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Abstract

We construct robust designs for nonlinear quantile regression, in the presence of both a possibly misspecified nonlinear

quantile function and heteroscedasticity of an unknown form. The asymptotic mean-squared error of the quantile

estimate is evaluated and maximized over a neighbourhood of the fitted quantile regression model. This maximum

depends on the scale function and on the design. We entertain two methods to find designs that minimize the maximum

loss. The first is local – we minimize for given values of the parameters and the scale function, using a sequential

approach, whereby each new design point minimizes the subsequent loss, given the current design. The second is

adaptive – at each stage, the maximized loss is evaluated at quantile estimates of the parameters, and a kernel estimate of

scale, and then the next design point is obtained as in the sequential method. In the context of a Michaelis–Menten

response model for an estrogen/hormone study, and a variety of scale functions, we demonstrate that the adaptive

approach performs as well, in large study sizes, as if the parameter values and scale function were known beforehand and

the sequential method applied. When the sequential method uses an incorrectly specified scale function, the adaptive

method yields an, often substantial, improvement. The performance of the adaptive designs for smaller study sizes is

assessed and seen to still be very favourable, especially so since the prior information required to design sequentially is

rarely available.
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1 Introduction and summary

Quantile regression analyses have become common among investigators seeking summaries of their data that are

richer and more complete than can be afforded by a standard regression, which returns estimates only of the

means, conditional on the covariates. See Koenker1 and Koenker2 for an in-depth review. Recent application

areas include medical reference charts, survival analysis, financial economics, environmental modelling and the

detection of heteroscedasticity – see Yu et al.3, Geraci4 and Farcomeni and Geraci5 for details of these and other

novel applications of quantile regression and discussions of some of the computational challenges involved.
The role of a properly constructed design, especially in medical studies, to minimize research costs while

maintaining statistical efficiency cannot be overemphasized. By a design for an experimental study, we mean

the choice of values of the predictor variables, at which a response will be obtained and measured. One hopes that

the estimates obtained, upon implementing the design, will be accurate and efficient, i.e. have small biases and

small variances. Whether or not these goals are simultaneously attainable depends very much on the accuracy of

the model, relating predictors to responses that the experimenter fits. In ‘classical’ optimal design theory, the
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designer claims complete faith in the accuracy of this fitted model and under this assumption can often derive
designs yielding unbiased estimates with maximal efficiency.

But it has repeatedly been seen in robustness studies that an ‘optimal’ procedure for an even slightly incorrect
model may be far from optimal – perhaps even worse than useless – under seemingly minor departures from the
fitted model. Thus, we instead design for ‘model-robustness’ – while the experimenters will continue to fit and
estimate their chosen model, the designs given here afford protection, in a ‘minimax’ sense, against the losses
arising from misspecifications of this model. To incorporate errors arising both from bias and from natural
variation, we measure the loss by the mean squared error (mse) of the predicted values and seek designs that
minimize the maximum mse, as the ‘true’ model ranges over a given neighbourhood of the fitted model. See
Wiens6 for a comprehensive review.

Dette and Trampisch7 introduced the construction of optimal designs for quantile regression, considering in
particular nonlinear response models. For nonlinear responses, the procedures typically depend on the parameters
being estimated, and so the designs of Dette and Trampisch7 were local in nature, i.e. tuned to, and optimal for,
fixed parameter values, assumed known a priori. Kong and Wiens8 constructed robust quantile regression designs
– robust in the manner described above, within certain neighbourhoods of the fitted but possibly misspecified
linear response function. Both in Dette and Trampisch7 and Kong and Wiens,8 the possibly heteroscedastic
variances of the observations were assumed known.

In this article, we extend both Dette and Trampisch7 and Kong and Wiens8 and we consider a nonlinear
response model, heteroscedasticity of an unknown form and a possibly misspecified quantile response function.
Our main observation is that appreciable gains can be made by taking an adaptive approach in the design
construction. For this, we begin by outlining a sequential method, in which we design locally, choosing design
points one at a time in order to minimize the subsequent loss, conditional on the current design. This is presented
for purposes of comparison and to motivate the adaptive approach, in which the updating criterion uses estimates
of both regression and scale, computed from the current design.

Adaptive methods for nonlinear models, without regard to robustness, have been developed by Ford and Silvey9

and Wu10, among others. For some particular applications, see Santos and Santos11 and Guest and Curtis.12

Robustness has been incorporated into the investigations by Sinha and Wiens13 and Wiens.14 Adaptive designs
can be modified mid-stream, adding an element of flexibility to a study. Details of planning and implementing
adaptive clinical trials are discussed in Müller and Sch€afer,15 Konig,16 Levin et al.17 and Magirr et al.18

In the second section of this article, we discuss nonlinear quantile regression and introduce our robust design
requirements. These lead to designs defined as minimizers of a certain loss function that has been maximized over
the possible departures from the fitted model. In the third section, we obtain these minimizing designs, using each
of the two approaches – sequential and adaptive – described above. We do this in the context of an investigation
of an estrogen receptor assay of human uterine cytosol fraction carried out by Cressie and Keightley.19

The results are very encouraging. In our simulations, we find that, when the sequential method uses the correct
scale function, it is still only slightly better, in large study sizes, than the adaptive method that must estimate scale.
When the sequential method uses an incorrect scale function, the adaptive method can yield substantial improve-
ments. The performance of the adaptive designs for smaller study sizes is assessed and seen to still be very
favourable, especially so since the prior information required to design sequentially is rarely available.

2 Nonlinear quantile regression and design robustness

We suppose that an experimenter intends to make observations on random variables Y with structure

Y ¼ F x; hsð Þ þ r xð Þe (1)

for a function F of arguments xq�1 to be chosen by the experimenter from a ‘design space’ v ¼ x1; x2 . . . ; xNf g, and
unknown parameters hs : p� 1. For a fixed s 2 0; 1ð Þ, we seek to estimate hs, which is such that F x; hsð Þ is the
conditional s-quantile of Y, given x

s ¼ Ge 0ð Þ ¼ GYjx F x; hsð Þð Þ

We assume that the errors e are i.i.d., with distribution function Ge and density ge and that the variance
function r2 xð Þ is strictly positive on v. Our asymptotics require that ge be Lipschitz continuous and continuously
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differentiable. Now suppose that (1) is only an approximation and that in fact

Y ¼ F x; hsð Þ þ d xð Þ þ r xð Þe

for some ‘small’ model error d. Define d� xð Þ ¼ d xð Þ=r xð Þ. We impose the conditions

ðiÞ N�1
XN
i¼1

d�
2ðxiÞ � g2=n; ðiiÞ N�1

XN
i¼1

r2 xið Þ¼ 1 (2)

for a constant g. The first of these determines the order of the bias, ensuring that it and standard error remain of

the same asymptotic order in the mse. Condition (2ii) is without loss of generality, since a multiplicative constant

can be absorbed into the scale of Ge. The condition then fixes this constant, thus ensuring the identifiability of the

variance function.
The experimenter, acting as though d � 0, computes

ĥns ¼ argmin
h

Xn
i¼1

qs yi � F x ið Þ; h
� �� �

(3)

from a sample x ið Þ; yif gni¼1
. Here, qs �ð Þ is the ‘check’ function qs rð Þ ¼ r s� I r < 0ð Þð Þ, with derivative ws rð Þ ¼ s�

I r < 0ð Þ. The target parameter is defined by

hs ¼ argmin
h

1

N

XN
i¼1

EYjxi qs Y� F xi; hð Þð Þ½ � (4)

implying

1

N

XN
i¼1

EYjxi ws Y� F xi; hð Þð Þ½ �f ðxi; hÞ ¼ 0

where we define f ðx; hÞ ¼ @F x; hð Þ=@h : p� 1. Condition (4) leads to the orthogonality requirement

1

N

XN
i¼1

d�ðxiÞfðxi; hsÞ ¼ 0 (5)

in the presence of (2ii), this ensures the identifiability of d xð Þ.
Let n be the design measure, with ni ¼ n xið Þ giving the fraction of observations made at xi. Then the estimate

satisfies

XN
i¼1

ws Y� F xi; hð Þð Þf ðxi; hÞn xið Þ ¼ 0

The asymptotic normality of ĥns, conditional on the design measure n, is given in Theorem 1 below. We briefly

summarize some history of such results, all derived with an eye to estimation rather than design. Jure�cková and

Prochazka20 established the asymptotic normality of quantile regression estimators in correctly specified, homo-

scedastic, nonlinear models with i.i.d. errors; Oberhofer and Haupt21 extended these results under heterogeneity

and mixing conditions. Kim and White22 considered misspecified, linear quantile regression models. They show

that a Fisher-consistent estimate retains the same asymptotic properties as does the quantile regression estimate in

correctly specified models.
Komunjer23 relates consistent estimation in correctly specified models to quasi-likelihood estimation in ‘tick-

exponential’ families and goes on to show that, in misspecified models, the quasi-likelihood estimate is consistent
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for a ‘pseudo-true’ parameter value, maximizing the pseudo-likelihood, around which it is asymptotically nor-
mally distributed. In a somewhat similar vein, Angrist et al.24 show that linear quantile regression provides a
weighted least squares approximation to a possibly nonlinear conditional quantile function and study some
implications of this observation.

In contrast, Theorem 1 treats nonlinear models with possible misspecification of the form outlined above. The
bias is presented explicitly, emphasizing its dependence on the design and thus setting the stage for design opti-
mization. A similar result for misspecified linear models was given in Kong and Wiens;8 in both cases, the proofs
run along standard lines based on methods of Knight25 and Koenker.1 In Theorem 1, the additional complications
posed by the nonlinearity are dealt with via first-order expansions. Complete details may be found in the online
supplement.26

We require the vector and matrices

l ¼
XN
i¼1

d�ðxiÞf xi; hsð Þni : p� 1

P0 ¼
XN
i¼1

f ðxi; hsÞf 0ðxi; hsÞni : p� p

P1 ¼
XN
i¼1

f ðxi; hsÞf 0ðxi; hsÞ ni
rðxiÞ : p� p

P2 ¼
XN
i¼1

f ðxi; hsÞf 0ðxi; hsÞ ni
rðxiÞ
� �2

: p� p

The vector l appears, in the form P�1
1 l, as the asymptotic bias of the quantile estimate. The matrices P0 and P1

determine the ‘sandwich’ covariance structure, and P2 appears in the maximum bias.

Theorem 1. Assume that the support of n is sufficiently large that P0 and P1 are positive definite. Then the sth
quantile regression estimate ĥns defined by equation (3) is asymptotically normally distributed:

ffiffiffi
n

p ðĥns � hs � P�1
1 lÞ!D N 0;

sð1� sÞ
g2e ð0Þ

P�1
1 P0P

�1
1

 !

We now introduce a measure of the asymptotic loss when the conditional quantile Ys xð Þ ¼ F x; hsð Þ þ d xð Þ, for
x 2 v, is incorrectly estimated by Ŷn xð Þ ¼ F x; ĥns

� �
. This measure is the limiting average mean-squared prediction

error

amse¼ lim
n

1

N

XN
i¼1

E
ffiffiffi
n

p
Ŷn xið Þ�Ys xið Þ
� �n o2

	 


Define matrices A ¼ N�1
XN

i¼1
f ðxi; hsÞf 0ðxi; hsÞ and Tk ¼ P�1

1 PkP
�1
1 ; k ¼ 0; 2. Let r¼def r x1ð Þ; . . . ; r xNð Þ� �0.

Calculations similar to those in Kong and Wiens,8 but modified in light of the possible heteroscedasticity, yield

that the maximum amse, over model errors d satisfying (5) and (2i), is s 1�sð Þ
g2e 0ð Þ þ g2

n o
times

L� njhs; rð Þ ¼ 1� �ð Þtr AT0ð Þ þ �chmax AT2ð Þ

where � ¼ g2= s 1�sð Þ
g2e 0ð Þ þ g2

n o
2 0; 1½ �. The term tr AT0ð Þ arises solely from variation, and chmax AT2ð Þ – the maximum

eigenvalue of AT2 – arises solely from bias. The experimenter is now free to choose � according to the relative

emphasis he/she wishes to place on these two components – neither g; s nor g2e ð0Þ needs to be specified.
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It is our intention to demonstrate that one can obtain efficient and robust designs n by adopting a minimax

approach, i.e. we aim to minimize the maximum amse through a design

n� ¼ argminL� njhs; rð Þ

Remark : Standard asymptotic theory shows that the asymptotic normality asserted in Theorem 1 continues to

hold if the rðxÞ are replaced by consistent estimates r̂ðxÞ in P1. As well, if chmax AT2ð Þ is simple, so that it is a

continuous function of the elements of T2,
27 then L� njhs; r̂ð Þ is consistent for L� njhs; rð Þ. In our adaptive approach

described below, rðxÞ will be replaced by an estimate each time a new design point is to be chosen. That the

maximum eigenvalue is simple is checked numerically.

3 Computations and case study

As with all problems in nonlinear design, the dependence of the loss on the unknown parameters is problematic. We

shall deal with this in two ways. In the first sequential, local design, we assume that the parameter hs and the scale

function are given, and we construct a design using sequential methods that parallel the development in Wiens.14

We note that the assumption of a known hs is realistic in Phase 2 clinical trials28 or if a reliable preliminary estimate

is available. Here, we shall use the sequential approach primarily to motivate an adaptive approach, in which data

are also gathered, and the estimates computed and updated, as the experiment progresses.
The methods will be illustrated in the context of a study detailed in Cressie and Keightley,19 using data

obtained from several estrogen receptor assays of human uterine cytosol fraction. Human neuronal development
and reorganization are determined by steroid hormones that interact with receptors.29 Estrogen is the major sex

steroid in females, is naturally produced by the ovaries in premenopausal women and its deficiency is a factor for

menopause, cardiovascular disease, type 2 diabetes, obesity and hyperlipidemia.30 As well, low estrogen levels are

related to mood disorders and depression in women.31 Treatments are available to balance estrogen level, thus

reducing the risk of cardiovascular disease and mortality.32

Cressie and Keightley19 collected the amount of estrogen (y) bound to a receptor and amount of hormone (x)

and fit Michaelis–Menten response models using least squares to estimate the conditional means. Their data,

along with the estimated response curves with parameters �, are shown in Figure 1. Also shown are several

s-quantile curves, obtained from the simulated data of Section 3.2.

Figure 1. Data gathered by Cressie and Keightley19 with the least squares response curve and various s-quantile curves: (a) � ¼ :20,
(b) � ¼ :35, (c) � ¼ :75, (d) � ¼ :95.
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In this section, we describe our sequential local (SL; ‘SL designs’) and adaptive (A; ‘Adaptive designs’) design

methods to construct designs for a future experiment, with the aim of estimating and predicting conditional

quantiles. As in Cressie and Keightley,19 the model being fitted is assumed to have a Michaelis–Menten response

F x; hsð Þ ¼ hs1x= hs2 þ xð Þ, although the experimenter seeks robustness against misspecifications as described in

Section 2. The design space partitions 5; 400½ �: v ¼ xi ¼ 5þ 395 i� 1ð Þ=ðN� 1Þ; i ¼ 1; � � � ;N� �
for N¼ 100. The

computing code, in Matlab, is available from us.

3.1 SL designs

In this section, we design for local parameters h0 ¼ 57:98; 46:43ð Þ0 obtained as estimates by Cressie and

Keightley.19 We assume known scales r0 xð Þ proportional to one of 1; xþ xN;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ xN

p
; xþ 0:25xN

� �
, normalized

by (2ii). We begin with a two-point design n2 ¼ :5; 0; . . . ; 0; :5ð Þ0 placing one of the two observations at each

endpoint of v. For n ¼ 2; 3; . . . ; 999, given nn, we set nnþ1 ¼ nnþ1;i� , where, with

nnþ1;i ¼def
nnn þ 0; . . . ; 0; 1#

i

; 0; . . . ; 0

� �0
nþ 1

and r0 ¼
def

r0 x1ð Þ; . . . ; r0 xNð Þ� �0, we choose

i� ¼ arg min
i2 1;...;Nf g

L� nnþ1;ijh0; r0
� �

(6)

A study of similar methods by Wiens14 suggests that the designs obtained in this manner will be at least very

close to optimal in the class of all designs. We stopped at a design size of 1000 since there seemed very little to be

gained by continuing. In anticipation of the experimenter seeking a final design of size 30, we then chose design

points

x ið Þ ¼ n�1
1000

i� :5

30

� �
; i ¼ 1; . . . ; 30 (7)

Note that the designs become markedly more diffuse with increasing �, reflecting the increasing emphasis on

bias (see Figure 2).

3.2 Adaptive designs

Our adaptive method parallels the sequential method, but with equation (6) replaced by

i� ¼ arg min
i2 1;...;Nf g

L� nnþ1;ijĥns;r̂n
� �

(8)

Here, ĥns is computed from xðiÞ; yi
� �n

i¼1
and r̂n is the N-vector of estimates r̂n xið Þ. To compute r̂n, we first

obtain Gaussian kernel estimates

s2nðxÞ ¼
Xn
i¼1

wðx� x ið ÞÞðYi � Fðx ið Þ; ĥnsÞÞ2

where wðtiÞ ¼ exp � 1
2

ti
h

� �2n o
=
Xn

i¼1
exp � 1

2
ti
h

� �2n o
, with ‘bandwidth’ h¼ 40. See Remark (1) at the end of this

section, for a description of our method of choosing the bandwidth. We then fit a least squares regression line

b̂0 þ b̂1x to the data snðx ið ÞÞ
� �n

i¼1
and take r̂n xið Þ ¼ b̂0 þ b̂1xi. These estimates are then normalized as at (2ii). If

the standard deviations really are linear in x, then (under conditions on h ¼ hn) r̂n is consistent; more importantly

we have found this to be an effective method of choosing x nþ1ð Þ even when the scale function is misspecified.

6 Statistical Methods in Medical Research 0(0)



We illustrate the method through a simulation study, continuing Cressie and Keightley.19 Simulated data are

generated by

Y xð Þ ¼ F x; hsð Þ þ d xð Þ þ r0 xð Þe

where hs ¼ 57:98; 46:43ð Þ0; e	Nf�reU
�1ðsÞ; r2eg; re ¼ 2;Uð�Þ is the standard normal distribution function, r0 xð Þ

is any of the scale functions in §3.1 and d xð Þ ¼ r0 xð Þd� xð Þ with d� ¼ d� x1ð Þ; . . . ; d� xNð Þ
� �0

determined as follows.

Let F be the N� p matrix with rows ff 0 x; hsð Þjx 2 vg and let

F ¼ Q1
..
.
Q2

� �
Rp�p

0N�p�p

 !

be the qr-decomposition, where Q1
..
.
Q2

� �
is an N�N orthogonal matrix and R is triangular. Condition (5) states

that d� is orthogonal to the column space of F, hence to that of Q1, and so must lie in the column space of Q2.

Along with (2i), this forces

d� ¼ g

ffiffiffiffi
N

n

r
Q2tN�p�1

where jtj jj � 1. In our simulations, we took g¼ 1, s ¼ :5 and t ¼ z= jzj jj, with z	N 0; IN�pð Þ. Then, for � 2
0:20; 0:35; 0:65; 0:95f g and a desired study size of n�, we carry out the following.

3.2.1 Initialization step

Start with a design nn0 with mass 1=n0 on each of n0 equally spaced points. Determine ĥn0s from equation (3), for this, we

use the Matlab minimizer fminsearch and compute r̂n0 as described above.

Figure 2. One thousand-point SL design, with 30-point designs marked with red bullet points. Rows 1–4 use
rðxÞ / 1; x þ xN;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x þ xN

p
; x þ 0:25xN, respectively; columns 1–4 use � ¼ 0:20; 0:35; 0:65; 0:95, respectively.
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3.2.2 Adaptive step

For n ¼ n0; . . . ; n� � 1, determine nnþ1 from (8) and draw a further observation ynþ1 ¼ F xi� ; hsð Þ þ d xi�ð Þ þ r0 xi�ð Þe:

For comparison with the sequential approach, we first carried out this procedure with n0 ¼ 10; n� ¼ 1000. The
resulting designs are shown in Figure 3, and the scale estimates are shown in Figure 4. The designs are very close
to those obtained sequentially, and the scale estimates are generally very accurate. Figure 6 gives the comparative
ratios of the minimized losses, relative to those of the adaptive design. From these, we see that the adaptive
designs perform as well as the sequential designs when the scale function is correctly specified, better when the
sequential designs are based on a misspecified scale function.

Does the very favourable asymptotic performance of the adaptive designs carry over to smaller, more realistic
study sizes? To answer this, we computed them with n0 ¼ 2; n� ¼ 30. The initial design had n2 x2ð Þ ¼ n2 x75ð Þ ¼ :5.
We carried out this procedure M¼ 100 times, using a different d�m each time. This yielded designs xðiÞmf g30i¼1

for
m ¼ 1; . . . ;M. In Figure 5, we present representative realizations of these designs. Then, to limit the simulation
variability, we present, in Figure 7, the average losses resulting from these M designs, compared to those of the
30-point sequential designs that were exhibited in Figure 2. While the comparisons with the sequential designs are
not as striking as those in Figure 6, the adaptive designs still perform very favourably – especially so since the
sequential designs are based on prior knowledge that is almost never available to the experimenter. Those shown
in Figure 5 are typical in placing mass more uniformly throughout v than do their sequential counterparts, while
still emphasizing those regions in which the 30-point sequential designs are concentrated. Only rarely does the
adaptive approach call for replication – something that is precluded by equation (7) in the sequential approach.

Remarks

1. The choice of the bandwidth in kernel estimation is typically a somewhat thorny issue, guided both by theory
and by ad hoc considerations. A complicating factor in design is that the optimal designs tend to be far from
uniform (a typical, asymptotic requirement for optimality of kernel methods) so that if the bandwidth is too
small, then, often, the ‘windows’ will be essentially empty. In this study, we chose h as follows. After obtaining
the initial sample of size n0 ¼ 10, we computed and plotted kernel estimates sn xð Þ at each of these points, using

Figure 3. Adaptive designs on 1000 points. Rows and columns are as in Figure 2.
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Figure 4. True (T) and estimated (E) scale functions resulting from the 1000-point adaptive designs. Rows and columns are as in
Figure 2.

Figure 5. Typical 30-point adaptive designs. Rows and columns are as in Figure 2.

Selvaratnam et al. 9



a range of bandwidths from very small to very large. As expected, bandwidths which were much too small

resulted in seemingly random, highly varied estimates. Bandwidths which were too large resulted in estimates

with very little variation. Near our chosen value of h¼ 40, the estimates stabilized and began to exhibit (and

retain) some x-dependent structure. It is perhaps not an accident that this choice of h ensures that each of the

equally spaced initial points will have its two nearest neighbours within one standard deviation of the Gaussian

numerator in the kernel estimate so that they will make a reasonable contribution to the estimate at that point.
2. In other simulations, not shown here, we found that the final designs were fairly insensitive to the choice of

bandwidth, over a reasonable range.
3. We have simulated data, using the least squares estimates obtained by Cressie and Keightley,19 only for the

purposes of comparison with their estimates (see Figure 1). The close agreement between their estimates, and

ours when s ¼ :5, would seem to support their assumption of a symmetric error distribution. We also used least

squares as the starting value for the Matlab minimizer used in the initialization step of our adaptive algorithm;

at all subsequent steps, the starting value was the final value obtained before the addition of a subsequent

design point. This is in line with comments of Huber33 who pointed out that in regression, as opposed to

location estimation, there is no easy analogue of the, very robust, sample median – one generally must resort to

least squares for starting values.

Figure 6. Losses arising from 1000-point designs relative to those of the adaptive designs, for the given scale functions rðxÞ. Designs
SL1–SL4 assume rðxÞ / 1; x þ xN;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x þ xN

p
; x þ 0:25xN , respectively.

Figure 7. Losses arising from 30-point designs relative to those of the adaptive designs, for the given scale functions rðxÞ. Designs
SL1–SL4 assume rðxÞ / 1; x þ xN;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x þ xN

p
; x þ 0:25xN , respectively.
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4. Note that we are basing our methods in this section on the asymptotic normality asserted in Theorem 1, which

is rigorous only for independent observations. But previous studies of adaptive design – see for instance Ford

and Silvey,9 Chaudhuri and Mykland34 and Wu10 – have repeatedly made the point also emphasized by Sinha

and Wiens,13 who state ‘We conclude that estimates computed after the experiment has been carried out

[adaptively] may, in only moderately sized samples, be safely used to make standard normal-theory inferences,

ignoring the dependencies arising from the [adaptive] nature of the sampling’.
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