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Outline of Mini-course Talks

Wavelet theory in the function setting.
Multiresolution analysis.

Riesz and biorthogonal wavelets in Ly(R).
Basics on Sobolev spaces.

Basics on boundary value problems in PDEs.

® 6 6 6 ¢ o

Wavelet applications to numerical PDEs.

Declaration: Some figures and graphs in this talk are from the book
[Bin Han, Framelets and Wavelets: Algorithms, Analysis and
Applications, Birkhauser/Springer, 2017] and various other sources
from Internet, or from published papers, or produced by matlab,
maple, or C programming. [Details and sources of all graphs can be
provided upon request of the audience.] ox
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What Is a Wavelet in the Function Setting?

o Let ¢=(¢1,...,4)" and & = (vr,...,%)" in Lo(R).
@ A system is derived from ¢, via dilates and integer shifts:
AS(¢i0) :={(- — k) : ke Z}U
[y = 220(2 - k) © j € NU{0}, k € Z}.

o {¢;1} is called an orthogonal wavelet in L,(R) if AS(¢; ) is an
orthonormal basis of L(R).

@ Wavelet representation:

f= D (F 0l =Ko=K+ 3 (F it € L(R),

keZ €z
where (f, g) = [, f(x dx is the inner product.

e Forr=1, {qﬁ Y} is caIIed a scalar wavelet. For r > 1 (i.e., ¢ is...
a vector function), {¢; v} is called a multiwavelet. &
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Dilates and Shifts of Affine Systems
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Multiresolution Analysis

A sequence {¥}},cz of closed subspaces in L,(R) forms a (wavelet)
multiresolution analysis (MRA) of Ly(R) if

Q@ 7, ={f(¥) : fe¥}and ¥ C ¥, for all integers j € Z;
Q Ujcz”; = Ly(R) (that is, Ujez 7} is dense in Ly(R)) and
Njez¥j = {0};
@ there exists a set ® of functions in Ly(R) such that
{¢(-— k) : k€ Z,p € d}is a Riesz basis for 7.

Note that the set ® of functions in item (3) completely determines a
multiresolution analysis by

¥ = S, (®|Lo(R)) 1= span (2 - —K) - k€ Z, o€ ®) .

For scalar wavelets, @ is a singleton and ® = ¢. <
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MRA of Orthogonal (Multi)Wavelets

o Let p=(o,...,0")T and ¥ = (¥, ..., ¢°)T in LL(R).
o {¢;1} is called an orthogonal wavelet if AS(¢; ) is an
orthonormal basis of L(R), where as

AS(p;0) == {¢*(-— k) : keZ t=1,...,r}
U{h, =222 —k) : j20,keZl=1,...,s}.

° Deflne = Szj({<b1 ., 0" HLx(R)) and
= Sz(&/’ ¢5}|L2(R)) for j € Z.

° Then we have the space decomposition of L(R):
Vi =7,0%; and  L(R) =Y,02,¥; = ®jex¥), VJ €L,

where @ means the orthogonal sum of closed subspaces in
L>(R). &
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Vanishing Moments and Sparsity

o A function 1) has m vamshmg moments if @D( )= O(]¢|™) as

€0, i, (0) = ¢/(0) = -+ = Y™ D(0) = 0,
o If 1) has decay, then the above is equivalent to fR x)xidx =0
for all j =0,. -1

o If (€)= b(§/2) (5/2) and ¢(0) # 0, then ¢ has m vanishing

moments if and only if the filter b has m vanishing moments:
b(§) = O(|¢]™) as £ = 0.

o Let {¢; 1} be an orthogonal wavelet in Ly(R). Then every
function f € L,(R) can be represented as

f:Z<f7¢(._k (- — k) —|—ZZ  Yaiise) Yo k-

kEZ j=0 kezZ

o If f ~ p on the support of ¢, and deg(p) < m, then 1) has m....
vanishing moments implies (f,,;.,) ~ 0. &
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Fast Wavelet Transform in Function Setting

Let {¢; 1} be an orthogonal wavelet in L,(R) with an orthogonal
wavelet filter bank {a; b} such that

0(26) = a(€)(€),  B(2€) = (&) ().

Then every function f € L,(R) can be represented as

f:Z< $2s:k) 2Jk+zz Voik) Vi

KkEZ, j=J kezZ
Choose | large so that
frf=> V(Ko with V(k):=(f by
kEZ
On the other hand, we also have

fi = 1+ZWJ Yk)) o1y with W/ (k) == (F ahoi1.4).
keZ &
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Fast Wavelet Transform in Function Setting...

Then the coefficients v/~!, w/~! can be computed from v/ as follows:

. 2 . : 2 :
vl = \2—7‘3‘,1’ wiTl = \/7—77)‘,17

which is exactly the same discrete wavelet decomposition in the
discrete setting.

Conversely, we can obtained v/ from v/~ and w/~! b
y Y

. 2 . 2 .
Vo= \/T_SQVJ_1 + \/T_Sbwj_l,

which is exactly the same discrete wavelet reconstruction.
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Explanation

Note 72(25) = B(é‘)A( €) is equivalent to

_2Zb (2-—n)

nezZ
Then
ory = 207271 — k) = 2UHD/2N " p(n . —2k — n)
neZ
= \/§Z b(n)¢2/;2k+n'
nez

Therefore,

Wj_l(k) = <f7 Q)DZJ'*I;I() = \/§Z b(n)<f7¢2f;2k+n>

nez

— V2 B(m)vi(2k + n) = gmvf](k).

neZ .‘
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Explanation...

Recall
Uity = \/EZ b(n)$2i2k+n-
neZ
Conversely,
ZWJ_ k)1)oi- 1k—z\/_ZWJ 1 RUCER
keZ keZ n€Z
keZ n' €7
=D V2) b2k — n)w (k)
n'e€Z keZ
V2 o g
=3 5 S ()
n'€Z
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Explanation...

Hence,
S VI (K)bau = > VTHK)bur + > w T (K)o
=2 (?[Savf*](n') + ?[Sbwf—ll(n») Gaim
=2 (?[Savj‘ll(k) + ?[Sbwj‘ll(k)> Paiik-

Since {¢(- — k) }kez is an orthonormal system, we must have

A0 = 215,010 + LIS 1(6).
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Construction of Orthogonal Scalar Wavelets

(Theorem . |

Let a, b € Ih(Z) with a(0) = 1. Define

o¢) =[[a@7e),  ¥(e) = b(e/2d(/2)

Then ¢, € Ly(R) and {¢; ¢} is an orthogonal wavelet in L,(R) if
and only if

o [6,0] =1, ie., {¢(- — k)}xez is an orthonormal system.
e {a; b} is an orthogonal wavelet filter bank:

T

a€) b

R a¢) b
a+m) b(E+ )

Setrn) Beim| =7
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Orthogonal Wavelet Filter Bank

Let a,b € Ih(Z). Then {a; b} is an orthogonal wavelet filter bank:

a) b
aE+m) b+ )

a€) b

~

a§+m) b+ )

if and only if a is an orthogonal low-pass filter:
|a(6) 17 + [a(e +m)* =1

and there exist c € T and n € Z such that

Ble) = ce @ IFE T )

For c=1and n=0, b(¢) = e 3(¢ + 7). &
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Daubechies Orthogonal Wavelets

Define interpolatory filter a},,(€) 1= cos™ (£ /2P m(sin?(€¢/2)) with
Pm.m(Xx) == zj";_ol (mJ“Jf_l)xJ Since azm(é’) > 0, by Fejér-Riesz
lemma, there exists a2 € Ih(Z) such that aD(O) = 1.

o~ —

(@D (E)[2 = abp(€) = abm(€) = cOSP™(E/2)P mm(sin?(£/2)).

Define ¢ through ¢(¢) := [[Z,2 m(2 ~i¢). Then [$,¢] =1 and
{al; bP} is an orthogonal wavelet filter bank with

BD(&) = e €aD(¢E +7), (&) = B2(£/2)d(¢/2).

Then {¢; v} is a compactly supported orthogonal wavelet such that
the low-pass filter a2 has order m sum rules and the high-pass filter
b2 has m vanishing moments, called the Daubechies orthogonal
wavelet of order m. -
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Daubechies Orthogonal Filters

alD - {i? %}[0,1]7

ab = {1+8\/§’ 3+8\/§, 3—8\/§ 1—\/§}[712]
20 _{1+«/ﬁ+\/5+2f 5+W+3\/5+2 o 5— \F+\/5+2\/ﬁ
3 = 32 16

5—/10— \/5+2 5+W 3\/5+2 o 1+ﬁ—\/5+2 } 23]

ay = {—0.0535744507091, —0.0209554825625, 0.351869534328,
0.568329121704,0.210617267102, —0.0701588120893,
— 0.00891235072084, 0.0227851729480} (3 4
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Daubechies Orthogonal Wavelets

(a)kFiIter abP ;, (‘b) ¢a? | W(c) W, -

@ Flers® @ (¥ ®
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Plot Refinable Function ¢ and Wavelet Function ¢

3_3\@’ 1—8x/§}, b — {_1—8\/5’ 3—8\/5’ _3+8\/§7 1+8¢§}_

Y

a_{1+\/§ 3+/3
- 8 ' _8
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Daubechies Orthogonal Wavelets

(a) Filter a3D (b) ¢a§’ (c) qpa?
B
(d) Filter o et et &
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Riesz (Multi)Wavelets in Ly(R)

o Let ¢ - (gbla R ¢r)T and w - (wla s 7¢S)T in LZ(R)
o {¢;1} is a Riesz wavelet if AS(¢; 1)) is a Riesz basis in Ly(R),
that is, (1) there exists positive constants C; and G, such that

2
G Y lal<|Yan| < > lal
heAS(¢:) heAS 2(R) heAS(éih)
and the linear span of AS(¢; ¢) is dense in Ly(R), where
AS(¢: ) == {o(-— k) © k € Z}
U {thoie := 22p(2 - —k) = j >0,k € Z}.

o If (; = (; =1, then a Riesz wavelet becomes an orthogonal
wavelet. That is, an orthogonal wavelet is a special case of Riesz..
wavelets.
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Biorthogonal Wavelets in Ly(R)

o Let ¢ = (¢1,...,¢,)" and ¢ = (¢1,...,9s)" in Lr(R).

o Let = (¢1,...,0,)  and ¥ = (1, ...,90)T in Ly(R).

o ({d: 4}, {¢; }) is a biorthogonal (multi)wavelet in L,(R) if
© Both {gb ¥} and {¢; 9} are Riesz wavelets in Ly(R);

@ AS(¢;¢) and AS(¢; 1) are biorthogonal to each other:
(hh)=1 and (hg)=0, VgeAS(d:v)\{h}.

@ Every function f € L,(R) has the wavelet representation:

f:Z<f7('z;(._k (- — k) —i—ZZ o) Vaisk.

kEZ j=0 kezZ

@ An orthogonal wavelet {¢; 1} is just a biorthogonal wavelet
({o; 9}, {o:¥}) (ie., its dual is itself.)
@ Biorthogonal wavelets and multiwavelets are widely used in

image processing and numerical solutions of PDEs. 8,
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MRA of Biorthogonal Wavelets

o Let ({¢; 9}, {¢;¥}) be a biorthogonal wavelet in Ly(R).

@ Define 7; := Syi(¢|L2(R)) and #; := Sy (¢|L2(R)) for j € Z.

o Define 7, := S,(¢|L2(R)) and #; := S5 (| Lo(R)) for j € Z.

@ Then we have two intertwined MRAs: For J € Z,
Vim=7,0%; and L(R)=7,@;2,¥; = Djcz¥,
7/J+1 7/J b % and L,(R) = 7/J EB oW = DBjer W

where & means the direct sum of closed subspaces in L,(IR) and
%:%HHZL, %:%HQZL, J €L

o Wavelet coefficients (f,zsz;k) can be computed through MRAs
using filter banks by fast wavelet transform as in the case of ...
orthogonal wavelets. &
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Construction of Scalar Biorthogonal Wavelets

Theorem: Let ¢,9 € Ly(R) and ¢, € Ly(R). Then ({¢; 9}, {¢;¢})

is a biorthogonal wavelet in Ly(R) if and only if
© There exist a, b, 3, b € h(Z) such that

026 =Foe),  U(2¢) = b

5(20) =3(©)8(6),  D(2¢) = E(éw(@
@ ({3;b},{a; b}) is a biorthogonal wavelet filter bank:
i ko |[ a9 b
a&+7) b(e+m)| |A€+m) b(E+T)

) [&5 Zs] € Lo(R), [4,4] € Luo(R), and [, 3] = 1, where

/f Ye "oy, [F.E](¢ :Z (€ + 20F(E+ 27K),
ez

—
i
N—r
Dy S
—
i
v
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Scalar Biorthogonal Wavelet Filter Bank

Let a, b, 3, b € Io(Z). Then ({3; b}, {a; b}) is a biorthogonal wavelet
filter bank:

T

EGEN GEEIEGING
3(E+m) b(e+m)| |AE+m) b+ )

(3, a) is a biorthogonal low-pass filter:

3(€)a(€) + a(6 + m)a(E + 1) =1

with the choice /1;(5) = e*3(¢ + ) and A(f) = e'¢3(¢ + ).

If 3(0) = Y4ep ak) = 1, then 6(€) = T[22, 3(27¢) is well defined
and satisfies 5(25) = 5(5)5(5)_ &
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Example of Scalar Biorthogonal Wavelets

We can obtain a pair of biorthogonal wavelet filters by splitting the
interplatory filter

=

dm(€)am
as follows: P(x

/\

(&) = ab, (&) = cos®™(€/2)Pm m(sin®(£/2))
)I5( ) = Pm.m(x) and

)

(€)= 271+ e E)"P(sin®(€/2)),  bum(€) = e €Gu(E + ),

(€
(€)= 21+ e E)B(sin?(E/2)), (€)= e En(E + 7).
bi

orthogonal wavelet filter bank:

2 ={3 7 111

For m = 2, we have the LeGall

and
s 1131 1
a = {—ga 382 —g}[f2,2]- &
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Examples of Biorthogonal Wavelets

(g) 9™ (h) po=2

(i) o™ (j) w2 /
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The Most Famous Biorthogonal Wavelet

For m =4,
2 _{_i 2—t 16+t 6+t 16+t 2—t _i}
4= 1" 64> 32 64 ’ 16 64 0 32 64J[-33D
5_{t274t+10 t—4 —t246t—14 20—t 3t2—20t+110 20—t
4= 256 ) 64 64 ) 64 128 » 64
—t?°46t—14 t—4 t2—4t+10}
64 1764 7 256 [—4.4]

where t ~ 2.92069. The derived biorthogonal wavelet is called
Daubechies 7/9 filter and has very impressive performance in many
applications.
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Example of Biorthogonal Wavelets

(k) ¢ (1) oot

(m) ¢* (n) b ©
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B-spline Functions

@ For m € N, the B-spline function B,, of order m is defined to be

1
Bl = X(0,1] and Bm = Bm,:l * Bl = / Bmfl(' — t)dt.
0

@ supp(B,) = [0, m] and B, (x) > 0 for all x € (0, m).
e B, = Bn(m—"-)and B, € €™ %(R).

° By |kk+1)€Pm L forall k € Z.

° B (&) = (&= 7 'E)m and B,, is refinable:

Bm =2 as(k)Bn(2- —k),

keZ

where aZ is the B-spline filter of order m:

aB(€) =27"(1+ e )"

o Note that B,,(2¢) = aB(&)Bn(€) and B (€) = [, 28(2 ‘15)

J
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Graphs of B-spline Functions

(d) B, B (e) Bs - (f) Be
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B-spline Filters a,
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Basics on Sobolev Spaces

@ A function f on | := [a, b] is absolutely continuous if for every
e > 0, there exists 9 > 0 such that for all nonoverlapping
(aj, b;),j =1,...,nin [ such that

n

Z|f ) — f(a;)] <& as long as Z(bj_aj)<5‘

Jj=1

o If f is absolutely continuous, then f’ exists almost everywhere
and f is uniformly continuous.

@ The Sobolev space H™(/) with m € NU {0} consists of all
functions f on [ such that £, f’,..., f(™1) are absolutely
continuous on [, £, £/, ... fm=1) £m < [,(]).

@ Sobolev norm: ||||3m := Y7, [[FD]13,.

@ Sobolev spaces H™(I) are widely used for studying and solvmg

PDESs. C
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Basics on Boundary Value Problems (BVP)

@ Poisson equation: u”(x) = f(x) for x € (0,1) with boundary
conditions u(0) = « (Dirichlet boundary condition) and
v'(0) = B (Neumann boundary condition).

@ Helmholtz equation: u” + k*u = f on (0, 1) with boundary
conditions u(0) = « and v/(1) — iku(1) = 0 (Robin boundary
conditions).

o A weak solution u € H*(0,1) must satisfy

(u",v) = (f,v), Vv e HY0,1).
Using integration by parts and boundary conditions,
1 1
(u" vy = / U"(x)v(x)dx = u' (x)v(x)|3Z5 —/ u'(x)v'(x)dx.
0 0
@ Hence, a weak solution u is given by

(V') = ~{fv) = d V() + o (O)v(0). Vv e H(0,1). 5
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Galerkin Scheme

@ Poisson equation: u” = f on (0,1) with u(0) = u(1) = 0.

@ Let Vj, be a finite dimensional subspace of H(0, 1) with suitable
boundary conditions. For the above Poisson equation, we
consider H; (0, 1) by requiring ¢(0) = ¢(1) = 0 for all ¢ € V4.

o Galerkin scheme: Seek u, € Vj, C H}(0,1) such that

1
(up, v') :/ upv' = —(f, v), Vv € V.
0

o Let {¢1,...,0n} be a basis of Vj,. Then we can write
up = ZJN_1 cj¢j € Vj such that {cy, ..., cy} must satisfy

Z (@) 0l) = (F,én),  k=1,....N.
Jj=1

@ Solve the linear system Ac = b for ¢ = (cy,...,cy)’, where
A = (¢}, Pi))i<jken, and b = (—(f, ¢x))1<ken-
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Finite Element Method

o Let Ne Nand h:=
@ Consider partition

1
N

O=xg<x1<---<xy=1

Withxj::i,\'lforj:O,...,N.

@ Define a piecewise linear function ¢; with support [x;_1, Xj1+1]
such that ¢;(xj—1) = ¢(x;+1) = 0 and ¢;(x;) = 1.

@ The Finite Element Method uses the basis {¢1, ..., dn_1} which
spans V}, (a spline space generated by the linear spline)

o Note that all basis elements ¢; € H3(0,1) and hence
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Collocation Scheme

@ Poisson equation: u” = f on (0,1) with u(0) = u(1) = 0.

@ Let V} be a finite dimensional subspace of H*(0,1) N C? with
suitable boundary conditions. For the above Poisson equation,
we consider H3(0, 1) by requiring ¢(0) = ¢(1) = 0 for all

¢ € V.

o Let {¢1,...,on} be a basis of V. Then we seek
u, = ZJN:1 cj¢; € Vi, with coefficients ¢y, ..., cy to be
determined.

@ Collocation scheme: (1) suitably pick up N sampling points
zy,...,2zy inside [0,1]. (2) obtain the linear system through

N
S gdl(z) = flz),  k=1,...N
j=1

@ Solve the above linear equations to determine the coefficients ...

C1,...,CpN.
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Wavelet Method

e Let {¢; 1} be a Riesz wavelet for H'(R) such that ¢, belong
to the Sobolev space H(0, 1).

@ Adapt the Riesz wavelet {¢; 1)} on the real line into the interval
[0, 1] with prescribed boundary conditions to obtain a Riesz basis
®o U UZ,W; for Hy(0,1), where

O = {¢"} U{o(- — k) : Iy <k < hs}U{o"}
and
Vi = {0} Utk o b Sk <2 —hy} U{gn )

o Take a large integer J € N and consider {1);};en, = ®o U Ui V;
which spans V.

@ Now apply Galerkin scheme or collocation scheme.
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Riesz Wavelets in Sobolev Spaces

@ For 7 € R, the Sobolev space H™(R) consists of all tempered
distributions f satisfying

IFlBrey = 5o [ IFORA+ I de < oc,
For me NU{0}, f € H™(R) if £,f',...,f(™ € L,(R).
e For ¢ = (¢1,...,¢,)" and ;/) (@Dl,...,@br)T, we define
ASH(d;90) = {o(- — k) - k € ZY U{2G (2 - —k) : k € Z}%,,

o {¢;9} is a Riesz wavelet in the Sobolev space H™(R) if
AS{(¢; 1) is Riesz basis for H™(R): the linear span of ASj(¢; )
is dense in H™(IR) and there exist C;, G, > 0 such that

D S S e S

heASq () heASq (¢;9) heASj (¢i9)

for all finitely supported sequences {ch}heas; (¢:4:)- &
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Derivative-Orthogonal Riesz Wavelets

e Let m € NU {0} be a nonnegative integer.

o Let (b = (¢17' . '7¢r)T and 1/} = (¢1, T 7¢r)T in Hm(R)

o We say that {¢; v} is an mth-order derivative-orthogonal Riesz
wavelet in the Sobolev space H™(R) if

Q AS{(¢; ) is a Riesz wavelet in H™(R);
@ The mth-order derivatives are orthogonal between levels:

(@M, gM(-— k) =0, Vkez,

and . _
(™2 - —k),pM(2 - —K)) =0,
for all k, k' € Z,j,j € No with j # J'.
For m = 0, they are called semi-orthogonal (or pre-) wavelets and

well studied, e.g., [Chui-Wang,Jia-Micchelli,Shen- R|emanschne|der]
through a simple orthogonalization procedure.
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Why Derivative-Orthogonal Riesz Wavelets?

e Differential equation with homogeneous boundary condition:
uC™(x) + au(x) = f(x), xel=10,1].
@ The Galerkin formulation of a weak solution u € H™(/) is
(=)™ (™ V™Y L a(u,v) = (f,v), veH™().

@ Let S be a Riesz wavelet basis of H™(/) derived from mth-order
derivative-orthogonal wavelet {¢;+}. Then u= )", . cyh and

Z ((—l)mAhyg + &Bh7g> chn = (f,g), ges
hes
with A = ((h(™, g{™)); ses and B = ((h, g))nges-
(1) The matrix A is sparse and is almost diagonal.

(2) The condition number of A dominates that of (—1)"A+aB ..
O
and is often very small (can be the optimal condition number 1}
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Stable Integer Shifts of Vector Functions

o Let p = (¢1,...,¢,)T in H™(R) be compactly supported.
@ We say that the integer shifts of ¢ are stable if

span{@(¢ + 27k) : ke Z} =C’, VEeR
e For f =(f,...,f)" and g = (g1,...,8,)", bracket product is

~

[F.21€) = Y Fle +2nk)g(e 1 2nk) . €.

kEZ

@ The integer shifts of ¢ in H™(R) are stable <

[6,0](¢) >0 forall € R =
{¢(- — k) : k € Z} is a Riesz sequence in H™(R).
@ Smoothness of a function is measured by

sm(¢) :==sup{r €R : ¢ € H(R)}.
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Semi-orthogonal (or Pre-) Wavelets

For m = 0, mth order derivative-orthogonal wavelets are called
semi-orthogonal (or pre-) wavelets and well studied, e.g.,
[Chui-Wang, Jia-Micchelli,Shen-Riemanschneider] through

@ ¢ € L»(R) has compact support and satisfies

~

6(2€) = 3(€)o(¢)
where 3(¢) = 3 cz a(k)e=™¢ is a 2m-periodic trigonometric
polynomial and ¢(&) := [; ¢(x)e * dx.

@ Assume the integer shifts of ¢ are stable: [¢, ¢](£) > 0.

o Define 9)(2¢) := e~*3(& + m)[, 4](& + )(&):

@ Then {¢; v} is a semi-orthogonal wavelet in L,(R), that is,
ASY(d; ) = {o(- — k) = k € ZYU{DPY(2 - —k) : k € Z}}2,

is almost an orthonormal basis for L,(R), except orthogonality
among the same scale level . =
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Sum Rules of a Matrix-valued Filter

o A filter a € (Ib(Z))™" has order m sum rules if there exists a
matching filter v € (I(Z))**" such that ©(0) # 0 and

v(26)a(¢) = v(&) + O([¢]™),  v(26)a(€ + m) = O([¢]™), €= 0.

o f(&) =g(&) +O(I¢]™),& = 0 < fU(0) = g)(0),0 <j < m.
@ sr(a) denotes the highest order of sum rules satisfied by a.

o~ o~

e For ¢(2¢) = a(&)¢(&) with stable integer shifts, TFAE
o The filter a has order m sum rules (i.e., sr(a) > m).
o All the polynomials of degree < m are contained inside the
shift-invariant space

Si(¢) = {Z v(k)p(2 - —k) : all sequences v on Z}
keZ
e The vector function ¢ has approximation order m:

inf ® If = glliomy < C277|f ummy,  f € HT(R)

£€S;(6)NLs R
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Main Result: Existence

Theorem

Let ¢ = (¢1,...,6,)" be a compactly supported refinable vector
function in H™(R) with m € Ny such that ¢(2§) = a(&)p(&) for
some a € (Ip(Z))"™*". Then there exists a finitely supported high-pass

filter b € (I(Z))™" such that {¢; v} with

~ ~

0(€) = b(¢/2)(6/2)
is an mth-order derivative-orthogonal Riesz wavelet in the Sobolev
space H™(R)
© the integer shifts of ¢ are stable;
@ the filter a has at least order 2m sum rules (i.e., sr(a) > 2m).

The proof is quite complicated for r > 1 and m > 0.
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Main Result: Construction

Theorem

Let ¢ = (¢1,...,¢,)" be a compactly supported refinable vector
function in H™(R) with m € Ny such that 5(25) = 3(5);5(5) for
some a € (l(Z))"™". Suppose that the integer shifts of ¢ are stable.
For any b € ((Z))*", {¢: 1} with 0(€) := B(/2)(¢/2) is an

mth-order derivative-orthogonal Riesz wavelet in H™(R)

T

(O™, pM(€)A(E) + b(E + )60, gm](¢ + m)3(E + 1) =0,

det({3: B})(€) := det (Eg %g i gD £0, VEeR

Moreover, AS{(¢; 1) is a Riesz basis in the Sobolev space H™(R) for
all T in the nonempty open interval (2m — sm(¢), sm(¢)).
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Construction for the Scalar Case r = 1

Theorem

Let m € Ny and a € lo(Z) such that 3(€) = 2-27(1 + e~€)2m§(&)
with 3 € Ip(Z) and 5(0) = 1. Define ¢(¢) =[], a(27€) and
9(6) =TI, 3(279¢) with 3(€) := 27"(1 + e~)"3(€). Suppose
that ¢ € H™(R) and the integer shifts of ¢ are stable. Then for
be b(Z), {¢p; v} with w(f) = b(§/2) &(£/2) is an mth-order

derivative-orthogonal Riesz wavelet in H™(R)

b(€) = €™ VB¢ + 1), (€ + m)B(2€) /E(2€),

where 0 € Iy(Z) satisfying 5(5) #0VEER and c € Ih(Z) is

2(26) = ged (316, 91(€), 3¢ + w1, AN(€ + 7))
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Example of Refinable Functions: B-Splines

@ For n € N, the B-spline function B, of order n is defined to be

1

Bi = X1 Bn:=Bs1%xBi= / By-1(- — t)dt.
0

e B, = B,(n—"-) (symmetry), sm(B,) =n—1/2 and B, is a
piecewise polynomial: Bn|(k7k+1) cP, ; forall ke Z.

0 By =23, a(k)Ba(2- —k), i:e., Bo(26) = 3(€)B(€) with
a(&) :=2""(1+e )" with sr(a)=n.

@ A compactly supported mth-order derivative-orthogonal Riesz
wavelet {B,; 1} in H™(R) can be derived from B, <

n > max(m+1,2m).
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Example from B-Spline B,: m =1
(11 1} _{1}
a= 7177 5 b=4= .
{4 24 [-1,1] 2 [1.1]

sr(a) =2 and ¢ = By(- — 1) is the centered piecewise linear spline B,
of order 2 satisfying 5(25) = 3(5)(5(5). The wavelet function

1 = ¢(2x). Then {¢;1} is a first-order derivative-orthogonal Riesz
wavelet in H1(IR), which is closely linked to finite element methods.
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Example from B-Spline By: m =2

{11311} b_{111}
164784716,y TR P

sr(a) = 4 and ¢ = By(- — 2) is the centered B-spline B, of order 4
satisfying ¢(2§) = a(§)¢(§) The wavelet function
¥ =¢(2x) — 2¢(2x +1) — 14(2x — 1). Then {¢; ¢} is a

second-order derlvat|ve orthogonal Riesz wavelet in H?(R).
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Hermite Cubic Splines

The Hermite cubic splines are given by

(1 —x)?(1+2x), xe€]0,1], (1 -x)%x, xe€]o,1],
P1=1¢ (1+x)2%(1-2x), xe€[-1,0), ¢>=<(1+x)%, x¢€][-1,0),

0, otherwise, 0, otherwise.
Then ¢ =

(¢1,¢2)" in H?(R) satisfies the refinement equation
$(2€) = 3(E)H(€) with the filter a € (Io(Z))>*2:

103 1ol T _3

5= 4 8 2 4 8

o 1L _1f7g 1|71 _L ’
16 16 4 16 16] ) 1]

The filter a has order 4 sum rules with sr(a) = 4 and ¢ has the
Hermite interpolation property with sm(¢) = 5/2:

d1(k) = 8(k),  ¢1(k) =0, (k) =0, (k) =6(k), VkeZ,
where 8(0) = 1 and 8(k) = 0 for k # 0. &
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Example from Hermite Cubic Splines: m =1

11 [-2 0] [2 -1
1 0 3 —3 1 [-1,1]

Then {¢; 1} with §(€) := b(¢/2)B(£/2) is a first-order
derivative-orthogonal Riesz wavelet in H*(R), which is used in
[Jia-Liu, Adv. Comput. Math., (2006)] for Sturm-Liouville equations.

o= Rv
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Example from Hermite Cubic Splines: m = 2

Then {¢; ¥} with 1» = ¢(2-) is a second-order derivative-orthogonal
Riesz wavelet in H?(R).
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Example from Hermite Quadratic Splines: m =1

[ 1 1 1 _1
4 2 4 2
|~ 16 8 16 8] ) -1
ri 1 1
L5 1 0o 2 -5 1 [£1,1]

Then sr(a) = 3, sm(¢) = 2.5 and {¢; 1} is a first-order
derivative-orthogonal Riesz wavelet in H(R).
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Example from Hermite Linear Splines: m =1

0 % 0.0]

Then sr(a) = 2, sm(¢) = 1.5 and {¢; ¢} is a first-order
derivative-orthogonal Riesz wavelet in H*(R).

12 12
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Wavelets on [0, 1] with Very Simple Structure

@ Let n > 1 be the scale/resolution level.

o Let 81 = ¢L(2')7g2 = (;51(2 ’ _1)7g3 = ¢2(2 ’ _1)7g4 = ¢R(2)
@ For 1 < j < n, the boundary wavelets at level j are given by

Gois1 = 2](1/2*m),l/)L(21'.)7 8oi o = 21'(1/2*m)7/)’?(2j . _21')
with only one boundary wavelet at each endpoint:

ot € {1l jp.)s D2l ) oF € {o1(- — Doy 2(- = Dl
vt e {Y1lpap ol YR e {1 = Doy ¥2(- — Doy}

@ For k=1,...,2 —1, the inner wavelets at level j are

82i+(2k-1) ‘= 2j(1/27m)¢1(2j‘_k)a 82i 42k = 21'(1/27"7)1?2(2].'—/‘)-

o Normalize {g}2"] so that ||g,£m)||,_2(R) —lfork=1,... 2"&
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Example: 1D Sturm-Liouville Equations

o Consider the following differential equation:

—u" +au=f on (0,1),

u'(0) = 100(1 — e 1), w(1) =200e~! — 100,
where a = 5 and f(x) = —100e > — 500(1 — e~*) — 500ex.
The exact solution is u(x) = 100(1 — e™) — 100e~*x.

@ lIts corresponding Galerkin formulation is

2n+1

Z ka_ gj’ >7 j:17"'72n+1

with the coefﬁaent matrix A; x == (gj, 8,) + (gj, 8«)-

@ According to boundary conditions, the boundary elements are

ot = balj0.1); ¢% = ¢1(- — 1)|jo.1),
W= ol VR = i(- = 1)|jp-
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Boundary Elements and Numerical Performance

Use the first-order derivative-orthogonal Riesz wavelet derived from
Hermite quadratic splines with m = 1.

Level Size lteration K llenll .. llenl| L, log, Hﬁe;ﬁll:z

5 128 15 3.2106 4.2213e-07 1.8141e-07 —

6 256 15 3.2106 5.2757e-08 2.2607e-08 3.0044

7 512 15 3.2106 6.5944e-09 2.8215e-09 3.0022

8 1024 15 3.2106 8.2365e-10 3.5242e-10 3.0011

9 2048 16 3.2106 1.1561e-10 4.6097e-11 2.9346
Table: Size of linear system conjugate gradient iterations, condition
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Example: 1D Sturm-Liouville Equations

o Consider the following differential equation:
{—M:fonmu
J(0)=0, u(l)=0,

where f(x) = xIn(x 4+ 1). The exact solution is u(x) =

(5x3 —12x> —12x+19—241In(2) —6(x —2)(x+1)?In(x+1))/36.
@ lIts corresponding Galerkin formulation is

on+1

DA =g =2

with the coeff|C|ent matrix Aj x == (g7, 8)-
@ According to boundary conditions, the boundary elements are
ot = ¢l oF = o — 1)),
wL = ¢1|[0,1]a ¢R = wz(' - 1)’[0,1]-
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Boundary Elements and Numerical Performance

Use the first-order derivative-orthogonal Riesz wavelet derived from
Hermite linear snlines with m = 1.

S
~ or
~
~
~
~
~
~
~ 01
~
~N
N ~
- ~
4o e 02
ey
N,
S
03
1

Level Size r [edli. leal,  log, ”ﬁ;ﬁ'}:z
8 1024 1 1.4640e-07 4.1807e-08 1.9971
9 2048 1 3.6662e-08 1.0462e-08  1.9986
10 4096 1 9.1733e-09 2.6168e-09  1.9995
11 8192 1 2.2943e-09 6.5284e-10 2.0029

12 16384 1 5.7369e-10 1.5988e-10 2.0298

Table: Size of linear system, no iteration is needed, condition number Q"
the matrices A (A is the identity matrix), errors, and convergence rates.
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Example: 1D Biharmonic Equations

o Consider the following differential equation

u —aqu="Ff on (0,1),
u(0)=0, J(0)=0, u(l)=0,

where o = 11 and f(x) = —47* cos(27x)
The exact solution is u(x)

— (1 — cos(2x)).

= 1(1 — cos(27x)).
@ lts corresponding Galerkin formulation is
2n+2

E i kCk =

(gj, f), j=1,...,2"2 -2

with the coeff|C|ent matrix B;x := (g, gy) + (g, 8k)-
@ According to boundary condltlons the boundary elements are
¢t =0,
ot =,
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Boundary Elements and Numerical Performance

Use the second-order derivative-orthogonal Riesz wavelet derived
from Hermite cubic splines with m = 2.

Level Size Iteration K llenll L lleall,  log, Hﬁ;ﬂ” lleallrr  log, Hﬁ:;‘l‘l‘-l:l
2 14 4 1.0225 2.2655e-04 1.1050e-04 — 3.0679e-03 —
3 30 4 1.0225 1.5147e-05 6.9610e-06 3.9886 3.8598e-04 2.9907
4 62 4 1.0225 9.6244e-07 4.3628e-07 3.9971 4.8325e-05 2.9977
5 126 4 1.0225 6.0411e-08 2.7653e-08 3.9993 6.0431e-06 2.9994
6 254 4 1.0225 3.9699e-09 2.1493e-09 4.0000 7.5554e-07 2.9999
7 510 4 1.0225 1.1049e-09 6.8832e-10 4.0650 9.4808e-08 3.0000

Table: Size of linear system, conjugate gradient iteration, condition
number  of the matrices B, errors, and convergence rates.
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Example: 1D Biharmonic Equations

o Consider the following differential equation:

u® =f on (0,1),

u(0) =16, J'(0)=-64, wu(l)=0, J(1)=0,
where f(x) = 24(15x?> — 50x + 41). The exact solution is
u(x) = (x — 2)*(x — 1)%.

@ lIts corresponding Galerkin formulation is
2n+2

Z wCk = (g, F)—u(0)xr23(){g 81)—u'(0)x 23y () (g &4 )

W|th the coefficient matrix B;x := (g, gx)-
@ According to boundary conditions, the boundary elements are
<Z5L = ¢1|[0,1], ¢R = ¢2|[0,1];
vhi=, ¥ =0,
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Boundary Elements and Numerical Performance

Use the second-order derivative-orthogonal Riesz wavelet derived
from Hermite cubic splines with m = 2.

P
4 ™)

Level Size x el leal,  log, “ﬁ"e;ﬁ'j:z leall,  log, il
5 126 1 1.5129e-07 5.5402e-08 — 1.2283e-05 —

6 254 1 05006e09 34413e-09  4.0089  1.5354e-06  3.0000
7 510 1 59521e10 2164210  3.9910  1.9193e-07  3.0000
8 1022 1 3.7247e-11 1.3528e-11 3.9998 2.4004e-08 2.9992
9 2046 1 23306e12 8.4696e-13  3.9975  3.1070e-09  2.9497

Table: Size of linear system, no iteration is needed, condition number k
the matrices B (B is the identity matrix), errors, and convergence rates.
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General Construction of Wavelets on [0, 1]

Theorem

Let & ={¢',...,¢'}, W={4} ..., ¢}, and = {§',... ¢},
= {J1,.. ¢S} be sets of compactly supported functions in Ly(R):

¢Z( Zb_ )_ EEQSK QI;E(CZﬁ o )_ GEQSZ Wlth CZS S Za E? € {_171}7
Wl =) = eyt JUc — ) =t with & e Z,ef e {~1,1}.

Fore € {—1,1} and c € Z, define T :=

5.5 +1]. Forj € Ny,

gm 22, = (e - 2,
Oﬁe = odd(2c — ¢), o}{’g = odd(2c — ¢),

where odd(m) := 1 if m is odd and odd(m) := 0 if m is even. Let xz
denote the characteristic function of the interval 1.

v
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General Construction of Wavelets on [0, 1]...

For j € Ny := NU {0}, define W} to be
{FeeWl xz « k=df)+1,...,d%+ 2}, ofy =1,
{Fee@Wl Ixz + k=df,+1,..., djfz +2 -1}, of, =0, =—¢,
{Fee@l.)xz « k=dfy+1,...,d%+2 -1}

U5 ety o X J5 ety o o)Xz} o =0 ¢ =€,
where Fe () =3y (F(- — 2k) + ef (c + 2k — -)), and define V¢,
bef, &Jf similarly. For J € Ny, define
By = (U1 %)) UUZ (U= 1“’()7 B, = (UZZ@E) UUZ (U= 1\U£)
If£{<1~>; WU}, {®; W) is a biorthogonal wavelet in Ly(R), then

(%,,%,) is a pair of biorthogonal bases for Ly(Z) for all J € Ny.
Moreover, 28, and %, are Riesz bases for Ly(Z).
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Wavelets on [0, 1] with Simple Structure

Let ¢, &, 1, 1) be compactly supported vector functions in L>(R)
with symmetry and all the symmetry centers satisfy

In addition we assume that
all the elements/entries in ¢ and 1 vanish outside [—1,1].

Take ¢ = 0. Since dd) = a’jz’z — o OJe =0, IIJE becomes

of, =
{q/;zjk Ck=1,...,2 -1},
{1/121 k=12 -1} U {\@%j;oX[O,l}, ﬁng;sz[O,l]}a

GZJ —¢€,
Ve
(i) If e = —1 and all entries in ¢, are continuous, then

h(0) = h(1) = 0 for all h € £, (Dirichlet boundary condition).
(i) If e =1 and all entries in ¢, are in €*(R), then

H(0) = H'(1) = 0 for all h € %, (von Neumann boundary).
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Tight Framelet from Hermite Linear Splines

A tight framelet {¢; ¢} is given by

~ ~

o(26) = a(€)o(€),  D(2€) = b(£)(€)

through a tight framelet filter bank {a; b}:

1 V7 19 1 V7

3= 4 14 2 1 14
VT _1|’lpg 1|’ 1 ’
8 4 4 8 4 [-1,1]

17 -1 0 1 VT

4 14 2 4 14

b= 1 V7 0 _1 V7

8 28|’ 4 |’ 8 ﬁ%
0 O 0 0 0 Ve 1]

Then {¢; 1} generates a tight frame in Ly(R) and has symmetry
property. 1'55
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Tight Framelet in L([0, 1]) from Linear Splines

1 o 1 1
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Tight Framelet from Hermite Quadratic Splines

A tight framelet {¢; ¢} is given by

-~ -~

0(26) = a(€)o(€),  D(2€) = b(£)(€)

through a tight framelet filter bank {a; b}:

v 1 V7
73— 4 28
_vyr _1 vToo_1 ’
8 8 8 [-11]
1 7
4 8

N
S
N
8IS
| |
| ——
O NI
= O
| I—|
| —

8
1V -1 0 _VT
2 28 2 2
b=<{ |1 V7 0 7 _1 V7
8 56 |’ 4 |7 8 \;%
0 0 0 0 o YZ|) .,

Then {¢; 1} generates a tight frame in L,(R) and has symmetry ..
property. &
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Tight Framelet in Ly([0, 1]) from Quadratic Splines

1
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Riesz Wavelet from Hermite Cubic Splines

A Riesz wavelet {¢; ¢} is given by

~

~

0(26) = a(€)(€),  D(2€) = b(£)(€)

through a filter bank {a; b} (part of a biorthogonal wavelet filter
bank ({a; b}, {3; b}):

1 1 T
117X _ !
0 4 16 | [_1,1]
1 23 1 1 23 ]
) |7w | |z Of |7 o=
o 1 9’y 3| j_1 91 !
16 176 44 [-1,1]

16 176

Sl wlw

Then {¢; 1} generates a Riesz wavelet in L,(IR) and has symmetry
property.
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Riesz Wavelet in L,([0, 1]) from Cubic Splines

1

12

08
08

0.6

0.4

0.4

o

0.2

0.4

038
1

(b) ¥ = (v, ¥?)"
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Riesz Wavelet from B, Spline

A Riesz wavelet {¢; ¢} is given by

0(26) = a(€)(€),  D(2€) = b(£)(€)

through a filter bank {a; b} (part of a biorthogonal wavelet filter

bank ({a; b}, {3; b}):
_[lo >
7o o] o
Rk
b=411 1 1

Then {¢; 1} generates a Riesz wavelet in L,(R) and has symmetry
property. ',@“

Bl D=

O b=

NI= N= NI

Bin Han (University of Alberta) Wavelet Application to Numerical PDEs July 20/23/26, 2021



Riesz Wavelet in Ly([0,1]) from B, Spline




Orthogonal Multiwavelet

An orthogonal wavelet {¢; ¢} (Gernimo-Hardin-Massopust) is given
by

o~ ~

0(26) = a(€)(€),  P(2€) = b(€)(€)

through a filter bank {a; b} (part of a biorthogonal wavelet filter

bank ({a; b}, {3; b}):

3 a2 ol o o 0 0
a = _ﬁ 3|0 Q_ﬁ 1 ) M 3> _ﬁ 0 )
20 10 20 20 [0,3]

10 20
_v2 3 w2 1| |92 _3 V2

b= 20 10 20 20 10 20
1 32| _9 g|’|9 _32|'|_1 9 '
10 10 10 10 10 10 [0,3]

Then {¢; 1} generates an orthogonal wavelet in L,(R) and has
symmetry property.
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Orthogonal Multiwavelet

An orthogonal wavelet {¢; ¢} is given by

~ ~

o(26) = a(€)(€),  D(2€) = b(£)(€)

through a filter bank {a; b} (part of a biorthogonal wavelet filter
bank ({a; b}, {3; b}):

SRS
4 4
VT VT '
L 8 8 1) [-11]
1
4
1
8

_ }[1,1]

Then {¢; 1} generates an orthogonal wavelet in L,(R) and has
symmetry property.
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@ Riesz wavelets with short support and high vanishing moments
are often used in wavelet application to numerical PDEs.

@ To have short support and high vanishing moments, people often
adopt Riesz multiwavelets derived from biorthogonal
multiwavelets using matrix-valued filter banks.

@ Wavelets on the real line have to be adapted into bounded
intervals with prescribed boundary conditions.

@ Then either Galerkin scheme or collocation method is used by
using wavelet bases.

@ Advantages of wavelet applications to PDEs:

@ Uniformly bounded condition numbers.

@ Sparse coefficient matrices for efficient computing.

© Adaptive wavelet numerical method can handle singularities in
solutions of PDEs.

@ Shortcomings: Not that easy to design wavelets with prescrlbed'_
boundary conditions for general domains.

Bin Han (University of Alberta) Wavelet Application to Numerical PDEs July 20/23/26, 2021
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