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1 Introduction

2 Graph theoretical results

In this section, we revisit Kirchhoff’s Matrix Tree Theorem and prove several related combi-
natorial identities that we will use in later sections. We begin by recalling some definitions
from graph theory. We refer the reader to [13] and [31] for detailed discussions.

A directed graph or digraph G = (V, E) contains a set V = {1,2,...,n} of vertices and
a set F of arcs (i, j) leading from its initial vertex i to its terminal vertex j. A subgraph H
of G is said to be spanning if H and G have the same vertex sets. A digraph G is weighted
if each arc (4, j) is assigned a positive weight a;;. If H is a subgraph of a weighted digraph
G, then the weight w(H) of H is the product of the weights on all arcs of H.

A directed path P in G is a subgraph whose vertices can be labelled 1,49, - ,%m SO
that its arcs are of the form (ig,ixy1) for k = 1,2,...,m — 1. A directed cycle C in G is
the subgraph obtained from such an oriented path P by adding arc (i, 1) if it exists. If
m = 1, we refer to the directed cycle consisting of a single vertex x; and a single arc (z1,x1)
as a loop. A rooted tree T is a subgraph with no directed cycle in which one vertex, the
root, is the initial vertex of no arcs, but each of the remaining vertices is the initial vertex
of exactly one arc. A subgraph Q is unicyclic if it is a disjoint union of rooted trees whose
roots form a directed cycle. Note that every vertex of Q is the initial vertex of exactly one
arc.

Given a weighted digraph G with n vertices, define the weight matrix A = (aij)nxn
whose entry a;; equals the weight associated with arc (i, j) if it exists, and 0 otherwise. For
our purposes, we denote the weighted digraph as (G, A). The Laplacian matriz of (G, A) is



defined as
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Let v; denote the i-th principal (n — 1) minor of L.

Proposition 2.1 (Kirchhoff’s Matrix Tree Theorem [16, 27]). Assume n > 2. Then

vi= Y w(T), i=1,2,...,n, (2.2)

TETi

where T; is the set of all spanning trees T of (G, A) that are rooted at vertex i, and w(7) is
the weight of T .

A digraph G is strongly connected if for any pair of distinct vertices, there exists an
oriented path from one to the other. In particular, a weighted digraph (G, A) is strongly
connected if and only if the weight matrix A is irreducible [4].

Corollary 2.2. Assume n > 2. If (G, A) is strongly connected, then v; >0 for 1 <i <mn.

Theorem 2.3. Assume n > 2. Then the following identity holds.

Z Vj G5 Fij(l‘i,l'j) = Z w(Q) Z Frs(fl;ral‘s)y (2'3)

i,j=1 QcQ (r,s)eE(Co)

where Fyj(x;,x5),1 < 1,5 <n, are arbitrary functions, Q is the set of all spanning unicyclic
graphs Q of (G, A), w(Q) is the weight of Q, and Co denotes the oriented cycle of Q.

Proof. Note that each term in the expression for v; given in (2.2) is the weight of a spanning
tree 7 of (G, A) that is rooted at vertex i. Consequently, each term in v;a;; is the weight
of a spanning unicyclic graph Q of G obtained from tree 7 by adding an arc (4, j) directed
from the vertex i to the root vertex j. As a sequence,

w(T) a;; = w(Q),

and
w(7T) aij Fij(xi, x5) = w(Q) Fij(xi, xj),

where (i,7) € E(Cg). In general, when a directed arc from the root to any non-root vertex
is added to a rooted tree, we obtain a unicyclic graph. See Figure 2. When we perform this
operation in all possible ways to all rooted trees in G, we obtain all unicyclic graphs in G
and each unicyclic graph Q is created as many times as the number of arcs in its cycle Cgo.
The identity (2.3) follows if we reorganize the double sum on the left hand side as a sum
over all unicyclic graphs in G. This completes the proof of Theorem 2.3. O



Theorem 2.4. Assume n > 2. Then the following identity holds.
n n
Z Vi g Gz(.%'z) = Z Vi Qg Gj(.%‘j), (2.4)
ij=1 ij=1
where Gi(x;),1 < i <mn, are arbitrary functions.

Proof. Using Theorem 2.3, we know that both sides of (2.4) are equal to

D w(Q) D Grlaw),

QeQ keV(Cg)
where V(Cg) is the vertex set of Co. O
We end this section with a lemma that will be used in later sections.
Lemma 2.5. Assume
(1) a weighted digraph (G, A) is strongly connected;
(2) function Hij(z;,xj) >0 for all 1 <i,5 <mn;
(3) Hij(zi,zj) =0 if and only if x; = x;.
Then Z?,j:l a;ijHij(zi, x5) =0 if and only if x; = xj for all 1 < 4,5 < n.

Proof. Note that szzl a;jHij(xi, zj) = 0 implies that H;;(z;, z;) = 0 and thus z; = z;
if a;; # 0. For any given 1 < k,l < n, k # [, by the strong connectivity of (G, A), there
exists a directed path P in (G, A) from k to [. Applying the relation z; = z; to each arc
(,7) of P, we can see that x; = xj. Therefore, H;;j(x;,x;) = 0 if and only if z; = z; for all
1<i,j<n. 0

3 Coupled differential equations on networks

Given a digraph G with n vertices, n > 2, a network can be built on G by assigning each
vertex its own internal dynamics (called vertex dynamics) and then coupling these vertex
dynamics together according to the connection in G. Assume each vertex dynamics is
described by a system of differential equations

uj = fi(t, i), (3.1)

where u; € R™ and f; : R x R"™ — R™. Let g;; : R x R™# x R™ — R™ represent the
influence of vertex j on vertex 7, and g;; = 0 if there exists no arc from j to ¢ in G. Then
we obtain the following coupled system on G

n
u; :fz-(t,ui)—i—Zgij(t,ui,uj), 1= 1,2,...,n. (3.2)
=1

Here functions f;, g;; are assumed to be sufficiently smooth.



One of main mathematical interests in the literature of network dynamics is to establish
the collective dynamics of a coupled system like (3.2). In particular, it is a natural question
to ask how properties of digraph G affect dynamical behaviors of the system, specially
stability and synchronization. In this paper, we will focus on the global stability problems
for the equilibrium of (3.2). Suppose that E* = (uf,ub,- - ,u}) is an equilibrium of (3.2)
in some open set D = @, D; C R™, where m = >, m;. E* is said to be globally
asymptotically stable in D if it is locally stable and attracts all solutions initiated in D.
Among other approaches, Lyapunov direct’s method is often applied to prove the global
stability problems for differential equations arisen in different fields, such as mathematical
biology, chemostat, electric circuit, and etc. In the following, a general type of Lyapunov
function for system (3.2) will be constructed by using graph theoretic results from the
previous section.

Suppose that there exist functions Fj;(t,u;, uj) defined on R x D; x D; and locally
Lipschitz continuous functions Vj(¢,u;) defined on R x D; for 1 < 4,5 < n. Define the
derivative of each V; along (3.2) as follows

o OVi(t,uy) 6V(t u;) -
Vi = ot ou, (fz t,u; +JZ; gzg t uZ?“’j)) (33)
Assume
Vi < Za’lj 1] t uz,u]) t>0, u; €D, Uuj; € Dja (34)

where constant a;; > 0 for all 1 <4, j <n. Denote A = (a;j) and define a weighted digraph
(W, A) with n vertices as follows: there exists an arc from vertex i to vertex j and its weight
equals a;; if a;; > 0, and no arc from ¢ to j otherwise. Let v; denote the i-th principal (n—1)
minor of the Laplacian matrix L of (W, A), as described in Proposition 2.1. Note that if
(W, A) is strongly connected, then v; > 0 for 1 < i < n. Denote u = (u1,ug, - ,u,) and
set

V(t,u) =Y oiVi(t ). (3.5)
=1

Theorem 3.1. Assume that there exist functions Vi(t,u;) and Fj(t,u;, uj) such that (3.4)
holds and in every directed cycle C of (W, A),

> Ful(tiup,us) <0, >0, up € Dy, ug € Dy (3.6)
(r,s)EE(C)

Then V(t,u) <0 fort >0 andu € D, namely, V as defined in (3.5) is a Lyapunov function
for (3.2).

Proof. Direct calculation gives

n
[ ] L]

V = szVL < Z viaq; Fij(t, ug, uj).

i,j=1



Using Theorem 2.3 with weighted digraph (W, A), we obtain
n
Z viaijFij(t,ui,uj) = Z ’U)(Q) Z Frs(ta uTauS)‘
ij=1 Q€Q (r,s)€E(Co)

Since in every directed cycle C of (W, A), (3.6) holds, we have

Z w(Q) Z Frs(t,up,us) <0.

QeQ (r,s)eE(Cg)
Therefore, V' < 0, which completes the proof of Theorem 3.1. O

In Theorem 3.1, if we further assume that V' = 0 iff v = E*, then E* is globally
asymptotically stable in D. Instead, assume that the largest compact invariant subset of

{u € D :V =0} is the singleton {E*}, then by the LaSalle Invariance Principle [23], E* is
globally asymptotically stable in D.

Corollary 3.2. Assume that there exist functions Vi(t,u;), Fi;(t, us, u;), and Gi(t, u;), such
that (3.4) holds and

Then 1./ <0.

Corollary 3.3. Assume that there exist functions Vi(t,u;) and Fj;(t,u;, uj) such that

n
Vi < =i Vilt,us) + > aiFyj(tug,ug), 1<i<n, (3.8)
j=1

with constants ¢; > 0, and either (3.6) or (3.7) holds. Then V < —cV, where ¢ = min{c; :
1 <i<n}.

4 Damped harmonic oscillators on a network

Given a digraph G with n vertices, n > 2, a coupled system of damped harmonic oscillators
on G can be built as follows: each vertex i is assigned a damped harmonic oscillator described
by

& + ad; + fi(z;) =0,
and the interactions from vertex j to vertex i are provided in the form of €;;(&; — &), where
€;j > 0 and ¢;; = 0 if and only if no arc from j to 7 in G. Thus we obtain an example of
coupled differential equations on a network

By 4 adi + fi(mi) + Y €ij(d — 35) =0, (4.1)
j=1
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or in the form of a system of differential equations

T = Yi,
n

vi = —agyi — filws) =Y ij(yi — y))-

j=1

(4.2)

Assume that the damping «; > 0 and the potential energy F;(z;) = [ f;(s)ds has a strictly
global minimum at x; = z}. Then E* = (z7,0,25,0,--- ,2},0) is an equilibrium of system
(4.2).

Theorem 4.1. If ap > 0 for some k and digraph G is strongly connected, then E* is globally
asymptotically stable in R?".

Proof. Set Vi(zi,y;) = Fj(z;) + % . The derivative along (4.2) gives

Let a;; = €, Fij(yi,yj) = yiyj — yiQ, and G;(y;) = —%yf Then we have
° n
Vi < ZaijFij(yiayj)
j=1

and ) ) )

Fij(yir ) = =5 i — v)* = Su? + 505 < Gilwi) — Gi(y;)-
Thus, conditions (3.4) and (3.7) have been verified. By Theorem 3.1 and Corollary 3.2, the
function V (21,41, , Tn, Un) = sy viVi(wi, i) as defined in (3.5) is a Lyapunov function
for (4.2), namely, V < 0 for all (z1,y1,- -+ ,Tn,yn) € R?™.

Recall that the coefficient v; in V' is the i-th principal (n — 1) minor of the Laplacian
of weighted dirgraph (W, A). Note that G is strongly connected, so does (W, A). Thus
v; > 0 forall 1 < i < n. As a sequence, V = 0 implies Oziyl-2 = 0 and a;;(y; — yj)2 =0
for all i and j. Since ay > 0 for some k, we obtain yx = 0. Let H;;(vi,y;) = (vi — y;)?,
then we have szzl a;jH;;(yi,y;) = 0. Using Lemma 2.5, we conclude that y; = y; for all

i,j. Hence, V' = 0 implies y; = 0 for all i. From the second equation of (4.1), we have

0 = 9; = —fi(zs), thus z; = 2. This implies that the largest compact invariant subset
of {(x1,y1, " ,Tn,yn) € R¥™ : V = 0} is the singleton {E*}. Therefore, by the LaSalle
Invariance Principle [23], E* is globally asymptotically stable in R?". O

5 A single-species model with dispersal

Consider a system that describes dispersal of a single species among n patches (n > 2)

n

SL‘; :l'ifi($i)+2dij(l‘j —Oéijfl,‘i), 1=1,2,...,n. (5.1)
j=1



Here z; € R represents the population density of the species in patch i, f; € C1(R*,R)
represents the growth rate in patch i, and constant d;; > 0 is the dispersal rate from
patch j to patch i. Hastings [14] studied the local stability of a positive equilibrium of
(5.1). Sufficient conditions for uniqueness and global stability of the positive equilibrium
are derived in Beretta and Takeuchi [2] and later in Lu and Takeuchi [25]. In this section,
we reformulate (5.1) as a coupled system on a network. This allows us to apply our general
approach in Section 3 and prove a stronger result on the global stability of the positive
equilibrium.

A digraph G with n vertices associated with (5.1) can be constructed as follows: vertex
i represents patch i, an arc (j,4) from vertex j to vertex ¢ is assigned if the dispersal rate
d;; > 0, and no such arc exists if d;; = 0. The vertex dynamics at each vertex is defined
by the scalar ordinary differential equation =, = z; f;(z;). The coupling among vertices are
provided by the dispersal among patches dictated by G. Thus (5.1) is another example of
coupled differential equations on a network.

Theorem 5.1. Assume
(1) matriz (dgj) is irreducible;
(2) fl(xi) <0,z >0,i=1,2,...,n; for some k, f(x) # 0 in any open interval of RT;
(3) system (5.1) is uniformly persistent;
(4) solutions of (5.1) are uniformly bounded.

Then system (5.1) has a unique positive equilibrium E* and E* is globally asymptotically
stable in the positive cone R'}.

Proof. Uniform persistence, together with uniform boundedness of all solutions of system
(5.1), implies that (5.1) has at least one positive equilibrium (see Theorem D.3 in [28] or
Theorem 2.8.6 in [5]). Let E* = (aF,23,--- ,2}),2f > 0,i = 1,2,...,n, denote a positive
equilibrium of (5.1). We will show that E* is globally asymptotically stable in R"} and thus
is unique. Set Vj(r;) = z; — 2] + } In 7+. It can be verified that V;(z;) > 0 for all z; >0

and V;(z;) = 0 if and only if z; = . Dlrect calculation yields

- <xi—xz‘>:fi<xi>+fjdm(2—aw)]

= (w; —xf) _Z U z a” / fil¢ x?)—’_zdij(%_am)}
] 'l
7 ] v

o det B (o) = Ti T _ T () — _ Ti zi
Leta”—dwavj,F,j(azz,:v])—;f t 41 x;x;,andGZ(xl)— m;%—lnx%.Thenwehave

[ ]
Vi <Y a;iFij(z, ),
=1



and
Fij(wi, ) = Gi(w:) = Gjlay) + 1=~ +In =8 < Gi(i) = Gj(xj).
xixj a:ia:j

Here we use two facts that [ f/(£)d¢ - (z; — 27)* < 0 and ®(a) := 1 —a+1Ina < 0 for
a > 0 with equality holding iff « = 1. Now conditions (3.4) and (3.7) have been verified.
By Theorem 3.1 and Corollary 3.2, the function V(x1,--- ,2z,) = > ;- v;Vi(x;) as defined
in (3.5) is a Lyapunov function for (5.1), namely, V' < 0 for all (z1, - ,z,) € R7.

Since (d;;) is irreducible, A = (aj;) is also irreducible, or equivalently, (W, A) is strongly
connected. Thus, v; > 0 for i = 1,2,...,n. As a result, V = 0 implies that f;z JHQ'E

(z; — 27)? = 0 and a¢j<I><£xﬁ> =0 for all 1 <i,j < n. Since for some k, f/(x) #Z 0, we

X; X,
vy

have zj, = x}.. Note that @(xjxj) = 0 if and only if % = %1 Using Lemma 2.5, we know
i J

*
XT;XT x
b}

that 37, a]q>(%) = 0/if and only if £ = £ for all i, j. Therefore, V = 0 if and only

if x; = ] for all i. By the classical Lyapunov stability theory, E* is globally asymptotically
stable in R’}. This completes the proof of Theorem 5.1. 0

Under the condition that for each ¢, f/(x;) < 0,2; > 0, the global stability of E* was
proved in Lu and Takeuchi [25] by using the theory of cooperative systems. Their condition
implies our assumption (2) in Theorem 5.1. Theorem 5.1 contains the global stability result
in [25] as a special case.

6 An n-patch predator-prey model

In this section, we consider a predator-prey model in which preys disperse among n patches
(n>2).

n
pm b e ;dij(mj ~ ) t=1,2,...,n (6.1)

Yy = yi(—vi — Siyi + €imy),

The parameters in the model are nonnegative constants, and e;, ¢; are positive. We refer the
reader to [9, 21] for interpretations of predator-prey models and parameters. When n = 2,
Kuang and Takeuchi [21] studied (6.1) and proved the uniqueness and global stability of a
positive equilibrium by constructing a Lyapunov function. In this section, we regard (6.1)
as a coupled system on a network. Then, using a Lyapunov function for a single patch
predator-prey model [15] and our main result Theorem 3.1, we establish the global stability
of a positive equilibrium for the general n-patch model (6.1).

We first construct a digraph G with n vertices associated with system (6.1) similarly
as the previous section. Namely, (j,i) € E(G) if and only if d;; > 0. At each vertex of
G, the vertex dynamics is described by a predator-prey system. The coupling among these
predator-prey systems are provided by dispersal among prey populations. Thus (6.1) is
another example of coupled systems on a network.



Theorem 6.1. Assume that (d;;) is irreducible, and that for some k, either by > 0 or
0r > 0. If a positive equilibrium E* exists, then it is unique and globally asymptotically
stable in the positive cone R%r”.

Proof. Let E* = (7,45, -, 2}, yn), x5, yi > 0 for 1 < k < n, denote the positive equilib-
rium. Set Vi(xi,yi) = €i(x; — xfInz;) + e;(y; — y; Iny;). Then the derivative along (6.1)
yields

Y;i = ez(:r:z—xf){ ezyz—i-Zdw( —amﬂ
+ei(yi —yl)(— ’yz—ézyz—i-ezmz) .

= ez — g;;*) bigp;‘ + eiyZ Z dz]< i — a@j) — ey + Z dzj( - Oézjﬂ

Z

+ei(yi - y;k)((sly: — 6T i - 513/2 + 611'1)
" i Tixs
= —ebi(z —x))? —eidilyi — y)* + Z dije;r ( . x:‘ +1-— %)

i Sl?jﬂji

Let a;; = dijeix;f, Fij(x,xj) = —J——+1—i = and G;(z;) = —%4—111 af—% Conditions (3.4)
and (3.7) can be verified in the same way as the previous section. Thus, by Theorem 3.1, the

function V(z1,y1,- -+, Tn, Yn) = sy viVi(xi, i) as defined in (3.5) is a Lyapunov function
for (6.1), namely, V' < 0 for all (z1,y1, - ,Zn,Yn) € Ri".

Similarly to the previous section, in the set where V' = 0, we conclude that —e;b;(x; —
)% — eidi(yi — yi)? = 0 and aij <x §J> =0 for all 1 < ¢,j < n. Since either by > 0
J

or 0 > 0 for some k, z = x} or yr = y;. If yp = y;, then y; = 0, which implies that

—Vk — OkY) + exx = 0, and thus z; = x7. Using a similar argument as one in the previous

section, we conclude that x; = z} for all 4. Using the first equation of (6.1), we have
/

0 =2 = ai(ri — bz} —ey;) + 2;21 dij(z} — z}), hence y; = y!. Therefore, the only

)

compact invariant subset of the set where V' = 0 is singleton {E*}. Using the LaSalle
Invariance Principle [23], we conclude that E* is globally asymptotically stable in R?", and
thus is unique. This completes the proof of Theorem 6.1. ]

Note that the existence of E* can be obtained by persistence analysis, which only involves
dynamics on the boundary of R}. When n = 2, Theorem 6.1 gives Theorem 3.2 of [21].
7 A multigroup epidemic model with nonlinear incidence

In Section 5 and Section 6, we analyze two dispersal models in the setting of coupled systems
on a network where interactions are provided by dispersal among vertices. In this section, we



consider an n-group epidemic model in which interactions are provided by cross-infections.

Si=A; — dei - Zﬂijfij(siafj)7

J=1

B} =Y Biifi(Si,Ij) — (df + &) E;, =12 ,m.
j=1
I =L (d +'77,) iy

In this model, a heterogeneous population is partitioned into n homogeneous groups. Each
group ¢ is further compartmentalized into 5;, E;, and I; which denote the subpopulation
that are susceptible to the disease, infected but non-infectious, and infectious, respectively.
The coupling term [;; fi;(Si, I;) represents the cross infection from group j to group . All
parameters in (7.1) are nonnegative constants. For detailed discussions of the model and
interpretations of parameters, we refer the reader to [11, 29].

Let G denote a digraph with n vertices in which an arc (j, ) exists if and only if 5;; > 0.
System (7.1) can be treated as a coupled differential equation on G if we assign each vertex
a single-group SEIR model and couple them together with cross infection.

then it means that in (G, B) there exists an arc leading from vertex j to vertex i; and
in network, it means that individuals of I; can infect individuals of S;. Therefore, system
(7.1) can be treated as a coupled system on (G, B), and thus is a special case of (3.2).

Assume that ¢; > 0 and df > 0, where df = min{d?,d”,d! 4+ ~;}. Based on biological
considerations, we assume that f5i(1;,0) = O,f]Z(O,S) = 0, and fj(1;,S;) > 0 for S; >
0,1; > 0. We also assume that fj;(;,.5;) are sufficiently smooth.

For each i, adding the three equations in (7.1) gives (S; + E; + I;)) < A; — d(S; + E; +
I;). Hence limsup; (S + E; + I;) < A;/d}. Similarly, from the S; equation we obtain
limsup, ., S; < A;/ d;-g . Therefore, omega limit sets of system (7.1) are contained in the
following bounded region in the nonnegative cone of R3"

Ai Ai
:{(sl,El,fl,.--,sn,En,In)eRi" | Si< g, St Bt <§,1<k5<n} (7.2)

)

It can be verified that region I' is positively invariant. System (7.1) always has the disease-
free equilibrium Py = (SY,0,0,---,52,0,0) on the boundary of ', where S? = A; /ds An
equilibrium P* = (S}, Ef, If,---, S}, B}, I*) in the interior T of T is called an endemic

equilibrium, where S}, EY, I > 0 satlsfy the equilibrium equations

Ay =d7S; + Zﬂjifji(l;z 57, (7.3)
j—1

(dE —+ 67, E* Z/B_]’Lf]'b I* S* (74)

G = (df ) (7.5)

In the rest of this section we make the following basic assumptions on functions fj;(I;, S;):

10



(H) 0< lim 2208 — ¢05,) < 400, 0 < 5; < 89

—ot 1
(H2) fi(1;,5;) < Cji(Si)1; for sufficiently small I;;
(H3) f5i(1;,8;) < Cji(Si)1; for all I; > 0;
(Ha) Cji(S;) < Cj(SY), 0 < S; < SY.
Assume that f;;(I;, S;) satisfies (Hi), and let
Ry = p(Mo), (7.6)

denote the spectral radius of the matrix

e O (S0
My = M(S9,89,...,59) = < gﬂ €i cﬂgsz) |

If Cj;(S?) = +oo for some i and j, we set Ry = +o0o. The parameter Ry is referred to as
the basic reproduction number. Its biological significance is that if Ry < 1 the disease dies
out while if Ry > 1 the disease becomes endemic [6, 30]. The following results for system
(7.1) are standard and can be proved the same way as in [10, 29].

Proposition 7.1. Assume that B = (3;;) is irreducible and f;;(1;,S;) satisfies (Hy).

(1) If Ry < 1 and assumptions (H2) and (Hy) hold, then for system (7.1), Py is locally
asymptotically stable.

(2) If Ro <1 and assumptions (Hs) and (Ha4) hold, then Py is the unique equilibrium and
it is globally asymptotically stable in I.

(3) If Ry > 1, then Py is unstable and system (7.1) is uniformly persistent. Furthermore,
there exists at least one endemic equilibrium P* for system (7.1).

A challenging question in mathematical epidemiology is whether a multi-group model
such as system (7.1) has a unique endemic equilibrium P* when Ry > 1, and whether P*
is globally asymptotically stable when it is unique.

Theorem 7.2. Assume that B = (3;;) is irreducible and f;;(1;,S;) satisfies (Hy). If Ry > 1
and f;;(1;,S;) satisfies the following conditions

(Si = SO(fullf, Si) — fu(L,57)) >0, Si# S/, (7.7)
(05 S FaL7 1) = FulL}, S0 il 7, S5) )
(fji(fj,Si)Ifii(IZ‘,S;*) B fji(Ij’SiI)fii(Ii 751')) <0, I>0, (7.8)
J

then there exists a unique endemic equilibrium P* for system (7.1), and P* is globally

asymptotically stable in I

11



Proof. The case n = 1 is proved in [26]. We only consider n > 2. Let P* = (S}, Ef, I, -,
Sy Er 1Y), SF EF,IF > 0 for 1 <i <n, denote an endemic equilibrium which exists from

n)» n 1771
o]
Proposition 7.1-(3). We prove that P* is globally asymptotically stable in I'. In particular,
this implies that the endemic equilibrium is unique. Let

Si . * _ * * E )
fu(Il’f) f’L’L(IZ ’Sl)d£+E E* lnE + d "‘61

sz fu(I},€) €

Using equilibrium equations (7.3), (7.4), (7.5), we have

X;i = (1 _ fally, ’;) (Ai —d?S; — iﬁjz‘fji(fjasi)) + (1 - *) <Z/8ﬂfﬂ (£5,5:)

Vi(Si, Ei, 1;) = (I, — I} In I;).

fu(z
@+ eym) + G (1 f;) (@l +2m).
- (-£ES ’f)(deHiﬂﬂfﬁU;,S* —df5; - Zﬂﬂfm )

(1_ 7>(Zlgﬂfﬂ I]7S Zﬁﬂf]z I* S* )

n
fﬂ(I ,SZ) I 6B
+Zﬁ.‘ai*<1_i)(eﬂ_ L
= Ju El Iz 144 I

- B e ' 5 . g fuu::S:)
= sy B SOUE S — £l S7) +Zﬁﬂfﬂ 17,59 (3 - PO

fji(lj,S')f“(IZ*,Sl*) sz( js ) I; EI*).

+ _ _t _
f]l(I_;k?S;k)fiz( i z) f (I]*’SZ*) Ii* Ei*Il
Let bji = f5i(I},5;7) > 0, Gi(L;) = + —In 7+, and
= (3 S S50) | S SOEES)) Sl SE: LBy
J J fu( i z) f (I;,S:)f“( i Z) f (IJ*NS’:) ] Iz* E:IZ

Notice that

]m,s;)>+@(fﬁ(1j,s-)E*)+®<ijjz(1;,55)fii( 17, ‘)>+M)7

Fii = by Gyla)~Gila) +@ (755 7, 55 E:) T\ 1, 80 £ 17 57)

where

fii(L;, Si) fu (1}, S) I f5:(I7, S7) fii (L7 5 Si)
M - - - .
(fji(ljvsf)fil( I, S;) 1> (1 I;ij(I]7S’L)fii(I;<75;))

Recall that ®(a) =1—a+1na <0,a > 0, and ®(a) = 0 iff a = 1. Under assumptions (7.7)
and (7.8), (3.4) and (??) can be verified similarly as in Section 5. By Theorem 3.1, the

function V.= 37" 1 v;V; as defined in (3.5) is a Lyapunov function for (7 1), namely, V < 0.
In the set where V = 0, we conclude that S; = S} and £ = ]I* = T* if 8j; # 0. Using a
J

similar argument as in Section 6, we can show that the only compact invariant subset of the

12



set where V' = 0 is singleton {P*}. By the LaSalle Invariance Principle [23], P* is globally
asymptotically stable in I' if Ry > 1. This completes the proof of Theorem 7.2. O

Remarks

1. Condition (7.7) holds if f;;(17, S;) is a strictly monotonically increasing function with
respect to S;.

2. In the special case fj;({j,S;) = gj(I;)hi(S;), condition (7.8) becomes

(1) - gy (2 - 2710) <o (7.9)
J

If g;(I;) is C* for I; > 0, then a sufficient condition to (7.9) is

0 <g;(I;) < I; > 0. (7.10)
Furthermore, if g;(/;) is monotonically increasing and concave down, then (7.10) holds,
so does (7.9). An example of non-concave and non-monotonic functions which satisfy
(7.9) was given in Korobeinikov and Maini [20].

3. In the special case f;;(1;,S;) = I;S;, system (7.1) becomes the standard multigroup
SEIR model studied in [11]. Theorem 7.2 generalizes Theorem 1.1 in [11].

4. When n = 1, Theorem 7.2 contains early results on single-group SEIR models, see
[18, 24].

8 A multigroup epidemic model with delays

In this section, we demonstrate that the general approach described in Section 3 can also be
applied to establish global stability of equilibria of delay differential systems. As an example,
we consider a multi-group SEIR epidemic model with time delays that is described by the
following system of functional differential equations

Si=Ai—d7S; =Y BiSil(t — 1),
j=1

. i=1,2,---,n. (8.1)
I =Y BiSili(t — 7)) — (df + %)L,
j=1

The parameters in (8.1) are nonnegative and interpreted the same as those of (7.1) in the
previous section. Similarly to (7.1), we regard (8.1) as a coupled system on a weighted
digraph (G, B). Particularly, the vertex dynamics at each vertex is defined by a system of
delay differential equations.

13



Denote 7 = max{7; : i = 1,2,...,n}. Let C be the Banach space of continuous functions
on [—7,0] with uniform norm. We consider system (8.1) in the phase space

X:kl;[l(RxC). (8.2)

In the rest of this section, we always assume our initial conditions of system (8.1) satisfy
SZ(O) :SL(), IiO:d)ia 1= 1,2,...,77,, (83)

where s;0 € Ry and ¢; € C satisfies ¢;(s) > 0 for —7; < s < 0. It is straightforward to
see that solutions with initial condition (8.3) remain nonnegative. Moreover, from the first
equation of (8.1), we obtain S;(t)’ < A; — d?S;(t). Hence, limsup,_, ., Si(t) < % For each
i, adding the two equations in (8.1) gives (S;(t) + 1;+(0)) < A; — d*(SZ-(t) + Ii;(O)), which
implies that limsup,_, . (Si(t) + 1;+(0)) < fi\*’ where df = min{d?,d! 4 ~;}. Therefore, the
following set is positively invariant for system (8.1)

’L’l

A; A;
O = {(S1 10+ S () € X [0.58: < 35 0 <8+ 1,0) < g1, o
IZ(S) > 073 € (_Ti70]7 1

Let

2 A i
0 ={(S1,1() S () € X [ 0< 8 < 25, 0< S+ L(0) < .
Ii(s) > 0,5 € (—73,0],i = 1n}

It can be shown that © is the interior of ©®. In O, system (8.1) has the disease-free

equilibrium Py = (59,0,---,59,0) where SY = %, and any endemic equilibrium P* =
(ST, If, - -+, Sk, 1Y) if exists, where S, IF > 0 satisfy

n
A= BuSiI; +d7S;, and ZﬂﬂS*I* = (d +7)I}.
=1
Let the basic reproduction number Ry = p(Mj) be the spectral radius of the matrix

Proposition 8.1. Assume that B = (8;;) is irreducible.

1. If Ry < 1, then Py is the unique equilibrium for system (8.1) and it is globally asymp-
totically stable in ©.

2. If Ry > 1, then Py is unstable and there exists a unique endemic equilibrium P* for
system (8.1).

14



Theorem 8.2. Assume that B = (f3;5) is irreducible. If Ry > 1, then the unique endemic
equilibrium P* for system (8.1) is globally asymptotically stable in ©.
Proof. We consider the case n > 2. Let P* = (S{,I{,---,Sk, ), where S, I* > 0 for

n'-n 177
1 < i < n, denote the unique endemic equilibrium of system (8.1). Now we construct a

functional V; : R x C — R™T as follows

_ * * S * * * ’ . * (t_r)
V= Si=Si+Singr+ L1 ~I{In +Zﬂazs/ (L-n-1; “nzj)d"”‘

Notice that

/OTjaat(Ij(t_T) I*In(tlj))dr__/oTj %(Ij(t—r) [*In(tlj_r)>dr.

Using a similar argument as in the previous section, we can show

. " St L L SLt-t)E EI | L(t-7)
Vi= - E(Si-5)2+> 5*1*(3—7 e e e A RLF Vel M R W ALY )
SR T2 Oit S, "L SLCE EL L

Let bj; = S7I7 > 0, Gi(I;) = I* —In{ 1*7 and

S; I L SiL(t—T)E; EI . L(t—1)
F‘z‘:b‘i(?)—* Lyt J j)E iyl J).
AN A S;TE; BT

As similarly as in the previous section, (3.4) and (??) can be verified. Thus by Theorem 3.1,
the functional V.= >"" | vﬂ/ as defined in (3.5) is a Lyapunov functional for (8.1), namely,

V<O InthesetwhereV—O we know that S; = S} and E*—Iliz tTJ if B;; # 0.

Using a similar argument as in Section 6, we can show that the only compact invariant
subset of the set where V' = 0 is singleton {P*}. By the LaSalle-Lyapunov Theorem (see
[23, Theorem 3.4.7] or [12, Theorem 5.3.1]), we conclude that P* is globally attractive in ©

if Rg > 1. Furthermore, it can be verified that P* is locally stable using the same proof as
one for Corollary 5.3.2 in [12]. This completes the proof of Theorem 8.2. t

Remarks

1. When 7, =0,i=1,2,...,n, system (8.1) becomes the standard multigroup SIR model
without delays studied in [10]. Theorem 8.2 generalizes Theorem 3.3 in [10].

2. When n = 1, Theorem 8.2 gives a global stability result of McCluskey [26] for a
single-group SIR model with delay.

Acknowledgments.

This research was supported in part by grants from the Natural Science and Engineering
Research Council of Canada (NSERC) and Canada Foundation for Innovation (CFI). Z
Shuai acknowledges the support of an Izaak Walton Killam Memorial Scholarship at the
University of Alberta.

15



References

1]

2]

F. M. Atay and O. Karabacak, Stability of coupled map networks with delays, STAM
J. Appl. Dyn. Syst. 5 (2006) 508-527.

E. Beretta and Y. Takeuchi, Global stability of single-species diffusion Volterra mod-
els with continuous time delays, Bull. Math. Biol. 49 (1987) 431-448.

E. Beretta and Y. Takeuchi, Global stability of an SIR epidemic model with time
delays, J. Math. Biol. 33 (1995) 250-260.

A. Berman and R. J. Plemmons, Nonnegative Matrices in the Mathematical Sciences,
Academic Press, New York, NY, 1979.

N. P. Bhatia and G. P. Szegd, Dynamical Systems: Stability Theory and Applica-
tions, Lecture Notes in Mathematics, Vol. 35, Springer, Berlin, 1967.

O. Diekmann, J. A. P. Heesterbeek, and J. A. J. Metz, On the definition and the
computation of the basic reproduction ratio Ry in models for infectious diseases in
heterogeneous populations, J. Math. Biol. 28 (1990) 365-382.

B. Fiedler, M. Belhaq, and M. Houssni, Basins of attraction in strongly damped
coupled mechanical oscillators: a global example, Z. angew. Math. Phys. 50 (1999)
282-300.

M. Forti, On global asymptotic stability of a class of nonlinear systems arising in
neural network theory, J. Differential Equations 113 (1994) 246-264.

H. I. Freedman, Deterministic Mathematical Models in Population Ecology, Marcel
Dekker, New York, 1980.

H. Guo, M. Y. Li, and Z. Shuai, Global stability of the endemic equilibrium of
multigroup SIR epidemic models, Can. Appl. Math. Q. 14 (2006) 259-284.

H. Guo, M. Y. Li, and Z. Shuai, A graph-theoretic approach to the method of global
Lyapunov functions, Proc. Amer. Math. Soc. 136 (2008) 2793-2802.

J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equa-
tions, Applied Mathematical Sciences, Vol. 99, Springer, New York, 1993.

F. Harary, Graph Theory, Addison-Wesley, Reading, 1969.

A. Hastings, Dynamics of a single species in a spatially varying environment: The
stabilizing role of high dispersal rates, J. Math. Biol. 16 (1982) 49-55.

S. B. Hsu, On global stability of a predator-prey systems, Math. Biosci. 39 (1978)
1-10.

D. E. Knuth, The Art of Computer Programming, Vol. 1, 3rd ed., Addison-Wesley,
Reading, 1997.

16



[17]

18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

A. Korobeinikov, Lyapunov functions and global stability for SIR and SIRS epidemi-
ological models with non-linear transmission, Bull. Math. Biol. 68 (2006) 615-626.

A. Korobeinikov, Global properties of infectious disease models with nonlinear inci-
dence, Bull. Math. Biol. 69 (2007) 1871-1886.

A. Korobeinikov and P. K. Maini, A Lyapunov function and global properties for
SIR and SEIR epidemiological models with nonlinear incidence, Math. Biosci. Eng.
1 (2004) 57-60.

A. Korobeinikov and P. K. Maini, Nonlinear incidence and stability of infectious
disease models, Math. Med. Biol. A J. IMA 22 (2005) 113-128.

Y. Kuang and Y. Takeuchi, Predator-prey dynamics in models of prey dispersal in
two-patch environments, Math. Biosci. 120 (1994) 77-98.

A. Lajmanovich and J. A. York, A deterministic model for gonorrhea in a nonhomo-
geneous population, Math. Biosci. 28 (1976) 221-236.

J. P. LaSalle, The Stability of Dynamical Systems, Regional Conference Series in
Applied Mathematics, STAM, Philadelphia, 1976.

M. Y. Li and J. S. Muldowney, Global stability for the SEIR model in epidemiology,
Math. Biosci. 125 (1995) 155-164.

7. Lu and Y. Takeuchi, Global asymptotic behavior in single-species discrete diffusion
systems, J. Math. Biol. 32 (1993) 67-77.

C. C. McCluskey, Complete global stability for an SIR epidemic model with delay -
distributed or discrete, to appear.

J. W. Moon, Counting Labelled Trees, Canadian Mathematical Congress, Montreal,
1970.

H. L. Smith and P. Waltman, The Theory of the Chemostat: Dynamics of Microbial
Competition, Cambridge University Press, Cambridge, 1995.

H. R. Thieme, Mathematics in Population Biology, Princeton University Press,
Princeton, 2003.

P. van den Driessche and J. Watmough, Reproduction numbers and sub-threshold
endemic equilibria for compartmental models of disease transmission, Math. Biosci.
180 (2002) 29-48.

D. B. West, Introduction to Graph Theory, Prentice Hall, Upper Saddle River, 1996.

17



