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ABSTRACT: Recent advances in single-molecule assays have
allowed individual transition paths during the folding of single
molecules to be observed directly. We used the transition paths of
DNA hairpins having different sequences, measured with high-
resolution optical tweezers, to test theoretical relations between
the properties of the transition paths and the folding kinetics. We
showed that folding and unfolding rates were related to the
average transition-path times, as expected from theory, for all
hairpins studied. We also found that the probability distribution
of transition-path occupancies agreed with the profile of the
average velocity along the transition paths for each of the hairpins, as expected theoretically. Finally, we used the latter result to
show that the committor probability recovered from the velocity profile matches the committor measured empirically. These
results validate the proposed kinetic identities.

■ INTRODUCTION
Transition paths involve the part of a reaction during which the
energy barrier between reactants and products is crossed,1−3 as
illustrated in Figure 1a. In biomolecular folding reactions, they
are the most interesting part of the folding trajectories, because
they encapsulate all the key information about folding
mechanismsthe high-energy transition states that are
occupied during the transition paths dominate the reaction
kinetics. Although transition paths occupy only a very small
fraction of the time spent on folding, their central role implies
that transition-path properties should be related to macro-
scopic kinetics such as rates. Indeed, theoretical work2,4 has
shown that for a two-state system, rates and transition-path
times for folding and unfolding can be related by

P k P k p2 2 (TP)/F U U F tpτ= = (1)

where PF/U is the occupancy of the folded/unfolded state, kF/U
is the rate for folding/unfolding, p(TP) is the fraction of the
trajectory occupied by transition paths, and τtp is the average
duration of the transition paths. Eq 1 expresses the physical
intuition that the number of transitions should be given by the
ratio of the total amount of time spent on transition paths to
the average time taken to cross a transition path once.
A second relationship that has been proposed5,6 is that the

average velocity profile along the transition paths should be
inversely proportional to the position probability distribution
within them:

P x v x( TP) ( ) tp
1τ| = [⟨ ⟩ ]−

(2)

where P(x|TP) is the probability density for being at a value x
of the reaction coordinate when on a transition path and
⟨v(x)⟩ is the average velocity at x along the transition path.
Again, this relation arises from a simple physical intuition:

considering a single transition, the time needed to move from x
to x + dx is just dx/v(x), hence the fraction of the transition-
path time spent in this reaction-coordinate interval is just dt/ttp
= dx/[v(x)ttp], where ttp is the time to complete that particular
transition path. Since this relation is true for each transition,
the analogous expression holds for the average over all
transition paths, and hence the probability for being between x
and x + dx is P(x|TP)dx = dx/[⟨v(x)⟩τtp].
These relationships between kinetics and transition-path

properties have not yet been fully tested experimentally,
because transition paths are very difficult to observe
experimentally owing to their brief duration, typically 103- to
106-fold (or more) shorter than the lifetime of the unfolded or
folded states. However, improvements in single-molecule
instrumentation in recent years have now allowed transition-
path properties to be measured directly. Single-molecule
fluorescence spectroscopy has been used to measure the
average transition-path time for both proteins7−9 and DNA
hairpins,10 whereas force spectroscopy has been used to
measure the time for individual transition-path crossings,11−13

the probability distribution along transition paths,14,15 and the
local velocity along the paths.16 We previously showed that eq
1 holds for a single hairpin,12 but we did not test its generality
by examining different molecules with different unfolding
properties. Eq 2 has not yet been tested experimentally at all.
Here we test eqs 1 and 2 using force spectroscopy

measurements of DNA hairpins as model two-state folders.
Probing the folding dynamics with high-resolution optical
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tweezers,17 we study hairpins with different sequences, energy-
landscape shapes, and unfolding forces in order to test the
generality of the relations under a range of conditions. We find
that both equations are valid for all of the hairpins studied,
despite differences in the unfolding forces, rates, transition
times, and average velocity profiles for the different hairpin
sequences.

■ METHODS

Measurements. We analyzed folding trajectories of single
DNA hairpins measured under tension reported previously.13

Briefly, single hairpin molecules of a given sequence were
incorporated into tethers containing ∼1 kilobase-long handles
of double-stranded (ds) DNA on each end of the hairpin via
autosticky PCR and ligation, as described.18 The hairpin
sequences used were 20R0/T4, 20R25/T4, 20R55/T4,
20R100/T4, and 30R50/T4 from ref 18 and 20TS06/T4
from ref 19. Tethers were attached to polystyrene beads held in
a dual-beam optical trap (Figure 1b, upper inset) similar to one
described previously,20 with the trap stiffnesses kept high
(0.75−1.1 pN/nm in one trap and 0.56−0.63 pN/nm in the
other) to maximize the time resolution of the measurement.
Hairpins were held under tension near F1/2, the force at which
the folded and unfolded states were equally occupied, and
allowed to fluctuate in equilibrium between the two states at

constant trap separation while measuring the end-to-end
extension of the molecule (Figure 1b). Under these conditions,
the time resolution of the measurement was 6−9 μs.13 For
each hairpin, between 12 000 and 55 000 transitions were
measured. The end-to-end extension of the molecule was
previously shown to be a good reaction coordinate for DNA
hairpin folding,14 an assumption that is implicit in the analysis
below.

Transition-Path Analysis. Transition paths were identi-
fied as described previously,12 being those parts of the
trajectory passing between two boundaries, x1 and x2,
demarking the barrier region (defined here as the middle 2/
3 of the distance traversed between the folded and unfolded
states), as illustrated in Figure 1c. Transit times for individual
transition paths (ttp) were measured directly from the
trajectories for each transition (Figure 2a) and averaged to
obtain τtp. The velocity at each point along the transition path,
v(x), was found as described previously16 by differentiating the
extension trajectory numerically, after first smoothing the
trajectories with a smoothing-spline interpolation (Figure 2a,
red). The parameters for the smoothing spline were chosen
such that the average velocity decreased after smoothing by
less than ∼20%, as described.16 Note that because of recrossing
events, v(x) was not necessarily single-valued (Figure 2b). The
velocity was recorded for each time the path crossed a given x
value; counting each crossing as a separate event ensured that

Figure 1. Transition paths in folding reactions. (a) Transition paths are the reactive part of a folding trajectory (red) crossing over the energy
barrier separating folded (F) and unfolded (U) states, which excludes the nonproductive fluctuations within the potential wells (gray). (b)
Extension trajectory of a single DNA hairpin held in optical traps showing multiple transitions between the unfolded state (at xU) and folded state
(at xF). Inset: Schematic of measurement geometry showing hairpin attached via DNA handles to beads held in optical traps. (c) Example of a
single transition from the extension trajectory, with the transition path traversing from one edge of the barrier region to the other (denoted by the
boundaries x1 and x2).

Figure 2. Transition-path analysis. (a) The transit time for an individual transition path, ttp, is measured directly from the trajectory as the time
taken to cross between the boundaries x1 and x2. The local velocity (upper inset) is calculated from the slope of the transition path after smoothing
(red). Left inset: Sequence of DNA hairpin. (b) The velocity profile along the reaction coordinate is multivalued where there is recrossing in the
transition path. (c) The transition-path occupancy is found directly from each trajectory. (d) The exponential decay of the dwell times in the folded
(black) and unfolded (red) states yields the unfolding and refolding rates.
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the cumulative time spent near x in each trajectory was
correctly counted for comparison to P(x|TP) in eq 2. The
average velocity profile over all paths, ⟨v(x)⟩, was then found
by averaging all velocity values measured at a given position x
for all transition-path trajectories. Because the extension
change observed in these measurements was only ∼1/3 of
the value observed in constant-force measurements,18 owing to
the reduction of the distance traveled by the beads compared
to the extension change in the hairpin that arises from the
compliance of the traps and handles,21 the observed velocities
of the beads were multiplied by the compliance correction
factor to recover the velocity of the hairpin ends. Finally, the
extension distribution along the transition paths, P(x|TP), was
found directly from the trajectories by binning the extension
values observed within the transition paths (Figure 2c).
Kinetic Analysis. The distributions of lifetimes for the

unfolded and folded states were found from the extension
trajectories by partitioning the trajectories into the two states
via thresholding as described previously.18 Folding and
unfolding rates were determined from single-exponential fits
to the distribution of unfolded- and folded-state lifetimes,
respectively (Figure 2d). The occupancies of the folded and

unfolded states, PF/U, were determined from the fraction of
time spent in each state. The barrier-peak location for each
hairpin was found previously13 from energy-landscape
reconstructions using committor analysis of the extension
trajectories.22

■ RESULTS AND DISCUSSION
From the measured extension trajectories for each hairpin
(Figure 1b), we identified each folding and unfolding transition
and determined the time for crossing the barrier region in each
case, ttp, directly from the trajectory (Figure 2a). The average
transition-path time, τtp, was then calculated, pooling all
measurements made at a given force (where the states would
have a given occupancy and transition rates). Measurements
were repeated for each hairpin over the small range of forces
where equilibrium transitions could be reliably observed,
typically with state occupancies PF/U ≈ 0.03−0.97. The
resulting values (Figure 3, black: folding, gray: unfolding)
were then compared directly with the average transition-path
times predicted by eq 1 (Figure 3, red: folding, pink:
unfolding). We found excellent agreement between the
measured and predicted values across the whole set of hairpins,

Figure 3. Test of relation between average transition-path times and rates. The average transition-path times measured empirically from folding
(black) and unfolding (gray) transitions matched the times predicted from the rates for folding (red) and unfolding (pink) by eq 1, for each of the
hairpins studied. F1/2 is listed for each hairpin. Insets show hairpin sequences. Error bars represent s.e.m.

Figure 4. Test of relation between transition-path velocity and occupancy. The average transition-path occupancy (gray) agreed well with the
expectation from the transition-path velocity (black) via eq 2 for all hairpins. The location of the barrier top is indicated for each hairpin by the
double dagger. Insets show hairpin sequences. Error bars represent s.e.m.
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covering a wide range of folding/unfolding rates for each
hairpin (in most cases at least 1 order of magnitude) and a
range of forces from ∼7 up to ∼20 pN, firmly establishing the
validity of eq 1.
We next examined the relationship between the average

velocity along the transition path and the transition-path
occupancy. The average velocity profile was obtained by
differentiating smoothing-spline interpolations of the tran-
sitions (Figure 2a) to obtain the velocity at each point along
the reaction coordinate (Figure 2b). The transition-path
occupancy was obtained by isolating the transition paths
from the rest of the trajectory and calculating the extension
probability distribution at each point of the reaction coordinate
within the barrier region (Figure 2c). We then calculated P(x|
TP) (Figure 4, gray), finding that the different hairpins had
somewhat different transition-path occupancies: for hairpin
20R0/T4, it was effectively flat across the barrier region,
whereas for the other hairpins, it was lowest near the top of the
barrier (indicated by the ‡ symbol). Despite these differences,
when comparing P(x|TP) to [⟨v(x)⟩τtp]

−1 (Figure 4, black),
we found good agreement for all hairpins, validating eq 2.
These results are seemingly quite simple, but they contain

some interesting implications. Considering first the transition-
path times observed in Figure 3, we see that they have little, if
any, dependence on the rates for the transitions (or
equivalently on the relative occupancy of the folded and
unfolded states) and hence on the applied force. The lack of
force-dependence for the transition time contrasts starkly with
the strong force-dependence of the rates, which vary roughly
exponentially with force,23,24 as illustrated in Figure 5 for the
hairpin 20R100/T4. The exponential force-dependence of the
rates arises from the fact that the barrier height, ΔG‡, varies
linearly with force to a first approximation,23−25 and rates are
exponentially sensitive to barrier heights.26 In contrast, τtp
depends only logarithmically on the barrier height:4,27

G
D

ln(2e )
tp

b
τ β

β κ
≈ Δγ ‡

(3)

where D is the diffusion coefficient, κb is the barrier stiffness, β
is the inverse thermal energy, and γ is Euler’s constant. Hence
the force-dependence of ΔG‡ should cause only small changes
in τtp. Given that to first order the barrier curvature should be

insensitive to force, the fact that τtp is roughly constant with
force also implies that D, too, has little to no force-dependence.
In eq 1, then, the strong force-dependence of kF/U must be
balanced precisely by an inverse dependence of PF/U on force
to produce a force-independent τtp.
Turning to the validation of eq 2, we note that the

agreement between the velocity calculated from the smoothed
trajectories and the probability distribution measured directly
from the original data indicates that the smoothing procedure
is not introducing artifacts into the transition-path shape: the
average velocity profile is the same as what would be expected
on the basis of the local occupancy statistics. However, this
work shows that measurements of the transition-path
occupancy are sufficient to determine the average velocity
profile across the transition paths, since these two quantities
are inversely proportional. P(x|TP) thus offers an alternative
route to measuring ⟨v(x)⟩ directly, one that is less stringent
technically: it could in principle be used if the trajectories are
too noisy to obtain v(x) via differentiation or even if it is not
possible to sample the transition paths sufficiently finely to
define their shapes adequately (e.g., owing to sampling-rate
limitations). Of course, P(x|TP) is more limited than direct
measurement of velocities, as it yields only the average velocity
profile. If the folding is dominated by a single type of transition
path, this approach may be sufficient to characterize the
transition behavior,5 but if multiple, distinct types of transition
paths are present, then it may provide a misleading picture
because it reflects the average behavior.
An intriguing consequence of eq 2 is that ⟨v(x)⟩ can be used

to evaluate the committor probability, pfold(x), through the
relationship of the latter to P(x|TP). By Bayes’ theorem,
P(x|TP) = P(x)p(TP|x)/p(TP), where p(TP|x) is the
conditional probability of being on a transition path at
extension x, and P(x) is the equilibrium extension probability
(where the effects of measurement compliance have been
removed by deconvolution19). Given that we also have
p(TP|x) = 2pfold(x)[1 − pfold(x)] for ideal diffusion,28 we
obtain

p x p x N T v x P x( ) 1 ( ) / 2 ( ) ( )fold fold[ − ] = [ ⟨ ⟩ ] (4)

where N is the number of transitions observed in the
trajectory, and T is the total trajectory duration. We verified
this relation using transition-path measurements of hairpin
30R50/T4. Calculating pfold from the average transition-path
velocity via eq 4 (Figure 6, red), we compared the result to the

Figure 5. Force-dependence of transition-path times compared to
rates. As illustrated using measurements of hairpin 20R100/T4, the
transition-path times for folding (black) and unfolding (gray) are
independent of force, whereas the rates for folding (red) and
unfolding (pink) vary exponentially with force. Error bars represent
s.e.m.

Figure 6. Comparison of empirical pfold and pfold calculated from
transition-path velocity. The committor determined empirically from
the full extension trajectories (black, error bars represent s.e.m.)
matches the result for pfold obtained from transition-path velocities via
eq 4 (red, error bars represent standard error from bootstrapping
analysis).
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committor calculated directly from the extension trajectories
using the definition of pfold,

29 as done previously22 (Figure 6,
black). The agreement was very good within error. We note
that the relation between the committor and p(TP|x)
underlying eq 4 assumes folding is a diffusive process (as
verified experimentally in previous work14), but eqs 1 and 2 do
not; hence, this validation of eq 4 underlines the consistency of
the diffusive model of folding with the identities being tested.

■ CONCLUSIONS
We tested theoretical relationships between rates and
transition-path times, transition-path occupancies and veloc-
ities, and transition-path velocities and the committor function.
In each case, we found quantitative agreement, validating the
corresponding identities. This work illustrates how exper-
imental measurements of transition-path properties can help
validate physical theories of folding by probing the microscopic
dynamics during folding reactions.
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