conditional second-stage probability with (13) proves the

theorem.
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Corollary 2 (Sublinear fields cannot have the N1−r tail). Fix r ≥ 4 and
0 < δ < 1/2. If q − 1 = Nγ with 0 ≤ γ < 1, then

P[dmin(G) ≤ δN ] ≥ N 1−⌈r/2⌉−γ⌊r/2⌋−o(1).

In particular, for even r,

P[dmin(G) ≤ δN ] ≥ N 1−(1+γ)r/2−o(1).

This exponent is strictly larger than 1 − r whenever γ < 1. Thus a field of at
least essentially linear size is necessary for an N1−r-order low-distance tail.

C A No-Scaling Weight-Two Obstruction

In this appendix we record a simple obstruction showing that the random diag-
onal scalings in the large-field ensemble are not merely a technical convenience.
If the diagonal scalings are removed, then weight-two messages already create
low-distance events of order N2−r.

Let
G0 := RΠ1AΠ2A ∈ Fn×N

q , N = rn,

where Π1, Π2 are independent uniform permutation matrices on [N ]. No random
diagonal matrices are used in this ensemble.

Theorem 4 (No-scaling weight-two obstruction). Fix an integer r ≥ 4 and
a constant 0 < δ < 1/2. For the no-scaling RAA ensemble G0 = RΠ1AΠ2A,
over any finite field, we have, for all sufficiently large even N divisible by r,

P[dmin(G0) ≤ δN ] ≥
(
2r−1r!

r2
δr + or,δ(1)

)
N2−r.

In particular,
P[dmin(G0) ≤ δN ] ≥ cr,δN

2−r

for some constant cr,δ > 0.

Proof. For u ∈ [n], let Bu = supp(euR), so |Bu| = r and the sets Bu are pairwise
disjoint.

For an unordered pair e = {u, v} ⊆ [n], u ̸= v, define Fe to be the event that
the 2r positions

Π1(Bu) ∪Π1(Bv)

form r disjoint adjacent pairs, and that each adjacent pair contains exactly one
point of Π1(Bu) and exactly one point of Π1(Bv).

We first compute the probability of Fe. The images Π1(Bu) and Π1(Bv) are
two ordered disjoint r-subsets of [N ]. There are(

N

r

)(
N − r

r

)
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possible choices. The number of ways to choose r disjoint adjacent pairs in [N ]
is (

N − r

r

)
,

by the standard transformation from starting positions a1 < · · · < ar, ai+1 ≥
ai+2, to bi = ai− (i−1). For each adjacent pair there are two choices for which
point belongs to Π1(Bu), and the other point then belongs to Π1(Bv). Therefore

P(Fe) =
2r
(
N−r
r

)(
N
r

)(
N−r
r

) =
2r(
N
r

) = (2rr! + or(1))N
−r.

Let
X :=

∑
{u,v}⊆[n]

1F{u,v} .

Then

EX =

(
n

2

)
2r(
N
r

) =

(
2r−1r!

r2
+ or(1)

)
N2−r.

We next show that P(X > 0) has the same order. If e ̸= f are two distinct
unordered message pairs, then

P(Fe ∩ Ff ) = Or(N
−2r).

Indeed, condition on Fe. If f is disjoint from e, then the event Ff is still a
mixed-adjacent-pair event for two fresh r-sets in a remaining universe of size
N − Or(1), and has probability Or(N

−r). If f shares one message coordinate
with e, then the positions of that shared coordinate are already fixed; for Ff to
occur, the other r-set must occupy one adjacent neighbor of each of those r fixed
positions, giving at most Or(1) possible r-sets among Θr(N

r) choices. Again the
conditional probability is Or(N

−r). Thus the displayed intersection bound holds
in all cases.

Consequently,

E
(
X

2

)
= Or(N

4−2r) = or(N
2−r),

because r ≥ 4. Bonferroni gives

P(X > 0) ≥ EX − E
(
X

2

)
=

(
2r−1r!

r2
+ or(1)

)
N2−r. (14)

Now suppose F{u,v} occurs. Consider the weight-two message

x = eu − ev.

This has weight 2 over every field; in characteristic 2, it is simply eu + ev. In
each adjacent mixed pair, the two increments entering the first accumulator are
1 and −1, in some order. Hence the running sum is nonzero at the first position
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of the pair and returns to its previous value at the second position. Since each
pair has total increment zero, the first accumulator output

z := xRΠ1A

has weight exactly r.
Condition on X > 0, and choose a deterministic witness {u, v}, for example

the lexicographically first pair for which F{u,v} occurs. Let

L := ⌊δN⌋, H := {N − L+ 1, . . . , N}.

The second permutation Π2 is independent of Π1. Since wt(z) = r,

P[Π2(supp(z)) ⊆ H | Π1, X > 0] =

(
L
r

)(
N
r

) = δr + or,δ(1).

If this event occurs, then zΠ2 is supported inside the final L coordinates. There-
fore the second accumulator output

zΠ2A = xG0

is also supported inside the final L coordinates. It is nonzero because the accu-
mulator matrix A is invertible and zΠ2 ̸= 0. Hence

wt(xG0) ≤ L ≤ δN,

so dmin(G0) ≤ δN .
Combining this conditional second-stage probability with (14) proves the

theorem.
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