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1. [S Points] This question is composed of 5 multiple choice questions, each having
only one correct answer. Please circle your answer. (1 mark for each question, no
partial marks.)

(1) If your net displacement is zero, then
A) the distance you travel must be zero.
B) your average speed must be zero.

@your average velocity must be zero.
D) all of the above must be true.

(2) A car drives over a hill with its cruise control set to a constant 50 mph. Which one
of the following statements is correct?

A) The car’s speed is changing
The car’s velocity is changing
C) Both the speed and velocity are changing
D) Neither the speed nor the velocity is changing
(3) From the top of a tall building you drop a ball from rest. Three seconds later, from
the same location you drop another ball from rest. While the two balls are in the air,
the distance between them:

A) increases as the square of time. increases linearly with time.

C) stays constant. D) none of the above.

1 1 1
Explanation: ¥, =——0t’, y2=—5g(t—3)2 = Y- =—59(-6t+9)

(4) A car rounds a curve in the horizontal plane with its cruise control set to a constant
50 mph. Which one of the following statements is correct?

The car’s tangential acceleration is zero but normal acceleration is non-zero.
B) The car’s normal acceleration is zero but tangential acceleration is non-zero.
C) The car’s tangential and normal accelerations are both zero.

D) The car’s tangential and normal accelerations are both non-zero.

(5) You throw a tennis ball straight up (relative to yourself) while running at a
constant speed. Neglecting air resistance, the ball will land

on you. B) slightly ahead of you.

C) slightly behind you. D) insufficient information to determine.

Explanation: x = vt for both you and the tennis ball, where v = your speed.



2. |5 Points] A bug follows a trajectory shown in the figure below.

(1) In the figure above, draw vectors of tangential (a¢) and normal components (a,) of
its acceleration at the three points A, B, and C if:
e at point A the bug flies with constant speed;
e at point B the bug passes the inflection point of the trajectory with increasing
speed; and
e at point C the bug is steadily decreasing its speed.

Clearly label a¢ and a, at each point. Indicate any zero components.
(1 mark for the drawing at each of the three points. No partial marks.)

(2) The magnitude of the bug’s total acceleration at point D is described by the

following equation:
m
a= |2 4 pg"
Cd

where m is mass in kg, g is gravitational acceleration in m/s?, Cyq is the dimensionless
drag coefficient, t is time in s; and S is the arc length in m measured from point A
along the curve.

Express the dimensions of constant k in terms of the three fundamental dimensions
[M], [L] and [T]:

[k] = (1 mark, no partial marks.)

Determine the value of n, if the dimension of constant b is [L]*?[T]:

n= (1 mark, no partial marks.)




Solution:

=
a

Dimensions of &:
The consistency of dimensions means that every term of the expression must have
the same dimensions. Therefore, the term /? kt? must have the dimensions of

d
acceleration [L]/[T]>.

| [e]|
W= e \/nTg Qe

[L] 1 1
k] = 72 2
T [ T

L

[T]*[M]2

Value of n:

ny o

[11 |= TE

Lz . [L]
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3. [4 Points] A car drives along a
straight road with velocity vs. (m/s) » = 2612
position as shown in the diagram. . <

Answer the following questions. v =—02s + 40
(1 mark for each question, no

partial marks.)

i

|
100 175

s(m)

(1) On the interval 0 <s < 175 m, for what values of s, if any, does the magnitude of
acceleration increase with time? Circle your answer(s) below; if there is no such
location, circle NONE.

0<s<100m 100<s<175m

(2) On the interval 0 <s < 175 m, for what values of s, if any, is the acceleration
constant? Circle your answer(s) below; if there is no such location, circle NONE.

100<s<175m NONE

(3) On the interval 0 <s < 175 m, for what values of s, if any, does the magnitude of
acceleration decrease with time? Circle your answer(s) below; if there is no such
location, circle NONE.

0<s<100m NONE

(4) What is the maximum acceleration (on the interval 0 <s <175 m)?
Note: a negative number is a lower value than a positive number.

Amax = w m/82

Explanation:

For0 <s < 100: a = U% = (25%) [2 Gs_lfz)] = 2.00 m/s? € a is constant

For 100 < s < 175: la| = |v%| ...where v 1s decreasing and slope (g) is

constant. Therefore the magnitude of acceleration is decreasing on this interval.

Note also that motion is in one direction (s is positive and increasing). Therefore if a is
decreasing (or constant) as s increases, it follows that « is also decreasing (or constant)
as f (time) increases.

a is negative for 100 <s < 175 m, so amax 1s the constant and positive acceleration for
0<s<100m.



4. [6 Points] A particle travels along the X-axis with its acceleration given by
a = (3t> — 4) m/s?, where t is in seconds. When t = 0, the particle is at X = — 4 m, and
two seconds later its position is X =—12 m. Determine its position when t =5 s.

Solution:

Acceleration is not constant, so we cannot use the equations of kinematics with constant
acceleration. Also note that the initial velocity at f =0 is not known.

dv =adt
o) t
f dv :f (3t? — 4)dt
g n}
t3
— vy =——4t =1t3—4t
V=T =3
ds =vdt
5 L
f ds :f (t3 — 4t + vy) dt
5p 0
t* 42 t* ,
S_Sn :I_7+vnt21_2t +Uﬂ.t
Evaluate this equation at = 2 s and solve for v,. Note: s = —12 and s, = —4.

_s—5y t* 2t s-—s, t°

oS T T T r gt
12— (-4) 28 -
= 5 2 +2(2)=-2m/s

Now calculate s when =35 s.
4

s=1—2t2+v0t+ So

4

5
s=——2(5)?—2(5) -4=9225m

Answer: 92.3 m



5. [9 Points] A firework rocket is launched from rest at a height of y = 17 m above the
ground, as shown in the figure below. In addition to gravity, the rocket is experiencing
a horizontal thrust and hence acceleration, ax. The magnitude of ax is twice the
magnitude of the acceleration due to gravity.

(1) [3 points] What trajectory, y = y(X), will the rocket follow?
(2) [4 points] What will be its speed just before hitting the ground?
(3) [2 points] Find the horizontal distance between the launch and landing points.

Yy

e L\ 2

17 m

Solution:

axtz
2

2
=gt? yO =y -L=17-2 =  y=17-x/2

(D x() =

(2) - find vy when the rocket hits the ground:

vE 1
ay,dy = —gdy = v,dv, = gy, = ?y = v, =(29y¢)Z =18.3m/s

- find time until the rocket hits the ground:
t?
Yo === 2t = (2y0/9)"* = 1.86 5

- find vx when the rocket hits the ground: vy=a,t«=2gt-=36.5 m/s

)/*=408m/s

- calculate speed: v= (v% +v§
(3) horizontal distance X:

y=0=17-X/2 = X=34m, also [X=a,t?/2=gt? = 34m|



6. [10 Points] The figure below shows a portion of a plate cam used in a control
mechanism. The motion of pin P in the fixed slot is controlled by the vertical guide A,
which travels horizontally to the right at a constant speed of 6 in/s over the central
sinusoidal portion of the slot.

. . . . . X
The sinusoidal curve is described by the equation Yy =5(1—cos %) , where X and y are

both in inches (1”7 = 1 inch), and the origin is at the lowest point of the curved slot.
When the pin is at the position X = 2 in, determine

(1)[6 points] the magnitude of its normal acceleration;
(2) [4 points] the magnitude of its tangential acceleration.

- | 1 |

51— cc;)sls’E) = o
/
| 5’1

—

Solution: < 8” .

The normal component of acceleration is
2 vi+v)
an = —_—=

p p

The x-component of the velocity of the pin P is equal to the velocity of the guide 4
that moves horizontally with a constant speed of 6 in/s. Therefore, v, = 6 in/s.

The vertical component of the velocity is
_dy_d[S(l nx)]_ Sd[ mXy SWX WX SMU,  TX
cos—)| = g7 0S5 | = g sing =—gsing

T dt  dt

Vy

Atx=2in, v, = Z2inZ2 = 8.33 in/s.
8 8

The radius of curvature is

@)

p:

azy

dx?
dy_51r_1rx tx=2=1.388
dx 8 g #r=e=L

d*y 5m* mx 0545
dxz_ 64 g

p =9.186 in



2 2 2 2
a, = 20 = S8 1147 ins?
P 9.186

Tangential acceleration.

Since v,, = const, then a, = 0.

dv d (57v, . Tx 57 d . TIX 5m? X .
a, =—*= ( xsm—) = (vx Sln—) = — ,?COS? = 19.628 in/s2.

dt  dt\ 8 8 8 dt 8

Total acceleration: a = \/a% + a% = \/af + a3
a, = ,/a% —as = 15.93 = 16 in/s.

64

Second method:

dv d 2 4 1 1 (2 — ) vy Dy,
ap=—=— [V24+vi=c—0xor(2v,v VU, ) = ————
g e 2. /vE+ v} E i JVE + v}

Uydy

JVE+ vf

5Ty . Tx5Te 2 X L TX X
qp =+ e BT T P - 15.93 in/s
Jv%+v§ 512 Jv%+v§
Third method:
The slope
dy 5m 7x tan 0
— = —sin— = tan
dx 8 8
6 = 54.23°

10”

8” ol

a; = a, cos (g — 8) = 15.93 in/s?.

10



7. [11 Points] In the pulley system shown below, mass m moves vertically in response
to the horizontal motion of points A and B, respectively at the end of the two
inextensible cables. B moves to the left with a constant speed of 2 m/s, while A moves
to the left (starting from rest at t = 0 s) with an acceleration of (4t/3) m/s2,

(1) [4 points] Determine the acceleration of mass m at time t = 3 s. Clearly specify
both magnitude and direction of the acceleration.

(2) [4 points] Determine the velocity of mass m at time t = 3 s. Clearly specify both
magnitude and direction of the velocity.

(3) [3 points] Determine the relative acceleration of mass m as seen by an observer
who moves with A, at time t = 3 s. Clearly specify the magnitude of the relative
acceleration and its direction in terms of the angle the relative acceleration makes with
the horizontal.

B A

\

First define coordinates sa, sg, Y1, and y», representing the motion of A, B and two
pulleys, all measured from fixed origins.

Solution:

| fj."._.,'

(1) Since the two cables are inextensible,
sg + y1 + (V1 — y2) = constant

sa T 2y2 = constant.

11



Therefore,

S‘B + 2y1 — j)z = 0
S‘A + 2y2 = 0
The solution 1s
3'/'2 =-'2 8

yi=-172y;,—1/2sp=-1/4 S4— Y- S5
Since 54 = -4/3 t m/s?, at t = 3s the acceleration of A is then
a4 =54=-4m/s’¢«
Also, we know that §g = 0. Therefore, the acceleration of the mass is

ayu =791 =-1/484— % 5p=-1/45,=1m/s’ 3

(2) The velocity of Aatt=3s1s
Va=54= [, (= D)dt =- 6 m/s.¢
The velocity of the mass is then
Vie=v1 =-1/4(-6)-1/2(2) = 0.5 m/s ¥

(3) The relative acceleration of mass m relative to A is

— = —
Apa = Ap - Ay

Making use of the amplitudes and directions of the velocities and accelerations
determined in (1) and (2),

magnitude ayyy = (4°+1°)"° = 4.12 m/s’
14.04°
direction 8 = tan’(1/4) = 14.04°.

12



Fundamental Equal:ions of Dynamics L —

KINEMATICS Equations of Motion
Particle Rectilinear Motion Farticle | 2F = ma
Variable a Constant a = a, Rigid Body 2F = m(ag),
dv (Plane Motion) ZF, = m(ag),
a= &T v=1 t alt EMCF:‘,Ga or EMP=2("«'}()P
ds Principle of Work and Energy
T s = S0+t + e’ i +U2=T
ads = vdv v = 0§ + 2a(s — sp) Kinetic Energy .
) Particle l T = smp?
Particle Curvilinear Motion —
x, y, z Coordinates r, 6, z Coordinates Rigid Body 1
> . ’ — _ (Plane Motion) = imvé + 1 Igw?
v, =X a, =x v, =r a,=r —rg? Work
v, =y a, =y vVg=r0 ag=r6 +2/6 Variable force Up = /FCOS 6 ds
V2= 2 =12 v =2 4=z Constant force Ug = (F.cos8) As
n, 1, b Coordinates Weight Uy = - WAy
v=3 e =1 = v@ Spring U = —[% ks} — %ks";)
ds Couple moment Uy = MAp
2 [1 + (dy/dx)}"? Power and Efficiency
a, = — =5
e |d?y/dx?| P=2 _p.y ¢=Fou_Uou
Relative Moti dt Pn U
elaitve Hotion Conservation of Energy Theorem
VB =Vat+ Vg4 8p=a,+agy, h+Vi=Th+V
Rigid Body Motion About a Fixed Axis Potential Energy ]
= - — 4lp.2
Variable a Constant a = a, V=V + Ve, whereVy = Wy, V. taks
do Principle of Linear Impulse and Momentum
a=— w = wy + at .
de Particle ’ mv, + Z / Fdt = mv,
de )
=— 8 = 8y + wyt + las?
R o T wof + e Rigid Body | m(vg); + E/Fdr = m(vg)2
wdo = adb w? = w} + 2a.(6 — 6,) . .
) Conservation of Linear Momentum
For Point P , Z(syst. mv); = Z(syst. mv),
s =6r = a, = ar n = @r . . -

. ©r 4 . CoefTicient of Restitution , = (Vs)2=(v4)2
Relative General Plane Motion —Translating Axes (va)i—(va)y
Y8 = Va t Vgapin) 88 = 84 t Bp/a(pin) Principle of Angular Impulse and Momentum
Relative General Plane Motion—Trans. and Rot. Axis Particle (Hp), + E/Mo dt = (Hp),

VB =Va+ Q Xrg, + (V)

. where Ho = (d)(mv)
83=aA+ﬂXrBM+QX(ﬂXr3/A)+

(Ho), + = / Mo di = (Ho),

2Q X (Va/a)zy: + (88/4)xy: Rigid Body
KINETICS (Plane motion) where H; = Igw
Mass Moment of Inertia ! = /fzdm (Ho) + E/Mo dt = (Ho),
Parallel-Axis Theorem 1 = I + md*® where Hop = Ipw
Radius of Gyration k=L Conservation of Angular Momentum

m Z(syst. H); = Z(syst. H),
“

13



APPENDIX

‘Mathematical
Expressions

Quadratic Formula Derivatives
_b i m d n — n—= du
Ifax? + bx + ¢ = 0, then x = 5 ac a(u)—nu IE
Hyperbolic Functions d dv  du
—uv) =u—+v—
. ef—e* ef+e* sinh x dx dx dx
sinh x = ,cosh x = tanh x =
osh x ﬁ"i‘, _ dv
Trigonometric Identities d (5) B Yax ~ “dx
L. A _C dx\v/) v?
sin@ = C,csc& =
B C d = el d_"‘
cosBzE,sec():E c A dx(colu)~ csc udx
A B
tan 6 = B’ cotd = A 2 dix(sec u) = tanusecuj—i
sin@ + cos?6 =1 B
sin(f + ¢) = sin @ cos ¢ + cos Osin ¢ E(cscu)=—cscucotuj—:

sin 26 = 2sin @ cos 6
cos(@ + ¢) = cos B cos ¢ F sin 0sin ¢

cos 26 = cos? @ — sin’ 6

i(sin u) = cos ud—u
dx dx

_ ., [T +cos20 .~ [1—cos26 d . du
cosf = x > ,s8inf = % - E(cosu) = —sinu_
sin 0
= d d
tan 8 cos 6 —(tan u) = sec? ull

1 + tan®@ = sec’® 1 + cot?6 = csc? 8

Power-Series Expansions

dx dx

d . _ du
a(smh u) = coshmdJr

x’ e
sinx = x — =+ - sinhx = x + 4+ -
> 3 d . du
x2 £ E(cosh u) = sinh u
cosx=1—§+m ooshx=1+§+---

14



APPENDIX A MATHEMATICAL EXPRESSIONS 671

Integrals

xﬂ'i']
/x”dx= +l+C,J"H»E—1
n

dx 1
= —In(a + bx) +
/ PR In(a + bx) + C

b
/ dx _ _ 1 ]n|:a+xv—ab
a+bx* 2\/-ba la- xV-ab

xdx 1 2
=— B
/a b In(bx* + a) + C,

Vab
a

i|+C, ab <0

tan1Z +C,ab >0

/xzdx _x__a
a+bx2 b p\Vab
dx 1 a+x
= —1 +C,a® > x?
/az—xz\_ 20“[ ] *

a-x
/Va+bxdx=%V(a+bx)3+C

- - 3bx)V(a + bx)}
/x\/a + bxdx = 22a E;;lz (a x) +C
— 2 — + 2)V(a + bx)’
[xz hr dx = 2(8a* — 12abx lotsigzx )V(@a+bx)’ |

'/.\/.:12 — x2dx = %[x at— 2+ azsin‘lf] +C,a>0
/Jr\/.u:2 + a’dx = L V(x?* + a?)® + C

3
/xz\/az — xtdx = —%}\/(az - x%)?
2
+ a—(x\/a2 - x4+ azsin_l—;-) +C,a>0

8

f\/xz + atdx = %[x\/xz:l: a’ + azln(x+ Vx? + az)] +C
/Jc\.ha2 - x*dx = —%\/(ﬂ2 - +C

2
n x*+a?)F %x\/x2 + a*

4
a
— Eln(x +

x
/x2Vx2 + atdx = =~

xz:l:az)+C

/ dx =2\/E+_bx+c
Va + bx b
—% =Viitad+C
[V vy o
+x\/E+%J+C,c>0
= vl__cain'l( _z,b_.ﬁ?__ 4:0) +Cc>0

/sinxdx= —cosx + C

/cosxdx =ginx +C

/ x cos(ax) dx = %cos(ax) + Esin(ax) +C

/ x? cos(ax) dx = %oos(ax)

atx* -2

al

sin(ax) + C
ax — 1 ax
e¥dx =—e"*+C
a
eﬂX
fxe‘“dx =—(@ax-1)+C
a
/sinhxdx =coshx + C

/coshxdx=sinhx+€
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