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Exterior Products

Vector Space: v € X

Dual Space: v € X* = L (X — R), the space of real linear functionals
v (u) on X

Bilinear Map (-,-) : X* x X — R
(viu) = v(u)
Multilinear Maps: u?,- - - uk € X. Define u! A2 A+ Auk: (X)) - R
by
VAN ALK (vi,va, ", k) % et [v,- (u’)] = det [<v,-, uf>]
ifvieX*i=12- - k.
A*X is the set of all finite linear combinations of the maps

UL AU A AR
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Similarly vi Avo A--- A vy : XK — R is defined by
1 2 def
v1/\v2/\'-~/\vk(u,u,'-~ )—det[<v,, >]
and A¥X* is the set of all finite linear combinations of these.

The expression

<v1/\vz/\---/\vk,ul/\uz/\---/\uk> dgdet[<v;,uj>]

extended by linearity gives a bilinear map (-, -) : AKX *x A*X — R.
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Let {ef} be a basis for X. Define real functionals e; on the basis by
(ej, &) = 8. Extend e; to X by linearity. if u € X, then

V:chej, ci = (ej,v)
J

Moreover {e/t A - - A ek} is a basis for AKX
Note that

(eq AweAey el Ao Ay = o)

If vi,..., vk € X, then vs = Y cjsef, ¢’ = (ej,v°) and

Vl/\"'/\vk = Z(j)C(j)ejl/\"'/\ejk,
iy = <e,-1/\---/\e,-k,v1/\---/\vk>
= det[(e,v°)], rs=1---k
= det[cf] X 2k (1)
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Compound Operators

X,Y vector spaces, A € L (X Y)
Multiplicative compound AK) (/\k X — /\kY)
A(k)<v1/\---/\ )"ifA A ANAVK Ve X

extended by linearity to /\k X
X C Y: Additive compound Al € £ (/\kX — /\kY) :

Alkl (vl/\m/\vk) LY VLA AAY A AV

j=1

extended by linearity to A¥ X
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Matrices
C=A:R" - R"
[c7] = (er, Ae®) = [7]
C=AK  AKR? — AKR™
c((rs)) = <e,1 ARRRWA e,k,A(k) (e A--- A esk)>
= (en N---Nep, Ae” N - N Ae’)
= det(e, Ae¥) =det[a}] i=1,--k j=1,---k

S1°"Sk
reer

C = Ak AKR" — A¥R™. Replace AK) by AlKl above

k
C((rs)):<er1/\"'/\erk,zesl/\~~-/\Aesf/\.../\esk>

Jj=1

= 4

so that C((rs)) =al4---Faf, if (r)=(s). c((rs)) = (—1)"" a7 if exactly
one entry r; in (r) does not occur in (s) and s; does not occur in (r),
c((rs)) = 0 if (r) differs from (s) in two or more entries.
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Properties

1. The Binet-Cauchy identity:
(AB)(k) —Ak) g(k)

(ABYW) VLA A vk = (AB)

=A(B/')A---NA(B) vV

e A(k) |:B(k)vl VANEIIEIAN Vk:|
2. Additive property:

vIA--- A (AB) vk
AW [(BVY) A=+ A (B) VK]

/\.
k) )
AR BK) YL A Lo A vk

(A+ B)[k} — Al 4 glK]

A+ B (VA AVK) =TI VI A A (AEB) VA AV
=Y VEA - AAV A AVE T VEA L ABY A AV
— AKIA Ak B LA Ak = (A[kws[k})m...mk

IUSEP Edmonton () Compound Equations July 24, 2019 8 /15



3. Multiplicative-additive relationship

= (I 4 hA)! = Al
ah ) o

Proof:
(1A VIA oA VK = (14 hA) VEA - A (I + hA) vk

Differentiate using the product formula and set h =0

d (k)
g5 (I + hA) .

70v1/\---/\vk:ZJ’-‘Zlvl/\---/\Avj/\---/\vk:
AKIVEA A vk
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4. Differential Equations: L: x = A(t) x, Li: z=AK (1) z
(i) 1f x* (t),- -+, x¥(t) are solutions of L, then
z(t) =x'(t) A+ AxK(t) is a solution of Ly since
2(t) = x () A N (t) A= AXK(t) =
S x () A AA(E) S () A AR (t) = AR () xE () A A XK (1)

(ii) If X (t) is a fundamental matrix for L, then X(¥) (t) is a fundamental
matrix of Ly since from (i), if x' (t) = X (t) ¢’ are solutions of L,
XU (t)y P Ao Ak =X (t) P A+ A X (t) cK is a solution of Ly

(i) For any square matrix A

AL = AL A = det A, Al =tr A,

(exp A)(k) = exp (A[k]) , log (exp A)(k) = AlK]

x = Ax. A fundamental matrix X (t) = exp (At) (A is constant) and
X (0) = I. The fundamental matrix Z (t) of z = A Kz, Z (0) =1, is
Z(t) =exp (Am t) and also Z (t) = X (t) = exp (At)(k) so that

exp (At)(k) = exp (Am t) et t = 1.
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5. Eigenvalues n X n matrix A

(i) If A1, - -+, A, are the eigenvalues of A, then the eigenvalues of A) and
AlKl are AiAjy === Ajand Aj +Aj, + - - -+ Aj,, respectively,
1<hp< - <ig<n

(i) The corresponding eigenvectors of both AK) and A%l are
vip Avip Ao A if Vi, v, - -0, v, are independent eigenvectors of A
corresponding to A;, Aj,, - -+, A, respectively
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(i) GerSgorin disks for A :

|z—a‘<z

J#

2

contain the eigenvalues A; of A
(iv) Gerdgorin disks for A(K) :

- ’k
i

’z—a

contain the products A;Aj, -+ - A,

(v) Gersgorin disks for Al :

()< X

contain the sums A; +Aj, +---+ A,
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Courant-Fischer

(vi) A a real positive definite symmetric matrix, eigenvalues
M>2A> -2 A,

*

A1 = max x€R" x#0

x*x

* A(k)
)\1/\2...)\k:max%, yle/\Xz/\--'/\Xk, y;«éO

A+ A+ -+ A = max
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C any positive definite symmetric, Ay > Ap > --- > A, (C), are the
eigenvalues of C. Courant-Fischer implies

A (AB) < A1 (A) A1 (B)

A (A4 B) <AL (A) + A1 (B)

It follows from the compound matrices that

Mg - Ag (AB) < AtAg -+ - Ay (A) A1As - - - Ai (B)

A1 +A2+-- -+ A (A+B)
< [MAA+ o+ M (A)+ M+ A+ + A (B)
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Dimension Problems
If the differential equation
x=A(t)x

satisfies certain technical conditions*

t—o00

dim{x(t): lim x(t)zO} >n—k+1

if and only if all solutions of z = AlKl (t) z satisfy

lim z(t) = 0.

t—o0

So for example, with k = n and the technical conditions®, there exists at
least one non-zero solution x (t) of x = A(t) x such that
lim¢—co x (£) = 0 if and only if ["tr A(s) ds = —oo. In this case

Al (1) = tr A (t)

and the solutions of the scalar equation z = tr A (t) z are

z(t) = z(0) exp (fof trA(s) ds) .
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