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ABSTRACT. The wu-invariant of a field is the highest dimension of a non-degenerate
anisotropic quadratic form over this field. Let u be a natural number not of the form
a 2-power minus 1 or a 2-power minus 3. Given any field, we find its overfield of the
u-invariant wu.
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1. INTRODUCTION

The wu-invariant of a field is the highest dimension of a non-degenerate anisotropic
quadratic form over this field. As known since the 50es (see [5], raising the question),
the set of possible finite values of the w-invariant starts with 1, excludes 3, 5, 7, and
includes all 2-powers (see [9, §6 of Chapter XI| for a modern exposition). It was shown
by Alexander Merkurjev in the end of the 80es (see [11]) that this set contains 6 and —
a couple of years later — all positive even integers (see [12] or [3, Theorem 38.4]). Oleg
Izhboldin proved by the end of the 90es that 9 is also there (see [4]). In the second half
of the 00s, this result has been extended to all larger numbers of the form a 2-power plus
1 by Alexander Vishik (see [16]).
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The core result here is Theorem 7.2. The techniques showing up in the proof are mostly
in the spirit of [16]. The most advanced ingredient is given by the Steenrod operations
on the modulo 2 Chow groups invented by Vladimir Voevodsky ([17]), which became
available over arbitrary fields due to Patrick Brosnan ([1], see also [3, Chapter XI]) and
Eric Primozic ([14]). Although the symmetric operations [15] of Alexander Vishik in
algebraic cobordism [10] of Marc Levine and Fabien Morel do not show up directly in the
proof, they provide the ideology behind it. Finally, the most important classical ingredient
of the proof is Index Reduction Formula for quadrics ([12], see also [3, Theorem 30.5]),
discovered by Alexander Merkurjev.

By a standard argument (as in [3, §38] or in [16, §4]), Theorem 7.2 implies (for odd w)
the title result:

Theorem 1.1. For any given field Fy and for any natural number u not of the form a
2-power minus 1 or a 2-power minus 3, there is an overfield F' o Fy of the u-invariant u.

For u = 9 a 2-power plus 1, the proof of Theorem 1.1 given here is simpler than the
previously available ones of [4] and [16].

Notation and results we are using are introduced “on the go”.

2. CHOW GROUPS AND QUADRICS

Let ¢ be a non-degenerate quadratic form over a field F'. We consider the projective
quadric X = X; defined by ¢ and write X for X over an algebraic closure I of F. Recall
(see, e.g., [3, §68]) that the Chow group CH(X) is free with the basis

[N S S

where n is such that dim X = dim ¢ — 2 equals 2n or 2n + 1. The element h € CH'(X) is
the hyperplane section class, h* € CH(X) is its ith power, and [; € CH;(X) is the class of
an ¢-dimensional projective space lying on X. One has

R = 2gimx w1 and hl; =1 4,

where [_; := 0.
We are going to work with the modulo 2 Chow group

Ch(X) := CH(X)/2 CH(X)
and write Ch(X) < Ch(X) for the image of the change of field homomorphism
Ch(X) — Ch(X).
(This notation will be applied not only for quadrics.)

Note that the inclusion /; € Ch(X) holds for some given i if and only if the Witt index
ind(¢p) is at least i + 1 (see [3, Corollary 72.6]).

3. ORTHOGONAL GRASSMANNIANS

Let F be a field and let ¢ be a non-degenerate quadratic F-form of dimension 2n + 1
with n = 1. For m € {1,...,n}, let X}, be the mth grassmannian of ¢, i.e., the variety of
its m-dimensional totally isotropic subspaces. In particular, X is the projective quadric

@ =0.
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We write ¢y, ..., con_my1 € CH(X,,) for the Chern classes of the quotient of the rank
2n + 1 trivial vector bundle by the tautological (rank m) vector bundle on X,,. Since
Con—my1 = 0, this last Chern class does not show up below. -

We write X,, for the variety X,, over an algebraic closure F' of F'.

As shown in [16, §2] (see also [2]), the images of some of the above Chern classes in
CH(X,,) (for which we use the same notation)' are divisible by 2:

cg=2e forizn—m+1,
where the elements e, 41, - . ., €2, are images (respectively) of the elements [,, 1,...,ly €
CH(X}) (introduced in §2) under the composition
CH(X,) — CH(X ) — CH(X,,)
of the pullback followed by pushforward with respect to the projections
Xl Al XlCm - Xma
where X, € X7 x X, is the variety of 2-flags.
Note that the elements
€n—m+1 € CHnierl(Xm), e, €om_m € CH2nim(Xm)
are indexed by their codimensions whereas the elements
ln,1 € Canl(Xl)a A ,lo € CHo(Xl)
— by their dimensions. For m = 1 we have
€n = ln—h sy €op—1 = lO-
Recall that we are writing CH(X,,,) for the image of the change of field homomorphism
CH(X,,) — CH(X,,).
Note that the index of the even Clifford algebra Cy(yp) is 2" for some r € {0,...,n}.

Proposition 3.1. If ind Co(p) = 2", then CH(X,,) = CH(X,,) is contained in the
subring A, < CH(X,,) generated by

Cly-- 5 Con—m—r, €2n—m—r+1,---,€2n—m-

(For r = 0, this list consists of the Chern classes only; for r = 1, the list consists of the
single eay_pm and the Chern classes.)

Proof. By Index Reduction Formula for quadrics [3, Theorem 30.5], we can find a field
extension L/F such that the Witt index of ¢y is 7 and the index of the even Clifford
algebra Cy(¢p) is still 2. Indeed, one may produce L by a chain of function fields of
quadrics, starting with X7, or simply take for L the function field of the variety X,.
Since CH(X,,,) € CH((X,,)1.), where the groups CH((X,,)z) and CH((X,,)z) are iden-
tified by the change of field isomorphism, it suffices to show that A, = CH((X,,)z). The
inclusion A, < CH((X,,)r) is obvious. We prove the equality by showing that the indexes

of the subgroups A, and CH((X,,);) in their common overgroup CH(X,,) coincide.

IThe abuse can be partially justified by [8, Theorem 2.1] affirming that these images satisfy the exactly
same relations as the original elements.
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Recall that by [13], the Grothendieck group K (X,,) is a direct sum of several copies of
K (F) = Z and several copies of K(Cy(p)) = 2" "Z. Moreover, the number ¢ of copies of
Co(p) depends on dim ¢ only. We determine ¢ by taking a generic (2n + 1)-dimensional
¢, where r = 0 and the group CH(X,,) = Ay is free with a basis given by all products

ey
satisfying aq + -+ + agp-m < mand a; < 1fori =n —m+1 (see [8, Theorem 2.1]). A
basis of the group CH(X,,) is given by the similar products with ¢; replaced by e; for all

i1 =n—m+ 1. It follows that
log,[CH(X,,) : CH(X,,)] = 1-(0) - f1 +2-(5) - frnz2 + -+ m- (") - fo,

where f; is the number of monomials ¢{*...c,">™ with a3 + -+ + ap_, < 4. Since the
group CH(X,,) is free of torsion, the canonical surjective homomorphism of CH(X,,) to
the graded ring associated with the topological filtration on K(X,,) is an isomorphism.
Therefore

log,[CH(X,,,) : CH(X,,,)] = logy| K (X,) : K(X)] = cn

(cf. [6, Proposition 2]), and we conclude that

=i (1) S+ 2 ) Szt (1) o) =
(")t () ez oo+ () - o
For arbitrary (not necessarily generic) ¢ with r = 0, we have
cn = [CH(X,, : Ag)] = [CH(X,,) : CH(X,,,)] = [K(X,) : K(X.n)] = en,

where the second inequality comes from [6, Proposition 2]. Therefore all the inequalities
in the chain are in fact equalities. In particular, Ay = CH(X,,) which is the statement of
Proposition 3.1 for r = 0.

For arbitrary r, we have [K (X,,) : K(X,)] = ¢c(n—7). For r = 1, a direct computation
of the index [A, : A, 1] yields ¢. Using this computation and mductmg on r, we show
that c(n —r) = [CH(X,,) : A,]. Thus

c(n—r) = [CH(Xn) : A] = [CH(Xn) : CH((Xin)1)] = [K(Xm) « K((Xu)r)] = c(n —7).
Consequently, A, = CH((X,,)r). O

4. ISOTROPIC FORMS

Here we prove Proposition 4.2 which will be used later on to prove Proposition 6.3 and
Theorem 7.2.

Let F be a field and let V' be a vector F-space of odd dimension 2n + 1. Let ¢p: V — F
be a non-degenerate isotropic quadratic form over F'. We fix an isotropic line L < V and
let ' be the quadratic form on V' := Lt/L induced by ¢, where L+ is the orthogonal
complement of L with respect to the polar bilinear form of ¢. Thus ¢’ is a Witt-equivalent
to ¢ non-degenerate quadratic form of dimension 2n — 1 over F.

For m € {0,...,n}, let X,, be the mth grassmannian of . In particular, X, = Spec F
and X is the projective quadric of .
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For m € {1,...,n}, let X} < X,, be the closed subvariety of m-dimensional totally
isotropic subspaces in Lt and let X2 < X! be the closed subvariety of those of them
that contain L. The variety X2 is identified with the (m — 1)st grassmannian X! _, of ¢/
via U — U/L.

Let us consider the homomorphism of graded groups

i*: CH*(X,,) —» CH*(X] ;)
given by the pull-back with respect to the closed embedding
it X! =X2 X,

m—1 —
or, in slightly different terms, induced by the correspondence
Xy XD

given by the transpose of the graph ¢ of 7.
The incidence correspondence a: X ~» X is defined as the variety of pairs (U’/L, U) of
totally isotropic lines in V' and V' with U < U’. By [3, Lemma 72.3], the homomorphism

a*: CH(X,) — CH(X?),

given by of, maps [; to I}, for all i, where I’ ; := 0. The notation X; stands for the variety
X, with scalars extended to an algebraic closure of the base field; [; € CH;(X;) (and
I e CH;(X7)) is the class of an i-dimensional projective space lying on X; (respectively
on X1).

The incidence correspondence v: X; ~» X, is defined as the variety of pairs (U, U,,)
with U; < U,,. The homomorphism

71 CH(X,) — CH(X,,)

maps the elements [,,_1,...,ly respectively to €, mi1,...,€2,-m. This is the definition

of the latter set of elements; they are indexed by codimension: e; € CH'(X,,) for all 4,

whereas the elements of the former set are indexed by their dimensions: [; € CHi()_( 1)-
Similarly, the homomorphism

Y. CH(X]) - CH(X], )

induced by the incidence correspondence 7': X; ~» X, maps the elements I/ _,,... [
respectively to e/, . . 1,..., €5, .. 1
Lemma 4.1 (c.f. [3, Lemma 86.7]). For anym € {1,...,n}, the square of correspondences
at
Xl ~= X{

t
L /
X ~—> X 4
15 commutative.

Lemma 4.1 results in the following proposition which is [3, Corollary 86.8] if m = n:
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Proposition 4.2. For any m € {2,...,n}, the homomorphism
i*: CH*(X,,) — CH*(X! )
maps the elements €n_pi1, ..., €am—m—1 0 €_ 1, .. €5, 1 (Whereas ez, — 0). 0O

5. A COMPUTATION

For a smooth projective quadric () over a field F' of dimension 2n or 2n + 1, recall
(from, e.g., [3]) that the Chow group CH(Q) of the variety @ (which is @) with the scalars
extended to an algebraic closure of F') is free with a basis

WO, b, Lo,
The element h € CH'(Q) is the hyperplane section class, h* € CH'(Q) is its 7th power,

and [; € CH;(Q) is the class of an i-dimensional projective space lying on Q.

We recall that by X for a smooth quasi-projective F-variety X, we mean X with the
base field extended to an algebraic closure of F. We write Ch(X) := CH(X)/2 CH(X)
for the modulo 2 Chow group of X; Ch(X) stands for the image of the change of field
homomorphism Ch(X) — Ch(X); similarly, CH(X) is the image of CH(X) — CH(X).

For i = 0, we work with the cohomological Steenrod operations

St’: Ch*(X) — Ch*™"(X)
on the modulo 2 Chow groups. Their history, construction, and basic properties are
explained in [3, Chapter XI] for characteristic not 2 and in [14] for characteristic 2.

Proposition 5.1. For an integer n = 2, let Q) be a smooth projective quadric of dimension
2n over a field F. Let V' be a projective homogeneous variety over F'. For an element
a € Ch"™(Q x V), we consider the decomposition

(5.2) a=h">ag+h'xay 4+ +R"xa, + 1, x B+ al,_1 x[V]
of its image & € Ch""(Q x V') with a; € Ch""'/(V), Be Ch'(V), and a € Z/2Z.
(1) If neither n + 1 norn + 2 is a 2-power, then

[(n+1)/2] o

Qg + Z a; Stl(ozz) € Ch (V)
=1

for some a; € Z/27Z, where [(n + 1)/2] is the integral part of (n + 1)/2.
(ii) If a = 0 in decomposition (5.2) and n is even, then
g + St'(ay) + an B e Ch" (V).
Proof of Proposition 5.1(i). For every i = 0, let s' be the image in CH"™*(Q x V) of an
element of the group CH" "' (Q x V) representing the value St'(a) € Ch" ™ (Q x V) of
the Steenrod operation. We will refer to these elements s’ later in the proof.

For d := 2" — 1, where 2" is the highest 2-power not exceeding n, we choose a d-
dimensional smooth subquadric P of (). Writing in for the imbedding P x Y — () x Y
and applying [3, Theorem 61.9 and Proposition 61.10] (along with their characteristic 2
counterparts from [14]), we have

d .
(5.3) prl S e (=Tp) in* St a = St prlin* a e Ch"1(V),
i=0
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where Tp is the tangent bundle on P and pr is the projection P x V. — V. The
summation on the left side in (5.3) is from 0 to d only because ¢;(=Tp) = 0 for i < 0
whereas St* "« = 0 for i > d. If d > n + 1 — d, the right side in (5.3) vanishes because

St prfin* a € St Ch™ ™ 4(V)

and St* Ch" ™ %(V) = 0 (see [3, Theorem 61.13] and [14, Corollary 7.5]). However the
relation d > n + 1 — d fails if (and only if) n has the highest possible value with respect
to d = 2" — 1. Since n is not a 2-power minus 1 / minus 2, the highest possible value of n
is n = 2"*! — 3, in which case d = n 4+ 1 — d and the operation St? on Ch"™~4(V) is the
squaring (by [3, Theorem 61.13] and [14, Corollary 7.3]).

Rewriting the left side of (5.3) with a help of the projection formula [3, Proposition

56.9], we obtain
d

pr, > ing(ci(=Tp)) St o,
i=0

where pr is the projection @ x V' — V. By the computation [3, Lemma 78.1] of the Chern
classes of the tangent bundle, it follows from (5.3) that

& (—d—2 In—dti d—i Syl 1 (O
(5.4) > ; cpr (R s e 2CHTT (V) <« CH' (V)
=0

provided that n # 2" — 3. For n = 2"*! — 3, we obtain relation (5.4) with 2(]7Hn+1(V)

on the right replaced by 4 CH""'(V). So, in both cases the following combined relation
holds:

d —_d — . . __ _ _
(5.5) ] < d, 2) cpry (BP9 s e 2CH" (V) + 4CHM (V) « CHM (V).

i=0 l

The sum showing up in (5.5) is a linear combination of the elements
pro (B2 =4s?), pr (R~ sd1) L pr, (h2s%) e CH™ (V) < CH™ (V).

Let us compute the ith element pr, (h*"~4".s4=") € CH"*'(V) modulo 4 CH"*" (V). Since
2n — d + i > n, the factor h*"~9*" e CH(Q) is divisible by 2. The other factor modulo 2
is St™*(a) and it follows that

. . k _
pr (b2 sy =2 % ( . )ek (mod 4 CH"*1(V)),
k0 \d—i—Fk

where ¢, € CH""'(V) is an integral representative of St*(ay) € Ch"™ (V) which in the
case of k > n + 1 — k we choose to be 0 taking into account that St*(ay) = 0 for such k
because ay, € Ch™™ %(Q x V). So, the sum over k runs up to the integral part of (n+1)/2
only.

Since the binomial coefficient (_di_g) is odd for every i € {0,1,...,d} (the binomial

—d=2 (df“') is easy to compute modulo 2 using [3, Lemma T78.6]), we

coefficient ( ;
deduce from (5.5) that

d [n+D)/2] k il
(5.6) 2 Z (d i k‘) e, =27 (mod 4CH" (V)
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~vn+1

for some v € CH " (V). The coefficient at ¢y is 2. Therefore
[(n+1)/2] _
2e0+2 Y. aper =2y (mod 4CH"(V))
k=1

for some integers ax. Dividing by 2 (we have the right to divide by 2 because the group
CH"™(V) for a projective homogeneous variety V is free of torsion), we obtain the con-

gruence

[(n+1)/2] L
o+ Y apgpr =7 (mod 2CH" (V)
k=1

meaning that

[(n+1)/2] -
oq + Z ag Stk Q€ Ch (V) O
k=1

Proof of Proposition 5.1(ii). For every i = 0,1,...,n, let s' be the image in the group
CH" (@ x V) of an element of CH"*'**(Q x V) representing St'(a) € Ch""'*(Q x V).
We also set s := 0 for i > n + 1 as well as for i < 0. Finally, we set s"™ := (s°)%

Note that we have

s% = h"x o+ h'xoy + -+ R X0, + 1 x B+ bl x[V] e CH"™HQ x V)
with some o; € CH"™ (V) for i = 0,1,...,n, p € CH'(V), and an integer b. Since
5% mod 2CH""(Q x V) = &,

the integer b is even. Since the element 21, ; = A" is in CT—IMI(Q) c CH"™(Q), we
remove the last summand from the above decomposition of s°.

Let d be any integer with n < d < 2n. For a d-dimensional smooth subquadric P of
@, writing in for the imbedding P x V < @ x V and applying [3, Theorem 61.9 and
Proposition 61.10]), we have

d .
prl N i(=Tp) in* St o = St prlin* a e Ch"H(V),
i=d—n—1
where Tp is the tangent bundle on P and prf is the projection P x V' — V. The
summation on the left side is from d —n — 1 to d only because St * o = 0 outside of this
interval, see [3, Theorem 61.13]. The right side is actually zero since

St? prfin* a e St Ch™ ™~ 4(V)
and St Ch"*'=%(V') = 0 because d > 1 > n + 1 — d. Rewriting the left side with a help

of the projection formula [3, Proposition 56.9], we obtain the relation

d .
pr. Y in(ci(=Tp)) St o = 0e Ch"(V),
i=d—n—1
where pr is the projection @ x V' — V. By the computation [3, Lemma 78.1] of the Chern
classes of the tangent bundle, it follows that

(57) i (_d__ 2) . pr*(handJri . Sdfi) c9 C_I‘In+1(V) - CHn+1(V)

i=d—n—1 ?
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We are going to use (5.7) for various values of d. Note that when d varies, the sum
showing up in (5.7) is a linear combination of always the same elements

pr (R" 1" pr (B, ..., pr.(h?"s0) e CHn+1(V)
However, the coefficients of this linear combination vary with d. B
Let us compute the ith element pr,(h*~4*" . s¢7") € CH"*'(V) modulo 4 CH"*'(V).
) is

For i 2 d —n+1, we have 2n —d + 1 = n + 1 so that the factor h?n=d+i e CH(Q
divisible by 2. The other factor modulo 2 is St*~*(@) and it follows that

pr (B sy =2 % ( k )sk (mod 4) fori>d—n+1,
iso\d—1i—k
where ¢, € CH""'(V) is an integral representative of St*(ay,) € Ch"™ (V) which in the
case of k > n 4+ 1 — k we choose to be 0 taking into account that St*(ay) = 0 for such &
because ap € Ch"™*(Q x V). So, the sum over k runs up to n/2 only (recall that n is
even). Besides, we choose ¢g = .

For i = d —n — 1, the ith summand is

pr (A" 1" = pr, (h"’l c(R®x o+ At x o s+ R X o, 1, % [3)2)

=2pr, (1771 (W x0a) - (1 x B)) = 200P,

where the congruence is modulo 4 CH"*'(V). Here again we use the assumption that n
is even: for odd n the answer would be 203 + 20(%n+1)/2.

There is no need to compute the last remaining summand pr,(h"s™) which occurs for
t=d—n.

With the above computations in hand, we are going to use (5.7) for the following two
values of d: for d = 2" — 1 and for d = 2", where 2" < 2n is the highest 2-power not
exceeding 2n. For the first choice of d, since the binomial coefficient (_dl._Q) is odd for
every 1 =0,1,...,d, we get that

n/2 k L
2043 + pr,(h"s"™) + 2 Z > ( , )Ek =2a (mod 4 CH"*(V))
i=d 1 k=0 \d — 1 —k
for some a € C_HnH(V). For k < n/2, the coefficient at ¢, is twice the sum of all binomial
coefficients (k) and therefore is divisible by 4 for 0 < k < n/2. The coefficient at ¢ is 2.

The coefficient at ,, is twice the sum of all binomial coefficients (”/ 2) except (zg) =1

and so is congruent to 2 modulo 4. Therefore the congruence we get with the first choice

of dis

(5.8) 200 B + pr,(h"s™) + 2e¢ + 2€,2 = 2a  (mod 4 CH" (V).
For the second choice of d (namely, d = 27), the binomial coefficient (_Ci_z) with
i€{0,1,...,d} is odd for even i < d and is even for the remaining ¢. Since the integer

d—n —11is odd, we get that

d—2  n/2 k _
pro(h"s™)y +2 >, D] ( , )sk =2b (mod 4CH""'(V))
izi—n+2 k=0 \d =1 —k

i is even



10 NIKITA A. KARPENKO

~tn+1l o

for some be CH " (V).
The coefficient at ¢; is 0 here. Since for any k& > 1, we have

2 ()--50)

only the coefficients at ¢; and ¢&,p survive modulo 4 (the coefficient at Epj2 SUTViIVES
n/2

. /2) is missing). Therefore the congruence we get with

because the binomial coefficient (
our second choice of d is
(5.9) pr (h"s™) + 2e1 + 2e, =2b  (mod 4 CH™ (V).
Adding together (5.8) and (5.9), we get
2003 + 2 pr,(h"s™) + 2e0 + 261 =2(a +b) (mod 4 CH" (V).

Dividing by 2 (we have the right to do so because the group CH"**(V/) is free of torsion),
we obtain the congruence

(5.10) o +egt+er=a+b—pr,(h"s") (mod 2CH"™(V))

giving the statement of Proposition 5.1(ii) because a + b — pr, (h"s") € (THHH(V). O
Remark 5.11. Proposition 5.1(ii) is a remake of [16, Proposition 3.5] in the spirit of [7,
Proposition 5.3].

6. HIGHEST SCHUR INDEX

Given a non-degenerate quadratic form ¢ of dimension 2n+1 over a field F', we consider
the following two conditions:

(6.1) ind Cy(p) = 2",

where ind Cy(¢p) is the Schur index of the even Clifford algebra Cy(¢) of ¢ (note that
the index always is a 2-power, 2" is its highest possible value for quadratic forms of such
dimension), and

~y n+1
(6.2) ent1 ¢ Ch" (X,o1),
where X, ; is the almost highest grassmannian of ¢ and e,,,; € Cl}”Jrl (X, 1)is the defined
in §4 element, corresponding to the rational point class Iy € Ch(X7) on the quadric X; of
¢ (over an algebraic closure of F).
Note that by Proposition 3.1, condition (6.1) implies condition (6.2).

Proposition 6.3. Let ¢ be a non-degenerate quadratic form over a field F. Assume that
the dimension of  is at least 5 and congruent to 1 modulo 4:

dimp=2n+12=25

with even n. Let 1 be a non-degenerate quadratic form of dimension one higher: dim =
dimp + 1. Assume that ¢ satisfies condition (6.1). Then @pey over the function field
F (1) of the projective quadric of ¢ satisfies condition (6.2).



FIELDS OF ANY UW-INVARIANT 11

Proof. 1t suffices to consider the case where v is anisotropic.

If the discriminant of ¢ is nontrivial, the even Clifford algebra Cy(7)) is simple. In par-
ticular, any homomorphism Cy(¢)) — Co(y) is injective. Since dimp Cy(v0) > dimp Cy(p),
there is no such homomorphism and it follows by Index Reduction Formula for quadrics
that Co(@)ryp is still a division algebra, i.e., @p(y still satisfies (6.1). Therefore, by
Proposition 3.1, ¢p(y also satisfies (6.2).

So, we only need to consider the case where the discriminant of v is trivial.

Let @ be the projective quadric of ¢) and let V' := X,,_; be the almost last grassmannian
of . Assume that condition (6.2) fails for ¢p(yy and consider a lift o € Ch"™H(Q x V)

of an element in Ch”H(VF(Q)) representing e, € C_Iln+1(VF(Q)). Note that ag = e,,1 in
decomposition (5.2) of the image & € Ch"™(Q x V) of a. Since the discriminant of ¢ is
trivial, we may assume that a = 0. Indeed, if a # 0, we have [, € Ch(Qp(yy). Lifting this
element to the group Ch(Q x V), we get some o/ of the form

o =h'xal)+htxal + -+ B xal 4+ Lx [V
Subtracting from « the product
(W' [V]) - o/ = htxafy + h*xa) + -+ h"xal,_; + 1, 1 x[V] € Ch(Q x V),

we get rid of the term I,,_; x [V] in a.

Thus, we can apply Proposition 5.1(ii) and conclude that
(6.4) ao + St (ay) + au 8 e Ch" (V).

By Proposition 3.1, be,,+1 € C_hnH(V), where b € Z/27 is the coefficient at e, 1 in (6.4).
The third summand of (6.4) does not provide any contribution to b. (Note that 3 is a
multiple of ¢; because ¢; generates the group Ch'(V) 3 8.) By [16, Proposition 2.9], the

contribution of St'(e,) is also trivial: the coefficient (1) = n at e,y in this formula is

even by the assumption on n. Therefore b = 1 and e, € @RH(V) as desired. O

7. THE CORE RESULT

Given a non-degenerate quadratic form ¢ of dimension u = 2n + 1 over a field F, we
consider the following modification of condition (6.1):

(7.1) ind Cy(p) = 2" 1.

Theorem 7.2. Assume that an odd natural number v = 2n + 1 is neither a 2-power
minus 1 nor a 2-power minus 3. Let 1 be a non-degenerate quadratic form over F of
dimension u + 1. Assume that ¢ satisfies conditions (7.1) and (6.2). Then @) also
satisfies conditions (7.1) and (6.2).

Proof. Condition (7.1) is satisfied by ¢p according to Index Reduction Formula for
quadrics. We just need to check condition (6.2).

It suffices to consider the case where v is anisotropic. We induct on dim ¢ > 9.

Let @ be the projective quadric of ¢ and let V' := X,,_; be the almost last grassmannian
of ¢. Assume that condition (6.2) fails for ppy) = @) and consider a lift

ae Ch"H(Q x V)
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of an element in Ch”“(VF(Q)) representing e, 1 € (ﬁlnH(VF(Q)). Note that ag = e, in
the decomposition (5.2).
By Proposition 5.1(i), we have

[(ntD)/2] R
(7.3) ag+ > St'(ay) e Ch (V).
i=1
Fori=1,... n, let X; be the ith grassmannian of ¢ and let Y; be the ith grassmannian

of 1. By Index Reduction Formula for quadrics (the function field extension F(Y;)/F in
the next formula can be replaced by a chain of function fields of quadrics), we have

(7.4) ind Co((¢)pvyy) = 2" forie {1,...,n}.

Viewing « as a correspondence ) ~» V and applying the homomorphism ay to [; €
Ch(Qr(vi,1)), we get

~yn+l—i

Q; € Ch (VF(YHl))
for i < n. Therefore by Proposition 3.1 we may assume that for every i € {1,...,n — 1},
the element «; is e,,,1_; or 0.
Let us choose some i € {1,...,n — 1} and consider the anisotropic part ¢’ of the

quadratic form ¢p(x,). We have
dim¢' =dimep —2i =2(n —14) + 1

and Cy(¢') is a division algebra. Let X,,_; ; be the almost highest grassmannian of ¢/,
and let e/, ., € Ch" (X! . |) be the last of the special elements from §4. Since Cy(¢')
is a division algebra, it follows by the induction hypothesis of our proof that

—— n—1i+1
(7.5) e & Ch" (XDl ) Fxovie)

provided that n — i neither n — i+ 1 nor n — ¢ + 2 is a 2-power. If n — 7 + 2 is a 2-power
and n — i > 2, we still have (7.5): this time by Proposition 6.3.
By Proposition 4.2, (7.5) implies that

eniv1 ¢ Ch" (X 1) rxyien) = CO" 7 (Ve vie)
and, in particular,
enit1 & Ch" " (Vi ).

Consequently, a; = 0 in (7.3) provided that n —i is at least 2 and not a 2-power minus 1.

Since n is at least 4 in our setting and the sum over i in (7.3) runs up to [n + 1]/2
only, the difference n —i is at least 2 for all i appearing in (7.3). But if n —i is a 2-power
minus 1, we cannot conclude that «; = 0. So, let us assume that a; = e,_;11. By [16,
Proposition 2.9], providing a formula for St’(e,,_;,1), the coefficient at e, ; is the binomial
coefficient (" /*'). Note that i < n —i + 1: otherwise i = n—i+ 1, le, i = (n+1)/2
and n —i+ 1= (n+1)/2is a 2-power — a contradiction with the assumption that n is
not a 2-power minus 1. It follows that ("~/*") =0 (mod 2). Thus (7.3) yields

~ n+1

€n+1 = Qg € Ch (V)
meaning that ¢ does not satisfy (7.3). O



FIELDS OF ANY UW-INVARIANT 13

REFERENCES

[1] BROSNAN, P. Steenrod operations in Chow theory. Trans. Amer. Math. Soc. 355, 5 (2003), 1869
1903 (electronic).

[2] BucH, A. S., KRESCH, A., AND TAMVAKIS, H. Quantum Pieri rules for isotropic Grassmannians.
Invent. Math. 178, 2 (2009), 345-405.

[3] ELMAN, R., KARPENKO, N., AND MERKURJEV, A. The algebraic and geometric theory of quadratic
forms, vol. 56 of American Mathematical Society Colloquium Publications. American Mathematical
Society, Providence, RI, 2008.

[4] IzuBOLDIN, O. T. Fields of u-invariant 9. Ann. of Math. (2) 154, 3 (2001), 529-587.

5] KAPLANSKY, I. Quadratic forms. J. Math. Soc. Japan 5 (1953), 200-207.

[6] KARPENKO, N. A. On topological filtration for Severi-Brauer varieties. In K-theory and algebraic
geometry: connections with quadratic forms and division algebras (Santa Barbara, CA, 1992), vol. 58
of Proc. Sympos. Pure Math. Amer. Math. Soc., Providence, RI, 1995, pp. 275-277.

[7] KARPENKO, N. A. Variations on a theme of rationality of cycles. Cent. Fur. J. Math. 11, 6 (2013),
1056-1067.
[8] KARPENKO, N. A. On generic quadratic forms. Pacific J. Math. 297, 2 (2018), 367-380.
[9] Lam, T. Y. Introduction to quadratic forms over fields, vol. 67 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 2005.
[10] LEVINE, M., AND MOREL, F. Algebraic cobordism. Springer Monographs in Mathematics. Springer,
Berlin, 2007.
[11] MERKURJEV, A. S. Kaplansky’s conjecture in the theory of quadratic forms. Zap. Nauchn. Sem.
Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 175 (1989), 75-89, 163—-164.
[12] MERKURJEV, A. S. Simple algebras and quadratic forms. Izv. Akad. Nauk SSSR Ser. Mat. 55, 1
(1991), 218-224.
[13] PANIN, I. A. On the algebraic K-theory of twisted flag varieties. K-Theory 8, 6 (1994), 541-585.
[14] PriMmozic, E. Motivic Steenrod operations in characteristic p. Forum Math. Sigma 8 (2020), Paper
No. eb2, 25.
[15] VISHIK, A. Symmetric operations in algebraic cobordism. Adv. Math. 213, 2 (2007), 489-552.
[16] VisHIK, A. Fields of w-invariant 2" + 1. In Algebra, arithmetic, and geometry: in honor of Yu. I
Manin. Vol. II, vol. 270 of Progr. Math. Birkhduser Boston Inc., Boston, MA, 2009, pp. 661-685.
[17] VoEVODSKY, V. Reduced power operations in motivic cohomology. Publ. Math. Inst. Hautes Etudes
Sci., 98 (2003), 1-57.

MATHEMATICAL & STATISTICAL SCIENCES, UNIVERSITY OF ALBERTA, EDMONTON, CANADA
Email address: karpenko@ualberta.ca
URL: www.ualberta.ca/ karpenko



