POINCARE DUALITY FOR UPPER MOTIVES
OF ABSOLUTELY SIMPLE ALGEBRAIC GROUPS

NIKITA A. KARPENKO

ABSTRACT. We show that the upper motives of projective homogeneous varieties under
absolutely simple algebraic groups of all types other than D, satisfy Poincaré duality.
New are the cases of 24,, and ®Dj.
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1. INTRO

We start with a brief introduction referring for more details to [6].

Let us fix a prime number p and work with the category of Grothendieck’s modulo p
Chow motives over an arbitrary field F', defined as in [5, §64] using the coefficient ring
A :=F := 7Z/pZ. More specifically, given a reductive group G over F and a projective G-
homogeneous F-variety X, we are investigating the structure of its motive M (X). Since
the center of G acts trivially on X, we may assume that G is semisimple and adjoint.

By [2, Theorem 34] (see also [9, Corollary 2.6]), M (X) decomposes into a finite direct
sum of indecomposable motives, and such a decomposition, called complete, is unique
in the usual sense. The upper motive U(X) is its unique summand with nontrivial
Ch(U(X)), where Ch is the Chow group with coefficients in F (for more details see
also [9], where the notion of upper motive was introduced originally). Over a separable
closure of the base field, U(X) becomes a finite direct sum of Tate motives F{i} with
various ¢ > 0 including one copy of i = 0; dimension dim U(X) is the largest i appearing
in the decomposition.

We refer to the duality cofunctor M — M* of [5, §65]. If for some ¢ € Z, the motive
M is the ith shift of the motive defined by a projector on a connected smooth projec-
tive d-dimensional variety, then M* is the (—d — i)th shift of the motive defined by the
transposition of the projector.
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We say that the upper motive U(X) satisfies Poincaré duality if its dual U(X)* admits
an isomorphism

(1.1) UX) ~UX){—dimU(X)}.

Equivalently, U(X)* is isomorphic to a shift of U(X): the shifting number is uniquely
determined by the isomorphism property applied over a separable closure of the base field.

Property (1.1) has been established in [7, Proposition 5.2] for G of inner type and,
more generally, for G becoming of inner type over a finite base field extension of a p-
power degree. Since M(X) is a direct sum of shifts of upper motives of (in general,
other) projective G-homogeneous varieties (see [9, Theorem 3.5] for the inner case and 8,
Theorem 1.1] for the general case), (1.1) provides interesting information on the structure
of the entire motive of X, not only on its upper part. Note that the motive of any
connected smooth projective variety satisfies Poincaré duality by the very definition of
the duality functor M — M*. The upper motives however are in general not isomorphic
to motives of varieties and their duality property is surprising. One may expect that it
fails for general reductive groups.

Recall from [9, Corollary 2.15] that the upper motives of projective homogeneous F-
varieties X and X’ (under possibly different and arbitrary reductive groups over F) are
isomorphic if and only if each of the varieties acquires over the function field of the other
a closed point of prime to p degree. In particular, if X has a closed point of prime to p
degree already over F', then U(X) ~ M (Spec F') =: F (we are following the tradition to
use notation of the coefficient ring as notation for the Tate motive M (Spec F') as well)
and (1.1) holds trivially because F* ~ F.

A variant of (1.1), involving a twist by an invertible Artin motive A, has been established
in [6] for G acquiring inner type over a finite field extension L/F' of prime to p degree
provided that the higher Tits p -indexes of G (see [3]) are invariant under the *-action of
the absolute Galois group of the base field on the Dynkin diagram of G (see [12, §24.6]):
U(X)* was shown to be isomorphic to a shift of U(X)® A for certain invertible motive A
isomorphic to a direct summand in the motive of the spectrum of the F-algebra given by
an intermediate field of L/F. In particular, A is an Artin motive, i.e., a direct summand
in the spectrum of the motive of an étale F-algebra. Over a separable closure of the base
field, any Artin motive becomes a finite direct sum of several copies of F; the number of
the copies is the rank of A. An Artin motive A is invertible, if there is a motive M with
A® M ~TF. In fact, M has to be the dual of A; in particular, M is an Artin motive as
well. Besides, A is invertible if and only if its rank is 1 (see [6, Lemma 1.5]).

Note that the isomorphism class of the twisting Artin motive A in the discussed above
twisted duality of [6] is uniquely determined by X: it can be obtained as the image of
U(X)*{dimU(X)} under the retraction functor m of [4, §4]. If it happens to be trivial
(i.e., if A ~F), the twisted duality reduces to (1.1). Some of such cases are already listed
in [6, §3], some others occur here below.

Now we turn our attention to absolutely simple algebraic groups and formulate our
main result:

Theorem 1.2. Let p be a prime number and let G be an absolutely simple affine algebraic
group. For G of type °Dy, we exclude the prime p = 2. Then the upper motive U(X) with
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coefficients in Z/pZ of any projective G-homogeneous variety X satisfies Poincaré duality
(1.1).

Let us comment on the possible types of G one by one. As explained above, we do not
need to look at inner G and so we start with 24,,, where n > 2. In this case, Theorem
1.2 is already available for p = 2 by [7, Proposition 5.2]. For odd p, a twisted Poincaré
duality is obtained in [6], and we show here in §2 that the twist is trivial.

Aside from D,, and Eg, the remaining Dynkin diagrams have no nontrivial automor-
phisms so that the corresponding groups are inner. The case of %Es has already been
covered for p = 2 by [7], treated for p = 3 in [6, §3.4], and is trivial for other p.

For GG of type D,, with any n, any projective G-homogeneous variety possesses a closed
point of a 2-power degree so that we only need to treat the prime p = 2. For G acquiring
inner type over a quadratic base field extension, Theorem 1.2 is already proven in [7].
Since the type °Dy is excluded in the very statement of Theorem 1.2, ®D,, considered
here in §3, is the very last case to deal with. To make the case of Dy, we generalize in
Theorem 3.1 the twisted Poincaré duality of [6] to the case of non-Galois-invariant higher
Tits p-indexes.

2. A,

This section is a proof of Theorem 1.2 for G adjoint absolutely simple of type 2A,_;.
Any such group G over a field F' is isomorphic to the projective unitary group given by a
separable quadratic field extension L/F and a degree n central simple L-algebra C' with
a unitary F-involution, see [10, Theorem 26.9]. The primes p of interest for us are the
odd prime divisors of the index of C'. Nevertheless, below we are considering an arbitrary
odd prime p.

Any projective G-homogeneous variety X is isomorphic to a variety of partial flags of
isotropic right ideals in C, cf. [11, (9.12)]: if ny, ..., ng are the ranks (over L) of the ideals
in the flags, then X corresponds to the subset of the Dynkin diagram of G given by the
union of Galois orbits containing the vertices with the numbers ny, ..., n; (in the sense
opposite to [15]). Let us recall that the absolute Galois group acts through the Galois
group of the field extension L/F'; the nontrivial automorphism of L/F" acts on the Dynkin
diagram via its cental symmetry.

Let D be a central division L-algebra Brauer-equivalent to the p-primary part of C.
Its degree is a p-power p" with » > 0. By the mentioned above isomorphism criterion for
upper motives, we have U(X) ~ U(X;) for some 0 < i < r, where X; is the Weil transfer
with respect to L/F of the generalized Severi-Brauer L-variety of rank p’ right ideals in
D. Indeed, one takes i such that p’ is the highest p-power common divisor of ny, ..., n.
Since the variety X, is isomorphic to the variety of flags of all rank nq, ..., n; right ideals
in the L-algebra D, the variety X x,) possesses a closed point of a prime to p degree d
and so the variety Xp(x,) possesses a closed point of degree 2d. As to the variety (Xi) F(X)
it possesses a rational point.

So, it suffices to prove (1.1) for X = X;. We do it using induction on r —i. In the
starting case of r =i, we have U(X;) ~ F and the Poincaré duality holds.

Below we are assuming that r > 4 (in particular, r > 0). We know from [6, Theorem
1.4] that U(X) satisfies a twisted duality with the twist by an invertible motive A: U(X)*
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is isomorphic to a shift of U(X) ® A. More precisely, A = F or A = B, where the
isomorphism class of B is defined by the condition that the direct sum F® B is isomorphic
to the motive of the spectrum of the F-algebra L. Note that B becomes isomorphic to F
over L, but is not isomorphic to F over F' (see [4, §3] for details). Besides, both possible
values of the Artin motive A are self-inverse: A ® A ~ F, or, in other (equivalent) terms,
they are self-dual: A* ~ A (cf. [6, Lemma 1.5]). To prove Theorem 1.2 for our current
X, we just need to show that A =TF.

Let us consider the function fields F’ := F(X,_1) and L' := L(X,_1). By the index
reduction formula of [1] (as well as of [14] and of [11]), the tensor product

DeprF =D, L

is Brauer equivalent to a degree p"~! central division L'-algebra D’. By [4, Theorem 6.3],
over the function field F’, the motive U(X) decomposes into a direct sum of shifts of the
tensor products U(X}) ® A with various 0 < j < 4, where X7 is the variety of isotropic
rank p/ (over L) right ideals in D" and where A is again an Artin motive (not necessarily
the same as above and varying from summand to summand). By [4, Corollary 3.8], A is
isomorphic to F or to B (viewed over F’).

By the general isomorphism criterion of [4, Theorem 7.3], two such tensor products
U(X},) ® Ay and U(X],)) ® Ay are isomorphic if and only if j; = j, and A; = Ay. Over
L', the factors A; and A, “disappear”; by [4, Lemma 5.10], the indecomposable motives
U(Xj,) and U(X},) remain indecomposable over L'; they are isomorphic over L' if and
only if j; = j5. It follows that the complete decomposition of U(X) over L’ is its complete
decomposition over F’ “up to the Artin factors”.

Also note that U(X})y >~ U}, where U} is the upper motive of the generalized Severi-
Brauer L'-variety of rank p’ right ideals in the central division L'-algebra D’. Similarly,
U(X)p ~ U, where U is the upper motive of the generalized Severi-Brauer L-variety of
rank p’ right ideals in the central division L-algebra D. It has been shown in [9, Proof of
Theorem 4.1] that the complete decomposition of Uy, contains p shifts of U/ and each of
the remaining summands is a shift of U] with j <. Note that by the Poincaré duality of
upper motives for groups of inner type, for any j, the dual of U is isomorphic to a shift
of U!.

Le]t s be the number of shifts of U(X/) in the complete decomposition of U (X ). Then
0 < s < pand p— s is the number of shifts of the tensor product U(X]) ® B in this
decomposition. Note that B % F even though we are viewing the two motives now over
the field F” instead of the original field F (see, e.g., [4, Corollary 3.8]). By the induction
hypothesis, the dual of U(X]) is a shift of U(X]). Besides, the motive B is self-dual. It
follows that the complete decomposition of U(X)3. also contains exactly s shifts of U(X))
and exactly p — s shifts of U(X]) ® B.

Now, for the sake of contradiction, assume that the upper motive U(X) satisfies the
Poincaré duality involving the twist by B: the dual of U(X) is isomorphic to a shift of
U(X)® B. This implies that the complete decomposition of U(X)}, contains p — s shifts
of U(X) and s shifts of U(X/) ® B. Therefore s = p — s contradicting to the assumption
that p is odd.
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3. 3D,

This section provides a proof of Theorem 1.2 for G adjoint absolutely simple of type 3D,
over a field F. (As explained in §1, the only prime p of interest for such G is p = 2.) The
difficulty here is that the higher Tits 2-indexes of G are not Galois-invariant in general:
this can be deduced from [13, Appendix by Mathieu Florence| and [15, Table II]. Due to
this reason, G is not covered by the twisted Poincaré duality result of [6].

So, we start by extending [6, Theorem 1.4] to reductive groups whose higher Tits p-
indexes may not satisfy the Galois invariancy. This extension is based on the extension
in a similar direction of [4, Theorem 6.3, made in the latest version of [4].

Theorem 3.1. Assume that a reductive group G over a field F' acquires inner type over a
finite field extension L/F of degree prime to p. Then the dual U(X)* of the upper motive
U(X) of any projective G-homogeneous variety X is isomorphic to a shift of the tensor
product U(X) ® A with some invertible Artin motive A which is a direct summand in the
spectrum of the F-algebra given by an intermediate field of L/ F.

Proof. The motive U(X)* is isomorphic to a shift of an indecomposable summand in
M(X)* — a shift of M(X). Therefore, by [4, Theorem 6.3], it is isomorphic to a shift
of a summand in U(Y) for some intermediate field K of L/F and some projective G -
homogeneous K-variety Y, where U(Y) is the F-motive given by the K/F-corestriction
of the K-motive U(Y"), see [8, §3]. Moreover, the variety Y can be chosen in such a way
that the variety X acquires a rational point over the function field K (Y') (cf. [4, Remark
6.6]).

On the other hand, over the function field F'(X) the motive U(X) contains the Tate
motive F as a summand. Therefore a shift of F is a summand in the motive U(Y)"
which in its turn is a summand in M(Y)" = M(YT), where Y is the scheme Y viewed
as an F-variety via the composition Y — Spec K — Spec F'. By [9, Lemma 2.21], we
conclude that the variety Yy (x) possesses a closed point of degree prime to p and therefore
UY)~U(Xg).

At this point we proved that U(X)* is isomorphic to a shift of a summand in U(Xx).
By [4, Remark 5.14], every summand in U(Xx)* is isomorphic to U(X) @ A for some
Artin motive A — a direct summand in M (Spec K)¥. So, writing ~ for an isomorphism up
to up to a shift, we have U(X)* ~ U(X) ® A. Dualizing, we obtain U(X) ~ U(X)*® A*.
Substituting, we come to an actual (not up to a shift) isomorphism U(X) ~ U(X)QA®A*.
Applying the retraction functor m of [4, §4] to it, we get an isomorphism F ~ A ® A*
witnessing invertibility of the Artin motive A. O

Proof of Theorem 1.2 for G of type °D,. Recall that to prove Theorem 1.2 for absolutely
simple G of type 3Dy, we only need to treat the case of the prime p = 2. By Theorem 3.1,
U(X) satisfies a twisted Poincaré duality with a twist by an invertible Artin motive A.
By [6, §3.2], the Tate motive F is the only invertible Artin motive for p = 2. O
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