A Research Story: Compound Equations and Dynamics.

Part 3

James Muldowney, University of Alberta

July 21, 2021

IUSEP Edmonton () Compound Equations July 21, 2021 1/17



Curves and Surfaces

A smooth curve v in R" is a C! function s — x(s), s € | C R,

x(s) € R".
A measure of the length of v is
d
- / dl [ (s)| ds
p” ds
where ||-|| is a norm on R". For example, the euclidean norm

x|l = \/(x1)2 + -+ (x,)? gives the usual measure of length

Xm dX,, 2
d
\/ ds °
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A smooth 2-surface o in R" is a C! function (s1,%) — x (s1, %),
(51,52) elUcC ]R2, X(51,52> € R".
A measure of the area of ¢ is

def
a (a):/da ¢ /||x51/\x52|| ds, ds;
o

where xg, aas (s1,5) and ||-|| is a norm on R®). If ||-|| is the Euclidean
norm we have

where
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A smooth k-surface o in R" is a C! function

(s1, -+ sk) = x(s1,- k), 51, sk € UCRK, x(s1,--+,5) € R".
A measure of the k-area of 0 is
def
(T):/dak = /||><51 co A X || dsy - - - ds
g
where x5, = 52 x (s1, -+, 5¢) and [|-|| is a norm on R If ||| is the

Euclidean norm we have

- “ .. . 2
w)= [ X G g,

1< <-<ix<n 9 (1, sk)
where

aX,'l aX,'l . aX,'l
Bon oo
Lo X Xip Xip . Xip
M = det 9s1 957 95y

a (51, . , Sk) . . . .
BX/k ax,»k ) BxJ
sy ds dsy
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Nonlinear Differential Equations
feCH(R"— R")
X =f(x) (N)

Solution : x (t) = ¢ (t) = ¢ (t,x0), is uniquely determined by x (0) = xg
and, for simplicity, we will only consider equations for which solutions exist
forallt >0

If ¢ (t,x0) = xo for all t, then xg is called an equilibrium.

If ¢ (t+w) = ¢ (t), w > 0,the solution is periodic of period w.

An orbit (positive semi-orbit) is a set {¢ (t): 0 < t < co}.

The orbit of an equilibrium is a single point.

The orbit of a periodic solution is a simple closed curve (Jordan curve)
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Linearization about a solution ¢ (t):
of

Y= (¢(t)y
Solution is:
0
y() = 5 (6x0)y(0), =90
Y(t) = ;)cp (t, xo) .fundamental matrix, Y (0) =/
X0
"Proof": y = ¢ (t,xp) solves y = f (y)
o

= 5 (t.x0) = f (¢ (t.x))

Differentiate with respect to xg

0%¢ a2¢
dtdxg (tx0) = 3 00t (tx
of

= V=S"(g(0)Y
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The k—th compound equation of (L) is:

(K]
2= o)z (L)

k
Solution: z (t) = g%( ) (t.x0)z(0), xo = ¢ (0)
The case k = n of (L) is the Liouville equation:
z=divf(¢(t))z (Ln)

Solution: z (t) = det% (t.x0)z(0), xo = ¢ (0)
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Suppose that D C R” has finite n-dimensional measure a, (D), then the
measure of ¢ (t, D) is

ap (¢ (t,D)) = /><€¢(va) dx = /XoeD

(Lp) = det 57"; (t,xp) = exp [fot div f (¢ (s,x0)) ds} . So, for example, if
divf < 0 in R”, then the measure of the set ¢ (t, D) decreases with time.

deta—q) (t,x0)

I dxg

When n = 2 this observation implies that no simply connected region
where div f < 0 can contain a non-trivial periodic orbit of (L). This is
known as Bendixson’s Condition. Most textbooks prove this as a very nice
application of Green's Theorem.
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Stability of the linearized equations (L) and its compounds (L) have
many implications for the dynamics of (/)

If v9: x=x0(s), 0<s<1isacurveinR" then y,:x = ¢ (t,x (s)),
0<s<1isalsoacurvein R"” for each t > 0.

/ K el
10 = | |50

e = [ | e a= [ 52 @) g 0o o
<[22 @ty HH (0 (5)) | s

We can conclude for example that, if H% (t, XQ)H o 0 uniformly with
respest to xg € R”, then

e there is at most one equilibrium of (N) and,

@ any equilibrium attracts all other orbits
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If 00 : (s1,%) — x(s1,%) is a 2-surface in R” then so also is 0 :
(s1.%) = ¢ (t. x (51, %))

We can use similar ideas to get higher dimensional Bendixson Conditions
to rule out the existence of periodic orbits. These are conditions on (Ly)
that typically imply that some measure of surface area decreases in the
dynamics. Another related type of condition would imply that ayo T 0.

The central idea is to observe that a periodic orbit -y is invariant in the
dynamics, ¢ (t,y) = 7. So, if g is any surface which has - as its
boundary, then X; = ¢ (t,X¢) is also a surface with 7 as boundary. But if,
among all surfaces with boundary 7y, ¥ is a surface with minimum area
and (N) diminishes area we would contradict the minimality of 2 So no
such invariant closed curve can exist.
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The following are Bendixson conditions for various measures of 2-surface
area. Each reduces to the classical result when n = 2:

A1+ Ay < 0(RA Smith)

max,#{g—z+§7€+zq¢,‘5 ( 372 ng: )} <0

max,#{%f’r—i—g%—l—zq#ns(g% + 371(‘: )} <0
A1+ A >0

mi”ryés{gi', + 5 — Lotrs ( 5o+ |5 )} >0

minfis{gg, +37f2_2q7ér,5 ( %’2 STZ )} >0

A1 > Ay > -+ - > A, are the eigenvalues of % (g—i* + g{)
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General Compounds

M Fiedler, Czech Math J 24(1974), pp 392 - 402
X C Y: General compound AlKl € £ (/\kX — /\kY) .0<m<k

Alk,m] <v1/\---/\vk> def ) AL A AR VZ A LA Ay

(e1,ex)

g € {01}, g +---Fe=m A =]
ALkl — (k) plkd] — Akl plkk] — AlK)

D" (1 + hA)¥ = mt Alkm]
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= miAlkm]
t=0

D (1 + hA)K)

k
(1 +hA)K =y pmalkm]
m=0

= pAlk L p2palk2]l oo gk alkik]

1

If Ay, - -+, A, are the eigenvalues of A with eigenvectors v-, - - -, v, then

the eigenvalues of (/ + hA)(k) are
h ()\’1 + te +/\’k) + h2 (All/\lz + ttt + )\I'kfl)\l.k) + ttt + hk (/\IlAIQ : '/\I'k)

with eigenvectors v1 A v2 A - A VK,
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