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Outline of Mini-course Talks

@ Part I: Multi-level fast wavelet/framelet transform:
@ Basic properties: perfect reconstruction, sparsity, stability.
@ Multi-level fast wavelet transform
© Different types of wavelets and framelets.
© Advantages of wavelets and framelets.
o Part Il: Wavelet applications to signal and image processing:
© Wavelet/Framelet transform for signals on bounded intervals.
@ Processing of wavelet coefficients.
© Wavelet applications to signal and image processing.

Declaration: Some figures and graphs in this talk are from the book
[Bin Han, Framelets and Wavelets: Algorithms, Analysis and
Applications, Birkhauser/Springer, 2017] and various other sources
from Internet, or from published papers, or produced by matlab,
maple, or C programming. [Details and sources of all graphs can be:
provided upon request of the audience.
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Part |: Multi-level Fast wavelet/framelet transform

e /(Z) for signals: all v ={v(k)}xez : Z — C.

@ Ih(Z) for filters: all finitely supported sequences
u=A{u(k)}kez : Z — C on Z.

e For v ={v(k)}kez € I(Z), define v*(k) := v(—k) for k € Z and

V(€)= v(k)e ™™, ¢eR,

kEZ

@ Convolution u * v and inner product:

[uxv](n) :=) u(k)v(n—k), n€Z,

keZ
(v.w) = v(kw(k), v, w € h(2)
keZ
o vH(§) = V(€) and T+ V(&) = G(£)V ().
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Subdivision and Transition Operators

@ The subdivision operator S, : I(Z) — I(Z):

[Suv](n) =2 Z (n—2k), neZ
keZ
@ The transition operator T, : (Z) — I(Z) is
[Tuvl(n) :=2> " v(k)u(k —2n), neL.
keZ

e Upsampling operatortd : I(Z) — I(Z):
[vtd](n) :==v(n/d) if n/d€Z and [v1d](n) =0 otherwise.

@ Downsampling (or decimation): [v]d](n) := v(dn), n € Z.
@ Subdivision and transition operators:

Syv=2ux(v12) and T,v=2u"*v)]2

Bin Han (University of Alberta) Basics on Wavelets and Framelets July 20/23/26, 2021



Discrete Framelet Transform (DFrT)

o Let ug,...,us, do,-..,0s € Io(Z) be filters.
e For data v € /(Z), a 1-level framelet decomposition:

or using a framelet decomposition operator:
Wv = 2(Tov, ..., Tov) = V2(us v, % v) L2,

@ The total number of nonzero coefficients of w;, is approximately
half of that of v. Hence, Wv is roughly %(s + 1) of that of v.
o A one-level framelet reconstruction by V : ((Z))**+Y) — [(Z):

V(wo, ..., Ws):\fZSWWZZ\/ﬁﬁo x (W 12) + -+ + V2 * (ws 12).
=0

o A filter bank ({wo, ..., us},{do,...ds}) has the perfect
reconstruction (PR) if VWv = v for all data v.
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Diagram of 1-level DFrTs

— O — = — (O

D) (=)
b

() D))

Figure: Diagram of a one-level discrete framelet transform using a dual
framelet filter bank ({wo, ..., us}, (do,. .., ds}). Decomposition:
ﬁ(u}  v)12. Reconstruction: v/2ip * (wo12) + - - - + /2iis * (ws12).

It is called a wavelet filter bank for s = 1, and a framelet filter bank if.
s> 1.
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Property of DFrT: Perfect Reconstruction (PR)

Theorem: A filter bank ({uo, ..., us}, {do, ..., ds}) has

1 s
Perfect Reconstruction (PR): v =VWv = 5 ZSgﬂLEv, Vvellz)
=0

< ({uo,...,us}, {do,...,0s}) is a dual framelet filter bank:

() io(€) + G (€)1 (€) + - + 0s(€) ds(€) = 1,
do(€ + m)io(€) + G (€ + m) @ (€) + -+ + Gs(€ + m)iis(€) = 0.

=

do(€) - Gs()

A A [ BE) o )
b€ +m) - G+ G

io(§+m) - Us(E+ )

_
where |, denotes the 2 x 2 identity matrix and A* := A $
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Biorthogonal Wavelet Filter Bank

A dual framelet filter bank with s = 1 is called a biorthogonal wavelet
filter bank, a nonredundant filter bank.

Proposition

Let ({wo,...,us},{do,...,0s}) be a dual framelet filter bank. Then
the following statements are equivalent:

(i) W is onto or V is one-one;

(i) YW =1dzy and WV = Idyzyyx+, that is, V and W are
inverse operators to each other;

(iii) s = 1.

W& @(©) Hﬁ(&) w1,
do(§+7) m(E+7)] Lbo(§+7) n(E+7) '
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Role of g in DFrT

Let ug,...,us € Io(Z). Then the following are equivalent:

(i) ||VVv||2,2(Z e = VI for all v € b(Z), that is,

H\/TETJOVH%Q(Z) +eot ||§7ZSVH2(Z) = HVHi(zy Vv e h(Z),

(ii) Wv,WV) = (v, V) forall v,V € h(Z);
(iii) the filter bank ({uo, ..., us}, {uo, ..., us}) has PR:

o) - 68 H W) - w1 _
wE+m) o G+ [E+T) o GE+T)

{uo, ..., us} with PR is called a tight framelet filter bank.
If in addition s = 1, it is called an orthogonal wavelet filter bank. {&:

.@;@.
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Examples of Wavelet Filter Banks

To list a filter u = {u(k)}xez with support [m, n],

u={u(m),... u(=1),u(0),u(1),...,u(n)}ma,

@ {up, u1} is the Haar orthogonal wavelet filter bank:
u={33ton,  m={3 -3}
o ({wo, 1}, {do, 01 }) is a biorthogonal wavelet filter bank, where
up = {—%» %’i’ %7 —%}[—2,2], i = {i’ —%, %}[0,2],
Yoy, B={g3 %7 83

Called the LeGall wavelet filter bank, which is often used for
lossless and lossy image compression.
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[[lustration: |

Apply the Haar orthogonal filter bank to
v ={-21,-22,-23,-23, 25,38, 36,34} 0,7
Note that
[Toov](n) = v(2n) + v(2n+ 1), [Tyv](n) = v(2n) —v(2n+1), ne Z.
We have the wavelet coefficients:
wo = Y2{—42,-46,13,70} 5, w1 = 2{-1,0,-63,—2}p3.
Note that

[Suywo](2n) = wo(n), [Suwol(2n + 1) = wy(n), n € Z
[Sulwl](2n) = Wl(n)v [Su1 Wl](2n + 1) = _Wl(n)> ne€Z.
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l[lustration: |l

Hence, we have
28,,wo = 1{—43, 43,46, —46,13,13,70,70} (0.,
28w = 1{1,-1,0,0,-63,63,2, —2}0.7-
Clearly, we have the perfect reconstruction of v:
V2
=S

W W0+ %28, wi = {—21,-22, 23,23, —25,38,36,34} 07 = v

and the following energy-preserving identity

HW0||,2 + ||W1H,2(Z 4517 + 1987 = 6504 = ||v||%2(Z).
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Property of DFrT: Sparsity

@ One key feature of DFrT is its sparse representation for smooth
or piecewise smooth signals.

@ It is desirable to have as many as possible negligible framelet
coefficients for smooth signals.

@ Smooth signals are modeled by polynomials. Let p: R — C be a
polynomial: p(x) = >  p.x".

@ a polynomial sequence plz : Z — C by [p|z](k) = p(k), k € Z.

o Ny :=NU{0}.

@ [1,,_1 is the set of all polynomials of degree less than m.
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Transition Operator Acting on Polynomials

Let u € Io(Z). Then for any polynomial p € I,

Tup=2[p* u*](2:) = p(2) i =Y 2(_i)np(”)(z)ﬂ”)(o),

where (i is a finitely supported sequence on Z such that

u() = 2u(€/2) + O(|g] ), £—o0.
In particular, for any m € N, the following are equivalent:

@ 7.p =0 for all polynomial sequences p € M,,_1;

Q (€)= O(|€|™) as € — 0: T(0) = 7(0) = - -- = G\™1(0) = 0.
Q (&) = (1— e ©)m"Q(&) for some 2m-periodic trigonometric
polynomial Q.
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Vanishing Moments

@ We say that a filter v has m vanishing moments if any of items
(1)-(4) in Theorem holds, that is,

a0)=d'(0)=---=a"V0)=0

or equivalently,

keZ

@ Most framelet coefficients are zero for any input signal which is
a polynomial to certain degree.

o If u has m vanishing moments. For a signal v, if v agrees with
some polynomial of degree less than m on the support of

u(- — 2n), then [T,v](n) = (v, u(- — 2n)) = 0.
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Subdivision Operator on Polynomials

Let u = {u(k)}kez. For m € N, the following are equivalent:
o Sunm—l c I_Im—lf
@ u has m sum rules: u(§ + ) = O(|§]™) as & — 0, i.e.,

um)y=d(r)=---= Zﬂ’"_l)(ﬂ) = (1),

Q (&) = (1+ e ©)"Q(E&) for some 2r-periodic Q;
© u has order m sum rules:

> u(2k)(2kY =) u(1+2k)(1+2kY, j=0,...,m—1.

kez keZ
Moreover, S,p = 27'p(271) * u.
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Multi-level Fast Framelet Transform (FFrT)

o Let {5;by,...,b} and {a; by, ..., b} be filters in Ih(Z).
e For a positive integer J, a J-level discrete framelet
decomposition is given by: For j = J, ... 1,

2 VB _
Vir= 5T W= 5Ty, (=15

where v, : Z — C is an input signal.
o Wyv, = (WJ71;17 s W 1isy - WOLL, - - WS, Vo)-
@ a J-level discrete framelet reconstruction is

V2 V2 ¢ .
Savjl—i_?;‘sbgvvjl;@? ./:177-/

V;:

J = 2
° VJ(WJ—1;1, s WoLisy oo, WO, - WS Vo) =Vj.
@ A fast framelet transform with s = 1 is called a fast wavelet
transform.
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Diagram of Multi-level FFrT

ﬁa*},@_{processing
ﬁbi‘}»@—{processing

processing

(@ (HE)

E3 0 (H=)

Figure: Diagram of a two-level discrete framelet transform using a dual
framelet filter bank ({a; b1,...,bs}, (& b1,..., bs}).
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Property of FFrT: Stability

Definition: A multi-level discrete framelet transform employing a dual
framelet filter bank {a; by, ..., bs},{&; by, ..., bs}) has stability in
the space h(Z) if there exists C > 0 such that for J € Ny,

||WJV”(,2(Z))1><(5J+1) < CHV||12(Z)7 Vv S /Q(Z),

Vs | (zy < ClIW ||z, VW e (h(Z))>EH+D),
Theorem: Let ({a; by, ..., bs}, {&; by,...,bs}) be a dual framelet
filter bank with a(0) = 4(0) = 1. Define

o(&) =[]a 7, 4 =]]a27%), ¢eRr
j=1 j=1
Then a multi-level discrete framelet transform has stability in the
space h(Z) < ¢,¢ € Lr(R) and
b1(0) = - = by(0) = by(0) = --- = by(0) = 0.
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Theory of Discrete Wavelets and Framelets

@ J-level discrete affine system DAS,({a; b1, ..., bs}) :=:
{ajk + k€ Z}U{byjk : keZ l=1,...,s,j=1,....J},
where a. := a;(- — 2k) and by j.x := by (- — 2 k) with
g = 2750 .- 321, EZJ = 225(.). .. 3(2172.)@(2171.)_

o 3= (Y2)S8i8 and by = (L2Y LSS, 8 with 8(¢) = 1.
@ A J-level fast framelet transform for v € h(Z) becomes

J s
v="> (viardamc+t Y>> (vibuju) bk

kEZ J=1 (=1 kez

e DAS,({a; b1,...,bs}) is a tight frame for h(Z) <
{a; b1, ..., bs} is a tight framelet filter bank.

e DAS,({a; b}) is an orthonormal basis for h(Z) <= {a; b} is @

an orthogonal wavelet filter bank. e
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An Example: Daubechies Orthogonal Wavelets

3_3\@’ 1—8x/§}, b — {_1—8\/5’ 3—\/§’ _3+8\/§7 1+8¢§}_

a_{1+\/§ 3+/3
- 8 ' _8

Y

_8




Links between Discrete and Continuum Settings

o Let a,by,...,bs € h(Z) with a(0) = >, ., a(k) = 1.
@ The refinable function (E(é) = H?fl a(277¢€) satisfying
=2 a(k)p(2x — k) Qe 6(2)=a(E)(E).
keZ
e Wavelet functions W( )= bg(£/2) (5/2) ie.,
Ve =23 cp bi(k)p(2 - —k).
@ Links between discrete and continuum settings:
lim_sup (S30)(k) — ¢(277k)| =0,
n—00 ke

im sup|<s" 184,8)(K) — Ye(27K)| = 0.

n— o0 ke
@ {a;by,...,bs} is a tight framelet filter bank «—
DAS,({a; b1, ..., bs}) is a tight frame for h(Z) <=
{p;11,...,1s} is a tight framelet in Lr(R). &
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Subdivision Curves in Computer Graphics

@ The subdivision operator is used in the reconstruction algorithm
of the fast wavelet/framelet transform.

@ The effectiveness of wavelets and framelets can be explained
through their prediction power of subdivision schemes.

o Let v :Z — R? or R? be given initial 2D or 3D curves outlining
the rough shape of the curve.

e Write v = (v1, v?,v3) with sequences v, v2 v3: Z — R.

@ Apply the subdivision operator to each entry of v to obtain
Shv = (87vh, 87v? 87v3). Then plot the curve S7v.

@ When n is large (usually, the choice of n = 4 to 8 is sufficient),
it gives a subdivision curve.

o Different choices of filters (called masks in computer aided
geometric design) affect the shapes of subdivision curves. (M
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The 4-point Interpolatory Subdivision Scheme

o o a2 9 * & & @& & 3 9 L. -

e The mask is the Deslauriers-Dubuc interpolatory mask
I __1 9 1 9 1
34_[_3_2a.07§7§73_270a_3_2]-. L9 o )
Even stencil [1] and odd stencil [—+¢, 1z, 12, —1¢]-
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The Corner Cutting Scheme

e The mask is the cubic B-spline filter of order 4

B _ g1 3 31
a, ={5 3 5 s/12-
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Example of Subdivision Curves
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Some Basics on Wavelet Theory in Lp(R)

@ For ¢, 91, ... 1% € L»(R), define an affine system as

AS(g; 0t ... %) = {o(- — k) : ke Z}
U{h, =242 —k) : j>0,keZl=1,..., s}
e {¢;ut, ... ¢} is called an orthonormal wavelet in Ly(R) if
AS(¢; 91, ... 1)) is an orthonormal basis of Ly(R).
o {¢;9, ... 1} is called a tight framelet in L,(R) if
AS(¢; b, ... 1b°) is a tight frame for Lz(R)'

IFl1Z, ) = D I(F.6(- = K)) |2+ZZZ| Xl

kezZ j=0 ¢=1 kez

o Wavelet representation of functions:

S

=D (F 0= kS = k) + D DD (F )t

keZ j=0 (=1 keZ &
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Dilates and Shifts of Affine Systems
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Why Wavelets?

A wavelet 1) often has

compact support = good spatial localization.
high smoothness/regularity = good frequency localization.

high vanishing moments = multiscale sparse representation.
That is, most wavelet coefficients are small for smooth
functions/signals.

associated filter banks —- fast wavelet transform to compute
coefficients (f, 1 x) through filter banks.

singularities of signals and their locations can be captured in
large wavelet coefficients.

function spaces (Sobolev and Besov spaces) can be
characterized by wavelets. This is important in harmonic analysis
and numerical PDEs. /
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Explanation for Sparse Representation

@ A wavelet function ¢ has m vanishing moments if

/x”z/f(x)dx:O, n=0,...,m—1.
R

@ The multiscale wavelet representation of f € L,(R) is

f= Z Z WiV With i (x) i= 27/2(2x — k).
JEZ kezZd
@ suppty., = 2k +2suppyp ~ 27k when j — oco.
e Wavelet coefficient (f,1,;.,) only depends f in the support of
Yok If fis smooth and can be well approximated by a
polynomial P of degree < m, then

<f7¢2f;k> - <f - Pa¢2j;k> ~ 0.

o If (f, 1) is large for large j, we know the position of
singularity, since suppt,; , = 2 Jsuppy) +2 7k ~ 27V k.
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Wavelets/Framelets and Filter Banks

Theorem: Let a, by, ..., bs € I(Z) with a(0) = 1. Define

Ha 279), V) = bie/2d(E/2).  (=1...5s.

@ Then {¢;¢!, ... ¢} is a tight framelet in LH(R) <
{a; by, ..., bs} is a tight framelet filter bank:

AP+ 1O =1, a(©aE+m)+>_ b(€)be( +7) =0.

@ Then {¢; !} is an orthogonal wavelet in [5(R) < s=1,
{a; b1} is an orthogonal wavelet filter bank, and

[0, 81(€) ==Y [#(€ + 2mk)? = 1.

keZ
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Types of Wavelet and Framelet Filter Banks

Proposition: Let ({&; by, ..., bs},{a; b1, ..., bs}) be a dual framelet
filter bank. Then the following statements are equivalent:

(i) Either W or V is bijective with W := W, and V := Vy;
( ) VW = Idb (Z) and WY = Id(/2(Z))1><(s+1), that iS, Vil = W,
(iii) s =1. [This is called a biorthogonal wavelet filter bank.]

Theorem: Let a, by, ..., bs € h(Z). Then the following statements
are equivalent:

() IVVIE, ey = VG for all v € b(Z).
(ii) {a; by,...,bs} is a tight framelet filter bank:

a&) ke - (9
AE+m) bi(§+m) - bs(€E4T)

a9 h©) - b9

AE+7) by(E+7) - by(€+7) =k

A tight framelet filter bank with s = 1 is called an orthogonal wavele i
filter bank. That is, a framelet filter bank has redundancy with s > 1%
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Wavelet and Framelets Filter Banks

@ Perfect reconstruction for a dual framelet filter bank

({a; by, ..., bs}, {5 by,...,bs}):

AOB(E) + by(€)r(E) + - - + bu(€)bi(€) =

—_— o~
~ ~

(€ + m)a() + bi(E + m)by(€) + -+ + by(E +

w)ﬁs(s) —o.

m

o Vanishing moments for high-pass filters: (1 — =€) | by(¢):

—~ —~1 A(n 1)

bi(0)=b/(0)=---=b," '(0)=0, £=1,---,s.

@ Sum rules for low-pass filters a: (1 + e~¢)™ | 3(&):

2
2
I
W
=
|

=...=amY(x)=0.

@ Symmetry is often required for wavelet-based compression. &
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Construction of Orthogonal Wavelet Filter Bank

@ An orthogonal wavelet filter bank {a; b} satisfies

a§) al€+m)|
b(€) b(S + )

ae) b
a(+m) b(E+ )

ae) b

a(§) a(€+m) _
a€+m) b +m)

b(&) b(¢ + )

@ which is further equivalent to

P +1aE+m)P =1, 3(€)b(E)+ (€ + m)b(€ +7) = 0.

o The second identity holds if b(¢) = e $3(¢ + 7).
o A filter c is interpolatory if ¢(&£) + (€ + ) = 1.
&
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Interpolatory Filters

o Afilter a € Ih(Z) is interpolatory if a(&) + a( +7) =1, i.e.,
1
a(0) = 5 and a(2k) =0, VkeZ\{0}.

@ For m,n € N, the polynomial P, , is

X
j=0

J

@ (1 —x)"Pym(x) + Xx"Pmm(l —x)=1forall xe R,meN.

@ A family of interpolatory filters a} _is given by

35 (€) = c0s*™(€/2)P m m(sin*(£/2)).
@ The filters are called Deslauriers- Dubuc interpolatory filters.

o &,(0) =1, sr(al,,) = 2m, and 2, (¢) > O forall ¢ e R. &

2m
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/
2m

Interpolatory Filters a

I _ g1 11
a, = {1727 Z}[—l,l]?
I _ 1 9 1 9 1
ay = {_5707 32722 3_270a _3_2}[—3,3]a
I _ 3 pg_2 015 1 7 g _25 g 3
96 = {512707 512’07 2567 27 256’0’ 51270’ 512}[*5,517
I 5 49 245 1225 1 1225  _ 245
ag = { 7056 0> 7006 0> ~ 2006+ s 40967 2° 7006° 01 4006
49 g __5_
0, 2006 0> — 3006 }[—7,717
I 35 405 567 2205 19845
d10 = 13107270’ 13107270’ 32768’0’ 32768’0’ 65536
1 19845 0 2205 0 567 0.— 405 0 35 }
25655367 ©7 327687 ~° 32768’ - 131072’ > 1310727 [0,9]*
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Compactly Supported Interpolating Function

(d) 6% () i () g%
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Daubechies Orthogonal Wavelets

—

Let ab,, be the interpolatory filter. Since a,_(£) > 0, by Fejér-Riesz

lemma, there exists ab € Ih(Z) such that a2(0) = 1.

o~ o~

(@D (E)[2 = abp(€) = abm(€) = cOS™(E/2)P mm(sin*(£/2)).

Define ¢ through ¢(¢) :=[[;2, a m(2 —I¢). Then [¢,¢] = 1 and
{aP: bP} is an orthogonal wavelet filter bank with

BD(&) = e €aD(¢ +7), (&) = bB(£/2)d(£/2).

Then {¢; v} is a compactly supported orthogonal wavelet such that
the low-pass filter a2 has order m sum rules and the high-pass filter
bP has m vanishing moments, called the Daubechies orthogonal
wavelet of order m.
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Daubechies Orthogonal Filters

alD - {i? %}[0,1]7

ab = {1+8\/§’ 3+8\/§, 3—8\/§ 1—\/§}[712]
20 _{1+«/ﬁ+\/5+2f 5+W+3\/5+2 o 5— \F+\/5+2\/ﬁ
3 = 32 16

5—/10— \/5+2 5+W 3\/5+2 o 1+ﬁ—\/5+2 } 23]

ay = {—0.0535744507091, —0.0209554825625, 0.351869534328,
0.568329121704,0.210617267102, —0.0701588120893,
— 0.00891235072084, 0.0227851729480} (3 4
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Daubechies Orthogonal Wavelets

(a)kFiIter abP ;, (‘b) ¢a? | W(c) W, -

@ Flers® @ (¥ ®
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An Example: Daubechies Orthogonal Wavelets

3_3\@’ 1—8x/§}, b — {_1—8\/5’ 3—\/§’ _3+8\/§7 1+8¢§}_

a_{1+\/§ 3+/3
- 8 ' _8

Y

_8




Daubechies Orthogonal Wavelets

(a) Filter a3D (b) ¢a§’ (c) qpa?
B
(d) Filter o et et &
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Biorthogonal Wavelets

o Let ¢, 1) € L,(R) and ¢, € Ly(R).
o ({¢;1},{¢;1}) is a biorthogonal wavelet in Ly(R) if
@ Both {¢; 9} and {¢; )} are Riesz wavelets in L»(R), i.e.,

G Y lal <[ 3 e, <G 3 lal,

heAS heAS heAS

where

AS(¢;v) :=={o(- — k) : ke Z}
U {thpsp 1= 220(2 - —k) = j >0,k € Z}.

@ AS(¢; ) and AS(¢; ¢) are biorthogonal to each other:

(hB)=1 and (hg) =0 VYgeAS@u\(h}. &
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Characterization of Biorthogonal Wavelets

Theorem: Let ¢,9 € Ly(R) and ¢, € Ly(R). Then ({¢; 9}, {¢;¢})
is a biorthogonal wavelet in Ly(R) if and only if

@ [6,9] € L(R), [, 9] € Luc(R), and [§, 6] = 1.

@ There exist a, b, 4, b € b(Z) such that

$(26) = A€)D(),  b(2€) = b(£)p(€),
3(26) = 3()d(€),  B(2€) = b(€)(¢).

© ({3;b},{a; b}) is a biorthogonal wavelet filter bank:

a0 ko |[ a9 b

3&+7) b(e+m)| |AE+m) b(E+T)

July 20/23/26, 2021
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Construction of Biorthogonal Wavelet Filter Bank

Let a,b,3,b € Io(Z). Then ({5; b}, {a; b}) is a biorthogonal wavelet
filter bank:

T

GRS
3(&+m) b(e+m)

ae) b
a(&+m) b(&+m)

(3, a) is a biorthogonal low-pass filter:
3()ae) + (s + ma(E +m) =1

and there exist c,C € T and n, h € Z such that

~

b(€) = ce’®VG(e+ 1),  b(€) = 2TV + ).
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Example of Biorthogonal Wavelets

We can obtain a pair of biorthogonal wavelet filters by splitting the
interplatory filter

=

dm(€)am
as follows: P(x

/\

(&) = ab, (&) = cos®™(€/2)Pm m(sin®(£/2))
)I5( ) = Pm.m(x) and

)

(€)= 271+ e E)"P(sin®(€/2)),  bum(€) = e €Gu(E + ),

(€
(€)= 21+ e E)B(sin?(E/2)), (€)= e En(E + 7).
bi

orthogonal wavelet filter bank:

2 ={3 7 111

For m = 2, we have the LeGall

and
s 1131 1
a = {—ga 382 —g}[f2,2]- &

Bin Han (University of Alberta)

Basics on Wavelets and Framelets
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Examples of Biorthogonal Wavelets

(g) 9™ (h) po=2

(i) o™ (j) w2 /
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The Most Famous Biorthogonal Wavelet

For m =4,
2 _{_i 2—t 16+t 6+t 16+t 2—t _i}
4= 1" 64> 32 64 ’ 16 64 0 32 64J[-33D
5_{t274t+10 t—4 —t246t—14 20—t 3t2—20t+110 20—t
4= 256 ) 64 64 ) 64 128 » 64
—t?°46t—14 t—4 t2—4t+10}
64 1764 7 256 [—4.4]

where t ~ 2.92069. The derived biorthogonal wavelet is called
Daubechies 7/9 filter and has very impressive performance in many
applications.
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Example of Biorthogonal Wavelets

(k) ¢ (1) oot
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B-spline Functions

@ For m € N, the B-spline function B,, of order m is defined to be
1
B]_ = X(0,1] and Bm = Bm—l * B]_ = / Bm—l(' — t)dt.
0

@ supp(Bn) = [0, m] and B,,(x) > 0 for all x € (0, m).
e B, = B,(m—")and B, € €"?(R).
oB\kHl)EPmlforallkeZ

° Bm(g) = (= = “Ym and B, is refinable:

Bm =2 as(k)Bn(2- —k),

kEZ

where a8 is the B-spline filter of order m:

a5(§) =27 (1 + e )"
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Graphs of B-spline Functions

(d) B, B (e) Bs - (f) Be
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B-spline Filters a,
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Tight Framelet Filter Bank

@ The definition of a tight framelet filter bank {a; by, ..., bs} can
be given in the matrix form: A(f)A(ﬁ)T = b, where

ey — | A& kO b(9)
(&) a+m) bi(E+7) - by(E+ )
e If s=1, {a; b} is called an orthogonal wavelet filter bank:

T

a6 b
a§+7) bi(§+ )

e b9
a§+7) bi(§+ )

and
T

a8 b a8 b
aAE+7m) b(E+m)| |a(E+7) bi(E+T)

o A tight framelet filter bank can have s > 1 high-pass filters. &
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Matrix Form of Fejér-Riesz Lemma

Theorem

Let U(&) be an r x r matrix of 2w-periodic trigonometric polynomials
such that U(€) > 0, i.e., U(€) = U(€) and XTU(€)x = 0 for all

x € C" and £ € R. Then there exists an r X r matrix V() of
2m-periodic trigonometric polynomials such that

@ Note that U(&) > 0 particularly implies det(U(¢)) > 0.
@ The choice of V(&) is not unique.
o Effective algorithms exist and are still under development.
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Construction of Tight Framelet Filter Banks

o If {a; by,...,bs} is a tight framelet filter bank, then
AP +]aE +m)P <1, VEER.

@ Conversely, if a satisfies the above inequality, one can obtain
through Matrix Form of Fejér-Riesz lemma a tight framelet filter
bank {a; by, bo}.

@ Recall that a € [p(Z) is called an orthogonal low-pass filter if
|a(&)|> + |a(€ + 7)|? = 1. Hence, the requirement for
constructing a tight framelet filter bank is much weaker than for
constructing an orthogonal wavelet filter bank.

@ For example, all B-spline filters a2 and all interpolatory filters

a,, satisfy this condition.
&
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Example from a;

Let

bl - {ja %7 _%}[0 2]»

b2 = _£70 i}[02]

Then {aZ; by, by} is a tight framelet filter bank such that a¥ has
order 2 sum rules and both by, b, have 1 vanishing moments.

This example is obtained by Ron and Shen in JFA, 1997.
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Tight Framelet from B,

|
“‘ ]

(a) Filter a8 (b) Filter by (c) Filter by

(d) B, (e) ¥ (f) ¥
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Example from B;

Let
a3B = {§7 %a %7 %}[0,3]
be the B-spline filter of order 3. Let
by = ¥2{=1,1}py,

b2 :{ % _2737%}[073]

Then {a; by, by} is a tight framelet filter bank such that a8 has order
3 sum rules and both by, b, have 1 vanishing moments.
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Tight Framelet from B;

R
skt |

(a) Filter a8 (b) Filter by (c) Filter by

(d) Bs (e) ¥ (f) ¥
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Example from a,

Let
aflt ={- 32’0 927 ;7 392’0> _3_12}[73,3]
be the interpolatory filter. Let
bi(z) = - ;/54 21—z Yz = V3)(z+2—-V3),

ba(2) = 2 (1-z P (x+2-V3)[(1 - 2v3)z !

3524/9-4+/3
+ (6 — V3) + 33z 4 11V327,

&

where b(z) := ", ., b(k)z*. Then {a; by, b2} is a tight framelet
filter bank such that aL’1 has order 4 sum rules and both by, b, have 2
vanishing moments.
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Tight Framelet from a,

T
(a) /Filter éfl | (b) Filter Al | (<) FiI';er b2/
. o P ©
(d) o () v* (f) v —
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Example from a,

Let
a[ll = {—3%, O, %757 3%) 07 _3_12}[_373]
be the interpolatory filter. Let
bl = 31_2{17 07 _97m7 _97 07 1}[_373]7
b2 = \3/_26{_17 07 1797 17 O’ _]'}[_3’3]7
b3 = %{_17 07 3797 _37 07 1}[_373]'
Then {a; by, by, b3} is a real-valued interpolatory tight framelet filter

bank such that a} has order 4 sum rules and both by, by, b3 have
vanishing moments 4, 2, 3, respectively.
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Tight Framelet from a,

(&) v () ?
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Part II: Wavelet applications

The general procedure of wavelet applications in signal and image
processing: For an input data v,

@ Perform multi-level wavelet/framelet decomposition: w = Wv.

@ Process the wavelet coefficients w to obtain new wavelet
coefficients w.

@ Perform multi-level wavelet/framelet reconstruction v = Vw.

Most data are supported on a bounded interval and we have to

perform fast wavelet/framelet transform (FFrT) on data on bounded
intervals!.
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Diagram of Multi-level FFrT

ﬁa*},@_{processing
ﬁbi‘}»@—{processing

processing

(@ (HE)

E3 0 (H=)

Figure: Diagram of a two-level discrete framelet transform using a dual
framelet filter bank ({a; b1,...,bs}, (& b1,..., bs}).
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Undecimated Multi-level FFrT

a*t 2)—{processing)—{ ir2
bit 2)—{processing)—{ by 12

processing bs12
)

*
*
s
—»@ (processi ng
[

—»@ processing

Undecimated DFrT using a framelet filter bank ({3; by, ..., bs},
(a; by, ..., bs}), which is required to satisfy

) + bu(E)ba(€) + - + bu(€)Ba(€) = 1.
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Processing Wavelet Coefficients

A A 1|
o0—e
[N [N >
I ” 7:| = 1t i
2 2 2 2 2
o0—=e
o0—e

Figure: The hard thresholding, soft thresholding, and quantization.

Quantization is used for compression: convert a real number into a
discrete set {...,—2¢,—q,0,q,2q,...}.
The hard or soft thresholding is used for denoising and processing.
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Signals on Intervals

e Signals: v = {vP(k)}M=g : [0,N —1]NZ — C.
e Extend v® from interval [0, N — 1] to Z.
Tu(—2myv = [Tuv](- = m), meZ.

e extend v® from [0, N — 1] N Z to a sequence v on Z by any
method that the reader prefers.

zero-padding: v(k) = 0 for k € Z\[0, N — 1].
@ Must recover v?(0),...,vP(N — 1) exactly.
Keep all [S;,7.,v](n),n=10,...,N —1.
fsupp(d) = [n—, ny] with n_ < 0 and n; > 0.
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Periodic Extension

Let u € h(Z) be a filter and v® = {vP(k)}}-3. Extend v® into an
N-periodic sequence v on Z as follows:

v(Nn + k) == vP(k), k=0,....N—1, neZ.

Then the following properties hold:

(i) ux v is an N-periodic sequence on 7,
(i)
(iii) If N is even, then T,v is an %—periodic;
(iv) If N is odd, then T,v is an N-periodic.

S,v is a 2N-periodic sequence on 7.,
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Tight Framelet Filter Bank

o A tight framelet filter bank from B,, where

_ 11
a= Zai?Z}[ 1,1,
bl - {%7__%7 %}[71,1]7
b2 = {_%a_7 _TQ}[ 1,1]

@ A test input data:

v = {—21,-22, 23,23, —25,38,36,34} 07
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Example: Tight Framelet Filter Bank

We extend v® to an 8-periodic sequence v on Z, given by

v=1{.., —2538,36,34,—21,—22 —23 23, —25,38,36,34, —21, —22, —23, —23,

Then all sequences T,v, Ty, v, Tp,v are 4-periodic and
wo=L2Tv="2{. -15-2 357 15 9 37 15 9% 357,
wy = %7771‘/ = %{ . "_287_%7 %a _27_287 _%a %)_27 - 287_%7 %a _27' . '}a
Wy = %szv = { PN —27, —%, —67570, _277_%,_%70a - 277 _%a _67570’ e }

It is also easy to check that ?(Suo wo + Suywy + Su,we) = v. But

15571 3437 3571 22579
Iwoll* + flwa|* + |[wo | = —=—= + ==+ —— = —,— ~ 5644.8

|v||? = 6504.

Bin Han (University of Alberta)
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Symmetric Extension

Let u € I,(Z) such that u(2c — k) = eu(k). Extend
vb = {vP(k)} =, with both endpoints non-repeated (EN), into

(2N — 2)-periodic v by v(k) = v?(2N — 2 — k).
(i) Then u* v is (2N — 2)-periodic with

[u* % v](—2c — k) = [u* * v](2N — 2 — 2¢ — k) = €[u™ * v](k),

and [—|c|,N —1— [c]] is its control interval.
(ii) If c € Z, then T,v is (N — 1)-periodic with

[Tov](=c = k) = [TuV](N =1 = ¢ — k) = €[Tuv](k),

and [[—£], [2=2=<]] is a control interval of T,v.
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Proposition

Let u € h(Z) with e € {—1,1} and c € 1Z. Extend v*, with both
endpoints repeated (ER), into 2N-periodic v by
v(k) = vb(2N — 1 — k).

(i) Then u* x v is 2N-periodic with

[u" % v](—1 —2¢c — k) = [u* x vV]2N — 1 — 2¢ — k) = €[u™ * v](k),

and [— |1+ c|,N — [ + c]] is its control interval.

(ii) If ¢ — 3 € Z, then T,v is an N-periodic sequence:

[Tavl(=3 — c — k) = [ToVI(N — £ — ¢ — k) = €[ Tv](k),

and [[—1 — £], | ¥ — 1 — £]] is its control interval.
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Example: LeGall Biorthogonal Wavelet Filter Bank

The LeGall biorthogonal wavelet filter bank is given by
111 5 1131 1
a:{zaz,z}[fl,l], 3:{—54@,2,—5}[72,2]
11 _ 311 T 1 11
b={s & wsrra b={z -2 o2
Extend v® by both endpoints non-repeated (EN):

v={.. —25-23-23 -22 —21,-22,—23,—23, —25, 38,36,34, 36,38, -

Then T;v is 7-periodic and is symmetric about 0, 7/2:

_ 2 _ 2 133 _ 91 91 _ 133 349 349 _ 133
Wo = 773V = 7{ ey T T T —42, T T a0 4 40 40 -+

and T;v is 7-periodic and is symmetric about —3, 3:

W1:%7'5‘/:g{"w_z?%aovoa]w%7_27%71707"‘}'
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Example: Tight Framelet Filter Bank from B,

A tight framelet filter bank from B,, where
a= {%7%7 L_]i}[fl,l]a {47__% %} [-1,1]» b2 - {_72797 _\/TE}[fl,l]-

Extend v with both endpoints non-repeated (EN). Then all
Tav, Tp, v, Tp,v are 7-periodic and symmetric about 0 and 7/2:

W0:§7;V:§{"'a727_§ _92717_433_ﬂ _35 72 72 2’_ﬂ }’

2 2 2
_ 2 _ V2 61 1 1 61 61 1
Wl_777)1V—7{..-727_7;57@,2,—7,5,...}.
_ 2 _ 65 1 1 65 1
WZ—TTbZV—{...,O,—i,—i,MO 5,1,}

Compare with framelet coefficients through periodic extension:

wo=2Tv="2{ .. —15-% 3 70 15 % 357> 15 9 _35 77
wo=LTpv=9{.. -28-3%-2-28-39 -2-28-3% -2}

o = FTov = {21, ~$,0,21, 3, $,0, 27}, -$,0...}.
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Tensor Product (Separable) Tight Framelet

o Let ({5;by,...,bs},{a;by,...,bs}) be a 1D dual framelet filter
bank.

o If s =1, it is called a biorthogonal wavelet filter bank.

@ Tensor product filters:

[h ® - @ ug](key - .- ka) = vr(ke) - - - ug(kg).
@ Tensor product two-dimensional dual framelet filter bank:
({5; bi,....b)®{5 bi,.... b}, {a; by, ... by {a; by, .. .,bs}>.
That is,
{a;by,....,bs} @{a;b,...,bs} ={a®a;by®a,..., b ® a,
by ®by,...,bs®@by,...,bs @ by, ..., bs®}

consists of one low-pass tensor product filter a ® a and total
(s + 1) — 1 = s% + 2s high-pass tensor product filters.
@ Advantages: fast and simple algorithm.
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Wavelets for Image/Signal Compression

@ The most popular wavelets used for the compression purpose are
biorthogonal wavelet filter banks with symmetry and 4 ~ 6
vanishing moments, in particular, LeGall and Daubechies 7/9
biorthogonal wavelet filter banks.

o For filter banks having symmetry, signals on intervals and images
on rectangles are often extended by symmetry extension.

@ Dauchies orthogonal wavelet filter banks are also used. Due to
lack of symmetry, periodic extension of data on intervals and
rectangles is often used.

@ Grey scale images / : each entry of / takes discrete values
[0,1,...,255] (28 = 256).

@ Color images / has three channel: Red (R), Green (G), Blue (B).

With each entry in each channel takes values discrete values
[0,1,...,255].
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Most Popular Wavelets for Compression

o LeGall biorthogonal wavelet filter bank ({; b}, {a; b}):
a= {4_117ia;l1}[711 52{_%7%7i7%7_l}[72,2]
11 31 - 1 11
b={s st wala b={z—2itoa

where b(k) = (—1)*"%4(1 — k) and b(k) = (—1)""*a(1 — k).
Both a and 3 have order 2 sum rules, while both b and b have 2
vanishing moments. Use {a; b} for reconstruction.

o Dauchies 7/9 biorthogonal wavelet filter bank ({4; b}, {a; b}):

a—{—i 2—t 16+t 6+t 16+t 2—t _L}
- 64° 320 64 > 16 64 » 32 64J[-33]

~:{t2—4t+10 t—4 —t>46t—14 20—t 3t2—20t+110 20—t

256 0 64 ° 64 ° 64 ° 128 64 °

—t>16t—14 t—4 4t+10}
64 » 64 0 256 [(—4.4]

where t ~ 2.92069 such~that both a and 3 have order 4 sum
rules, while both b and b have 4 vanishing moments. 4
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LeGall Biorthogonal Wavelets
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Daubechies 7/9 Biorthogonal Wavelets

(e) ¢ (f) ¥
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Quantize Wavelet Coefficients for Compression

A o—e

L 3

1

|
NlQ

o—e

Figure: Quantization is used to convert a real number into a discrete set
{...,—29,—q,0,q,2q,...} so that it becomes bit stream. Coefficients
with large magnitude are record and small coefficients are dropped and
replaced by 0. Positions of large coefficients have to be recorded as well.
For efficient coding, most popular methods for selecting and recording
wavelet coefficients are EZW (embedded Zerotrees) and SPIHT (Set

Partitioning Hierarchical Trees).
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Use Maximum Multi-level FFrT

\/Ea*}»@—{processing
ﬁbf}»@—{processing

processing

(H=)
30 (HE)

Explanation: Because a(0) = 3°, ., a(k) = 1, v = (v/2a*) is just

averaging the signal v by the low-pass a and then amplify it by /2.
If we perform the decomposition for L level, then the low-pass )
wavelet coefficients are roughly averaged v amplified by 25/2 times. °
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Test Image: Barbara
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Tree Structure of Wavelet coefficients
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Tree Structure of Wavelet coefficients
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Tree structure of wavelet coefficients

or>oa—>H >
Nl N
ol <\o

—= == LH
b Y

HL HH
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Image compression by wavelets

The original image of Lena
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Image compression by wavelets

Compressed Lena image with compression ratio 32
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Image compression by wavelets

Compressed Lena image with compression ratio 128 &
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For Other Signal and Image Processing

@ Beyond compression purpose, framelet filter banks are often
used instead.

@ Orthogonal wavelets and biorthogonal wavelets suffer a few key
desired properties: translation invariant (see next page from
Selesnick’s paper) and directionality.

e For image denoising, people often use undecimated wavelet
transforms, which are just special cases of framelets.

@ Processing wavelet or framelet coefficients through thresholding
is a key issue. Statistics and probability theory are often involved.
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Translation Invariance: Framelets vs Wavelets
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Shortcomings of Separable Real-valued Wavelets

@ Two Shortcomings: lack directionality and translation invariance.

@ Tensor product real-valued wavelets have only two directions:
vertical ¢(x)y(y), horizontal 1¥(x)é(y). But not 1(x)y(y).

@ To improve translation invariance: Undecimated wavelet
transform, undecimated DCT, real-valued tight framelets,
complex wavelets, dual tree complex wavelets,...

@ To improve directionality, curvelets, shearlets, contourlets, dual .....
tree complex wavelets, steerable filter banks,bandlets,brushlets, ©&
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Undecimated Wavelet/Framelet Transform

a*t 2)—{processing)—{ ir2
bit 2)—{processing)—{ by 12

processing bs12
)

*
*
s
—»@ (processi ng
[

—»@ processing

Undecimated DFrT using a framelet filter bank ({3; by, ..., bs},
(a; by, ..., bs}), which is required to satisfy

) + bu(E)ba(€) + - + bu(€)Ba(€) = 1.
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Tensor Product Complex Tight Framelets

0 (&) == 4z a(k)e ™ which is 2m-periodic.
@ {a;by,...,bs} is a tight framelet filter bank if
[BOF + 1O+ + b =1,
A(€)a(E + ) + bi()ba(€ + ) + -+ ba(€)bs(¢ +7) = 0.
@ Tensor product (separable) tight framelet filter bank in 2D:
{a;b1,...,bs} ®{a; by,...,bs}

where a ® b(m, n) := a(m)b(n), m,n € Z.
@ For ¢, < cg and g;,er > 0, the bump function is

0, E<c—¢eroré > cr+er,
B cos(“(c%i“g)), c—eL<E<c +el
Maverlieuen(6) = 1, cLt+eL <E K Cr—eR,
cos(““%’jf’?)), CR—€er < &< cr+er.

Bin Han (University of Alberta) Basics on Wavelets and Framelets July 20/23/26, 2021



Directional Complex Tight Framelets TP-CTF,,

_____

e Tight framelet filter banks CTF3 := {a; b, b} and
CTF,:={at,a";b",b™}: aand a* (black); b* (blue):
b+ a :=at, b :=bt,

at = X[0,clie,e bt = Xe,mliee

@ The tensor product tight framelet TP-CTF,, := @9 CTF,,,.

e TP-CTF,,(m > 3): Han, Math. Model. Nat. Phenom. 8 (2013)
18-47; Han/Zhao, SIAM J. Imag. Sci. 7 (2014) 997-1034.
'.:
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Discrete Affine Systems TP-CTF3 and TP-CTF,

Two-dimensional TP-CTF3 has 4 directions:

Two-dimensional TP-CTF, has 6 directions:
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Directional Complex Tight Framelets TP-CTFg

@ Tight framelet filter bank CTFs := {a™,a™; b, b5, by, b; }:

—

black lines for a+ and 3:; dashed lines for bf and b; ; dotted
lines for by and by : a~ := a', b; := b, b; := by, and

at = X[0,cliese bi_ = Xen,e2)iese b;r = Xlexm]iese

@ The tensor product tight framelet TP-CTFg := @9 CTFs.
o Take advantages of wavelets and Discrete Cosine Transform. &
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Discrete Affine Systems TP-CTF4 (14 directions)
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Signal /Image/Video Denoising and Inpainting

o Let g =(g1,...,g4)" be an observed corrupted data:

o fj—}—nj, I'F_]sz7
¥ \m, ifjeq={1,...,d\Q,

e f=true data (signal /image.video).
Q C{1,...,d} is a (known or unknown) observable region.
n=i.i.d. Gaussian noise with zero mean and variance 2.

m= either unknown missing pixel or impulse noise.

Goal: Recover the true unknown data f from the corrupted g by
suppressing noise n or inpainting unknown m.

@ Denoising problem if Q = {1,...,d}.
@ Inpainting problem if €2 is known.
@ Removing mixed noise problem if € is unknown. &
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Image Denoising

(*]

Image denoising model is
zZ=X+n.

where

@ z=noisy image,

@ x=true image,

@ n=i.i.d. Gaussian noise of zero mean and variance o2.

o Coefficients y = DTz after transform with a tight frame D.
@ Perform thresholding on y to get y.

°

Take inverse transform to get a reconstructed image X = Dy.
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Bivariate Shrinkage

@ Image model z = x 4+ n. where z=noisy image, x=true image,
and n=i.i.d. Gaussian noise of zero mean and variance o°.

o Coefficients y = Dz after transform with transform/dictionary D

. . _ V32
@ Bivariate shrinkage by Selesnick: T = Py el

y,(Noisy Parent) . ' scalei
/ j+
(@0 & O/' coarser

o0/

y,(Noisy Child) /~ © © OO [N OO
'\‘OQ,””")QQ OO/ scale j
/OOuiqooo/
OOH’W “\OOO /

ki pixel
N(K) : Neighbor Pk
coefficients

This figure is from Selesnick’s paper.
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Test Images, Videos, and Inpainting Masks

Mathematical
.l approximation theory
suggests choosing a
basis that can
construct procise
signal approximations
with a linear
combination of a small
=i number of vectors
=l selected Inside the

(i) C.guard (j) Mask
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Denoising Results: Barbara

Barbara
o ||[UDWT| DT |CTF4 | CTF6(Gain) ( )
5 || 36.90 | 37.36 | 37.41 | 37.82(0.46) || 37.75 | 38.10(0.74)
10 || 32.66 | 33.52 | 33.62 | 34.14(0.48) || 34.10 | 34.47(0.95)
15 || 30.31 | 31.38 | 31.47 | 32.02(0.64) || 31.97 | 32.32(0.94)
20 || 28.71 | 29.87 | 29.91 | 30.49(0.62) || 30.43 | 30.77(0.90)
(0.61) (0.87)
(0.57) (0.84)
(0.45) (0.76)

CTF4 | CTF6(Gain

25 || 27.52 | 28.70 | 28.71 | 29.31(0.61) || 29.26 | 29.57(0.87
30 || 26.58 | 27.77 | 27.74 | 28.34(0.57
50 || 24.27 | 25.26 | 25.21 | 25.71(0.45

28.32 | 28.61(0.84
25.69 | 26.02(0.76

The larger PSNR (= 10log;, MSE) the better performance, where
MSE (u,v) := %Z es lu(k) — v(k)|? is the mean squared error.
=
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Denoising Results

The original image is on the left, the noisy image with 0 = 30 is in
the middle, and the denoised image is on the right.
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Denoising Results: Lena

Lena
o ||[UDWT| DT |CTF4 | CTF6(Gain) || CTF4 | CTF6(Gain)
5 || 38.05 | 38.25 | 38.10 | 38.35 (0.10) || 38.43 | 38.53 (0.28)
10 || 34.84 | 35.19 | 35.14 | 35.45 (0.26) || 35.59 | 35.70 (0.51)
15 || 33.09 | 33.47 | 33.50 | 33.77 (0.30) || 33.88 | 34.01 (0.54)
20 || 31.85 | 32.23 | 32.31 | 32.55 (0.22) || 32.63 | 32.77 (0.54)
25| 30.89 | 31.26 | 31.38 | 31.58 (0.32) || 31.62 | 31.78 (0.56)

(0.31) (0.49)

(0.29) (0.43)

30 || 30.10 | 30.47 | 30.61 | 30.78 (0.31) || 30.79 | 30.96 (0.49
50 || 27.83 | 28.21 | 28.41 | 28.50 (0.29

28.49 | 28.64 (0.43

UDWT=Undecimated Discrete Wavelet Transform.
DT=Dual Tree Complex Wavelet Transform.

@9
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Denoising Comparison for Barbara Image

UDWT |[DTCWT | TV |Shearlet | TP-CTFg
Redundancy —| 13 4 N/A 49 10.7
o =10 32.64 | 3352 |31.57| 33.69 | 34.14
o=15 30.30 | 31.38 |28.99| 31.61 | 32.02
o=20 28.70 | 29.87 |27.28| 30.10 30.49
o=25 27.50 | 28.70 |26.06| 28.93 29.31
o =30 26.56 | 27.77 |25.17| 27.97 28.34

DTCWT=Dual Tree Complex Wavelet Transform.

TP-CTFg=Han and Zhao, SIAM J. Imag. Sci. 7 (2014), 997-1034.
UDWT=Undecimated Discrete Wavelet Transform.
TV=Rudin-Osher-Fatemi (ROF) model using higher-order scheme.
Shearlet=shearlet frames in W. Lim, IEEE T. Image Process., 2013.

Measure of performance: PSNR = 10 log,o 2552

The larger PSNR value the better performance. -4

R
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Denoising Using Different Shrinkages & TP-CTFg

Lena |bishrink | GSM | UDGSM | MPGSM
o=10| 35.45 [35.,50| 35.70 | 35.72
o=15| 33.77 |33.73| 34.01 | 34.03
o=20| 3255 [32.48| 32.77 | 32.80
o=25| 3158 |31.50| 31.78 | 31.83
oc=30| 30.78 |30.70| 30.96 | 31.01

Table: Lena PSNR values of advanced statistical models.

UDGSM=Undecimated TP-CTF¢ using GSM (Gaussian Scale
Mixture).
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Denoising Using Different Shrinkages & TP-CTFg

Barbara | bishrink | GSM | UDGSM | MPGSM
oc=10 | 34.14 [34.21| 34.47 34.81
o=15 | 32.02 [32.08| 32.32 32.82
oc=20 | 30.49 |30.59| 30.77 31.39
oc=25| 29.31 [29.45| 2957 30.26
oc=30 | 28.34 [28.52| 28.61 29.33

Table: Barbara PSNR values of advanced statistical models.

UDGSM=Undecimated TP-CTF¢ using GSM (Gaussian Scale
Mixture).
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Image Inpainting Model: y = yox+n

o Let Q C {1,...,d} be an observable region.
. {XJ + n;, _j € Q,

Y= arbitray (unknown), j & Q.
@ y=(y1,...,yq)" is the given observed image on Q.
e n=(ny,...,ng)" isi.i.d. Gaussian noise with variance o2.

@ The inpainting mask Q¢ is known in advance.

@ Goal: recover the unknown true image x by restoring missing
pixels of x outside {2 and suppress its noise on Q.

@ Solve the inpainting problem y = xqx + n through the
minimization scheme:

1
min >xeDe —yl3 + Allells + (! = D" D)ellz,

where D € R™? is a tight frame satisfying DD = I, and a
reconstructed image is given by x = Dc.
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Random Missing Pixels or Corrupted by Texts

Figure: Corrupted by text with o = 20. Recovered with PSNR= 28.93.
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Image Inpainting Algorithm

1: Initialization: xg =0, A = \g, £ = 0.

2: while not convergent do

3. ¢gy1 = Thresholding, (VT (xay + (I — xa)x¢)).
4 Xpp1 = V1.

5. error = ||(/ = xa) — —(x¢ = X¢1) 12/ ]|y [|2-
6: if error < tolerence then

7: Update the thresholding value A.

8: end if

90 (=/(+1.
10: end while
11: return Xx,4;.
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Some Image Inpainting Algorithms

© [CCS08]: Cai-Chan-Shen, Appl Comput Harmon Anal (2008).
using Ron-Shen spline tight framelet {a; by, ..., by}

@ [COS09] Cai-Osher-Shen, Multiscale Modeling Simul. (2009).

@ [CCS10]: Cai-Chan-Shen, Inverse Probl Imaging (2010).
using Ron-Shen piecewise linear spline tight framelet {a; by, b>}
with DCT.

@ [ESDO5]: Elad-Stark-Donoho, Appl Comput Harmon Anal
(2005), using curvelets and DCT.

@ [LSS13] Li-Shen-Suter, IEEE Trans Image Process. (2013),
using undecimated DCT-Haar wavelets.

@ [L13] Lim, IEEE Trans Image Process. (2013), using
undecimated compactly supported shearlet frames.

@ [SHB14]| Shen-Han-Braverman, Image inpainting using
directional tensor product complex tight framelets TP-CTF. &
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Comparison of Results: Inpainting Without Noise

Barbara | C.man | Lena | House | Peppers

CCS08 (25) 32.82 | 30.28 | 32.11 | 37.08 | 31.41
COS09 (11) 3498 | 30.48 | 31.91 | 37.54 | 31.10
CCS10 (11) 35.19 | 30.56 | 31.83 | 37.36 | 31.07
ESDO5 (4.9) 3524 | 31.02 | 33.59 | 3541 | 31.32
LSS13 (49) 36.60 | 31.99 | 33.82 | 35.76 | 32.27

L13 (49) 36.07 | 32.35 | 34.82 | 39.66 | 32.49

SHB14 (10.7) | 38.38 | 32.74 | 35.03 | 39.60 | 33.21

CCS08 (25) | 27.77 | 26.75 | 28.32 | 31.01 | 27.10
COS09 (11) | 29.01 | 26.70 | 28.05 | 31.18 | 26.76
CCS10 (11) | 29.35 | 26.88 | 28.14 | 31.32 | 26.79
ESDO5 (4.9) | 29.50 | 27.23 | 29.16 | 33.06 | 27.52
LSS13 (49) | 30.46 | 28.58 | 29.50 | 32.45 | 28.05
L13 (49) 30.56 | 28.52 | 30.26 | 33.65 | 20.17 |
SHB14 (10.7) | 32.02 | 28.77 | 30.70 | 34.65 | 29.19 | ‘&
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Image Inpainting With Noise

o | Barbara | C.man | Lena | House | Peppers
5| 3488 | 31.49 | 33.08 | 36.08 | 31.42
10 | 32.17 | 29.87 | 31.21 | 33.64 | 29.69
20 | 28.93 | 27.56 | 28.64 | 30.88 | 27.45
30 | 26.95 | 26.07 | 26.89 | 29.02 | 25.94
50 | 24.62 | 24.13 | 24.74 | 26.61 | 23.94

5| 30.69 | 28.24 | 29.85 | 33.15 | 28.41
10 | 29.11 | 27.28 | 28.70 | 31.56 | 27.47
20 | 26.89 | 25.78 | 26.93 | 29.22 | 25.86
30 | 25.44 | 24.67 | 25.67 | 27.63 | 24.64
50 | 23.62 | 22.97 | 23.96 | 25.57 | 22.86

Other inpainting algorithms have much lower PSNR values, typically -
4 to 12db less than SHB14 using TP-CTFs. &
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Remove Mixed Gaussian and Impulse Noises

Gaussian and Pepper—and-Salt impulse noise. Cameraman: ¢ = 0,
p 0.3, PSNR = 32.50. Lena: o = 15, p—05 PSNR = 30.95.

Gaussian and Random-valued impulse noises: Barbara: ¢ = 30, p :~0.2,
PSNR = 25.93. Peppers: o =20, p = 0.1, PSNR = 27.31.
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Remove Gaussian & Pepper-and-Salt Noise

AOP TP-CTFe¢ AOP TP-CTFe¢ AOP  TP-CTFg
o p| 256 x 256 Cameraman 256 x 256 House 256 x 256 Peppers
50.1 31.09 32.97(1.88) | 36.35 38.16(1.81) | 31.29 32.11(0.82)
50.3 29.02 31.12(2.10) | 34.38 36.23(1.85) | 28.79 29.55(0.76)
150.1 27.44  29.24(1.80) | 29.32 32.83(3.51) | 27.42 28.85(1.43)
150.3 26.45 27.75(1.31) | 29.22 31.90(2.68) | 26.46 27.37(0.91)
o p| 256 x 256 Cameraman 256 x 256 House 256 x 256 Peppers
50.1 36.40 37.65(1.25) | 29.39 34.52(5.13) | 33.80 35.53(1.73)
50.3 3474 36.33(1.59) | 27.43 33.68(6.25) | 31.66 33.68(2.02)
150.1 29.39  33.12 ) | 26.14 30.63(4.49) | 28.48 30.73(2.25)
150.3 29.16  31.89(2.74) | 25.25 29.48(4.23) | 27.96 29.68(1.72)

AOP, TV-based, SIAM J. Imaging, 5 (2013),1227-1245.

TP-CTFg, Shen/Han/Braverman, J. Math. Imaging Vis., 54 (2016)

64-77.
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Remove Gaussian & Random-valued Impulse Noise

PARIGI TP-CTFg PARIGI TP-CTFg PARIGI TP-CTFg
o p| 512 x 512 Baboon 512 x 512 Barbara 512 x 512 Bridge
50.1 2481 28.30(3.49) | 31.55 35.20(3.65) | 26.96 29.32(2.36)
50.3 23.05 24.08(1.03) | 29.28 29.56(0.28) | 25.45 25.51(0.06
150.1] 23.63 25.71(2.08) | 28.88 30.50(1.62) | 25.34 26.48(1.14
150.3 21.81 23.28(1.47) | 27.33 27.93(0.60) | 23.38 24.59(1.21
o p 512 x 512 Boat 512 x 512 Goldhill 512 x 512 Lena
50.1 31.41 33.66(2.25) | 32.60 34.23(1.63) | 34.72 36.57(1.85)
5 0.3 28.81 28.34(-0.47) | 30.64 29.99(-0.65) | 32.57 31.91(-0.66)
150.1) 28.21 30.08(1.87) | 29.08 30.13(1.05) | 30.31 32.80(2.49)
150.3] 26.57 27.68(1.11) | 27.99 28.66(0.67) | 29.22  31.03(1.81

Observable region €2 is unknown, o

2

p = #Q°/d is the noise ratio.
PARIGI, patch-based, SIAM J. Imaging, 5 (2012),1140-1174.

TP-CTFg, Shen/Han/Braverman, J. Math. Imaging Vis., 54 (2016):;\

- /
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Remove Gaussian & Random-valued Impulse Noise

K-ALS TP-CTFe¢ K-ALS  TP-CTFg K-ALS  TP-CTFg
op 256 x 256 C.man 256 x 256 House 256 x 256 Peppers
501 2825 29.71(1.46) | 35.71 36.83(1.11) | 28.47 30.61(2.14
50.3 24.38 25.21(0.83) 30.52 30.39(-0.13) | 25.08 25.37(0.29
150.1 27.45 27.32(-0.13) | 32,59 32.60(0.02) | 27.33 27.78(0.45
150.3 23.69 24.73(1.03) | 28.06 29.44(1.37) | 23.96 24.65(0.69
op 512 x 512 Lena 512 x 512 Barbara 512 x 512 Boat
50.1 35.07 36.65(1.58) | 32.12 35.18(3.06) | 31.86 33.43(1.57
50.3 29.96 31.22(1.27) | 26.42 26.89(0.47) | 27.63 27.53(-0.1)
150.1 32.10 32.71(0.61) | 29.70  30.60(0.9) 29.68  29.98(0.3)
150.3 27.66 29.63(1.97) | 25.14 25.52(0.38) | 25.97 26.34(0.37

K-ALS, patch-based, SIAM J. Imaging, 6 (2013),526-562.

TP-CTFg, Shen/Han/Braverman, J. Math. Imaging Vis., 54 (2016)
04-77.

Bin Han (University of Alberta)

Basics on Wavelets and Framelets

July 20/23/26, 2021

118 /1




Frequency Separation Property and Directionality
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Frequency Separation Property and Directionality

o b; (€) ~ 0 for € € [~,0] while b; (€) ~ 0 for € € [0, 7).
o By 1(€) := by(£/2)¢(£/2), frequency separation property:
D1(6) R Xa-aaraleres  V2(6) R Xio-acrale
@ Define a real-valued isotropic function f by f= g with
8(61,82) = Xi—a.alena ()Xl ene (§2)-
@ Tensor product framelet ¢ := 1; ® 1), satisfies
PU(x) = £(x) cos((Gr, &) - x). - ¢(x) = F(x)sin((Cr, G2) - x)-

@ Directionality is induced by cos(( - x) and sin(¢ - x) waves.

o Take advantages of wavelets and Discrete Cosine Transform. &
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@ Four types: Orthogonal or biorthogonal wavelet filter banks;
tight or dual framelet filter banks.

Advantages of wavelets: sparse multiscale representation, fast

wavelet/framelet transform, good spatial and frequency
localization, singularity detection, etc.

@ A subdivision scheme is an iterative local averaging scheme for
generating smooth curves and only uses low-pass filters.

Signal /image compression often uses orthogonal wavelets or
symmetric biorthogonal wavelets.

Signal/image denoising often uses tight or dual framelets.

Three steps of wavelet applications: wavelet decomposition,
coefficient thresholding, wavelet reconstruction.
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