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Abstract

The presence of backlash and compliance in automotive drivelines can lead to

undesirable NVH phenomena known asclunk and shu�e , respectively, which severely

deteriorates the drivability of the vehicle. Since the backlash and compliance are

design choices for automotive drivelines, they cannot be completely eliminated.

Therefore, torque shaping control systems are used to appropriately modulate

the torque commands sent to automotive actuators under di�erent operating

conditions in order to reduce clunk and shu�e. Model-based controllers provide

good control performance without the need for cumbersome calibrations and long

development time. Consequently, this dissertation centers on the design and real-

time implementation of an optimal, model-based torque shaping control system for

mitigating clunk and shu�e from the driveline.

In this PhD dissertation, Kalman �lter-based estimation algorithms and soft landing

reference governor-based control algorithms are designed to provide the shaped torque

commands to the actuators. A high �delity plant model and control-oriented models

are developed for use in the model-based torque shaping controller, and they are

validated using experimental data. Both the high �delity plant model and the control-

oriented model capture the frequency and phase of the shu�e oscillations with an

average error of less than 10%.
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For e�ective performance of the torque shaping controller up-to-date backlash position

and backlash size information is needed, and estimators are designed using Kalman

�lter techniques which make use of readily available driveline sensors to provide this

information. The backlash position estimator is shown to be accurate in estimating

the plant backlash position with a delay of up to 2 sample periods. The backlash size

estimator is demonstrated to estimate the plant backlash size in various operating

conditions with an error of less than 10%.

The torque shaping shu�e and clunk control algorithms are designed using a

pre-compensator and lead compensator-based feedback controller, and a reference

governor-based optimal controller which work using information from existing

driveline sensors, and provide a smooth and connected driving experience. This

model-based shu�e and clunk controller reduces the number of calibrations by

more than 90% compared to a rule-based controller, and is easily implementable on

embedded processors. Finally, the impact of model uncertainties on the performance

of the shu�e and clunk controller is analyzed, and the controller is shown to be robust

in multiple use cases. Additionally, the torque shaping controller is integrated with

two separate model-based, optimal controllers. One of the controllers reduces torque

lag caused during the transition of the torque converter clutch from locked to slipping

condition from 13.5% to 2.1%.

xlii



Chapter 1

Introduction

Ever since the �rst automobiles started appearing in the late 19th century, there have

been tens of thousands of developmental changes and improvements in all aspects of

an automobile. Today, automobile buyers take into account a variety of factors such

as safety, e�ciency, comfort, performance, etc. into their purchase decision. Comfort

and, to some degree, performance of an automobile is typically de�ned by the Noise,

Vibration and Harshness (NVH) characteristics of the vehicle. An important aspect of

the vehicle's NVH characteristics is drivability which, by de�nition, is the smoothness

and steadiness with which the vehicle is able to accelerate. The topic of drivability has

been thoroughly researched in the past few decades and certain phenomena a�ecting

the drivability of a vehicle, such as clunk, shu�e, rattle, judder, etc., have been

identi�ed by the researchers [10, 11, 12]. These phenomena materialize in the form of
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undesirable audible noises, and/or uncomfortable jerks and oscillations in the vehicle.

In this thesis, the focus is on the phenomena of clunk and shu�e.

Clunk is an undesirable audible noise caused due to adjacent gear teeth hitting one

another when the direction of torque traversal in the drivetrain is reversed (e.g., when

a tip-in event occurs from coasting). It is caused due to the presence ofbacklashin

gears, which is the clearance between adjacent gear teeth to ensure lubrication and

proper mating of the gears. An event causing a clunk can also lead to an unwanted jerk

in the drivetrain. Shu�e is a low-frequency longitudinal oscillation that occurs due

to the complianceof driveshafts used for transmitting the torque from the actuators

to the wheels of the automobile. The driveshafts are typically manufactured to be

compliant (or 
exible) to improve their durability while transferring large amount

of torque. Low-frequency vibrations such as shu�e are extremely uncomfortable for

the human body [13], and need to be reduced to improve driving comfort. Both

backlash and compliance are design choices and cannot be completely eliminated

from the powertrain. Automobiles today can have di�erent powertrain con�gurations

with various propulsion sources and torque 
ow paths (e.g., conventional internal

combustion (IC) engine vehicle, hybrid electric vehicle, battery electric vehicle, etc.).

The common elements in all these con�gurations are the presence of gears and

driveshafts, and, therefore, backlash and compliance, respectively. Fig. 1.1 shows

a schematic of an automotive drivetrain highlighting the main sources of backlash

and compliance.
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Figure 1.1: Schematic showing the main sources of backlash and
compliance in an automotive drivetrain with an IC engine.

For an in-depth analysis into the clunk and shu�e phenomenon, Fig. 1.2 illustrates a

tip-in scenario, wherein the vehicle is initially in coasting condition and, after a few

seconds, the driver presses the accelerator pedal causing the driver requested torque

to increase. In this scenario, the propeller shaft torque and the backlash position

is represented as being in the negative domain when the vehicle is coasting. As

the torque delivered by the actuator starts to ramp up, �rst the driveshafts start

to untwist and then the backlash traversal starts to take place. During backlash
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Figure 1.2: The points at which clunk and shu�e occur in an automotive
drivetrain.

traversal, it is noticed that the propeller shaft torque remains approximately 0 Nm,

since there is no physical contact between the actuator and the wheels. At the end of

backlash traversal, the clunk is heard and the propeller shaft torque starts to ramp up.
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Figure 1.3: Retail sales distribution between cars and trucks in the United
States between 2011 - 2021 [1].

However, a low frequency oscillation is also noticed in the propeller shaft torque which

is caused due to the twisting of the driveshafts, and this is the shu�e phenomenon.

1.1 Motivation

There are multiple reasons for interest in improving the drivability of a vehicle,

especially by reducing NVH phenomenon such as clunk and shu�e:

1. In recent years, the sales trend of larger passenger vehicles such as pick-up trucks

and SUVs has been rising in North America [1] (see Fig. 1.3). These vehicles

typically have larger displacement engines with relative high torque outputs,

and rear wheel drive (RWD) or all wheel drive (AWD) drivetrain con�gurations.
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The impact of clunk and shu�e is more prominently perceived in such vehicles.

In addition, customer expectations and demands of vehicle comfort have been

increasing.

2. Since the past decade, there has been a paradigm shift in automotive propulsion

from linear torque producing internal combustion engines to instant torque

delivering electric motors [2] (see Fig. 1.4). While the compact and relatively

simple electric motor architecture makes it possible to have various powertrain

con�gurations in an automobile, the torque characteristics of the electric motor

also make it much more prone to the clunk and shu�e phenomenon. While

most automobiles with an electric motor do not need a transmission, they still

have reducer gears between the motors and wheels, and they utilize driveshafts

for transmitting the propulsion torque to the wheels. On the other hand, faster

and more precise torque control opportunities with electric motors makes it

easier to implement more advanced and e�ective torque shaping algorithms.

3. With an exponential increase in the available computation power in an

automotive control unit (a.k.a. an ECU), there is a growing scope to

implement complex, optimal control logic in automobiles today. Such control

algorithms have better performance compared to legacy, heuristic control

algorithms. Moreover, legacy control algorithms typically have hundreds of

calibration parameters and need long development time. Optimal, model-based

control algorithms have relatively less calibration parameters and reduce vehicle
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Figure 1.4: Sales forecast for electric and electri�ed vehicles in the next
few years [2].

development time.

In the next section, the current state-of-the-art in reducing clunk and shu�e is

discussed, and an overview of relevant research in driveline torque shaping algorithms

is provided.

1.2 Literature review

The topic of automotive powertrain control has been of signi�cant interest in the

past to many researchers both in academia and research. While the �eld of

powertrain control is quite large, we can broadly categorize the literature in this

�eld into three areas based on research area: (i) development of high-�delity and
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reduced order automotive plant models for use in model-based estimation and control

applications, (ii) design and validation of estimation algorithms for automotive

driveline applications, and (iii) design and validation of control algorithms for

automotive driveline applications. In this chapter, past research in these categories

and their advantages and disadvantages are discussed. A timeline showing selected

works in the topic of powertrain clunk and shu�e is shown in Fig. 1.5.

8



F
ig

ur
e

1.
5:

S
el

ec
te

d
lit

er
at

ur
e

re
la

te
d

to
to

rq
ue

sh
ap

in
g

co
nt

ro
ls

ys
te

m
s.

9



1.2.1 Driveline modeling for controls applications

Various types of plant models have been previously developed for controls applications

based on the dynamics of interest to the researchers. Since this work deals with

driveline NVH problems, driveline models developed for estimation and control

algorithm development were reviewed and they are presented here.

In [14], an eight state mathematical model was developed based on engine,

transmission and driveline states for powertrain dynamics. This model was

experimentally validated, and was found to be suitable for developing closed-loop

control systems. This technique had the advantage of being easily con�gurable for

any vehicle. In [15], the suitability of a cylinder-by-cylinder engine model and a mean

value engine model is compared for use in powertrain control applications. This work

suggests that the mean value engine model is a good choice for powertrain simulations

and control especially when computational demand needs to be low. In [16], three

models of various complexities were designed and they provide a good source for

understanding the basic principles of powertrain modeling for control applications.

The �rst model was a linear model with the transmission and �nal drive including

viscous friction, and the clutch, propeller shaft and driveshafts modeled as sti�

elements. For the other two models, 
exibility was added to the clutch and included

static nonlinearity in the clutch, respectively.
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In [17], a bond graph-based simple driveline model is developed for analyzing shu�e

oscillations in a manual transmission vehicle. Their work includes components that

are relevant for observing dominant shu�e modes in an automobile. Further, this

work was experimentally validated and showed good agreement with the developed

model. In [18], the performance of a nonlinear automotive model developed using

Bond Graph and Block Diagram technique is compared, and it is found that both

the approaches showed approximately similar accuracy while representing the vehicle

speed for an electrical powertrain.

In [19], a dynamic model for automotive powertrain simulations was developed in

AMESim. This model was validated through laboratory data for di�erent operating

conditions of an IC engine. In [20], an in-depth analysis is presented on various models

that are best suited for di�erent aspects of drivability (e.g., tip-in or tip-out, take

o�, and during gear shifts). This work also propose di�erent modeling techniques

based on the stage of vehicle design cycle. A full-order linear model is proposed

during the design and development phase. A reduced order model is proposed for the

control strategy formulation phase, and a full-order nonlinear model is proposed for

the validation phase of the vehicle development. In [21], �ve nonlinear models of the

vehicle driveline were developed. The sti�ness of the driveshaft and half-shafts were

identi�ed to be the main factors a�ecting the low-frequency vibrations in the vehicle.

In [22], the relation between road surface and vibrations in the driveline was studied.

It was observed that depending on the road conditions, there may be signi�cant e�ect

11



on the oscillation amplitude and frequency of a driveline.

1.2.2 Backlash position and size estimators

Various models of backlash have been discussed in the literature (see, e.g., [23])

for application in automotive systems. Past researchers have utilized some of these

models for developing di�erent methods of backlash position estimation. In [24], the

researchers split the driveline into di�erent operating modes based on the position of

the backlash, and developed extended Kalman �lter-based estimators for determining

the position of the backlash. However, they assume the availability of angular

position information of the engine and the wheels in their work, whereas obtaining

angular position of the wheels from their angular speed measurement is di�cult on

production vehicles. In [25], a Loop Transfer Recovery (LTR) method is developed

for use during contact mode operation, and system simulation is used during backlash

mode operation for estimating the backlash position. However, this approach is not

validated using experimental vehicle data.

Canova et al., [26] and Guercioni et al., [27] estimate the backlash position using a

discrete Kalman �lter. Both their approaches use the speed measurements of the

engine and wheels as the measured variables, and the torque input to the driveline as

the control input. However, there are certain key di�erences when compared to the
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Figure 1.6: Summary of previous approaches to backlash position
estimation.

current work, namely: (i) the plant model considered in [27] uses a two-mass reduced-

order model, which might not capture the clunk and shu�e dynamics accurately, and

(ii) these works do not analyze the impact of CAN jitter [28] on their estimator's

performance, while jitter is present in the measured signals obtained over CAN in

production vehicles.

Past literature in automotive backlash size estimation is limited. Lagerberg et al., [24]

developed a size estimator using Kalman �lter methodology, assuming the availability

of engine and wheel angular position measurements. However, this approach is

di�cult to implement due to the non-availability of wheel angular position information

in production vehicles. Templin [29] proposed a prediction-based estimation approach

for obtaining drivetrain parameters, including the lash size, though the e�ectiveness

and robustness of this approach are not investigated.

13



Researchers in other �elds such as manufacturing, robotics, and wind turbines are

also interested in estimating the backlash size. Using angular position measurement,

Hovland et al., [30] design an extended Kalman �lter to identify the size of backlash

in robotic transmissions. Prajapat et al., [31] make use of an unscented Kalman

�lter to estimate the size of the lash present in gearboxes of wind turbines. Here,

the inputs to the estimator are the generator speed and power. Merzouki et al., [32]

and Papageorgiou et al., [33] develop sliding-mode observers that use position and

speed measurements to estimate the backlash size in electromechanical systems and

machine tools, respectively. Stein et al., [34] introduce a bounce estimation technique,

based on momentum transfer analysis, for estimating the size of the backlash present

in industrial machinery. However, their approach places certain limitations on the

amount of compliance present in the system. In addition, the estimator also requires

calibration on each and every machine that it is applied to. Tjahjowidodo et al., [35]

propose a nonlinear parameter estimation technique for obtaining the backlash size.

This technique is computationally intensive and, therefore, needs to be performed

o�ine. An overview of di�erent approaches to estimate backlash size, previously

proposed by researchers, is illustrated in Fig. 1.7.
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1.2.3 Torque shaping controllers

Past researchers have shown interest in controlling drivetrain clunk and they have

proposed a number of rule-based and model-based control techniques. In [25], a

Linear Quadratic Regulator (LQR) torque compensator is used for �nding a constant

torque value to saturate the controller output during lash traversal to reduce clunk.

While this helps in controlling clunk, saturating actuator torque output during lash

traversal would increase the time taken to cross lash, and may cause the driver to

perceive the vehicle to be sluggish. In [36], a bang-bang controller is proposed for

reducing clunk in an electric vehicle architecture. Fixed upper and lower torque

commands are chosen based on an estimation of the backlash position. While

this approach is straightforward, it requires signi�cant calibration e�orts to obtain

optimal upper and lower bounds for all operating conditions. In [37], a sliding mode

controller is used for minimizing the relative speed between the actuator and the

wheels. While simulation results show good performance, the authors do not discuss

the feasibility of implementing this controller on an automotive electronic control

unit (ECU). In [38], a mixed H2/H 1 servo controller is used for reducing vibrations

in an automobile. A backlash reducer and anti-windup feature is included with this

controller to compensate for the presence of backlash in the system. However, the use

cases discussed have relatively small backlash size values when compared to the typical

backlash size observed in passenger automobiles. Other researchers have used Model
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Linear Quadratic
Regulator (LQR) [25]
Approach: Calculating
constant torque command
during lash traversal using
cost function
Limitation: Limited
performance due to
monotonic torque shaping
during lash traversal

Bang-bang control [36]

Approach: Saturating
actuator torque to an upper
and lower bound during lash
traversal
Limitation: Di�cult to
calibrate for all possible
operating conditions

Automotive clunk control
Model Predictive
Controller (MPC)
[39, 41]
Approach: (i) Keeping
actuator torque close to zero
at end of backlash traversal
(ii) Reducing variation of
kinetic energy across relative
ends of driveshafts
Limitation: High
computational load for real-
time application

Sliding mode controller
[37]
Approach: Reducing the
relative speed between
actuator and wheel while
traversing lash using sliding
mode controller
Limitation: No
discussion on feasibility for
implementing real-time on
automotive ECU

Figure 1.8: Prior studies for clunk control in automotive systems

Predictive Control (MPC) for shaping the torque during lash traversal [39, 40, 41].

While MPC has shown promising results in simulations, one of its major drawback has

been the high computational demand for a production ECU, which makes it di�cult

to implement on real-time controllers without making compromises in performance.

A brief summary of past research in automotive clunk control is shown in Fig. 1.8.

17



1.3 Limitations in state-of-the-art

From the literature review in the previous section, it is evident that there are certain

limitations in the current state-of-the-art for torque shaping control algorithms used

in reducing the clunk and shu�e phenomena. These can be summarized as:

y Di�culty in obtaining accurate backlash position and size information, both

real-time and over the life of the vehicle.

y Satisfying the competing requirements of crossing lash quickly while limiting

impact velocity.

y Ensuring model-based, optimal torque shaping algorithms are suitable for real-

time implementation.

y Lack of coordination between optimal driveline controller and engine torque

controller.

1.4 Contribution of this Thesis

This PhD thesis aims to address the challenges and limitations identi�ed in Section

1.3. To that end, the main contributions of this thesis are:
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1. Development of high-�delity and control-oriented driveline models

for controls application: Both high-�delity and control-oriented models for

a passenger vehicle's driveline are developed and validated using experimental

test vehicle data with the primary intention of using in model-based estimator

and controller development. Co-simulation between MATLAB and AMESim is

setup to connect the plant models with estimation and control algorithms.

2. Design of Kalman �lter-based backlash size and position estimation

algorithms: To provide the torque shaping controller with up-to-date backlash

position and size data, estimation algorithms are developed using readily

available powertrain sensors, and validated using experimental test vehicle data.

3. Design of an optimal torque shaping control algorithm that is easy

to implement on automotive control units: Using pre-compensators, lead

compensators and soft landing reference governor approach, a model-based,

optimal torque shaping controller which is easily calibratable is developed and

validated.

4. Analysis of the estimators and controller developed for torque

shaping: Detailed robustness analysis within the operating conditions of an

automobile are performed for the designed estimation and control algorithms.

5. Design and analysis of an optimal control algorithm for reducing

torque lag caused due to the 
uid path of a torque converter: An
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optimal, model-based torque lag controller is designed for cases when the torque

converter lock-up clutch is allowed to slip. This controller is integrated with the

driveline torque shaping controller to provide smooth and connected driveline

torque in all driving scenarios.

6. Integration of the designed torque shaping controller with an

optimal, model-based engine controller to demonstrate coordinated

control between two complex, model-based controllers: The driveline

torque shaping controller is integrated with an engine torque controller, and

coordinated control between these two complex controllers is demonstrated

to show that both the controllers are able to meet their individual control

objectives.

1.5 Thesis structure

This thesis is organized as follows: Chapter 2 discusses the development and validation

of the high-�delity and control-oriented driveline models and the co-simulation setup

between MATLAB and AMESim. Details about the experimental vehicle data

collection used for validating the models is also discussed in this chapter.

Chapter 3 delves into the design of the backlash position and size estimators. The

activation, deactivation and the tuning process for these estimators is also discussed
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in this Chapter. Later, robustness analysis of both the backlash size and backlash

position estimators are discussed.

The design and validation of the model-based, optimal torque shaping controller for a

locked torque converter are discussed in Chapter 4. The setup of the optimal control

problem and the tuning of the torque shaping controller are also discussed in this

Chapter.

Chapter 5 discusses the integration of the torque shaping controller from Chapter 4

with other model-based, automotive controllers. Two applications are discussed in

this chapter: (i) the design and integration of an optimal controller for reducing the

impact of torque lag in scenarios where the torque converter lock-up clutch starts

to slip, and (ii) the design and integration of an economic nonlinear MPC engine

controller with the torque shaping controller. Chapter 6 summarizes the conclusions

from this thesis and provides ideas to further expand the studies from this thesis.

The organization of this thesis is illustrated in Fig. 1.9.
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Figure 1.9: Organization of this thesis. Citations in this �gure indicate
original work that was published and work that is in review as a result of
this thesis.
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Chapter 2

Development and validation of

plant models 1

The �rst step in developing model-based estimation and control algorithms is to

develop a high-�delity, full-order physics-based model of the vehicle driveline. Since

the focus of this work is on reducing clunk and shu�e in the driveline, the physics-

based model needs to accurately capture these dynamics. After the model is

developed, it has to be validated using experimentally collected test vehicle data.

Later, for reducing computational load, the full-order model (FOM) has to be

condensed into a simpli�ed, representative control-oriented model (COM) and this

COM also needs to be validated using the test vehicle data.

1Contents of this chapter �rst appeared in SAE conference paper [4]. Letter of permission from SAE
to republish is available in Appendix C.
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In this chapter, the development and validation of FOM and COM is discussed in

detail. MATLAB Simulink software was used for developing a model of the actuators,

and Simcenter AMESim software was used for developing the remaining driveline

components starting for the torque converter to the wheels. A co-simulation interface

was setup between these two modeling environments with data exchange occurring

in both directions.

2.1 Full-order model (FOM) - Development

The FOM was developed to capture the clunk and shu�e dynamics in a passenger

vehicle of the Ford Motor Company, and its driveline component parameters were

provided by the Ford Motor Company. These parameters were obtained or calculated

through supplier data, computer-aided-engineering (CAE) analysis, and internal

testing of the driveline components at the Ford Motor Company. The individual

components making up the FOM in this work are as follows:

2.1.1 Actuator model

The high-level dynamics of both an internal combustion engine and an electric motor

actuator were captured in this work. The torque delivery dynamics of the engine
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and the electric motor were represented using a combination of the inertias of the

actuators, �rst order transfer functions and pure time delays. The input to the

actuator was the commanded torque request from the controller and the outputs

were torque delivered and the rotational speed of the actuator.

2.1.1.1 Engine

The dynamics of the engine model in the FOM can be classi�ed as: (i) slow dynamics,

caused due to the intake of the air-charge; and (ii) fast dynamics, caused due to the

change in spark timing. The slow dynamics are also referred to as thebase path

dynamics and are represented as a lag, using a �rst order transfer function with a

time constant of � e;base, whose approximate value is obtained through experimental

engine testing. The engine torque delivery in the base path is also a�ected by a

combustion time delaytd;base, which is assumed to be one complete rotation of the

engine crankshaft [42]. The equation for calculating the delivered base path engine

torque, Te;base;ind , in indicated domain, is given as:

_Te;base;ind (t) =
1

� e;base
[T �

e;base;ind (t � td;base) � Te;base;ind (t)]; (2.1)

whereT �
e;base;ind is the commanded base path engine torque, in the indicated domain.
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Since the base path dynamics are dependent on air 
ow, these dynamics are relatively

slow at changing the engine torque. On the other hand, the spark timing a�ects the

instantaneous pathdynamics which, as the name suggests, can vary the engine torque

relatively quickly. The spark delay associated with the �ring of each cylinder,td;inst ,

is a function of engine speed and number of cylinders in the engine. In general,

this delay td;inst also depends on the phase of the engine combustion. However, for

simplicity, this dependency is ignored here.

A torque ratio, TRspk, is de�ned based on spark timing of the engine. ThisTRspk is

in the range of [0.3,1], where the lower bound is set such that unacceptable emissions

and combustion instability is avoided, and the upper bound is set such that maximum

engine brake torque (MBT) spark timing is achieved. The commanded torque ratio,

TR�
spk, is computed using the commanded instantaneous torque and delivered base

torque, and is given as:

TR�
spk =

T �
e;inst ;ind (t)

Te;base;ind (t)
: (2.2)

The delivered torque ratio,TRspk, is given as:

TRspk(t) = TR�
spk(t � td;inst ); (2.3)

wheretd;inst is the above mentioned spark delay.

27



Finally, the torque delivered by the engine,Te;inst ;brake , can be represented as:

Te;inst ;brake(t) = Te;base;ind (t) TRspk(t) � Tfric (t); (2.4)

whereTfric is the engine friction torque, which is a function of engine speed.

2.1.1.2 Electric Motor

The torque delivery dynamics of the electric motor are modeled as a rate-limited, �rst

order transfer function. The time constant,� e� mot , of the �rst order transfer function,

and the motor rate limits are chosen based on experimental test data for the modeled

electric motor. Therefore, the delivered electric motor torque is given as:

_Te� mot (t) =
1

� e� mot
[T �

e� mot (t) � Te� mot (t)]; (2.5)

where T �
e� mot is the commanded motor torque andTe� mot is the delivered motor

torque.

The rest of the driveline equations for the FOM have the same equations of motion

irrespective of the actuator. Therefore, in the forthcoming sections, the delivered

engine torque,Te;inst ;brake , and the delivered motor torque,Te� mot , are interchangeably

referred to as delivered actuator torque,Tact .
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2.1.2 Other driveline elements

The torque delivered by the actuator,Tact(t), is used to calculate its angular speed,

_� act , using the rotational inertia, Ja, at the actuator:

Ja
•� act = Tact � Tim ; (2.6)

where •� act is the angular acceleration of the actuator, andTim is the load torque at

the impeller of the torque converter.

2.1.2.1 Torque converter

The torque converter consists of an impeller, stator, turbine, and a lock-up clutch with

damper springs set inside a metal housing. The lock-up clutch can operate in one of its

three modes when the vehicle is running: locked, open, or slipping. In general, when

the vehicle starts from a stationary state, the lock-up clutch is open and complete

torque transmission takes place through the 
uid between the impeller and turbine.

When the vehicle reaches a set of pre-de�ned conditions (e.g., impeller speed, vehicle

speed and transmission 
uid temperature), the lock-up clutch can operate in either

slipping or locked positions. The transmission control unit (TCU) de�nes the position
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of the lock-up clutch based on drivability target while minimizing fuel consumption

[43]. The modeled torque converter includes both the 
uid path dynamics (due to the


uid inside the converter), and the lock-up clutch dynamics. The 
uid path dynamics

are represented using look-up tables which de�ne the torque ratio and capacity factor

of the converter based on its speed ratio. The lock-up clutch dynamics are modeled

based on its assumed clutch capacity. Additionally, the hysteresis caused by the

damper springs of the lock-up clutch inside the torque converter are also modeled.

When the torque converter lock-up clutch operates in locked condition, it is assumed

that there are no losses in torque transmission, and that the impeller torque,Tim , is

completely transmitted to the torque converter turbine:

Ttu = Tim (2.7)

whereTtu is the turbine torque of the torque converter.

The speed ratio (SR), torque ratio (TR) and capacity factor (K) of the torque

converter are de�ned as:

SR =
_� tu

_� im

(2.8)

where, _� tu is the angular speed of the torque converter turbine and_� im is the angular

speed of the torque converter impeller.
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TR =
Ttu

Tim
(2.9)

K =
_� im (9:55)

p
Tim

(2.10)

where, _� im is the angular speed of the torque converter impeller.

When the torque converter lock-up clutch operates in open condition, the turbine

torque, Ttu , is given by:

Ttu =
� _� act(9:55)

K (SR)

� 2

(TR(SR)) (2.11)

where _� act is the angular speed of the actuator which is equal to the angular speed of

the torque converter impeller,K is the capacity factor of the torque converter as a

function of speed ratio,SR, and TR is the torque ratio as a function of speed ratio,

SR, of the torque converter.

When the torque converter lock-up clutch operates in slipping condition, the equation

is a combination of 
uid path dynamics and clutch path dynamics and the turbine

torque, Ttu , is given by:
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Ttu = Ttcc +
� _� act(9:55)

K (SR)

� 2

(TR(SR)) (2.12)

whereTtcc is the torque through the lock-up clutch.

It is important to note that the equations for the torque converter discussed in

this chapter are simpli�ed equations, and do not consider the e�ect of geometrical

parameters (like number of blades on the impeller and turbine, and their blade angles)

and 
uid properties of the converter.

2.1.2.2 Transmission with backlash

The transmission model in this work consists of a 10-speed automatic transmission

with a backlash element, and the e�ect of the latter is included before the torque

multiplication of the gear. The e�ect of gear changes on driveline dynamics is out

of scope of this thesis, and, therefore, a �xed gear state is assumed for the tip-in

scenarios. The dynamics of the backlash are modeled using the `Physical Model'

from [23].

Let � d;trans be the displacement of the torque converter output shaft,� b;trans be the

position in transmission backlash,� trans bl ; in be the angular position of the transmission

input shaft at the beginning of the backlash, and� trans bl ;out be the angular position of
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the transmission input shaft at the end of the backlash. Then,

� d;trans = � tc ;out � � trans bl ;out ; (2.13)

� b;trans = � trans bl ; in � � trans bl ;out : (2.14)

The torque at the output of the backlash is given by:

Ttrans bl ;out = ktc ;out [� d;trans � � b;trans ] + ctc ;out [ _� d;trans � _� b;trans ]; (2.15)

where ktc ;out is the sti�ness of the torque converter output shaft andctc ;out is the

damping of the torque converter output shaft. Let 2� be the size of the transmission

backlash; then, the dynamics of the speed of lash traversal,_� b;trans , can be expressed

as:
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_� b;trans =

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

max
�

0; _� d;trans +
ktc ;out

ctc ;out

�
� d;trans � � b;trans

�	
; if � b;trans = � �;

_� d;trans +
ktc ;out

ctc ;out

�
� d;trans � � b;trans

�
; if j� b;trans j < �;

min
�

0; _� d;trans +
ktc ;out

ctc ;out

�
� d;trans � � b;trans

�	
; if � b;trans = + �;

(2.16)

where� d;trans and � b;trans are de�ned in equations (2.13) and (2.14).

The torque loss within the transmission (including transmission pump loss) is included

at the input of the transmission model. These losses are a function of the engaged

gear and the actuator speed. Therefore, the torque at the output of the transmission,

Tt , is given by:

Tt = [ Ttrans bl ;out � Tgearloss] i t ; (2.17)

wherei t is the gear ratio of the engaged gear.
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2.1.2.3 Propeller shaft

The torque at the output of the propeller shaft,Tps, is given by:

Tps = kps[� t � � ps] + cps[ _� t � _� ps]; (2.18)

where� t is the angular position of the transmission output shaft, and� ps is the angular

position of the propeller shaft on its output side.

2.1.2.4 Final drive with backlash

Let 2� be the size of the �nal drive backlash; then, the dynamics of the speed of lash

traversal, _� b;fd , can be expressed similar to the previous equations (2.13 - 2.16). The

torque output on the wheel side of the �nal drive,Tfd , is given by:

Tfd = Tfdbl ;out � i fd ; (2.19)

wherei fd is the �nal drive ratio.
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2.1.2.5 Axle shaft

Let kax be the sti�ness of the axle shaft,cax be the damping of the axle shaft,� fd be

the angular position of the �nal drive backlash output, � ax be the angular position

of the axle shaft on the tire end,_� fd be the angular speed of the �nal drive backlash

output, and _� ax be the angular speed of the axle shaft at the tire end. Then, the

torque on the wheel side of the axle shaft,Tax, is given by:

Tax = kax[� fd � � ax] + cax[ _� fd � _� ax]: (2.20)

2.1.2.6 Tire dynamics

The tire dynamics is modeled using Pacejka's magic formula [44]. Let� be the

longitudinal slip percentage of the tire,C be the shape factor,D be the peak factor,

BCD be the sti�ness factor, E be the curvature factor, Sh be the horizontal shift

and Sv be the vertical shift used for calculating the tire force in the magic formula.

Then the longitudinal force on the tire,Fti , is given by:

Fti = D � sin(C � arctan( )) + Sv; (2.21)
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where

 = B � [� + Sh] � E[B � [� + Sh]] � arctan(B � [� + Sh]); (2.22)

B =
BCD
C � D

: (2.23)

Let Fz be the vertical force (i.e., weight) on one tire of the vehicle,Rroll be the rolling

radius of the tire, and Rc be the rolling resistance coe�cient of the tire. Then, the

rolling resistance torque of the tire,Tres, is given by:

Tres = Rroll � Fz � Rc: (2.24)

Let Jwheel represent the lumped inertia at the wheel and _! wheel be the angular

acceleration of the wheel. Then the dynamics of the wheel are given by:

Jwheel � _! wheel = Tax � Tres � Rroll Fti : (2.25)

2.1.2.7 Longitudinal Vehicle Dynamics

The aerodynamic force, involved in the dynamics of the vehicle body, is given by [45]:
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Faero =
1
2

� � � A f � CD � V 2; (2.26)

where� is the air density,A f is the frontal area of the vehicle,CD is the drag coe�cient,

and V is the longitudinal velocity of the vehicle.

The acceleration of the vehicle,aveh, is calculated according to the following equation:

aveh =
Fti � Faero

mveh
; (2.27)

wheremveh is the mass of the vehicle. In Fig. 2.1,Tload represents the road load acting

on the vehicle, which includes the combined e�ect of the resistive forces acting on the

vehicle, and is given by:

Tload = Tres + [ Faero � Rroll ]: (2.28)

2.2 Full-order model - Validation

It is imperative that the FOM is able to correlate shu�e and clunk with respect to

the vehicle behavior; thus a set of vehicle states is required to be chosen, which can

quantify shu�e and clunk so that the accuracy of the FOM can be evaluated. Clunk
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Figure 2.2: Locations of the sensors used for experimental data acquisition
from the test vehicle.

can be quanti�ed as a function of the lash crossing speed. The lash crossing speed can

be evaluated as the di�erence of the actuator speed and wheel speed when brought

in the same domain. Similarly, shu�e can be quanti�ed using the frequency and

amplitude of oscillations in the longitudinal vehicle acceleration and in the driveshaft

torque. Thus, the vehicle acceleration and propeller shaft torque are recorded and

analyzed using a test vehicle, whose driveline architecture is similar to the FOM.

Physical properties of the driveline components (i.e., inertia, sti�ness, mass, drag

coe�cient, etc.) are used to parameterize the FOM.

Fig. 2.2 illustrates the positions of the sensors on a test vehicle belonging to the

Ford Motor Company. In addition to production level sensors such as engine speed

sensor, wheel speed sensor, etc., this vehicle is also instrumented with a telemetry

torque sensor on the propeller shaft, accelerometers on the driver's seat and on the
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rear di�erential. Other data such as driver requested torque, actuator speed, vehicle

speed, etc., is obtained from the vehicle's powertrain ECU. The torque converter

lock-up clutch is explicitly commanded to be in the locked position throughout the

validation experiments.

The data collected from the vehicle is post-processed, and compared with the

simulation results of the FOM. Fig. 2.3 shows the comparative results when the

driver tips in from coasting and the transmission is in 5th gear. Fig. 2.3(a) shows the

ECU estimated crankshaft torque from the vehicle and the simulation output from

the engine model. A 10% error is assumed in the estimated engine torque to account

for the uncertainties in the ECU's engine charge estimation and the variations in

tuning of the engine torque controller. Due to this assumed uncertainty, there is an

o�set in the estimated and simulated crankshaft torque signals. Fig. 2.3(b) shows

the measured and simulated engine speeds and vehicle speeds on the left and right

axis, respectively. Fig. 2.3(c) shows the measured acceleration at the driver's seat

and the simulated acceleration obtained from the FOM. The measured acceleration

has signi�cant amount of noise in it. However, the frequency and amplitude of shu�e

oscillations from the simulated data matches with the measured data. Fig. 2.3(d)

compares the torque at the propeller shaft, measured on the vehicle using the

telemetry torque sensor, with the simulated propeller shaft torque that is obtained

from the model. It is observed that the simulated and measured propeller shaft

torques are in good agreement. Additionally, it can be seen that the oscillations in
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Figure 2.3: Plot showing experimental validation of the FOM with a locked
torque converter clutch in 5th gear. Note that the Y-axis labels of all result
plots in this thesis have been substituted by alphanumeric values (e.g., 1T,
12n etc.) to keep the test vehicle parameters con�dential. `T' represents T
units of actuator torque, `n' represents n units of angular speed, `a' represents
a units of acceleration, and `t' represents t units of drive shaft torque.
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the measured data die down faster than the oscillations in the simulated data. This

variation may be attributed to the uncertainty in damping o�ered by the torque

converter clutch damper.

2.3 Control-oriented model - Development

FOMs are computationally expensive and not ideal for use in real-time model-based

estimation or control algorithms. Therefore, the complexity of the FOM is reduced

by condensing it into a control-oriented model (COM). This COM is then validated

with simulation results from the FOM and the experimental test vehicle data. Note

that the COM may also be referred to as reduced-order model (ROM) in literature

and in this thesis. The steps involved in building the COM in this thesis are:

y Step 1: Lump FOM blocks in terms of inertias, sti�ness, and damping;

y Step 2: Simplify the tire model in the FOM;

y Step 3: Lump backlash elements;

y Step 4: Validate the COM;

y Step 5: Evaluate the COM for control applications.
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2.3.1 Step 1: Lumping model components

The FOM in this thesis consists of 24 inertia elements, 4 sti�ness and damping

elements, and 2 backlash elements. However, only some of these elements have a

major e�ect on the response of the driveline. Therefore, the less signi�cant elements

are lumped with the more signi�cant ones by taking the physics of the model's sub-

components into account. Out of the 24 inertia elements, the inertias of actuator,

torque converter, tires, and vehicle body are most signi�cant. Consequently, the

model is divided into three inertia elements. Similarly, the sti�ness and damping are

also lumped into two elements. However, the backlash elements are not lumped at

this stage.

The equivalent inertia of two separate inertia elements is obtained by simply adding

the inertias together. While lumping the inertia elements, the e�ect of gear ratio (i.e.,

transmission gear ratio and �nal drive gear ratio) is taken into consideration. As an

example, the procedure followed for lumping moment of inertias of the propeller shaft,

axle shafts, and tires is shown below:

Jaxle shafts = Jleft axle + Jright axle ; (2.29)
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Jlumped axle and tire = Jaxle shafts + Jtires ; (2.30)

Jlumped propeller ; axle and tire = Jprop shaft +
Jlumped axle and tire

i 2
fd

: (2.31)

Similarly, the sti�ness of the left and right axle shafts is lumped as follows:

kaxle shafts = kleft axle + kright axle : (2.32)

For lumping the combined sti�ness of the axle shafts with the propeller shaft, the gear

ratio of the �nal drive ( i fd) is taken into account. Moreover, the propeller shaft and

the lumped axle shafts are connected in series. Therefore, the lumped shaft sti�ness

as re
ected at the propeller shaft is calculated as follows:

1
klumped shafts

=
1

kprop shaft
+

i 2
fd

kaxle shafts
: (2.33)

The damping elements are also lumped in a similar fashion. Using equations (2.29 -

2.33), a COM is derived from the FOM.
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2.3.2 Step 2: Simplifying the tire model

The Pacejka tire model is accurate in representing the tire dynamics during a variety

of tire slip scenarios. However, the downside is that it requires signi�cant amount

of parameter data, i.e., the values of the various Pacejka coe�cients, to begin

with. Moreover, it also incurs signi�cant computational cost because it considers

the variation in tire longitudinal force due to change in tire slip.

Based on the premise that clunk and shu�e control are not prioritized during

signi�cant tire slip events, it can be assumed that the scenario of the vehicle driving in

non tire-slip conditions is su�cient for developing the torque shaping control system.

With this motivation, the Pacejka tire model is replaced with a simple sti�ness and

damping model of the tire. A comparison between the driveline response with the

Pacejka tire model and the simple, compliance tire model is shown in Fig. 2.4. The

frequency of shu�e oscillations remains the same with both the tire models, for a

non-slip drive scenario. Therefore, the simple tire model is accurate in representing

the dynamics of the system. Using Simulink's solver pro�ler, it can be observed that

the simple tire model is approximately 19% faster than the Pacejka model for the

scenario illustrated in Fig. 2.4. This reduces the overall computational cost of the

COM.
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Figure 2.4: Plot comparing the simulation outputs obtained with the
Pacejka tire model vs. a simpli�ed tire model vs. the experimental test
vehicle data.
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2.3.3 Step 3: Lumping backlash elements

The backlash elements in the driveline lead to nonlinearities in the driveline response.

Having distributed backlash elements makes the model complicated and di�cult to

use for control design applications. It is desirable to lump backlash elements as long as

the response of the model is not a�ected adversely. Therefore, a comparative analysis

is performed between two COMs, one with individual transmission and �nal drive

backlash (see Fig. 2.6), and one with lumped transmission and �nal drive backlash,

re
ected before the �nal drive (see Fig. 2.7). The results of this analysis is illustrated

in Fig. 2.5. The position of the backlash elements with respect to time is shown

in Fig. 2.5(b). It is observed that the time taken for lash crossing is the same in

both the lumped and individual cases. Fig. 2.5(c) shows the propeller shaft torque

from both models. It is further observed that the frequency and amplitude of driveline

oscillations from both the COMs are the same. Therefore, a lumped backlash element

is chosen for the control-oriented model.

2.3.4 Step 4: Validating the COM

The schematic of the COM obtained after lumping the inertia, compliance, and

backlash elements is shown in Fig. 2.7. This COM consists of the following three
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Figure 2.5: Plot showing comparative driveline response of COM with
2 individual backlash elements for the transmission and �nal drive vs. 1
lumped backlash element.
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Figure 2.6: Schematic con�guration of reduced-order model with 2
backlash elements.

Figure 2.7: Schematic con�guration of the chosen control-oriented model.

inertia elements:J1, representing the lumped inertia of the actuator, torque converter,

transmission, and propeller shaft,J2, representing the lumped inertia of the tires and

the axle shafts, andJ3, representing the lumped inertia of the wheels and the vehicle

body. The COM also consists of two compliant elements, represented by the sti�ness

and damping valuesks, cs, kw, and cw. The backlash is lumped before the �nal drive,

and has a size of 2
 , which is calculated as:

2
 =
2�
i t

+ 2�: (2.34)
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The equations of motion of the COM are:

J1
•� act = Tact �

Ts

i t
; (2.35)

Ts = ks(� s � � b) + cs( _� s � _� b); (2.36)

J2
•� fd = Tsi fd � Tw; (2.37)

Tw = kw(� fd � � w) + cw( _� fd � _� w); (2.38)

J3
•� w = Tw � Tload; (2.39)

where: Tact , Ts, Tw, and Tload are the torques at the actuator, lumped shaft, tire,

and road load, respectively;i t and i fd are the transmission and �nal drive gear ratios,

respectively;ks and kw are the sti�nesses of the shafts and the tires, respectively; and

cs and cw are the damping coe�cients of the shafts and the tires, respectively. The

displacement of the lumped shaft,� s, and its position in the lash,� b, are given by:

� s = � 1 � � 3; (2.40)

� b = � 2 � � 3; (2.41)

where � 1; � 2, and � 3 (see Fig. 2.7) represent positions of the transmission shaft

output, propeller shaft output, and the �nal drive input after the lumped backlash,

respectively. As mentioned in the FOM section, the dynamics of the lumped backlash
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is governed according to [23], i.e.,

_� b =

8
>>>>>>>><

>>>>>>>>:

max
�

0; _� s +
ks

cs

�
� s � � b

�	
; if � b = � 
;

_� s +
ks

cs

�
� s � � b

�
; if j� bj < 
;

min
�

0; _� s +
ks

cs

�
� s � � b

�	
; if � b = + 
:

(2.42)

For ensuring accuracy in representing driveline oscillations, the simulation outputs of

the COM are compared against that of the FOM and the experimental test vehicle

data. In Fig. 2.8(b), the actuator speeds and vehicle speeds obtained from the test

vehicle, the FOM and COM show that the frequency of the driveline oscillations is the

same in both the models. There is an average o�set of 5% between the amplitudes of

the FOM and COM signals. Similar trends are observed in Fig. 2.8(c) and Fig. 2.8(d),

where the longitudinal acceleration and propeller shaft torque from FOM and COM

are compared. The residuals of the FOM and COM outputs in relation to the vehicle

measurements are plotted in Fig. 2.9. These residuals may be attributed to: (i) the

noise in the measured acceleration signal caused by chassis vibrations while driving

on the road, and (ii) errors in the estimated engine torque from the ECU. Figures 2.8

and 2.9 con�rm that: i) the FOM and COM vehicle acceleration and propeller shaft

torque predict accurately the beginning and the end of the lash traversal; ii) the FOM

and COM engine speed behavior re
ects appropriately a rapid increase during lash

crossing, as mentioned above; iii) the frequency and phase of the shu�e in these three
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FOM and COM signals match well with those from the test vehicle, with an average

error of less than 10%, and (iv) the amplitudes of these three FOM and COM signals

do not always match their counterparts from the test vehicle, but they are reasonably

close for the purpose of this work.

As a veri�cation exercise, the complexity of the COM is further reduced by lumping

the tire and axle shaft inertias with the actuator inertia, and tire sti�ness and damping

with the shaft sti�ness and damping. Therefore, whileJ3 remains the same as in the

previous case (see Fig. 2.7),J2 is lumped with J1, and kw and cw are lumped with ks

and cs respectively. Fig. 2.10 illustrates the response of this model, compared to the

response of the FOM. It is clear that this model is not suitable because the driveline

oscillation frequency and amplitude do not match in any of the observed signals.

To verify that the COM (of Fig. 2.7) is computationally less demanding compared to

the FOM (of Fig. 2.1), both the FOM and COM are simulated using the same initial

conditions. A laptop computer with a 64-bit Intel Core-i7 processor and 16 GB

RAM is utilized for this analysis using the same AMESim and Simulink interface.

Simulations are run using a variable-step solver for a time period of 10 seconds,

involving one tip-in scenario. Using Simulink's solver pro�ler, it is observed that

the COM runs approximately 4 times faster than the FOM. Speci�cally, a 10 second

simulation for a tip-in event takes approximately 28 seconds to run on the FOM,

whereas it takes approximately 7 seconds to run on the COM.
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Figure 2.8: Plot showing the validation of the COM against the outputs
of the FOM and the test vehicle data.

53



Figure 2.9: Plot showing residuals of the outputs of the FOM and ROM as
compared to the measured outputs of the test vehicle, based on the results
in Fig 2.8.
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Figure 2.10: Plot showing performance of COM with lumped tire and axle
inertias with the actuator inertia.
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2.3.5 Step 5: Evaluation of COM for control applications

In this subsection, the dynamics of the COM of Fig. 2.7 is described as a

switched linear time invariant (LTI) system, consisting of two modes. Additionally,

the controllability and observability properties of each of these two modes is also

investigated.

Due to the backlash nonlinearity,the dynamics of the model are categorized into

two modes: (i) contact (cm) mode and (ii) backlash (bm) mode. The system is in

contact mode when the gear teeth are in contact, i.e., the backlash position is either

+ 
 (positive contact) or � 
 (negative contact), and the entire driveline is connected

without any discontinuities. On the other hand, the system is in backlash mode when

the gear teeth are not in contact, i.e., the backlash position is in the range (� 
 ,+ 
 ),

implying that the backlash traversal has started.

The switched LTI representation of the COM dynamics is given by:

Plant :

8
>>><

>>>:

_xcm = A cm xcm + B cm u + G cm d; in cm mode;

_xbm = A bm xbm + B bm u + Gbm d; in bm mode;

(2.43)
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y =

8
>>><

>>>:

Ccm xcm ;

Cbm xbm ;

(2.44)

Switching rule :

8
>>><

>>>:

cm mode :
�
� � b

�
� � 
 AND � b: _� b � 0;

bm mode :
�
� � b

�
� < 
 OR (j� bj = 
 AND � b � _� b < 0);

(2.45)

where

xcm =
�
� � act

i t
� � fd i fd � � b

� _� act
�
� fd � � w

� _� fd
_� w

� |

; (2.46)

xbm =
�
� � act

i t
� � fd i fd

� _� act
�
� fd � � w

� _� fd
_� w � b

� |

; (2.47)

y =

2

6
6
4

_� act

_� w

3

7
7
5 ; (2.48)

u =
�

Tact

�
; (2.49)

d =
�

Tload

�
: (2.50)

In the above equations (2.46-2.50),
� � act

i t
� � fd i fd � � b

�
is the twist angle on the actuator

side, _� act is the angular speed of the actuator, (� fd � � w) is the twist angle on the

wheel side,_� fd is the angular speed of the �nal drive,_� w is the angular speed of wheel,

� � e

it
� � fd ifd

�
is the relative angular position of the input end of the lumped shaft with
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respect to its output end,� b is the backlash angle,Tact is the engine delivered torque,

and Tload is the road load on the vehicle. Furthermore, the A, B, C, and G matrices

of eq. (2.43) and (2.44) are given by:

A cm =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0
1
i t

0 � i fd 0

�
ks

J1i t
�

cs

J1i t
2 0

csi fd

J1i t
0

0 0 0 1 � 1

ksi fd

J2

csi fd

J2i t
�

kw

J2
�

a
J2

cw

J2

0 0
kw

b
cw

b
�

cw

b

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (2.51)

A bm =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0
1
i t

0 � i fd 0 0

0 0 0 0 0 0

0 0 0 1 � 1 0

0 0 �
kw

J2
�

cw

J2

cw

J2
0

0 0
kw

b
cw

b
�

cw

b
0

ks

cs

1
i t

0 � i fd 0 �
ks

cs

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (2.52)

B cm =
�

0
1
J1

0 0 0

� |

; (2.53)

B bm =
�

0
1
J1

0 0 0 0

� |

; (2.54)
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G cm =
�

0 0 0 0
� rw

b

� |

; (2.55)

Gbm =
�

0 0 0 0
� rw

b
0

� |

; (2.56)

Ccm =

2

6
6
4

0 1 0 0 0

0 0 0 0 1

3

7
7
5 ; (2.57)

Cbm =

2

6
6
4

0 1 0 0 0 0

0 0 0 0 1 0

3

7
7
5 ; (2.58)

wherea and b are de�ned as:

a = csi 2
fd + cw; b= J3 + Mr 2

w:

2.3.5.1 Investigation of contact mode dynamics:

In cm mode, the measured actuator and wheel speeds provide su�cient information

to estimate all the state variables in eq. (2.46). In other words, the pair (Acm; Ccm) is

observable. Furthermore, since the actuator is connected without discontinuities to

the driveline and the wheels, all the state variables in eq. (2.46) can also be regulated.

In other words, the pair (Acm; Bcm) is controllable.
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2.3.5.2 Investigation of backlash mode dynamics:

In bm mode, since the actuator is disconnected from the driveline and wheels, it is

not possible to estimate and regulate all the state variables in eq. (2.47). In other

words, (Abm ; Cbm) is not observable and (Abm ; Bbm) is not controllable.

To alleviate this lack of observability and controllability, the bm system is divided

into two subsystems, one wherein a subset of the state variables from eq. (2.47) can

be estimated and another wherein another subset from eq. (2.47) can be regulated.

Speci�cally, in the �rst subsystem, the dynamics of the backlash position are ignored,

which is unobservable, and in the second subsystem, the same dynamics are included,

which is controllable.

Bm Subsystem 1

Consider the following subsystem:

xbm ;1 =
�

_� act (� fd � � w) _� fd
_� w

�
; (2.59)
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A bm ;1 =

2

6
6
6
6
6
6
6
6
6
6
4

0 0 0 0

0 0 1 � 1

0
� kw

J2

� cw

J2

cw

J2

0
kw

b
cw

b
� cw

b

3

7
7
7
7
7
7
7
7
7
7
5

; (2.60)

B bm ;1 =
�

1
J1

0 0 0

� |

; (2.61)

Gbm ;1 =
�

0 0 0
� rw

b

� |

; (2.62)

Cbm ;1 =

2

6
6
4

1 0 0 0

0 0 0 1

3

7
7
5 : (2.63)

Clearly, (Abm;1; Cbm;1) is observable.

Bm Subsystem 2

Since the ratio
ks

cs
is large, the engine side twist angle,

� � act

i t
� � fd i fd � � b

�
, will settle

rapidly to 0. This phenomenon takes place due to the following dynamics in the bm

mode:

� _� act

i t
� _� fd i fd � _� b

�
= �

ks

cs

� � act

i t
� � fd i fd � � b

�
: (2.64)

Consequently, the backlash velocity can be approximated as:

_� b �
� _� act

i t
� _� fd i fd

�
: (2.65)
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Furthermore, since the inertia J2 is small and the ratio
kw

cw
is large, the �nal drive

velocity _� fd can be approximated as:

_� fd � _� w: (2.66)

Finally, since the inertia J3 is large and the time spent in bm mode is small, the wheel

velocity during lash traversal can be assumed constant, i.e.,

•� w � 0: (2.67)

Under these approximations (eq. (2.65)-(2.67)), the dynamics of the second bm mode

subsystem can be expressed in terms of the following double-integrator plant:

xbm ;2 =
�

� b
� _� act

i t
� _� fd i fd

�
� |

; (2.68)

A bm ;2 =

2

6
6
4

0 1

0 0

3

7
7
5 ; (2.69)

B bm ;2 =
�

0
1

J1i t

� |

; (2.70)

Gbm ;2 =
�

0
� rw i fd

b

� |

; (2.71)

Cbm ;2 =
�

0 1

�
: (2.72)
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Clearly, the pair (Abm;2; Bbm;2) is controllable.

The backlash position,� b, cannot be ascertained using the measured engine and wheel

speeds alone, since it is not possible to determine the initial position of the engine

crankshaft using the speed signal. Therefore, in bm mode, the initial value of� b is

assigned using the delivered engine torque as:

� b(klash enter) =

8
>>><

>>>:

� 
; if Tact(kti ;to ) < 0;

+ 
; if Tact(kti ;to ) > 0; klash enter > k ti ;to

(2.73)

whereklash enter is the time corresponding to lash entry andkti ;to is the time at which

the tip-in/tip-out began. Further, the future values of � b can be predicted using the

dynamics (see eq. (2.65) and (2.68)-(2.72)):

�̂ b(k+1) = �̂ b(k)+T s
� _� act(k)

i t
� _� fd(k)i fd

�
; k = klash enter ; klash enter +1; klash enter +2; :::;

(2.74)

where Ts is the �xed-step discrete time interval. Thus, the pair (Abm;2; Cbm;2)

is predictable. The above investigations into controllability, observability, and

predictability are summarized in Table 2.1.

Recall that the switching rule (eq. (2.45)) involves conditions on� b and _� b. As

described above, both� b and _� b are predictable in bm mode. In cm mode,� b
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Table 2.1
Summary of evaluations on COM for shu�e and clunk control.

Mode Pairs Controllable Observable Predictable

cm mode
(A cm; B cm) Yes - -
(A cm; Ccm) - Yes -

bm mode

(A bm;1; B bm;1) No - -
(A bm;1; Cbm;1) - Yes -
(A bm;2; B bm;2) Yes - -
(A bm;2; Cbm;2) - No Yes

can be predicted using the engine torque, similar to eq. (2.73). Moreover,_� b can

also be predicted using the dynamics of statesxcm (1); xcm (2); and xcm (4) (see eqs.

(2.51),(3.11), and (2.55)). Thus, the switching between cm mode and bm mode, and

vice versa, is predictable as well.
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Chapter 3

Design and validation of backlash

position and size estimation

algorithms 1

3.1 Development, validation and robustness

analyses of backlash position estimator

As evident from the driveline models in Chapter 2, the driveline exhibits di�erent

dynamics depending on whether it is in contact mode or backlash mode. Therefore,

1Contents of this chapter �rst appeared in [5, 6, 7]. Letter of permission to republish from IEEE is
available in Appendix C.
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the availability of accurate backlash position information, consequently providing

information about driveline mode, has a signi�cant impact on the e�ectiveness of a

driveline torque shaping clunk and shu�e controller. Calculation of the backlash

position is dependent on the relative angular positions of the actuator and the

wheel. It is not straightforward to calculate the backlash position because it is

di�cult to obtain accurate angular position information for an IC engine. Therefore,

an estimation algorithm provides a reasonable solution for obtaining the backlash

position information. Historically, heuristic algorithms have been used for predicting

the backlash position in automotive drivelines, and these approaches are, generally,

calibration intensive. Development of model-based algorithms for estimating the

backlash position has the potential to provide comparatively more accurate estimates

within shorter development times.

3.1.1 Design of backlash position estimator

In this section, a switching backlash position estimator is developed that uses the

delivered actuator torque as the control input, and the actuator and wheel speeds

as the measured variables. These three signals are typically available on the vehicle

CAN bus. Due to the presence of estimation uncertainties in the ECU, sensor noise,

CAN arbitration delays, and quantization errors, these three signals are generally

imperfect. In order to obtain a relatively accurate estimate using these imperfect
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signals, a discrete, time-varying Kalman �lter approach is chosen for designing the

switching estimator. Moreover, choosing a time-varying Kalman �lter allows the

designed estimator to perform well in the presence of time-varying delays, which

could occur due to CAN arbitration in the measured signals. Since the dynamics of

the driveline are split into contact and backlash modes, two estimation schemes are

developed; one for the contact mode using contact mode dynamics (Eq. 2.51), and one

for the backlash mode using backlash mode dynamics (Eq. 2.52). A switching rule

for these estimation schemes is developed based on the estimated backlash position

and the estimated backlash traversal speed. The prediction and measurement update

equations used for the discrete, time-varying Kalman �lter are given by:

Prediction update

x̂  [k+1 jk] = A  x̂  [kjk] + B  u  [k];

P  [k+1 jk] = A  P  [kjk]A T
 + Q:

(3.1)

Measurement update

x̂  [k+1 jk+1] = x̂  [k+1 jk] + K  [k+1] (y  [k+1] � C  x̂  [k+1 jk]);

K  [k+1] = P  [k+1 jk]C  
T (R + C  P  [k+1 jk]C  

T )� 1;

P  [k+1 jk+1] = ( I � K  [k+1] C  )P  [k+1 jk]:

(3.2)

where  refers to either `cm' (i.e. contact mode) or `bm' (i.e. backlash mode),A ,
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B, C are the respective state-space matrices of the driveline,u and y are the input

and output vectors, x̂ is the estimated state vector,K is the time-varying Kalman

gain matrix, P is the error covariance matrix, Q is the process noise covariance

matrix which is obtained through recursive tuning and analysis of the performance of

the designed estimator, andR is the measurement noise covariance matrix which is

obtained based on the performance speci�cation of the speed sensors on the vehicle.

3.1.2 Contact and backlash mode estimator

From Chapter 2, it is known that the contact mode has full observability. Therefore,

the states, x, in the contact mode are estimated using both prediction and

measurement updates (Eq. 3.1 - 3.2). However, as discussed in Chapter 2, the

backlash mode is not completely observable and, consequently, the Kalman �lter

approach cannot be directly applied in this mode. Therefore, the unobservable

states in backlash mode, i.e., the actuator-side twist angle and the backlash position,

are estimated using only prediction update (Eq. 3.1). The observable states, i.e.,

the angular speed of the actuator, the wheel-side twist angle, the angular speed

of �nal drive and the angular speed of wheel, are estimated using both prediction

and measurement update (Eq. 3.1 - 3.2). After estimation, the observable and

unobservable states are augmented to obtain the estimated state vector,x̂ , in the

backlash mode. Fig. 3.1 illustrates how each of the states in contact and backlash
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mode is estimated.

The transition between the contact mode and the backlash mode estimation

algorithms takes place based on a set of conditions:

Cm activation condition:=

fj (�̂ b)[t jt � 1]j � 
 g AND f (�̂ b)[t jt � 1](
_̂� b)[t jt � 1] � Threshold valueg (3.3)

Bm activation condition:=

fj (�̂ b)[t jt � 1]j < 
 g OR f (�̂ b)[t jt � 1](
_̂� b)[t jt � 1] < Threshold valueg (3.4)

In both Eq. 3.3 and 3.4,�̂ b, _̂� b and 
 represent the estimated backlash position, the

estimated backlash traversal speed and known backlash size respectively. It is worth

noting that the backlash position is only updated when the backlash mode estimator

is active. When the contact mode estimator is active, the backlash position is not

updated, and is only used for determining the transition conditions of the estimator.

Fig. 3.2 shows a schematic of the switching backlash position estimator along with its

inputs and outputs. It is assumed that the driveline has some positive torque (e.g.,

creep torque) at the instant the switching estimator is turned on and, therefore, the

estimation is initiated in the positive contact mode. Furthermore, the estimator runs

on a discrete solver with 10 ms sample time, as indicated byTs in Fig. 3.2.
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Figure 3.1: Estimated and predicted states of the switching backlash
position estimator for contact and backlash mode

3.1.3 Validation of backlash position estimator

The backlash position estimator is validated using both model-in-the-loop (MIL) tests

and experimental data collected from a test vehicle.
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Figure 3.2: Schematic of the switching backlash position estimator

3.1.3.1 Using MIL tests

The developed backlash position estimator is evaluated for a torque input

representing a tip-in from coasting scenario. The FOM from Chapter 2 is used as the

high-�delity plant model for this evaluation. The response of the driveline and the

71



performance of the backlash position estimator is shown in Fig. 3.3. In this �gure,

the estimated engine and wheel speed signals show good agreement with the FOM

engine and wheel speed signals, with an average error of less than 0.1%. Therefore,

the lash traversal estimated by the switching estimator also matches well with the

lash traversal in the plant model. There is a 10 ms time delay in the instant at which

the estimated backlash position reaches positive contact, which is due to the 10 ms

sampling time of the discrete solver used in the simulation. Note that the labels

on the Y-axis of all result plots in this chapter have been modi�ed to alphanumeric

representation (e.g., 2T, 15N, 1b etc.) to keep vehicle parameters con�dential. `T'

represents T units of torque in Nm, `N' represents N units of angular speed in RPM,

and `b' represents b units of angular position in degrees.

3.1.3.2 Using test vehicle data

The performance of the switching estimator using experimental test data is shown in

Fig. 3.4. The estimated engine and wheel speeds are compared against the measured

speeds, and they show a good match in both amplitude and frequency of the signals

with an average error of less than 0.1%. Since it is not possible to directly measure the

traversal of lash on the vehicle, the estimated backlash position is evaluated against

the behavior of the measured propeller shaft torque in Fig. 3.4 (d). During lash

traversal, since the driveline is disconnected, the propeller shaft torque is expected to
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Figure 3.3: Plot showing performance of backlash position estimator in
simulations.
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take a constant value of 0 (or close to 0, due to measurement bias). As seen in the

zoomed inset of Fig. 3.4 (d), the behavior of the shaft torque during lash traversal

agrees with this expectation. As part of the evaluation dotted vertical lines are also

included, which represent the start and end of the lash traversal reported by the

estimator. It is observed that when compared against the shaft torque signal, the

estimator predicts the start of the lash traversal correctly, but it predicts the end of

the traversal with a 20 ms delay. This delay may be attributed to the error in the

ECU-estimated engine torque used as the input of the estimator and CAN delays in

the measured engine and wheel speed.

3.1.4 Robustness analysis of backlash position estimator

3.1.4.1 To CAN jitter in speed measurements

Message arbitration in CAN bus can sometimes cause the actuator speed and wheel

speed signals to exhibit jitter behavior [28]. In this subsection, an approximate model

of the jitter is developed using vehicle data, and the robustness of the backlash

position estimator is evaluated for this jitter.

The CAN jitter manifests as delays and advances in the measured actuator and wheel

speeds in relation to the sample time of the estimator. These delays and advances
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Figure 3.4: Plot showing performance of backlash position estimator with
experimental vehicle data.

75



Figure 3.5: Probability density function and number of occurrences of
CAN jitter in (a) engine speed and (b) wheel speed for an interval of -5 to
5 ms, using data collected from a test vehicle

are modeled as random variables, and their probability density functions (PDFs) are

approximated using the CAN speed signals and illustrated in Fig. 3.5 The PDFs of the

jitter is categorized into signal advance zone, where the measurement is received before

the sample time and signal delay zone, where the measurements is received after the

sample time. To evaluate the robustness, the FOM is utilized and this random jitter

(whose delays and advances are generated based on the obtained PDFs) is injected in
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the FOM's actuator speed and wheel speed signals. For the purpose of illustration,

the e�ect of the jitter on the actuator speed is shown in an inset plot in Fig. 3.6. As

indicated in this �gure, the e�ect of the jitter is that certain actuator speed samples

are missed by, i.e., not reported to, the estimator. Speci�cally, the estimator misses

a speed sample when, due to the jitter, a consecutive delay and advance take place

in between two samples of the estimator. In this scenario, the initial delayed speed

sample is missed by the estimator.

The performance of the developed estimator with jitter injected in the measured

engine and wheel speeds is shown in Fig. 3.6. A torque input representing a tip-

in from coasting scenario is used in this analysis. The estimated engine and wheel

speed signals show a good match with the jitter injected signals obtained from the

FOM. Therefore, the estimated backlash position also shows good agreement with

the backlash position obtained from the FOM. There is a 10 ms time delay in the

instant at which the estimated lash position reaches positive contact, which is similar

to the case when simulation data is used for testing the estimator. Therefore, the

estimator performs well in the presence of CAN jitter in measured engine and wheel

speed signals. This good performance can be partially attributed to the right selection

of the process noise co-variance matrix,Q, of the estimator which is already tuned

to deal with such uncertainties. It is worth noting that the test vehicle dataset used

in this analysis is from another test vehicle of same vehicle type that was used for

experimental validation of the backlash position estimator. This demonstrates that
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the performance of the estimator remains accurate without any additional tuning.

Figure 3.6: Plot showing performance of backlash position estimator with
CAN jitter injected into engine and wheel speed signals obtained from FOM.
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3.2 Development, validation and robustness

analyses of backlash size estimator

The size of the backlash is de�ned as the angular displacement between mating gear

tooth faces, which come into contact during torque delivery. This size parameter

varies from vehicle-to-vehicle due to manufacturing tolerances of the drivetrain

components and wear caused during regular operation. In fact, the backlash size

may increase by as much as 80% - 100% over the lifetime of the vehicle. Manually

measuring this increase as the vehicle ages is impractical. Alternatively, ignoring

this increase causes the performance of the torque shaping controller to degrade (as

indicated by the increase in clunk and shu�e) as the vehicle ages. To mitigate

this degradation, control engineers may include adaptive schemes that modify the

controller calibrations as a function of vehicle mileage. However, this option may not

be e�ective because the variation in backlash size is unique to each vehicle's operating

conditions. Therefore, in order to maintain the e�cacy of the torque shaping control

system, it is necessary to develop algorithms that automatically estimate and update

the size of the backlash in real-time. The development of the backlash size estimator

starts with developing the reduced-order model required for building the model-based

estimator.
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3.2.1 Switching-free state space representation of COM

For developing the backlash size estimator, switching between the backlash and

contact mode dynamics of the driveline (as seen in the backlash position estimator) is

no longer required. The COM of Eq. (2.35) - (2.41) is used as the state space model,

while ignoring the switching dynamics associated with the traversal of the backlash.

When these switching dynamics are ignored, and the model outputs and measured

outputs are compared, a clear di�erence in these outputs is observed. This di�erence

is used to estimate the size of the backlash. Accordingly, the lash size is included as

one of the states in the switching-free state space representation, i.e.,

_x= Ax + Bu ; (3.5)

y = Cx + Du ; (3.6)

where

x =
�

� act

i t
� � fd i fd

_� act � fd � � w
_� fd

_� w � b;size

� |

; (3.7)

u =
�

Tact Tload

� |

; (3.8)

y =
�

_� act
_� w

� |

; (3.9)
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0

ks
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ksi fd
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�

kw
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�
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J2

cw
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�

ksi fd

J2

0 0
kw
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cw
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�

cw

b
0

0 0 0 0 0 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (3.10)

B =

2

6
6
4

0
1
J1

0 0 0 0

0 0 0 0
� 1
b

0

3

7
7
5

|

; (3.11)

C =

2

6
6
4

0 1 0 0 0 0

0 0 0 0 1 0

3

7
7
5 ; (3.12)

D = 0: (3.13)

The a and b involved in Eq. (3.10) and (3.11) represent:

a = csi 2
fd + cw; b= J3 + mr 2

t ;

wherem is the vehicle mass,r t is the tire radius, andcs, cw, J3, and i fd are the same

parameters described in Section II. The state variables in Eq. (3.7) are the actuator-

side twist angle,
� act

i t
� � fd i fd , the actuator speed, _� act , the wheel-side twist angle,
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� fd � � w, the �nal drive speed, _� fd , the wheel speed,_� w, and the size of the backlash,

� b;size. The inputs to the state-space model in Eq. (3.8) are the actuator torque,Tact ,

and the road load torque,Tload.

3.2.2 Estimator development

The assumption made about the state space being switching-free would lead to

di�erences (errors) in the measured and estimated speed signals, and consequently,

to errors in the estimated twist angles, i.e.,:

� act;meas

i t
� � fd;measi fd =

�̂ act

i t
� �̂ fd i fd + e1; (3.14)

� fd;meas � � w;meas = �̂ fd � �̂ w + e2; (3.15)

where the subscript `meas' represents measured variables ande1 and e2 represent

errors in the estimated actuator-side and wheel-side twist angles, respectively. The

(A ; C) pair (see Eq. 3.10 and 3.12) of the state-space model is observable, which

allows the estimator to attribute the errorse1 and e2 to the size of the backlash.
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The backlash size estimator (see Fig. 3.7) is designed as a Kalman �lter, whose

operation is governed by the following sequence of steps: 1) activation, 2) estimation,

and 3) steady-state convergence. These three steps involved in the backlash size

estimator calculations are described below and summarized in Algorithm 1.

3.2.2.1 Activation

For simplicity, an activation criterion is considered that accounts for tip-in from

coasting maneuvers. Speci�cally, letTact;init be the initial value of the actuator torque,

which is latched onto at the time of the tip-in, i.e.,

Tact;init = Tact(t init ); (3.16)

where the timet init is characterized by

_Tact(t init ) > C 1; (3.17)

where C1 is a calibration threshold. Then, using the aboveTact;init , the estimator

activation criteria can be de�ned as:

Tact;init < 0 AND Tact(t) > 0 AND

Convergence criteria not met; t > t init > 0; (3.18)
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Figure 3.8: State 
ow diagram showing the backlash size estimator
activation criteria.

where this convergence criteria is given below. The size estimator activation criteria

is also shown as a state 
ow diagram in Fig. 3.8.

3.2.2.2 Estimation

As long as the estimator is active, the state estimates of the system (3.5) - (3.13) are

obtained through the following equation:

_̂x = Ax̂ + Bu + L[y � Cx̂ ]; (3.19)
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whereA , B , C are the state-space matrices,u and y are the input and output vectors,

x̂ is the estimated state vector, andL is the steady-state Kalman gain, calculated

using the Kalman �lter equations. While the process noise covariance matrix of the

Kalman �lter, Q, is tuned manually based on model uncertainty, the measurement

noise covariance matrix,R, is �xed and the values are chosen based on known noise

information for the speed sensors. TheQ matrix is tuned by initially starting o�

with an identity matrix and using knowledge about the process noise to choose a

trend for the diagonal elements of the matrix. For instance, it is known from the

validation studies (e.g., see Fig. 2.9) that the measured engine and wheel speeds

may not match COM-simulated engine and wheel speeds. Therefore, a relatively

larger value is chosen for the diagonal elements that a�ect these speed signals. Using

this iterative approach, theQ matrix elements are chosen such that the error in the

estimated backlash size is reduced.

3.2.2.3 Steady-state convergence

The third step of the estimation procedure involves monitoring the backlash size

estimate and stopping the Kalman �lter once the rate of change of the estimated size

is below a small threshold,C2, i.e.,:

_̂� b;size � C2: (3.20)
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Algorithm 1 Steps involved in operating backlash size estimator

1: while Activation criterion (3.18) is satis�ed do
2: Execute Kalman �lter dynamics (3.19);
3: if Convergence criterion (3.20) is metthen
4: �̂ b;size;reported  �̂ b;size;
5: Activation signal  0;
6: break;
7: else
8: Activation signal  1;
9: continue;

10: end if
11: end while

3.2.3 Stability analysis

For ensuring that the Kalman gain used in Eq. (3.19) results in a stable steady-state

estimator, it is veri�ed that a stabilizing solution exists for the Algebraic Ricatti

Equation of the system. To this end, the steady-state Kalman �lter stability analysis

theorems in [46] are utilized, and it is observed that: (i) the (A ; C) pair is observable,

and (ii) the (A ;
p

Q) pair is controllable. This con�rms that the steady-state Kalman

gain, L , that is used in Eq. (3.19) results in a stable Kalman �lter.
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Figure 3.9: Plot showing performance of backlash size estimator in MIL
tests.
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3.2.4 Validation of backlash size estimator

3.2.4.1 Using MIL tests

The performance of the backlash size estimator is �rst validated through MIL tests

by comparing outputs obtained from the FOM discussed in Chapter 2 with that of

the outputs from the estimator. A tip-in from coasting torque pro�le is provided

as an input to the FOM, and the resulting engine and wheel speeds from the FOM

are utilized as the measured parameters by the estimator. The performance of the

backlash size estimator is illustrated for a tip-in from coasting maneuver in Fig. 3.9.

The estimator activates and deactivates according to the speci�ed activation and

convergence criteria. Consequently, it is observed that the estimated engine and wheel

speeds in Fig. 3.9(b) and (c), respectively, are updated only when the estimator is

active. The �nal size estimate reported to the ECU is shown in Fig. 3.9(d), and it is

observed that this estimated size is within 1% of the known plant backlash size.

3.2.4.2 Using test vehicle data

Next, the performance of the backlash size estimator is validated using experimental

test vehicle data. The size estimation for this experimental data is shown in Fig. 3.10.
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Note that the estimator remains active throughout the �rst maneuver, (which takes

place from 2.5 to 6 seconds). During this maneuver, it is noticed that the intermediate

estimation shown in Fig. 3.10 (d) ramps up from `0b' up to `2b' relatively slowly as

compared to the FOM simulations in Fig. 3.9. This additional time taken by the

estimator to converge may be attributed to the measurement noise in the speed

signals and uncertainty in the estimated engine torque. The �nal size estimate is

reported to the ECU only after the second tip-in (which takes place at around 12

seconds). During this tip-in, the estimator converges to the �nal value quite quickly

due to the memory from the previous maneuver. Here, the steady-state estimation

error in the reported backlash size is 2%.

3.2.4.3 Processor-in-the-loop (PIL) testing

To evaluate the computational load of the developed estimation algorithm on

embedded processors, PIL tests of the backlash size estimator are performed using

a dSPACE MicroAutoBox II system. These tests also help us to identify potential

road blocks for integration of the developed algorithms with other estimation and

control strategies that share the same resources on the embedded processor. For

implementing the estimator, the state-space of the system is discretized using Tustin's

method with a sample time of 10 ms. The work
ow for PIL validation is shown in

Fig. 3.11. In the simulation layer, a driver request is sent to the FOM and the
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Figure 3.10: Plot showing performance of backlash size estimator using
experimental test vehicle data.
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Table 3.1
MicroAutoBox II real-time performance timers

Parameter Value (in seconds)

Simulation run time 7
Solver sample time 1e-2
Processor turnaround time 6e-5

resulting actuator torque, actuator speed, and wheel speed signals are obtained from

the FOM. These signals are provided as inputs to the dSPACE MicroAutoBox II,

which contains the discretized backlash size estimator. As illustrated in Fig. 3.12,

the reported backlash size here has an error of 1.4%. Furthermore, the turnaround

time of the estimation algorithm, given in Table 3.1, indicates that the computation

time at each sample instant is 1000 times smaller than the sample time. Clearly, the

algorithm does not consume substantial processing power and is suitable for running

on embedded systems.

3.2.5 Robustness analysis

In this section, the robustness of the backlash size estimator is analyzed using MIL

tests for various use cases and uncertainties that are expected to take place in vehicle

applications.

92



Figure 3.11: Process of PIL validation for the developed backlash size
estimator.

3.2.5.1 Varying actuator torque trajectories

In order to account for di�erent driving conditions and driving styles, the estimator

needs to work accurately for various torque magnitudes and ramp-rates. Fig. 3.13

shows the behavior of the backlash size estimator when the torque input changes
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Figure 3.12: Plot showing performance of backlash size estimator in PIL
tests.
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from one tip-in scenario to another. It is observed that the estimator is able to

converge quickly and accurately during each of these tip-ins. Overall, there is a steady

state estimation error of less than 1% in the reported lash size estimate making the

estimator robust to various torque input pro�les.

3.2.5.2 Uncertainty in road load torque calculation

Since the road load torque is one of the inputs to the estimator, the parameters

a�ecting its calculation are varied and it's impact on the backlash size estimation is

observed. As illustrated in Fig. 3.14, a 25% variation in these parameters causes an

average error of less than 10% in the estimated backlash size, with the uncertainty in

vehicle mass having the largest impact on the estimation error. The performance of

the estimator for road grades up to 15% (without the grade information available to

the size estimator) is also tested and an error of up to 8% is observed in the reported

backlash size.

It is worth noting that it is possible to obtain high con�dence estimates of the vehicle

mass and other road load parameters from the vehicle ECU, which will help in

reducing the uncertainty in road load torque calculations.
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Figure 3.13: Plot showing robustness of the backlash size estimator to
di�erent driver torque inputs
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Figure 3.14: Plot showing robustness of the backlash size estimator to road
load

3.2.5.3 CAN jitter in actuator and wheel speed signals

Due to message arbitration on the CAN bus, the actuator and wheel speed signals

reaching the estimator may be a�ected by time-varying delays, called jitter. Due to

this CAN jitter, a random subset of samples of the measured engine and wheel speeds

are missed from being reported to the estimator. As part of the robustness study,

the experimental data obtained from the test vehicle was analyzed and a probability

density function (PDF) was developed for the jitter delays.
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Figure 3.15: Plot showing robustness of the backlash size estimator to
CAN jitter.
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Using the PDF obtained in [6], random jitter is injected into the engine and wheel

speed signals of the FOM. In Fig. 3.15 it is observed that the estimator is able to

work well even with jitter a�ecting these measured speed signals. An error of less

than 1% is observed in the estimated lash size.

3.2.5.4 Variation in plant backlash size

As mentioned at the beginning of this section, the backlash size in an automotive

drivetrain may vary substantially over the lifetime of the vehicle and/or from vehicle-

to-vehicle. Therefore, in order to evaluate robustness, the backlash size in the FOM

is increased by up to 100% and the performance of the estimator is evaluated (under

the assumption that the estimator has no prior information about the increase in the

plant backlash size). As illustrated in Fig. 3.16(a), the estimation error is within 2%,

despite the substantial increases in the size of the drivetrain backlash. Moreover, the

estimation error also decreases as the lash size increases, since the estimator is active

for longer time duration, thus receiving larger number of samples of the input signals.

3.2.5.5 Variation in driveshaft sti�ness

Another driveline parameter that may vary due to part-to-part manufacturing

variations is the e�ective sti�ness of the driveshaft. This sti�ness accounts for the
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Figure 3.16: Plot showing robustness of the backlash size estimator to
changes in plant backlash size.

sti�nesses of both propeller and axle shaft. These variations can lead to changes in

the twist angles of the shafts, which may a�ect the backlash size estimate. Therefore,

assuming that the variation in sti�ness is within � 25%, the performance of the

estimator is evaluated as described below.

It is expected that as the shaft sti�ness increases the twisting in the shafts will

reduce and vice versa. Along these lines, in Fig. 3.16(b) it is observed that the

estimator underestimates the backlash size by 8% when the shaft sti�ness increases

and overestimates the size by 7% when the shaft sti�ness decreases. However,
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the relatively small magnitudes of errors suggest that the developed backlash size

estimator is reasonably accurate for sti�ness variations up to� 25% in the driveshafts.

3.2.5.6 Variation in tire-road interaction

The interaction between the tire and the road may change signi�cantly when the

operating conditions, such as ambient temperature, tire pressure, and type of road,

change (see [47, 48, 49]). The engine and wheel speeds of the vehicle on high-traction

(e.g., dry tarmac) surfaces is expected to represent the outputs observed previously in

Fig. 3.9. However, under low-traction surfaces (such as icy roads), the magnitudes of

these speeds increase and the frequency of shu�e oscillations decreases (see Fig. 3.17

vs. Fig. 3.9). These changes in behavior are a direct consequence of the change in tire

sti�ness and damping due to slippery road conditions. Even under these operating

conditions, the designed estimator is able to estimate the backlash size with a steady-

state error of approximately 9% after the �rst tip-in event, as seen in Fig. 3.17.

3.2.5.7 Variation in driveshaft damping

Another parameter that may vary signi�cantly is the e�ective driveshaft damping.

For up to � 25% change in this parameter, it is observed that there is no signi�cant

impact on the accuracy of the designed backlash size estimator.
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Figure 3.17: Robustness analysis of the backlash size estimator to variation
in tire properties due to changes in the tire-road patch interaction. In this
result, a low traction scenario such as an icy road is simulated.
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3.2.5.8 Impact of sample time on backlash size estimate

The backlash size estimator is dependent on lash traversal taking place in order

to estimate the size of the lash. Such events are typically in the order of tens of

milliseconds. Therefore, the sample time of the estimator a�ects the accuracy of the

estimated value. In all the previous robustness analysis results, a 10 ms sample time

is used as that was the sample time in the ECU of the test vehicle. Here, the bene�t

of using a smaller sample time is analyzed since future ECUs are expected to run at

a sample time less than 10 ms.

Fig. 3.18 shows the distribution of percentage error in the estimated lash size for 3

sample times: (i) 1 ms, (ii) 5 ms, and (iii) 10 ms. The percentage error is the least

when the sample time is the smallest, i.e., 1 ms.
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Figure 3.18: Plot showing robustness of the backlash size estimator at
various sample times.
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Chapter 4

Design of shu�e and clunk control

algorithms 1

After developing and validating the plant models and the estimation algorithms, the

next step in designing the clunk and shu�e torque shaping controller is to develop

the control algorithms. As discussed in Chapter 1, the goal of the shu�e controller

is to reduce the unwanted longitudinal oscillations caused due to the rapid twisting

and untwisting of the driveshafts, and the goal of the clunk controller is to reduce the

impact between adjacent gear teeth while traversing lash as soon as possible.

While the goal of this work is to develop optimal, model-based controllers, it is also

1Contents of this chapter �rst appeared in [8]. Letter of permission to republish from IFAC is
available in Appendix C.
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necessary to be cognizant of the computation load that these control algorithms would

demand. Therefore, a pre-compensator and a lead compensator combination is chosen

as the shu�e controller, while a reference governor-based controller is chosen as the

clunk controller. The details of these controllers, and the motivation behind choosing

them are discussed in the next sections.

4.1 Driveline shu�e controller

From previous research studies [10, 50], it is evident that engine torque rate rise

contributes to an increased severity of shu�e. Therefore, the control objectives of

the driveline shu�e controller are to: (i) reduce the severity of the longitudinal

oscillations, and (ii) robustly smoothen the remaining oscillations. The �rst objective

is met through the use of a pre-compensator which acts as a �lter to smoothen the

driver requested torque such that this torque request does not excite the driveline

shu�e mode. The second objective is handled using feedback control through the

lead compensator. Since it is also imperative that new sensors are not required for

this controller, the feedback parameter is chosen such that it can be easily calculated

or estimated through the use of readily available CAN signals. To this end, the rate

of change of propeller shaft torque is used as a metric for measuring and mitigating

driveline shu�e. The propeller shaft torque can be estimated using the actuator and

wheel speed signals which removes the need for additional sensors on the vehicle.
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4.1.1 Design of the pre-compensator

The pre-compensator is desinged as a Butterworth low pass �lter, since this type of

�lter o�ers lower band pass ripple in the frequency response [51]. The contact mode

transfer function describing the relation between the commanded actuator torque,

T �
act , and the propeller shaft torque, Tprop , is given by:

TF cm(s) =
Tprop (s)
T �

act(s)
=

0:18s3 + 2606s2 + 5:84e05s1 + 1:7e07
0:15s5 + 35:17s4 + 1967s3 + 7:09e04s2 + 2:12e06s + 1:15e07

(4.1)

The poles of the above transfer function indicate that the damped frequency of the

complex poles of TFcm(s) is at approximately 5 Hz. This transfer function represents

the plant transfer function for designing the pre-compensator.

For designing the Butterworth low pass �lter the following performance considerations

are taken into account:

1. The rise time of the shaft torque� 175 milliseconds. This is based on internal

Ford research where having a rise time larger than 1 period of the shu�e

oscillations results in unacceptable vehicle response.

2. The overshoot in the shaft torque has to be� 10%, for avoiding unintended

vehicle acceleration.
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3. The settling time of the shaft torque has to be� 350 milliseconds, for

maintaining the driveline shu�e at acceptable limits.

Additionally, the pass band frequency,f p, of the �lter has to be >> f shu�e , and the

stop band frequency,f s, of the �lter has to be << f shu�e to satisfy the performance

requirements of the �lter. The pass band ripple limit, 1� � p, and stop band ripple

limit, � s, are assigned the standard values used for the Butterworth low pass �lter, i.e.,

0.8 and 0.2, respectively. While �xing the stop band frequency,f s, at 6 Hz, a sweep

of step responses is carried out forf p = 2 Hz through 5 Hz. The most smoothest

response meeting the performance criteria is obtained with a combination off p = 2

Hz and f s = 6 Hz, and this yields the following pre-compensator:

PC(s) =
201:5

s2 + 20:07s + 201:5
(4.2)

Including a zero and modifying the pre-compensator can further improve its rise time

while meeting the remaining performance criteria. Therefore, using the SISO tool in

MATLAB, an additional zero that improves the performance of the pre-compensator

is determined and the modi�ed pre-compensator is given as:

PCmod(s) =
10:57s + 201:5

s2 + 20:07s + 201:5
(4.3)
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4.1.2 Design of the lead compensator

As mentioned earlier, the feedback control by the lead compensator is based on

feedback of the estimated propeller shaft torque in the driveline. Since, the rate

of change of propeller shaft torque is used as the metric for shu�e oscillation, the

transfer function between the time derivative of the propeller shaft torque and the

commanded actuator torque is given by:

TF cm;mod(s) =
sTprop (s)
T �

act(s)
=

(s)(0:18s3 + 2606s2 + 5:84e05s + 1:7e07)
0:15s5 + 35:17s4 + 1967s3 + 7:09e04s2 + 2:12e06s + 1:15e07

(4.4)

TF cm;mod(s) is the plant transfer function for the lead compensator controller design.

The lead compensator, C(s), is selected as:

C(s) = c
1 + a
1 + b

; c > 0; a > 0; b > 0: (4.5)

The zero of C(s) pulls the lightly damped poles from TFcm;mod(s), thereby, increasing

the damping of the combined system. The gainc is used as a calibration knob to

�ne tune the lead compensator's response. Using the SISO tool in MATLAB, the

numerical values ofc; a; bare obtained asc = 0:013,a = 20:85, andb= 26:45.
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Figure 4.1: Bode plot of the closed loop shu�e controller showing a dip
near the shu�e frequency.

The combined transfer function between the shu�e controller-shaped actuator torque

command and the driver torque request of the closed-loop system can be given as:

T �
act(s)

Tdrv (s)
=

PCmod(s)
1 + TF cm;mod(s) � C(s)

(4.6)

The frequency response of the closed-loop system is shown through a Bode plot in

Fig. 4.1. This response is similar to what is seen in a low pass �lter, indicating that the

high frequency content exciting the driveline has been prevented from propagating

into the system. The magnitude dips close to the shu�e frequency which further

indicates the damping e�ect being added through the designed shu�e controller.
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4.2 Driveline clunk controller

For controlling the clunk phenomenon a reference governor-based design is chosen

for the clunk controller. The reference governor is a predictive, model-based control

algorithm which continually monitors the reference and states of a system and only

intercedes when an unsupervised reference may lead to a violation of prede�ned

constraints. While a reference governor approach shares some similarities with MPC,

it is primarily di�erent in the fact that it uses one-step ahead prediction instead

of MPC's n-steps ahead. This decreases the computational load of the reference

governor approach and makes it easier to be implemented on embedded processors.

Typically, reference governors are designed to supplement a new or an existing

feedback controller (denoted as the baseline controller in this work). These feedback

controllers might have been designed using conventional control techniques and

might already be providing acceptable performance for use cases in which constraint

violation is of no concern. The reference governor improves the performance of the

baseline controller by adding the capabilities of handling state and control constraints,

especially in transient conditions. Additionally, it reduces processing time, and

provides comprehensive calibrations for various operating conditions of the baseline

controller.
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4.2.1 Double integrator backlash model

The clunk phenomenon can be represented in terms of the relative speed between the

actuator and wheels, taken in the same domain, at the end of lash traversal. This is

called as the impact velocity in this thesis. From the discussions in Chapter 1 and

Fig. 1.2, it is evident that the magnitude of impact velocity, and, consequently, clunk

is a direct result of the dynamics of the backlash mode. Therefore, the backlash mode

dynamics are of primary interest for developing the clunk controller.

In the backlash mode, when lash traversal is taking place the link between the actuator

and wheel is disconnected for a brief amount of time. Therefore, the actuator speed

increases proportionally with the actuator torque, but the large inertia of the vehicle

causes the wheel speed to remain approximately constant during this duration of

disconnectedness. Moreover, for the plant considered in this thesis, the ratio of

driveshaft damping with respect to driveshaft sti�ness is small. This allows the

assumption that the driveshaft is neither twisting nor untwisting when the drivetrain

is in the backlash mode. Therefore, during this period, the dynamics of the backlash

can be approximated to a double integrator system and can be represented in state

space form as:

x1 = � b; x2 = _� b; (4.7)
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; (4.8)

where � b is the position in backlash, _� b is the speed of lash traversal (which is the

relative speed of the actuator and the wheels),Tact is the actuator delivered torque,

and J1 is the lumped inertias of the actuator, torque converter, transmission, propeller

shaft, and �nal drive. In addition to the drivetrain dynamics in backlash mode, the

control algorithm also utilizes the real-time information about the size and position

of the backlash. This information is obtained using estimation algorithms developed

in Chapter 3. Additionally, a backlash position predictor is also used which helps in

reducing the delays and errors in the estimated backlash position. These details are

discussed in the next section.

4.2.2 Clunk controller: Design of the baseline controller

The control objectives of the clunk controller are: (i) to traverse lash from negative

contact to positive contact as soon as possible, (ii) to hit positive contact at or less

than a chosen threshold velocity, and (iii) to meet the physical constraints of the

drivetrain. To satisfy such competing objectives, the soft landing reference governor

approach is chosen as the preferred choice and the objectives are formulated as an

optimal control problem (OCP).
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The baseline controller is used to set the control law for the clunk controller and

is chosen to: (i) move the backlash towards positive contact, and (ii) be easily

calibratable and implementable on an embedded processor. Thus, a Proportional-

Derivative (PD) baseline controller is designed which tracks a reference backlash

position. When the drivetrain is in lash, the desired reference backlash position

is to reach positive or negative contact. The PD controller tracks this reference by

shaping the torque command sent to the actuator. The gains of this PD controller are

chosen such that they provide fast and stable tracking performance. Time intensive

calibrations for di�erent operating conditions are not required since a reference

governor is being used with the PD controller, which modi�es the reference backlash

position to be tracked if it predicts a chance of constraint violation. Therefore, the

baseline control law,u, is chosen as:

u = Tact = kp[q � � b] � kd
_� b; kd > 0; (4.9)

where,kp is the proportional gain andkd is the derivative gain of the PD controller,

q is the modi�ed backlash position reference controlled by the reference governor,� b

is the predicted backlash position of the plant, and_� b is the calculated speed of lash

traversal.
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4.2.3 Clunk controller: Soft-landing reference governor

Now the OCP is de�ned which encapsulates the control objectives. As mentioned

earlier, the clunk controller is required to cross lash as quickly as possible while

meeting certain constraints: (i) the reference position should be within the negative

and positive contact positions of the backlash, (ii) the commanded torque should be

within a pre-de�ned range of values which are chosen to limit undesirable changes

in the torque command during lash crossing, and (iii) the speed of lash traversal

when the lash reaches positive contact (a.k.a. impact velocity) should be within the

prede�ned limit. While the �rst and second constraints are straightforward to setup,

a Lyapunov function candidate is utilized for setting up the third constraint:

V(x) =
1
2

kp[q � � b]2 +
1
2

_� 2
b; (4.10)

where the terms carry the same de�nition as Eq. (4.9). This equation satis�es

the positive semi-de�nite condition for all scenarios whenkp > 0. Taking the Lie

derivative of Eq. (4.10) and substituting the value forTact , the following relation is
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obtained:

_V(x) = r V f (x); (4.11)

_V(x) =
�

@V/ @x1 @V/ @x2

�

2

6
6
6
6
4

x2

kp(q � x1) � kdx2

J1

3

7
7
7
7
5

; (4.12)

_V(x) = �

2

4 kd

J1
x2

2

3

5 ; (4.13)

which proves that the Lie derivative of the candidate Lyapunov function is negative

semi-de�nite for all scenarios whenkd > 0. Therefore, the function in Eq. (4.10) can

be considered as a suitable Lyapunov function for the controller's requirements.

Let tc and t im represent the current time instant and the time at which impact occurs

on positive contact, respectively. From Eq. (4.13), it can be stated that:

V(t im ) � V(tc): (4.14)

Assuming that the lash position reference,q, does not change in the time interval

tc � t � t im , the expression of Lyapunov function from Eq. (4.10) can be used in
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Eq. (4.14) to get:

1
2

kp[q � � b(t im )]2 +
1
2

_� 2
b(t im ) �

1
2

kp[q � � b(tc)]2 +
1
2

_� 2
b(tc); (4.15)

which can be rewritten as:

_� 2
b(t im ) � kp[q � � b(tc)]2 � kp[q � � ]2 + _� 2

b(tc): (4.16)

If it is assumed that:

kp[q � � b(tc)]2 � kp[q � � ]2 + _� 2
b(tc) � v2

im ; (4.17)

then:

_� 2
b(t im ) � v2

im ; (4.18)

where vim is the impact velocity limit that can be chosen as required. The relation

obtained in Eq. (4.17) and (4.18) can be used for de�ning the second constraint.

Therefore, the OCP for obtaining a governed reference backlash position,q, during

tip-in scenarios is setup as:

maximize q(tc) (4.19)

subject to

� � � q � + �; (4.20)

117



� Tsat � kp[q � � b] � kd[ _� b] � Tsat; (4.21)

kp[q � � b(tc)]2 � kp[q � � ]2 + _� 2
b(tc) � v2

im : (4.22)

This OCP is solved o�ine on a desktop computer, and the obtained solutions are

visualized in the form of a Maximal Output Admissible Set (MOAS). For getting

these solutions, the clunk control algorithm performs one step ahead prediction for

each combination of� b and _� b, and then selects a feasibleq.

118



F
ig

ur
e

4.
2:

S
ch

em
at

ic
of

th
e

de
si

gn
ed

to
rq

ue
sh

ap
in

g
co

nt
ro

lle
r

co
ns

is
tin

g
of

b
ot

h
co

nt
ac

t
m

o
de

an
d

ba
ck

la
sh

m
o

de
co

nt
ro

lle
rs

.

119



Figure 4.3: The MOAS obtained for an impact velocity constraint of
5s. Color gradation indicates number of feasible solutions. The maximum
number of solutions are available in the blue region, which corresponds to
the beginning of lash crossing, and they start to reduce in the green and
yellow region with the minimum number of solutions in the red region, which
corresponds to the end of lash crossing.

4.2.4 Clunk controller: Maximal output admissible set

The MOAS is de�ned as the set of all feasible values of states and inputs of a system

such that the predicted response of the system with these initial states and constant

inputs satisfy the constraints set for the system; see [52]. The states of the backlash

mode system are� b; _� b and the reference modi�ed by the reference governor isq.

All possible combinations of these three parameters satisfying the constraints listed

above give the MOAS for the de�ned OCP, and this can be visualized as illustrated

in Fig. 4.3. The density of the MOAS can be changed by changing the number of

ticks on each axis, when de�ning the range of each axis before solving the OCP.
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4.2.5 Clunk controller: Implementation of the reference

governor

For implementing the designed reference governor, a lookup table (LUT) with the

computed maximal value ofq, for each combination of� b and _� b, is generated. When

the predicted backlash position,�̂ b, and speed of lash crossing,_� b are provided as

inputs to this LUT, the modi�ed reference backlash position,q, is obtained as the

output (see Fig. 4.2). Implementing the reference governor as an LUT is an attractive

option because this makes it feasible to run real-time on embedded processors

(automotive ECUs). All the computation-intensive calculations are performed o�ine

and this reduces the computational footprint of the clunk controller. Moreover,

multiple LUTs can be quickly generated o�ine and implemented on the ECU for

di�erent operating conditions.

4.3 Validation of shu�e and clunk control

algorithms

The performance of the shu�e and clunk torque shaping system is veri�ed in both

model-in-the-loop (MIL) as well as processor-in-the-loop (PIL) tests. The FOM
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and the ROM are used as the plant models in the MIL and PIL validation tests,

respectively.

4.3.1 Performance in MIL tests

A tip-in scenario is simulated with the driver torque request ramping up from a

slightly negative torque at 1000 Nm/s using the co-simulation model (see Fig. 4.4).

It is noticed that the relative speed between the actuator and the wheel starts to

ramp up rapidly at the beginning of the backlash traversal (see Fig. 4.4(d)). It is also

noticed that the clunk controller does not intervene at the start of lash traversal to

facilitate quick lash crossing. However, once the lash is closer to positive contact

and there is a chance of violating impact velocity, the clunk controller modi�es

the reference backlash position to keep the impact velocity within the prede�ned

constraint (see Fig. 4.4(c)). Consequently, it is noticed that the torque shaping system

keeps clunk and shu�e at a minimum and quickly delivers the driver requested torque

(see propeller shaft torque signal in Fig. 4.4(c)).
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Figure 4.4: Performance of the designed clunk controller during a tip-in
event. The controller initially requests signi�cant torque to quickly traverse
lash, and then rapidly reduces the torque request to meet the chosen impact
velocity constraint (i.e., 5s).
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4.3.2 Performance in PIL tests

To ensure that the controller works on real-time embedded processors, PIL testing is

performed using a dSPACE MicroAutoBox II platform. In this implementation, both

the plant model and the controller are 
ashed on to the MicroAutoBox II. dSPACE

ControlDesk software is used as the user interface for sending a torque request and

for recording the actuator and wheel speed outputs. The schematic of the PIL setup

used for this validation is shown in Fig. 4.5. The reduced-order model is used as the

plant model and the performance of the torque shaping controller for various driver

torque requests, and various controller and plant sampling rates is tested. Through

these PIL tests, the turnaround time and task overrun information is obtained for

the designed controller. The turnaround time is de�ned as the computation time of

the embedded processor to process the algorithms at each time step. Task overrun is

de�ned as the number of times that the turnaround time is larger than the sample

time. Typically, intensive PIL computations can cause task overruns which could

cause an error in the algorithm and prevent from running real time. The testing

results are shown in Table 4.1. It is observed that the designed controller is able to

perform well at both 5 ms and 10 ms sample time without any task overruns. For

1 ms sample time, 2 task overruns are noticed. Therefore, it is concluded that the

designed controller is able to work well in embedded processors up to a sample time

of 5 ms.
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Figure 4.5: Schematic of the PIL setup used to validate the designed
controller for real-time usage.

4.4 Uncertainty analysis of clunk controller

In this section, the impact of uncertainty in key vehicle parameters that could a�ect

the performance of the clunk controller is analyzed and methods through which the
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Table 4.1
Summary of PIL performance of the designed torque shaping controller on

dSPACE MicroAutoBox II.

Controller and
plant sample
time (ms)

Turnaround
time (ms)

Task
overruns
(-)

10 1.4e-4 0
5 1.4e-4 0
1 1.4e-4 2

desired behavior of the controller could be maintained are proposed.

Typically, the available model parameters may deviate from the actual parameters

of the vehicle for two reasons: (i) part-to-part variations due to manufacturing

tolerances, and (ii) changes in certain vehicle parameters due to component wear.

Since the backlash mode dynamics for the clunk controller is simpli�ed to a double

integrator system, there are only two parameters for which the uncertainty analysis

needs to be performed, i.e., the actuator inertia and the estimated torque delivered

by the actuator. Uncertainty in the actuator inertia could be due to part to part

variations, whereas uncertainty in the estimated torque delivered by the actuator

could be due to estimation errors (which itself could be a consequence of the two

reasons mentioned above). Uncertainty in either of these parameters might lead to

a violation of the impact velocity constraint. Therefore, the e�ect of each of these

uncertainties on the performance of the clunk controller is analyzed.
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4.4.1 Uncertainty in actuator inertia

The variation in actuator inertia is characterized as an additive uncertainty [53] which

modi�es the backlash mode dynamics of the double integrator system as follows:

8
>><

>>:

_x1

_x2

9
>>=

>>;
=

2

6
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0 0
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2

6
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0

1

J1(1 � � 1)

3

7
7
7
7
5

�

Tact

�
; (4.23)

where � 1 represents the uncertainty in the actuator inertia. For this analysis it is

assumed that� 1 2 [� 0:15; 0:15].

First, a closed-loop stability analysis of the system in Eq. (4.23) is performed with the

baseline PD controller. The results in Table 4.2 show that the system is closed-loop

stable with su�cient stability margin. Next, the e�ect of this additive uncertainty

on the Lyapunov function selected in Eq. (4.10) is checked, and it is observed that

the function is valid as long as it is assumed that� 1 < Jact;model, where Jact;model

is the actuator inertia used in the model while performing the reference governor

calculations. Since this is a reasonable assumption, it can be conclude that a 15%

deviation in the known actuator inertia does not adversely a�ect the performance of

the designed clunk controller.
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Table 4.2
Summary of closed-loop stability analysis of the backlash mode system

with uncertainties.

Parameter Type of uncertainty Closed-
loop stable

Gain Margin Phase
margin

Actuator inertia Additive Yes 1 � 65°
Delivered
actuator torque

Multiplicative Yes 1 � 65°

4.4.2 Uncertainty in delivered actuator torque

Next, the variation in actuator delivered torque is represented as multiplicative

uncertainty [53] which leads to the following modi�cation in the double integrator

system:
8
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; (4.24)

where� 2 is the fractional uncertainty in the delivered actuator torque and it is assumed

that � 2 2 [� 0:25; 0:25]. The numerical value of this fractional uncertainty may vary

based on the type of actuator (i.e., IC engine or electric motor). However, this

does not a�ect the crux of this analysis. The closed-loop stability analysis of this

system with the baseline controller con�rms that the system is closed-loop stable (see

Table 4.2). Due to the multiplicative uncertainty in Eq. 4.24, the Lie derivative of
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the Lyapunov function candidate in Eq. 4.10 changes to:

_V(x) =
�

@V/ @x1 @V/ @x2

�
(4.25)

2

6
6
6
6
4

x2

(kp(q � x1) � kdx2)(1 � � 2)

J1

3

7
7
7
7
5

; (4.26)

_V(x) =

2

4
�

kd

J1
x2

2(1 � � 2) +
kp

J1
(q � x1)� 2x2

3

5 : (4.27)

To ensure negative semi-de�niteness of Eq. 4.27 and, consequently, the validity of the

chosen Lyapunov function, an additional constraint needs to be added to the initial

OCP. Therefore, the revised OCP can be expressed as:

maximize q(tc)

subject to

� � � q � + �;

� Tsat � kp[q � � b] � kd[ _� b] � Tsat;

kp[q � � b(tc)]2 � kp[q � � ]2 + _� 2
b(tc) � v2

im ; (4.28)
�
�
�
�
�
�
�
�

kp

J1
(q � x1)� 2x2

�
�
�
�
�
�
�
�

<

�
�
�
�
�
�
�
�

kd

J1
x2

2(1 � � 2)

�
�
�
�
�
�
�
�

:

Adding the additional constraint leads to an expected reduction in the number of

129



Figure 4.6: Di�erence between (a) original MOAS and (b) reduced MOAS
obtained after compensating for uncertainty in actuator delivered torque.
The additional constraint in the modi�ed OCP reduces the number of
feasible solutions in (b). Color gradation indicates number of feasible
solutions. The maximum number of solutions are available in the blue region,
which corresponds to the beginning of lash crossing, and they start to reduce
in the green and yellow region with the minimum number of solutions in the
red region, which corresponds to the end of lash crossing.
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feasible solutions of the OCP, as illustrated by the modi�ed MOAS in Fig. 4.6.

Moreover, a reduction in the MOAS also leads to a comparatively conservative

behavior of the reference governor. In Fig. 4.7, the behavior of a clunk controller

designed using the original MOAS is compared with that of the one designed using

the revised MOAS. In the case shown, the actuator is over delivering torque by 25%

during the lash crossing scenario. This translates to larger torque values during the

start of lash crossing and smaller negative torque value when the lash traversal is

about to end. Consequently, with the original controller, the relative speed between

the actuator and wheel is comparatively higher during lash crossing and violation of

the impact velocity constraint occurs at positive contact.

On the other hand, it is observed that the controller designed with the modi�ed

MOAS is: (i) intervening and modifying the reference position earlier than the

original controller, (ii) meeting the desired impact velocity constraint and keeping

the maximum lash crossing velocity smaller than the original controller, and (iii)

traversing lash comparatively slower than the original controller. The slower lash

traversal is a result of the smaller MOAS obtained with the additional constraint.

The above analysis shows that making the reference governor robust to the

uncertainty in the delivered actuator torque will limit its performance. Since it is

assumed that the delivered actuator torque uncertainty takes a range of [� 0:25; 0:25],

designing the reference governor considering one particular value of� 2 might not
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Figure 4.7: Comparison of clunk controller behavior with 25% uncertainty
in actuator delivered torque in backlash mode with controllers designed using
original and revised MOAS. With the revised MOAS, it is possible to meet
impact velocity constraint even with the uncertainty in the delivered actuator
torque, albeit with slightly longer lash crossing duration.
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result in an optimal output if the true uncertainty is di�erent from the assumed

value. To improve optimality, the uncertainty in the actuator torque delivered could

be calulated using principles of model-reference adaptive control (MRAC) [53], and

multiple LUTs could be developed for di�erent values of uncertainty. Then, at each

time step, the calculated uncertainty could be used to decide which reference governor

LUT to use for obtaining the modi�ed reference.

4.4.3 Adaptive clunk controller

To illustrate the bene�t of designing an adaptive clunk controller, a scenario is

assumed where the uncertainty in the delivered actuator torque is initially 10%

and increases to 40% as the actuator ages. If the reference governor is designed to

compensate only for the initial uncertainty, the clunk controller will start violating the

constraints as soon as the uncertainty increases. On the other hand, if the reference

governor is designed to compensate the larger uncertainty, the clunk controller will

perform conservatively over a majority of the vehicle's life. Therefore, an adaptive

clunk controller is proposed that consists of: (i) algorithm to calculate the uncertainty

in the delivered actuator torque at each time step, and (ii) multiple MOAS designed

for compensating a range of uncertainty in the delivered torque and a switching

heuristic to select between these MOAS based on the calculated uncertainty at each

time step. The schematic of the proposed adaptive clunk controller is shown in
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Fig. 4.8. The remaining components of the torque shaping controller are the same as

shown previously in Fig. 4.2.

The uncertainty in the actuator delivered torque is calculated using concepts of

MRAC [53]. Using a reference model that consists of actuator torque delivery

dynamics (modeled as a 1st order transfer function with rate limits) and lash crossing

dynamics from Eq. (4.8), and assuming that the inertia of the actuator is known and

constant, the uncertainty, � 2, in the delivered actuator torque can be calculated as:

Tdel;ideal = J1
•� act;ideal ; (4.29)

Tdel;actual = Tdel;ideal + � 2 = J1
•� act;meas; (4.30)

� 2 = J1( •� act;meas � •� act;ideal); (4.31)

where •� act;meas is the time derivative of measured actuator speed from the actual

vehicle,Tdel;ideal is the ideal delivered torque calculated using commanded torque and

actuator torque delivery dynamics, and•� act;ideal is the calculated actuator acceleration

obtained from the reference model.
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An MOAS is calculated for 10% and 40% uncertainty each in the delivered actuator

torque and generate appropriate LUTs. Using the calculated uncertainty from

Eq. (4.31), the appropriate LUT is chosen. In Fig. 4.9, the �rst tip-in has 10%

uncertainty in the actuator delivered torque while the second has 40% uncertainty.

The performance of the clunk controller is compared for three scenarios: (i) the clunk

controller is unaware of the uncertainty in the delivered actuator torque, (ii) the

clunk controller has a single LUT generated for 40% uncertainty in the delivered

actuator torque, and (iii) the clunk controller has two LUTs generated for 10% and

40% uncertainty and adaptively switches between these tables based on the calculated

uncertainty in the delivered actuator torque. In Fig. 4.9(b), it is noticed that when

the clunk controller compensates for only 40% uncertainty, the time taken to traverse

lash is comparatively higher. This may cause the vehicle to be perceived as sluggish

and lead to a potential drivability issue. Therefore, the bene�t of the adaptive clunk

controller is clear in such scenarios.

The presence of a switching system in the adaptive clunk controller could lead to

controller stability concerns. However, it should be noted that the lash traversal

event, during which the clunk controller is active, is a fast event in the order of

milliseconds. Moreover, the design of the reference governor aims to push the system

towards positive contact. Therefore, even if the dwell-time [54] between consecutive

switching events is relatively small, the transition to contact mode controller will

ensure stability of the system.
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