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Compound Matrices

m X n matrix: _
:[a{],l</<m,1§jgn

p X p minor:
anw=det[al], 1<ij<p,

minor of A determined by the rows rq, ..., r, and the columns s1, ..., s,
examples:

1
12 9 a9
a = =0
R
1.2 1.2
a%% _ ‘31 a ‘ al%_ a 41 ‘
= 1 2| 9q3=| 1 .2
a a a3 a3
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m = n > p, cofactor matrix:

S1...Sp

H 51...5
n..r is the cofactor of aj, /"

wlp

i.e. it is the signed minor determined by the rows complementary to rows

ry, ..., rp and by the columns complementary to columns si, ..., s, multiplied
by (_1)r1+51+...+rp+sp

If p = n, define
A =1
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1 .2 .37
ap a1 41
3x3matrix A= | a} a3 a3
1 2 3
a3 d3 43 |
2 .3 1 .2
Al QB B _2__ |9 94
1= a23 12 B a3 = 2 22
3 3 3 93
12 3 123 _
Agp = A13 = —a; and A5z =

Note that in this case we have
det A= alAl + a?A? + aiA}, i =1,2,3
and
0=alAl +22A2 + A3 ifi £r.
n X n matrix A: Laplace expansion

by rows detA = a{:AJ: i=1,2,--+n

by columns detA = Za/:AJ: j=212---n
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If Ais anx nmatrix and 1 < k < n, then the Laplace expansions by

minors are:
detA = Z an AR, fl<n <. .<n<n
1<s1<...<s¢k<n
detA = Z an kAL, ifl<s <. <s <n

1<n<..<rg<n
Note: 0 = Yo(5) anmi Aprae, if (r) # (t), and 0 = ¥,y ank Aok, if
(s) # (1)
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n x n matrix A: Cofactor matrix of A:
cofA= A, ij=1 ..n
adjugate (or classical adjoint) matrix of A:
adjA = (cofA)"

Properties:

A (adjA) = (adjA) A = (det A) |

1
Al = ] tAad]A

det (cofA) = det (adjA) = (det A)" !
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Multiplicative Compounds

nx m matrix A, 1 < k < min{n, m}
k—th multiplicative compound is the (}) x (

AK) — [a55] = [3(5)}

V) matrix

rn...rg

The entry in the r—th row and the s—th column of A¥) is an k= agfg,
where (r) = (r1, ..., rg) is the r—th member of the lexicographic ordering
of theintegers 1 < <n <..<r <mand (s) = (s1,...5¢) is the s-th
member in the lexicographic (dictionary) ordering of all k-tuples of the

integers 1 <51 < s < ... <5, < n:

1 < n<n<n<hb
(1) = (123), (2) =(124), (3) =(125), (4) = (134), (5) = (135),
(6) = (145), (7) =(234), (8) =(235), (9) = (245),(10) = (345).
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Example:

12 12
T 3

A= | 2 2 CAQ = a13
12 12
m dm 1o Im—1,m (M1

Binet-Cauchy Theorem:
AB = C = AR — k)

Sylvester’s Theorem:

det AK) = (det A) ()
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Linear Differential Equations

x=A(t)x

t€0,00), x € R", t — A(t), ., continuous.

nxn

A solution x (t) of (L) is uniquely determined by its value x (ty) at any

point ty € [0, o).

X (t) is a solution matrix of (L) if X (t) = A(t) X (t)

nxm

X (t) is a fundamental matrix of (L) if it is n X n, non-singular and
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The columns of a fundamental matrix span the solution space of (L) :
x (t) is a solution of (L) <=> there exists ¢ € R” such that

x(t) =X (t)c.
Equivalently, the columns of X (t) are solutions of (L) which span the
solution space of (L).

In particular, each column of X (t) is a solution of (L).

Suppose that X (t) is a fundamental matrix of (L), then a n x n matrix
Y (t) is a fundamental matrix of (L) if and only if there is a constant
non-singular matrix C such that Y (t) = X (t) C.
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Any continuously differentiable n x n matrix X (t) is a fundamental matrix
for some linear differential equation (L) <= X (t) is non-singular:

Alt) = X()X (1)

X(t) = A(t)X(t)
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Compound Differential Equations

Recall, from Sylvester's Theorem, det X (t)*) = (det X (t))(zj) so that
det X (t) # 0 = det X(W) (t) # 0. So Y (t) = XKW (t) =[5k (t)] is a
fundamental matrix for a (})-dimensional equation. The coefficient matrix
in this equation is denoted AlK]

y =AM (t)y (k)
the k-th compound equation of (L) . Note that Al = A, Al"l = tr A

y=A(t)y (1)

y=1tA(t)y (n)
In the case k = n, X(") (t) = det X (t), and (n) is the famous
Abel-Jacobi scalar equation which gives

det X (t) = det X (tp) exp </ttrA(5) ds>

to
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If X (t) is a n x m solution matrix of (L), then Y (t) = XX (t) is a
(1) x (%7) solution matrix of (k)

k
Example:
1,2 12
S i
X=|% % K2 — | X3
12 12
Xm Xm 1 pmxo Xm—1,m 1 (m)x1
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Additive Compounds

A=ld| 1<ij<m=n

C = A[k], 1 < k < m=nis called the k—th additive compound A

S

Additivity:

(

\

an 4 tag, {if (r)=(s)
if exactly one entry r; in (r)

(—1)™ a7, does not occur in (s) and s;
does not occur in (r)
0 { if (r) differs from (s) in two
' or more entries

(A+ B)K = Akl 1 BlK
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Examples:

n=2:
Al [311 312]:A
a1 ax
Al — aj; + axn =trA
n=3:

ail a2 ans

1
Al = a1 axn axs | =A
d31 432 4a33

a1 +ax» a3 —ai3
2
A2l — a3 a1l + as3 aro
—a31 a1 ax + asz
ABl = aj1 + axp + azz = trA
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Al2l —
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A = a1) - apy+a33+ag= trA

Compound Equations

[ a11+ax a3 E —ai3 —ais 0
asy ari+asz asg an 0 —ai4
as a3 a11+as 0 a1 a13
—az1 a1 0 axn+as3 ass —ans
—ag 0 a1 a3 a2 +ass a3
0 —ag1 asy —ag asy asztagy
[ ai1+ax+ass azs —any aia
as3 ai1+anp+ag a3 —ais
—ag asz a11+as3+aas a1z
ay1 —as1 ari ax+asz+ag |
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Geometrical Interpretation

Solutions x! (t), x? (t) of (L) with n = 3 may be interpreted as oriented

1
x (t)
line segments in IR® whose projections on a basis e, e?, €3 are | xJ (t)
x3 (1)
% (t)
.| x2(t) | and whose evolution in time is governed by (L). If
2
(0 1 2 12
X () xi (1) X13
X(t)=| xd(t) x3(t) |,then X (t) = | x5 | satisfies (2) and
x5 (1) x5 (1) 3
may be considered as an oriented 2-dimensional parallelogram in R® whose
projection onto the (ei, ef) coordinate plane, i < j, is a parallelogram with
area x;°.
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If x! (t),---, x¥(t) are considered as an ordered set of oriented line
segments in R" changing with time, then y (t) = x}2."% () may be
interpreted as the projection of the corresponding k—dimensional oriented
parallelopiped in IR” onto the k-dimensional coordinate subspace spanned

by e, - -, er.
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(exp A)(k) = exp (A[k])

— AlK]

t=0

d (k)
™ (I +tA)

The last expression is sometimes taken as the definition of AlK]
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